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The Isotopic Weight of 

By Kenneth T. Bainbridge 
Bariol Research Foundatmt of the Franklin Institute 

(Received August 15, 1932) 

The mass of neutrai H“ was measured on a mass-spectrograph as 2 .0 135 i ± 0 .00006 
referred to He and 2.01351 ±0.00018 referred to 0^‘^==16. The equivalent packing 
fraction of is 67.5 parts in 10,000. On the assumption that the nucleus is composed 
of two protons and one electron the energy of binding is approximately 2 X 10*'’ electron- 
volts. If the H- nucleus is made up of one proton and one Chadwick neutron of mass 
1.0067 then the binding energ>’ of these two particles is 9.7 XlO*'’ electron-volts. Hg’-"*" 
and He‘^' provided the dispersion measurements for the spectra. The presence of 
H- can only introduce in the mass determination a possible 7naxifmm error of 
0.00003 mass units. Lines of mass 4.02852 on the spectra were attributed to lia^ 
ions Ijecause: (1) no lines of comparable intensity appeared in this position when 
commercial hydrogen of low H- content was used; (2) under the conditions existing 
in the discharge tube the abundance of was negligibly small compared to the 
abimdance of Hd (3) the mass is less than the mass of Hd"*" by an amount outside 
of the limits of error. Two samples of enriched hydrogen were used which had been 
prepared by Brickwedde; both had been tested spectroscopically by Urey and 
Murphy, and one of them was identical with Bleakney’s Sample HI. From the value 
lor the mass of H-, the energy balance is calculated for one process of non capture dis- 
integration of by neutron impact, suggested by Feather, which would result in 
and I-H. It is concluded that this disintegration could not possibly occur under the 
conditions of his experiments. ■ 

Introduction 

T he iiucleiis represents the simplest complex nucleus and as such may 
1;)e more amenable to theoretical attack than other nuclei. Whether the 
nucleus is composed of two protons and one electron, or one proton and one 
iUTiiron, an accurate determination of the mass of the H“ niic!ei|s is of inter- 
est not only in relation to the packing fractions of other nuclei but also as a 
clue to the ]x>ssible structure of the nucleus itself.. Also, the possibility 
exists that together with the electron, proton, 'neutron, and alpha-particle, 
H“ may play a part in the structure of heavier nuclei.^' 

In ail calculations of the energy of binding of nuclear constituents it is 
essential to know- the masses of .the component parts. Bleakney^ has placed a 
lower limit on the mass of the nucleus, but spectrographs of the Dempster 

i N, Feather, Proc. Roy. Soc. 136, 726 (1932); J. Chadwick, ibid., 706; N. S. Grace, J. Am. 

Chem. Soc. 54, 2562 (1932). 

s \V. Bleakney, Phys. Rev. 41, 32 (1932); 39, 536 (1932). 
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type such as Bleakney used are at present limited to a lower order of ac- 
curacy than mass-spectrographs which photograph mass-spectra and pei mit 
the reduction of observations from accurate mensuration of the photographic 
traces resulting from ionized atoms and molecules. In the future the ratio of 
the masses of to may possibly be obtained from band spectra with an 
error of only one part in 10®. The present paper is a report of the measure- 
ment® of the mass of obtained with the mass-spectrograph recently de- 
scribed.* 

The existence of an isotope of hydrogen of mass number two, predicted 
by Birge and Menzel,® was demonstrated by Urey, Brickwedde, and IMurphy.® 
Their paper should be referred to for a bibliography of the subject and a re- 
view of previous work. Bleakney’s work with his low-pressure spectrograph 
provided excellent confirmatory evidence of H®, and splendid measurements 
were secured of the relative abundance of in various samples of h}'drogen. 
More recently Kallman and Lasareff’’ were able to detect the presence of lUH® 
in fractionated hydrogen. 

Conditions FOR the Measurement of the Mass of IP 

If the mass of should be close to that of Hs* then the resolving power 
of the apparatus might not permit the separation of the doublets H«'+, 
and W+, HW+, and the mass of could not be compared with directly. 
The most accurate method of measurement of the mass of by a mass- 
spectrograph would be by comparison of the mass of with Me^. 


s 
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A cylindrical discharge tube was used, 8 cm in diameter, with a 2.5 cm 
diameter aluminum cathode of the shape described by Thomson^® The top of 
the cathode Avas 2 cm above the surface of an iron plate which served as a 
magnetic shield for stra}^ fields and also as a base for the discharge tube. The 
pressure of the gas in the discharge tube was in the range of 0.5 to 5 microns 
of mercury. The current A¥as 75 ±25 m.a. for different exposures at potentials 
from 7000 to 15,000 volts, which experience had shown produced with 

sufficient intensit3v 

Two Thordardson 1 K.V.A., 25,000 volt transformers, controlled by an 
induction voltage regulator, provided the current for the discharge. The com- 
bination of two kenetrons with two transformers gave full Avave rectification. 
The output Avas not filtered in any Avay, as a AAude range of energies in the dis- 
charge tube is essential to the proper functioning of the mass-spectrograph. 

In addition to ordinary commercial tank hydrogen, tAvo samples of en- 
riched liA'drogen \Aere used which had been fractionated at the triple point 

Dr. BrickAA^edde of the U. S. Bureau of Standards. These samples were 
placed at the disposal of the author through the kindness of Professor Urey, 
Dr. Brickwedde, Dr. iMurph3% and Dr. Bleakney. One sample was from the 
same lot Bleakney used and designated Sample III. The other w'as fraction- 
ated later Dr. BrickAvedde and had been tested by Professor Ure^^ and 
Dr. Miirph}/, Avho reported a greater concentration of than in Sample III. 

The magnetic field and the potential across the A'clocit}’ selector plates 
of the mass-spectrograph Avere adjusted to bring and He"^ Avithin the 
first 8 cm of the recording plate. This region had been exposed for more than 
15 spectra of C, CPIi, CHo, CH^, CH4, and CH5, and also for the series-O, 
OPii, OH2, OPis, and the mass scale had been found to be linear to within one 
part in 10,000. 

The first 21 exposures shoAAmd that or possibl}^ PI 4^'^ or was 

present but in such small concentration that no measurements of the mass 
could be made to aid in determining the nature of the ion. In agreement with 
Thomson’s results, it was found that the presence of mercury Ampor in the 
tube great!}’ AA’eakens the triatomic hydrogen line. Subsequently, before 
photographing each series of spectra the discharge tube was cleaned out and 
baked by the energy^ of the discharge itself until no discharge could be run at 
Amltages eA en as high as 25,000. The great amount of poAV^er dissipated in the 
cliscliarge tube, about 500 AAmtts, A\^as sufficient to raise the Avails of the tube 
to 200®C. At the same time the cathode and iron base wmre thoroughly cleaned 
by positive ion bombardment.' 

Ordinaril}’ gases are admitted through a leak into the discharge tube and 
then are pumped out into the atmosphere. The valuable fractionated hA^^dro- 
geii, hoAAmA’er, vms not pumped out, but was circulated continuously by a 
diffusion pump. The gas aa’us pumped out through the cathode slit, 0.005 
cm X 0.3 cm, and then AAms readmitted to the discharge through a hole under 
the side of the cathode. The gas passed through tAvo liquid air traps, one on 

Thomson, 2nd. ed., p. 30. 

Reference 10',, p. 200. . 
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each side of the circulating pump. In certain cases still further com-entration 
of the H- in the enriched samples was achieved in the discharge tuhe itself 


Fig. 1. Mass-spectra of hydrogen and helium ions. The descriptions of the spectra are given 
below in condensed form. The three samples of hydrogen used are designated: OH, for ordinary 
cominercial tank hydrogen; Bli, for Sample III Bleakney h)’drogen; UH, for Urey-Brickwedde 
hydrogen. Spectra A June 10, Spectra B June 11, Spectra C June 14, 19v?2. Spectra are num- 
bered in order as they were taken. T = exposure time in minutes. Description of ion is followed 
by number to nearest mm referring to attached cm scale as aid in locating sj^ecihc lines. Lines 
which may not be or cannot be reproduced in half-tone are designated weak (w), or very weak 
(vw). Sharp lines on the left are fiducial lines to mark the plate position. 


B4, Bli, ns, 112 Li, He 7.5, H.-ll^ 7.0 vw: 

B5, Bll TM), lid 2.2, Ho 7.5, f f-d I- 7.6 w: 

Jio. ni, 7SP, lid 2.2. lie 7.5, 11 d T’ 7.o: 

B7, riL n5. lid 2.2, lie 7.5. IldH* 7.o: 

B8, ni, 7d, lid 2.2, lie 7.5, 7.0: 

BO, Idd, ri5, ild 2.7, lie 8.15, ll-dir-^ 8.5: 


Cl, UH, TS, 11.2 .9, I Id 9 w, llg i>resent: 

C2, UH, 7H0, ilL .8, Hd 8.0; 

C3, UH, ri, .8, Hd S.9: 

Pressure in discharg-e changed. 

C4, UH, 7T. Hd l.L He (a8 w: 

C5, ITI, 715. Hd 1.4, lie 0.8, lldfl- 0.9 vw: 
C6, UH, TSO, lid 1.4, He 0.8, Ih.di- \ vw: 
Discharge ^'ollage ruo luu. 

C7, ll-L 7H5. Ild 1.4, He 6.8, HdiU 7: 

H- content increased by separaiiun h}’ diilu- 


BH, T63, H.d 2.5, He 7.7, H^dU 7.8: 

\2, P>M. T .10 Hd 1.3; T 15, Hd 2.2, He 7.6, 
HdH-7.7w: 

A;;. UH, H.d 3.5 premature exposure before 
N'elocity selector potential and discharge 
]n)teniial were set, TOO 3.2, He 8.9, 
iidiUO.O: 

A4, UH, T 16Hd 2.3, He 7.6, HTH” 7.7 vw 
taken with 60 sec. ^ pulsating current, 
o ne t ra nsf orm er disco n nected : 

A5, UH, T 17.5, Hd 2.2, He 7.6, HdH- 7.7: 

A6, 111, three separate spectra, Xo. UfS, 
Hd 2.3, He 7.7, HdH-' 7.S w: 

No. 2 n2.5, He 2.8. lldlU 2.9 w, Hell 7.1: 

No. 3 IT. Hd 3.3, He 9, H-dH- not reproduci- 
ble on print. 
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by the method of differential diffusion. A dose of hydrogen was admitted and 
the excess gas pumped out through the slit while the discharge was running. 

When the gas pressure had been reduced to the right value for an exposure 
the process of circulation was started. Small but positive and useful increased 
concentrations of were obtained in this way. 

Fig. 1 is a reproduction of contact prints of the spectra of hydrogen. A 
small amount of helium was added to the hydrogen to provide a reference 
mass.",. 

Identification OF H2^H2 Ion 

A line adjacent to and on the heavier mass side of He"^ might be due to 
H 4 b or H 2 ^H^ ions. How^ever, the following considerations demonstrate 
that the trace actually observed at that position on the plate could only be 
produced by H 2 ^H^ ions. 

From Aston's data,^^ the mass of He is taken as 4.00216 ±0.00013, of 
as 1.00778 + 0.00005,^® and of the electron as 0.000547 mass units, all referred 
to 0^^‘ = 16. The measurements of the separation of He+ and the adjacent 
heavier ion gave 0.02691 ±0.00006 mass units, as will be described later. This 
value added to the mass of the helium ion results in a mass of 4.02852 
±0.00015 for the line adjacent to He+- is ruled out as a possibility since 
its mass, 4.03057 ±0,00010 is quite outside of the limit of error of the meas- 
urements. 

H 4 ^+ is also ruled out, because no lines adjacent to helium appeared when 
ordinary commercial hydrogen was used in the discharge tube. Spectra 1, 2 
and 3B, Fig. 1 were taken with tank hydrogen in the spectrograph discharge J 

tube and no lines appeared near the helium traces. The discharge tube was ! 

then evacuated and fractionated enriched hydrogen was admitted which pro- ^ 

diiced lines corresponding to a mass of 4.02852 units on the immediately suc- 
ceeding spectra 4,5,6,7,8, 9B. The lines are weak for spectra 4 and 5B as 
the electrodes and walls of the tube were still contaminated with ordinary ; 

hydrogen which reduced the concentration of in the first dose of fraction- 
ated hydrogen. The objection might be raised that the possible presence of 
mercury in the tube for the first few spectra so inhibited the appearance of a 
line at 4.0285 that such a line would have been absent in any case regardless 
of the source of the hydrogen. In order to disprove any such contention spec- ^ 

tra 7, 8 and 9C were taken. Spectra 8 and 9C were photographed using com- 
mercial hydrogen in the discharge tube after successful runs had been made in : 

which H/IH+ appeared. Faint lines did appear, but as may be seen in Fig. 1, i 

they are weaker on 8C, a 15 minute exposure, and on 9C, a 33 minute ex- i 

posure, than the H 2 ^H^ lines on spectrum 7C (15 minutes exposure). All three 
exposures were taken under conditions as nearly identical as possible. The ; 

faint traces of on 8 and 9C were present owing to the practical impossi- ; 

bility of washing out the tube and cleaning the electrodes entirely free from • 

the gas used in earlier exposures taken immediately before 8C and 9C. As the 

F. W. Aston, Proc. Roy. Soc. IIS, 502 (1927). - 

^ All succeeding calculations are made on the basis that Aston’s limits of error are three 
times the probable error of his measurements. 




' ^ ^ ! 1 ' i j 
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line at 4.0285 only appeared in abundance when fractionated hydrogen was 
used, it was concluded that the ions responsible for that line contained 
and might be HsW or but could not be H 4^0118. 

is eliminated as a possibility when the relative abundance of 
and is considered. From Bleakney's measurements the ratio 

/H 2 ^+ is approximately 0.002. The atomic ratio of is 0.001 and the 

ratio H22+/H2^+ is 10”®. The suggested mode of formation of triatomic hydro- 


The production of H 2 ^H 2 ^+ is given by 

H2'+ + H2'H2+ + HV 

+ H2' 

and for each reaction of this type, assuming that and behave similarly, 
the probability is that three out of every four triatomic molecules will con- 
tain H-. If these reactions proceed in proportion to the product of the partial 
pressures of the constituents, the ratio can be calculated. In 

the discharge tube the partial pressures for difl'erent molecules and ions are 
respectively: for H2h7>; ap; for 0.002 p; and for 0.002 

ap, where a is proportional to the amount of ionization extant. The amount of 
is 2X3/4X0.002 ap and the abundance of is ap. The ratio of 
is to 

'.W 

wherein all ratios are known except which is a function of the con- 

ditions existing in the discharge tube. The value of H 2 ^"^/H 3 ^'^ must be ob- 
tained experimentally. From Fig. 1, spectra 2, 3 and 4C, the ratio 
was estimated at from 1 to 20 under varying conditions in the discharge tube. 
If the measured values of this ratio are substituted, the ratio of abundance of 
H 22 VH 2 ^H 2 + is in the range O.OTXIO”^ to 0.33X10”^. The low abundance of 
H 2 ^'^ precludes its appearance on the mass-spectra and the line of mass 
4.02852 must be attributed to 

Exactly the same relative abundance of / is obtained if the cal- 

culations are made without regard to the process of formation of triatomic 
hydrogen, on the basis of unweighted probability considerations alone. 


Dispersion Measurements 

The separation of and He+ was measured by a comparator to secure 
the dispersion measurements for these spectra. The presence of can 

only introduce a negligible correction to the mass scale measurements. If 
were present to an abundance equal to that of then the dispersion 
figure would be in error by one part in 1100, equivalent to 0.00003 mass units 
in the value for the mass of This possible systematic error is only one half 
of the probable error in the measurement of the isotopic weight of H*. As the 
ratio of abundance of could not be greater than 0,002X20 or 



1/25, the effect of ions was negligible and no correction to the dispersion 

measurements is necessary. 

Method of Measurement of He+ Separation 

The faintness of the lines in most cases prevented direct measure- 
ments by a comparator. The separations of the and He+ lines on differ- 

ent spectra were measured by running the plates through a Goos-Koch mi- 
crophotometer at a ratio of plate distance to record distance of approximately 
1 to 40. For the first reporb^ of this work the densitometer records of 14 spec- 
tra had been measured and reduced to plate distances by a subsequent de- 
termination of the ratio of densitometer travel to plate travel. The micro- 
photometer does not maintain the same multiplication ratio throughout its 
travel so that for this report, twelve spectra were remeasured with a glass 
reticle, (b/20 mm divisions), directly superimposed on the spectrum plates. 
The reticle was compared with one ruled on the Swarthmore College Obser- 
vatory comparator and also measured directly on a Gaertner comparator. 
Two of the spectra measured for the first report of this work could not be 
measured by this method. The densitometer records were coated with a frost- 
ing coating and smooth curves were drawm in by pencil. Fig. 2 is a reproduc- 
tion of some of the records of spectra used in the measurement of the mass of 




Fig. 2. Densitometer records of several He+- (H 2 ’H 2 )-‘“ doublets. Scale under record No. 2. 
Ratio of densitometer record distance to spectrum plate distance approximately 40 to 1. Micro- 
meter slit 0.002 cm wide. 


These records, taken without the superposition of the reticle, illus- 
trate the remarkable symmetry of the ion tracesd*^ Record No. 2 is of the 
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The symmetry of the spectral lines is a direct consequence of the design of the mass- 
spectrograph. Measiirenmits of the separation of lines can be made referred to the centers of traces 
of U7ieqiial density, an advantage which can hardly be overestimated in cases in which it is 
impractical or impossible to obtain traces of equal density. The symmetry of the traces is a 
result of the fact that the ion beams are 7iot brought to a focus at the surface of the recording plate. 
A 77 y focussmg action takes place in the circular path of the ions 90° from the ion source, or last slit 
of the velocity selector in the mass-spectrograph. The velocity selector introduces an essentially 
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same spectrum as No. 1 but it was made with a different adjiislinent of the 
densitometer to minimize the effect of the. grain of the platt*. 

■ The separation of the traces was measured by super|H>5iiioii of tlie deiidin- 
meter records on accurate millimeter cross»seclif)n paper and by dir<‘fi si'ait* 
measurement of the centers of the peaks.. I’he probable vrrur of a sing]t‘ ob- 
servation, ±0.00024 mass units, corresponds to an m'rcu' of abiiii! 0.5 inni 
in a distance of 43 to"60 mm on the densitometer records of dillVreot spetira. 

Results 

The results and their Weight values for the mass difference I jet ween He"-‘ 
and are given in Table I, 

. ■ Tabl.e I. 


Fig. i spectrum 

lA 

2A 

3A 

4A 

5A 

OA 

Mass difference 

Weight 

0.02749 

1 

0.02702 

2 

0.(1i()SS 

1 

n.o.yy 

1 

n.62o8S 

3 

(i.o.’rxiH 

1 

Fig. 1 spectrum 

SB 

■ AB 

:i; 

8P> 

6'i; 

/(' 

Mass difference 

Weight 

i 0.02627 

1 ■ ^ 

0.02657 

3 

0.0274 2 

2 

0.02627 

1 

0.02714 

1 

0,02703 

2 


The averaged difference is 0.02691 x 0.00000. llie probable (*rror is a 
composite value of a probable error of om* part in one thousand in inc'asiiring 
the reticle and the probable error of the aljcA'e mass differe net* per se. 

The mass of neutral H- is I/hc +0-02691 -- J/hj!' == 2 ,01351 ± 0.00006 when 
referred directly to Aston’s value for helium. The masses of lie" and H'd* 
were compared directly by Aston with a probable error of only ±0.000008 
mass units in the determination of the mass of in terms of helium d'-’ 

The absolute value of H- is 2.01351 ± 0.00018 mass units referred to 
016 = 16 and calculated on the .basis that Aston’s limits of error. are equal to 
three times the probable error of his measurements. The eqtii\'"a!eiit packing 
fraction of H*’ is 67.5 parts in 10,000. 

parallel beam of ions into the uniform magnet it* tiekl, or camer.i serf ion of ihe siKirirogr.iplf , 
so that the ions converge at 90"\ then diverge, and at 180“ from i Iw source are egasn ! ra\’thisg 
in a parallel beam where the beam is normalK’ incident on the siiriaee of flu* recoiling plale. 
Spectrographs which deal with divergent nonparallel beams of ions bring Puj beams lo a locus 
at the recording plate.. A sharp edge (\Y. A.'. Wc:M)sier, Pruc. Koy. Sh\ 114, (loiTO, or high 
■ density of ions at one position results, biit the push ion of t he edge ol a t race ship s w if h change.- 
in density and the separation of two adjacent traces of tliffereiii liemsiiy camuu !>e measured 
accurately (,F, W. Aston, Proc. Roy. Soc. 115, 496 (1927)), A complete* dist'iission \\ ill appear in 
the Journal of the Franklin Institute. 

96 Aston (Proc. Roy. Soc. 115,502 (1927) gives three measured \ allies lor ihe diiiereiiee in , 
the packing fractions of helium and hydrogen, 73,. 7, 73.6 and 73.9. I'he correciion for the mass 
of the electron gives a value of 72,4 for the excess of the packing fraciioii of Indrogmi o\er 
that of helium. Ordinary error theorja of cou.rse, cannot be applied for ilie calrukitioii of ilie 
probable error oi only three measurements, 'but' the theory of errors for .small sani|)les (\\*. A. 
Shewhart, Beil S^'steni Tech. J, S, 308 (1926)) may be applied and the ernu* lo Astuii’s mivifc- 
urements was calculated on that basis. 
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Discussion 

Nuclear structure of H 2 

O. a"" 

TOmD*‘”''r’f “ interesting to spocnytrtta“”ftrffnud°^^^^ 

iLT ° neutron," of mass 1 0067 then 

the bmdmg energy ,o„ld be 9.7X10* electron-volts. The energy of binS^v 

LcentrattrsamptaS H “ ®‘'''”,“bl' “ ^ ^ When more 
tween be- 

The possibility of as a nuclear structural unit 

attanlw htSm ™:E r*"' r " '‘-tetron-volt, 

. htlium nuclu, Grace^ has suggested that the nucleus mav be a 

suggests its inclusion in Li« and B«. On this 
->n energy of a Li® nucleus, composed of one nucleus and 

ne helium nucleus, is 3.7X10* electron-volts. The binding energy of two 

rt mv T "" ^ nucleus l 4.3X10° elc- 

1111 1 • r " ^ “‘1*^“'’^® appear possible but the presence of in heavier 

vuitstr^vsX Tm' evidence from 

1 . us sout CCS that cv-particles retain their identity inside of nuclei the small 

energy of binding ot may not be sufficient to maintain the structure of that 

entity when it is subjected to the fields and perturbing forces of otherpar- 
ticles in heavy complex nuclei. irs ui oiner par 

heather*'' has suggested the process 

N*< -f «,i -> C12 -f H2 -f K* 

for noncapture disintegration of nitrogen by neutron impact. When the 

0 V in" TT^ f"" constituents are substituted the result is that at least 
1X10 electron-volts energy must be supplied by the impacting neutron in 
order that this disintegration may proceed. The maximum energy of neutrons 
I esult mg trom the disintegration of Be® is 5.7 X 10* electron-volts, entirely in- 
sufficient to promote the suggested noncapture disintegration of nitrogen 
1 eatlier decided on diherent grounds that does not result as a disintegra- 
tion product of N'^ but left the possibility open. Until positive evidence is 
oht.uned of the inclusion of m nuclei it is best not to complicate further 
the structure of nuclei by the addition of as a possible component, since 
V nat ex idence is available militates against the addition of this unit 

I he author is particularly indebted to Dr. Brickwedde who made this 
investigation possible by his preparation of the samples of enriched hydrogen 
at the 1. S. Bureau of Standards, to Professor Urey and Dr. Murphy of 
Columbia Iffiiversity who placed a tested sample at the disposal of the au- 
thor, to Br. Bramley and Dr. Bleakney for their interest and helpful discus- 

*• J. Chadwick, Proc. Roy. Soc. 136, 270 (1932). 

N. Feather, Proc. Roy. Soc. 136, 721, 726 (1932). 
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sions, and to Professor John A. Miller and the members ot me . 
College Observatory for their generous permission to use thei 

struments. 

Note added in proof: It has been the author’s privilege to the manuscr 
on the infrared spectrum of HCl by J. D Hardy, E. F. and D M 

observed and measured the fundamental absorption bands due to H Cl and H C 
the neighborhood of 4.8p. The value obtained for the ^ass o H 2.01367 _0 
1 00778 as given by Aston. The details will be published shortly. _ , , ^ 

Professor R. T. Birge has pointed out to the writer that Aston s values for 
5;*“.bab,y ..o 10 .- 5 a. ck„,c., to, 

Phvs Rev. Supplement 1, 1 (1929)), then the mass of is 1.00796 o" me p 
, i ■ !nw hv 1.8X10-^ units. The calculation of the mass of H 
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Ionization of Helium, Neon and Argon under Impact of 
their own Atoms and Positive lons^ 

By Charles J. Brasefield 
Shane Physics Laboratory ^ Yale University 

(Received June 30, 1932) 

The number of electrons liberated from neutral rare gas atoms under impact of 
their own atoms and positive ions was measured as a function of the kinetic energy 
of the impinging particles. When the impinging beam is composed mostly of neutral 
atoms, it is found that helium is ionized at about 60 equivalent volts, neon at about 
50 volts and argon at about 40 volts. If the impinging beam is composed of atoms 
and positive ions in about equal proportions, additional ionization is found to set in 
in argon at around 330 volts. No ionization by positive ions was observed in either 
helium or neon up to 500 volts. Curves are shown which indicate the efficiency of 
ionization of the rare gases under impacts of their own atoms and positive ions. 

Introduction 

I ONIZATION by positive ions has been considered one of the processes 
necessary for the maintenance of a gaseous discharge. Earlier attempts 
made to detect this effect directly were inconclusive due to the difficulty of 
distinguishing electrons produced by ionization of gas atoms from secondary 
electrons which are emitted from metal parts under impact of positive ions.^ 
However, the experiments of Sutton, Beeck and Mouzon^’'^ indicate quite 
conclusively that the rare gases are ionized under impact of the alkali positive 
ions, although the process is inefficient compared with ionization under elec- 
tron impact. Beeck and Mouzon® have found definite values of the minimum 
kinetic energy which an alkali ion must have in order to ionize a rare gas 
atom. More recently Wolf® has reported that argon is ionized slightly by its 
own positive ions in the neighborhood of 300 equivalent volts. Still more re- 
cently, Beeck^ has reported preliminary experiments on the ionization of 
argon and neon by slow argon atoms. 

Attempts to find a theoretical solution of the problem have been made, 
among others, by Franck,^ Joos and Kulenkampff,® and Zwicky.^® About all 

^ This paper was presented before the American Physical Society at the New Haven meet- 
ing, June 23, 1932, The abstract printed in the program of this meeting should be disregarded. 

^ As a matter of fact, the skeptical may still claim with some justification that, even in the 
most recent experiments, the electrons are not products of ionization of gas atoms but are sec- 
ondary electrons from the metal parts which are inherent in any experimental apparatus. 

2 R. M. Sutton and J. C. Mouzon, Phys. Rev. 37, 379 (1931). 

^ O. Beeck and J. C. Mouzon, Ann. d. Physik 11, 737 (1931). 

® 0. Beeck and J. C. Mouzon, Ann. d. Physik 11, 858 (1931). 
fi F. Wolf, Zeits. f. Physik 74, 575 (1932). 

^ 0. Beeck, Proc. Nat. Acad. Sci. 18, 311 (1932). 

8 J. Franck, Zeits. f. Physik 25, 312 (1924). 

» G. Joos and H. Kulenkampff, Phys. Zeits. 25, 257 (1924). 

^0 F. Zwicky, Proc. Nat. Acad, Sci. 18, 314 (1932). 
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that for central impacts between uncharged 
„r-proximately one-half the kinetic energy of the 
ailable for ionization of the particle struck. Thus he- 
hould be ionized under impacts of their own neutral 
kinetic energy of approximately 49, 43 and 31 equiva- 
■ ■ ; rare gases under impact of their 
expected at somewhat higher energies, for in this 
while in the field of force of two positive ions. 

Apparatus AND Procedure 

in this investigation is a modification of that used by 
rawn to scale in Fig. i. The experimental tube was 
by a glass partition which separated the discharge 
nber in which ionization of the gas by the impinging 


that can be said at present is 
particles of the same mass, api 

impinging particle is av; 

lium, neon and argon si 
atoms if the atoms have 
lent volts, respectively. Ionization of the 
own positive ions might be 
case the ejected electron escapes 


Fig. 1. Experimental tube. 

particles was detected. A discharge was produced between the oxide-coated 
filament^ F and the anode A . Positive ions of the gas are produced by elec- 
tron impact and drift toward the filament. Since the voltage across the dis- 
charge, Vd, is concentrated at the filament, most of the positive ions that pass 
through the 2 mm hole in the virtual cathode C will have an energy of T,i 
equivalent volts. Between C and K they are further accelerated by an applied 
potential K so that most of the ions enter the canal K with an energy of 
V^+Va equivalent volts. The canal is 7 mm long and 2 mm in diameter. 
Emerging from the canal, the particles in the beam (now a mixture of positive 
ions and neutral atoms) enter the ionization chamber where they are free to 
collide with the atoms of the gas. The ionization chamber is 3.3 cm long. Its 
walls are of sheet nickel and the far end is closed by a large mesh fine wire 
grid G, both of which are at the same potential as the plate if. At the near end 
of the ionization chamber is the electrode E to which a positive potential is 
applied to collect any electrons resulting from the impacts. In general 15 
volts were found sufficient to saturate the electron current to E. The positive 
ions in the beam continue through the grid G and are collected by P. The 

“ Kindly supplied by Dr. M. J. Kelly of the Bell Telephone Laboratories. 
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face of P is covered by a wire grid to give a more uniform field between G and 
P. The distance from G to P is about 2 mm and P is kept at a positive poten- 
tial with respect to G in order to prevent the escape of any secondary' elec- 
trons resulting from the impact of positive ions upon P . We might expect sec- 
ondary electrons with velocities as high as 16 volts in helium, 13 volts in neon 
and 7 volts in argond^ However, it was found that only a few volts were suffi- 
cient to stop most of the secondary electrons emitted f rom P, but to be on the 
safe side the potential between G and P was kept at 15 volts for helium and 12 
volts for neon and argon. The metal parts of the tube were made of nickel and 
were outgassed by an induction furnace. The rare gases were obtained spec- j 

troscopically pure and were used without further purification. The tube was 
completely evacuated and a fresh supply of gas admitted before each run. 

Keeping Vd and Id (the discharge current) constant, the accelerating po- 
tential Va was varied and readings were taken of the electron current to the 
plate E and the positive ion current collected by P. The same galvanometer 
was used to measure each of these currents. It had a sensitivity of 2324 
megohms. 

It has been assumed that the moving particles enter the ionization cham- 
ber with a velocity of Vd+ Va equivalent volts. To check this, measurements 
were made of the positive ion current collected by P as the retarding potential 
between G and P was increased, for given values of Vd and Va- It was found 
that the fastest ions reaching P did have a velocity of Va-i-Va equivalent 
volts. 

We are quite certain that all the particles leaving the neighborhood of the 

filament are positive ions. Knowing the distance the ions go from the filament 
until they reach the ionization chamber (1 .1 cm) and also knowing the mean 
free path of the ions for neutralization, we can compute the fraction of ions 
and of atoms in the impinging beam as it enters the ionization chamber. 

The most reliable value of the mean free path for neutralization of A+ in 
argon, obtained from the work of Wolf,® is 1.6 cm at 0.01 mm pressure. 

For the mean free paths for neutralization of Ne+ in neon and He+ in helium 
we must make use of the more qualitative measurements of Kallman and 

Roseffi® which yield values of 2.5 cm at 0.01 mm pressure in each case. 

f Results 

If the discharge is operated at such a pressure that 95 percent of the parti- 
cles entering the ionization chamber are neutral atoms, curves such as are 
shown in Fig. 2 are obtained. Here the electron current collected by the elec- 
trode E, le, is plotted against the energy of the impinging atoms in ( Fd •+ K) 

equivalent volts. It will be noticed that in all cases the initial electron current 

is not zero but has a definite constant value. It is thought that this is due to 
secondary electrons ejected from the canal K by the impinging positive ions, 

» » and of course it is impossible to eliminate such secondaries. 



“ See for example Rev. Mod. Phys. 2, 180 (1930) and references given there. 
« H. Kallman and B. Rosen, Zeits. f. Physlk 61, 61 (1930). 



When the impinging atoms have a certain minimum energy, ionization is 
observed to set in. This occurs in helium at about 60 volts, in neon at about 
50 volts and in argon at about 40 volts. These values are in each case approxi- 
mately 10 volts higher than we would expect theoretically. Further ionization 
also appears to take place in neon and argon at about 110 and 75 volts, re- 
spectively. Two possible explanations of these higher ionization potentials are 
suggested. They may represent the minimum energies which an atom must 
have in order to ionize successively two times. Or they may represent the 
minimum energy necessary to ionize one of the colliding particles and excite 
the other^ — a process which has been suggested in a recent paper by W eizel 
and Beeck.^^ 

In order to increase the proportion of positive ions in the impinging beam, 
the tube was now operated at as low a pressure as possible. The minimum 
pressure was determined in the case of helium and neon by the lowest pressure 


NEON, 


ARGON 


Fig. 2. Ionization of helium, ne 9 n and argon under impact of their own atoms. Helium: 
pressure=0.07 mm, — 47 v., = m.a.; neon: pressure=0.07 mnijFd ~31 v., /d = 20 m.a.; 

argon: pressure =0.036 mm, Frf== 19 V., /d=s40 m.a. 


at which a discharge could be maintained ; in argon by the lowest pressure at 
which there was an appreciable electron current collected by E, The results 
obtained under these conditions are shown in Fig. 3, where again the electron 
current collected by the electrode £, le, is plotted against the energy of the 
impinging particles in (Fd+k"^) equivalent volts. The impinging beam in 
argon on entering the ionization chamber is composed of 60 percent A+ and 
40 percent (neutral atoms) ; in neon 55 percent Ne+ and 45 percent Ne^* 
and in helium 30 percent He+ and 70 percent He°. As at the higher pressures, 
we again observe in neon and argon an increase in the ionization current (here 
at about 120 and 85 volts) due to successive impacts or to simultaneous 
ionization and excitation. No further abrupt increases in the ionization cur- 
rent are observed except in argon where further ionization seems to set in at 
about 330 volts. This is ascribed to ionization by argon ions and confirms 


W. Weizel and O. Beeck, Zeits. f. Physik 76, 250 (1932). 
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Wolf’s observation^ that argon is ionized slightly by its own positive ions 
around 300 volts. If helium and neon are ionized by their own positiv^fe ions, 
the process must either be inefficient compared with the ionization of argon 
by its own positive ions, or it must take place at energies greater than 500 
equivalent volts. 

From the data used for Fig. 3 it is also possible to calculate roughly the 
efficiency of ionization of the rare gases under impact of their own atoms_^and 
positive ions. Knowing the number of positive ions collected by the dis' 
tance they have gone since entering the ionization chamber (3.5 cm) and also 
the mean free path of the ions, it is possible to calculate the number of initial 
positive ions entering the ionization chamber. Also, since the composition of 





Fig. 3. Ionization of helium, neon and argon under impact of their own atoms and positive 
ions. Helium: pressure =0.028 mm, Fd = 70 v., Id = 10 m.a.; neon: pressure =0.013 mm, 
Fd = 65 V., Jd = 10 m.a.; argon: pressure =0.0072 mm, Vd — 26 v., Id =20 m.a. 


the beam on entering the ionization chamber is known, it is possible to calcu- 
late the number of atoms entering the ionization chamber. If now the ratio 
f of the number of electrons produced (corrected for secondary electrons) to the 

number of initial atoms (or positive ions as the case may be) is divided by the 
gas pressure in mm and also by the length of the path of the particles in the 
ionization chamber (3.3 cm) we get N, the number of electrons produced per 
; initial atom (ion) per cm path at 1mm pressure. The variation of N with the 

I kinetic energy of the impinging particles in (Fd+ Fa) equivalent volts is 

I shown for helium, neon and argon in Fig. 4. These curves should only be con- 


I If any of the ions produced by collisions in the ionization chamber had succeeded in 

#i * reaching P, we would expect to observe a marked increase in the positive ion current collected 

I by P after ionization set in. No such increase was detected except when argon was ionized by 

In calculating the efficiency of ionization of argon by an attempt was made to correct 
for these additional positive ions by neglecting the increase in the positive ion current after 
ionization set in. 




sidered as accurate as the measurements of the mean free path of the ions; 

in other words, only qualitatively correct. 

If these curves are compared with similar curves of Sutton® and Beeck^® for 
the efficiency of ionization of the rare gases under impact of the alkali positive 
ions, it can be seen that the rare gases are considerably more efficiently ionized 


Fig. 4. Efficiency of ionization of helium, neon and argon under impacts of their own 
atoms (He«, Ne", A”) and positive ions (A-i-). Ne" curve magnified 10 times; He" curve magnified 
100 times. 

by their own atoms (but less efficiently ionized by their own positive ions) 
than by alkali ions of approximately the same mass as the rare gas atom. 
As a matter of fact, in the case of argon and neon, the efficiency of ionization 
by their own atoms is comparable with the efficiency of ionization under elec- 
tron impact.^’' 


0. Beeck, Ann. d. Physik 6, 1018 (1930). 

K. T. Compton and C. C. Van Voorhis, Phys. 
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The Scattering of Slow Electrons. Part II 

Eugene Feen BERG 
Harvard University 

(Received June 9, 1932) 

The scattering equations derived in an earlier paper are here found by a variation 
method, which is closely related to the Fock-Slater method of determining single 
electron functions for complex atoms. The equations for scattering in helium and the 
other inert gases are treated in detail and put into a form suitable for numerical in- 
tegration. For scattering in helium excellent agreement with experiment is found 
in the neighborhood of the resonance potential; at 10.75 volts the agreement is poor. 

This discrepancy at low potentials is undoubtedly to be accounted for by atomic dis- 
tortion which is neglected in the scattering equation. 

I N AN earlier paper^ the writer discussed the problem of electron scattering 
by an N electron atomic system from the standpoint of the N+1 Schroed- 
inger equation for the scattering system and the external electron. The dis- 
cussion is here extended. 

We treat a simplified problem obtained by representing the atom as an 
outer electron shell in the potential field V{r) of the core. N is then the num- 
ber of electrons in the outer shell. Let w(l, • • • , N) represent the normal 
state unperturbed atomic wave function and z;(l, • • • , iV, Xq) the atomic 
wave function perturbed in an unspecified manner by the field of the external 
electron at xq, yo, siq. In particular v maybe the unperturbed function u, in- 
dependent of .To, yo, So, or a solution of the wave equation for the atomic sys- 
tem in the field of a unit negative charge fixed at the point To, yo, Sq. We re- 


quire of v that 


2 / j 

1' ■ ■ ■ , N, a*o)®(l, ■ ■ ■ , N, Xo)dT ■ ■ ■ dr^ = 1, 

/ ■ 

spin «/ 

f D*(l, • • -N, xoj VoKi, ■ ■ ■ ■ irw = 0, 

(1.1) 

Limit »(1, • • ■ , N, xo) = m(1, 

We write an approximate solution Tp (0, 1, • • • , iV) of the iV+1 electron 
problem, antisymmetric in the space-spin coordinates 0, 1, • • • , A, in the 


form 

( 1 . 2 ) 

j 

in which P, is a permutation operator, /(O) the scattering function, and ^(0) 
a spin function for the external electron. With Wi the energy of the atomic 
system, W the kinetic energy of the external electron, and H the energy 
operator for the complete system, 

^ Feenberg, Phys. Rev. 40, 40 (1932); referred to in text as S.S.E. 
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we can briefly describe the method used in S.S.E.*- to set up scattering equa- 
tions as follows : Because 4' is only an approximation to the exact solution 
(H— W— Wi) Tp does not vanish identically. We multiply {H— W— Wi) by 
the atomic wave function ■ ■ ■ , N, Xq) and the external electron spin 

function ^(0), integrate over space coordinates 1, 2, • • ■ , iV and sum over 
all spin coordinates and require that the resulting averaged value of (H-W 
— Wi) 4^ vanish identically. We find in this way an integral-differential equa- 
tion for the scattering function/: 

^siO) ( f B*(l, • ■ • , N, xo){H - W - Wi)4dTi • • ■ drv = 0. (1.4) 

spin JJ 

(1.4) is simplified by introducing the differential equation satisfied by v and 
the conditions (1.1). 

I show that the function / determined by (1.4) gives the integral 

K(f)=T. f f - W - WiWndri - • dr^ (1.5) 
spin J J 

an extreme value. Some preliminary remarks are desirable before stating the 
variation problem. For large values of r the scattering function reduces to a 
plane wave plus a scattered wa.ve: + y/r^ Thus 

neither / • • • J\f/'^B.\l/dro • • • dr^ nor / • * • Ji/^iW+Wi)i/dTo • • • drN exist. 
However it is possible to define a manifold of functions R{x), S{x) such that 
Kif) is finite if / is a solution of an equation of the form ( \7^-{-2W+R)f=^S, 
Eq. (1.4) provides a particular determination of the functions R and S. The 
condition for the conservation of charge is expressed by 

Jj'(/*V/- fV/*)-dS = 0, (S.S.E.,^ section 3), (1.6) 

which in turn implies that i?(/) is a real number. Finally 
SK(f) = r • • • f - W - Wi)4 + 4*iH -W- Wi)&4']dTa • • • dm 

spin J J 

= E f ■ • f [S4'*iB- W-Wi)4 + S4iH-W-Wi)4*]dn- -dm 

■ spin J J 

+ C(N)JJ(J*VSf-Sf\/f)-dS. 


With this introduction we are prepared to state the variation problem : 
Given a scattering function / satisfying (1.6) and a manifold of comparison 
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for large values of r, 

(b) 


K(f + df) exists, 




)-dS = 0, 


(d) dK(f) =0 for all comparison functions satisfying (a), (b), (c); to prove 

(e) / a solution of (1.4) . 

The proof is simple. Subtracting horn fJ„(J*\/Sf-df Vf*)-dS its conjugate 
complexwefindsjXoC/* V/-/V/*)-dS'=0; or, neglecting terms in 8FSF*, the 
comparison functions satisfy the condition for the conservation of charge. 
Because of the symmetry properties of ^ we may write 

sK(f) = am E f • - • f [^*(1. xo)dfio)smH -w- w^)i^ 

spin J J 

+ v(l, ■ ■ ■ , N, xo)df{0)s{Q){H — W — W ■^i/*\dTadTi ■ ■ -dm. 

Then, seeing that the real and imaginary parts of 6/ are independently vari- 
able (except at infinity where they are connected by the relation (c)), (1.4) is 
an immediate consequence of (d). 

It seems probable that (1.4) is the best scattering equation derivable from 
the assumption that the wave function has the form (1.2). The variation 
method of deriving (1.4) does not differ essentially from the Fock-Slater 
method of determining single electron functions for complex atoms. One 
point of difference may be noted: the atomic wave function, perturbed or 
unperturbed, is given; only the scattering function is varied. 

Scattering BY THE Inert Gases 

Using unperturbed atomic wave functions the solution is 

^(0, 1, ■ • • , N) = u(l, ■ ■ ■ , iV)/(0)5(0) -1- u(2, ■■■ ,N, 0)/(l)5(l) 

-h ■ - - -f m(0, 1, • • • , i\r - l)/( WiV) . (1 . 7) 

The discussion applies to any atom with an even number of electrons in the 
outer shell, but in general there are several solutions and a corresponding 
number of scattering functions. With 


Ui(0, 1, 


/ N 

2 (7(0) - ElAo 


E f - 

spin J V 


• , iV') 7i(0, 1, 


iV')M(l, • • • , N)dTi ■ ■ ■ drm, 


7^(0, 1, 

1 ( 0 , 1 , 


7i(0, 1,---,W) - U(0), 

VoV+ 2W + Vi(0, i,---,m, 


E f - ■ f 

spin J J 

+ 217 -f U{0) 


, i7)Z,(0, 1, • • • , iV)M(l, 


mdn 





.Z(l, 2, 0)/(l)JTi--**Ar. 

Using (1.8) and the differential equation satisfied by w it is not difficult to 
verify the relation ( 1 .6) . If we attempt to solve (1.8) by the method of successive 
approximation the obvious and most suitable first approximation /o is the 
solution of the equation Lfo = 0 subject to the scattering problem boundary 
conditions:/o everywhere finite and for large values 

of r, With/o in the right hand member (1.8) reduces to 


Note that the potential function in the integrand is V 2 and not Fi. The right- 
hand member of (1.9) is conveniently described as an exchange integral. It 
contributes a term to the scattering amplitude which may be interpreted as 
resulting from interchange of atomic and external electrons. (1.9) is certainly 
valid when the exchange term is so small that/ does not differ appreciably 
from/o inside the region of high charge density. But it is neither a final nor 
very useful equation. To make further progress toward an understanding of 
(1.8) we must replace the exact atomic wave function by an approximate solu- 
tion constructed from single electron functions: 

«(1, ■■■ ,M-* (l/m^/^) 1 I, «, m = 1, 2, ■ ■ ■ , .V, 

with «/« = //n+A 72 , n^N J2i Mij .* normalized aiid^ mutually ortho-. 


With a suitable choice of single electron functions zq, • • * , ux;^ the error 
introduced by the substitution z^(l, * ' \ yN)~^{l/ \ iin{m)s | is quite 
negligible. Arguments to support this statement will appear as the discussion 
develops. 
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• « 


Helium 

«(1, 2) (1/2i/M1)m(2)(s(1)/(2) - 5(2K(1)), 

27(0) = 2 J* ■ • • J* m(1)m(2)m(1)m(2)(2/?'o — lAoi - l/ro^dr-idTt 

= 4(l/>'o (l/>'o)) with (lAo) = /// n{\)u{X){l/ra^dTi, 

F 2 ( 0 , 1, 2) = 2(2(l/fo) - lAoi - 1 Ao 2 )- 
Eliminating the spin functions from (1.8) there remains 

L(0)/(0) = M(0) /// «(i)[i:(i) + 2((iAi) - iAoi)]/(i)<^n- (2-1) 

We write / =220°°/*: with A defined by the system of equations 
I-(0)/o(0) = 0, 

i:(0)A.+i(0) = m(o) J JJ«(i)[l(i) + 2((iAi) - iAoi)]A(i)<^’-i- 

We find then (S.S.E./ section 2) that ///mL/At = 0 and therefore AJ/wi/ 
dr = 0. Thus the function / defined by the process of successive approximation 
outlined above is also a solution of the equation 


£(0)/(0) = 2m(0) JJJ «(1)((1Ai) - 1Aoi)/(1)«'’'i- 


( 2 . 2 ) 


Now it is easily verified that (2.2) implies the relation //AL/dT = 0. It is not 
true that every solution of (2.1) is a solution of (2.2). We shall see that for a 
particular choice of the one electron function u, (2.1) has an infinite number of 
distinct solutions, all satisfying the scattering problem boundary conditions 
and all yielding the same scattering amplitude. However the most practical 
procedure for accurately solving (2.1) is the method of successive approxima- 
tion and this method leads directly to the orthogonality condition JJfuLf 
dr = 0 and Eq. (2.2). The scattering amplitude is (S.S.E.,^ section 2) 

F(z/r) = (- l/4x) J ■ ■ • J 2)e*‘'V®(’-.''')[Fi(0, 1, 2)m(1, 2)/(0) 

— F2(2, 1, 0)m( 1, 0)/(2)]dTodTidT2 

= (- l/4r-) J JJ e^^-V'>=(’-..^)[l7(0)/(0) (2.3) 

- 2«(0) JJJ «(l)((lAi) - V^in)fii-)dTi]dTo. 

Since / is not known (2.3) is useful only for the qualitative survey afforded 
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when "/ is replaced by a simple approximation and the integrals then evalu- 
ated.:' . 

We assume now that the single electron function u is determined by a 
Hartree^ equation : 

(V2 + 2{E + 2A - (1A)))‘W - 0. 

By Green's theorem fffuLfdT= JfffLudr; (2.1) assumes the form 


X(0)/(0) = 2w(0) 


Then 


a verification of (1.6). This is the firststepin justifying the introduction of the 
approximate atomic wave function. 

The Hartree equation may be written 

( Vo' + 2{W + 2/fo - 2(lAo)))KO) - 2(W - E ~ (lAo))^dO) 


We see that a solution of the Hartree equation is also a solution of (2.4), If 
/ is a solution of (2.4) satisfying the scattering problem boundary conditions 
so also is f+cu with r an arbitrary constant. With u determined by the Har- 
tree equation, (2.1) has an infinite number of solutions and (2.2) presumably 
only one, but all satisfying the scattering problem boundary conditions and 
yielding the same scattering amplitude. (2.1) and (2.2) are thus equivalent physi- 
cally, but not mathematically. 

The freedom in the definition of /has this consequence: we are at liberty 
to impose practically arbitrary orthogonality conditions on/. Each such con- 
dition combined with (2.4) leads to a differential equation differing in form 
from (2.4), but having at least one solution in common with it. For example 
(2.2) is such an equation, imposing on its solutions the orthogonality condition 
= having a solution in common with (2.1) for unrestricted single 
electron function and a solution in common with (2.4) if u is the Hartree 
function. We try the condition fffufdT==0; combined with (2,4) the equation 


i:(0)/(0) = - 2^(0) 


results. We verify that a necessary consequence of (2.5) and the Hartree equa- 
2 Hartree, Proc. Cam. Phil. Soc,, Jan. (1928). 
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tion for « is the orthogonality of wand/. Forfrom(2.5) and the Hartree equa- 


Vo (m(0) Vo/(0) - /(O) Vo^<0)) + 2(W - £)m(0)/(0) 


2(l/ro)u(Q)f{0) = - 2m(0)m( 0) M(l)(l/roi)/(l)<Zn. 


Integrated this yields 

2(IF - E) Iff ufdr — 2 Iff u{l/r)Jdr = — 2 Iff u{\/r)fir 

or fffufdT = 0. For numerical integration by successive approximation (2.2) 
is far preferable to (2 .5) , in part because the derivation of (2 .2) does not involve 
the assumption that m is a solution of the Hartree equation, but primarily 
because of the more rapid convergence brought about by the presence of the 
term (1/n) in the exchange integral and because in (2.2) the orthogonality 
condition ffJuLfdT = 0 is satisfied automatically by each successive approxi- 
mation: thus JJfuLficdT = 0. 

There follows an argument that supplies an adequate justification of the 
substitution m( 1, 2)-^(l/2i)rt(l)ji(2)(5(l)5'(2) -^(2)5'(1)) provided that the 
single electron function ti is determined by the Hartree equation. Eq. (2.1) is 
derived by a method that proceeds as far as possible with the accurate atomic 
wave function before introducing an approximation. If now we begin with 
the approximate atomic wave function and evaluating (1.4) find an equation 
almost identical with (2.1) we must conclude that the substitution brings with 
it no serious error. Letting m( 1, 2) in (1.7) represent the approximate atomic 
wave function we have 

-2(E-W-Wl)^l^ 

= u(l,2)[7o^+2(W+Wi-2E+2/ro-l/roi-l/ro2-l/ri2 

+(iAi)+(iA2))]/(o)5(o) 

-i-M(0, 1) [ V2"+2(IF4-IFi-2£-l-2A2-lAoi-lAo2-lAi2 

+ (1Ao)+(1Ai))]/(2)^(2) 

+M(2,0)[Vi"+2(lF4-IFi-2£-f2Ai-lAoi-lAo2-lAi2 

+ (1A2)+(1Ao))]/(1)5(1) 

Combined with (2.4) this yields 

(£(0) + 2(Wx - TFiO)/(0) (2 • 6) 

= m(0) JJJ + 2{Wi - Wi') + 2(lAi - lAoi))/(l)^ri 

in which TFi' is the value of the helium normal state energy given by the 
Hartree function : Wi' = 2 E—f ■ ■ ■ (t/r]si)u(2)u(2)dTi dr^ and 

volts.® (2.1) with kinetic energy IF is identical with (2.6) with 


^ Gaunt, Proc. Cam, Phil. Soc. 24, 328 (1928). 
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kinetic' energy W+Wi —Wi, We may conclude that the use of the Hartree 
atomic wave function to simplify (1.8) is certainly permitted for kinetic ener- 
gies greater than 2 or 3 volts. It must be emphasized that (2.6) is not an alterna- 
tive scattering equation; it is a check on the validity of a simplifying assump- 
tion. 

For the numerical integration of (2.1), is written as a sum of Legendre 
polynomials in the scattering angle with coefficients depending only on the 
distance from the scattering center: 


Then 


The convergence is quite rapid in both ife and 

Neon, Argon, ' Krypton, Xenon; N=S 

As might be expected most of the results found for scattering in helium 
have their parallel here. The Fock^ equations for determining single electron 
functions are related to the N electron scattering problem as the Hartree 
equation to the helium scattering problem. But in the helium problem the 
Fock equation reduces to Hartree's. Thus the parallel is very close. With 
spin functions eliminated from the several defining equations 


mm =2:«n(o) 


«*(l)(i(l) - 2/Vot)/(l)<ir, 




Fock, Zeits. f, Physik 61, 126 (1930) 
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in which 




t % 


(3.2) 




(lAo),. = J'J'J* «»*(!) 

( 1/ f o) nyn “ Iff U„*(l)(l/roi)M.m(l)dTi. 

The simpler equation 

jv/2 r r r 

i(0)/(0) = -2E«„(0) J J J iA(l)(lAoi)/Cl)'^’-i 

iV /2 iV /2 ^ ^ ^ 

+ 2 &n( 0 ) S J J J 

imposes on its solutions the orthogonality condition J J Jtin^Lfdr = ^ and 
therefore has at least one solution in common with (3.1) . This common solution 
is in fact found when (3.1) is solved by the method of successive approximation. 
We assume for the representation 

til — (l/47r)^^^i?i(f), U 2 = (3/4'7r)^'^^i?2(r) cos 
tiz = Ujf = (3/87r)^/^i^2(r)6^'> sin <9. 

Ri and are functions which give the energy integral for the atomic problem 
a minimum value. In terms of i?i and R^ 

i:(lAo)n = 2 r (i^Ai) + 3i?2(ri))7o(OA)^i^^^^^^^ 

1 , d Q 

'^2(0) /// ■/^2*(1) 4 “ ^^3(0) /// W 3 *(l) + « 4 ( 0 ) ///“••(« 

= (3/47r)i?2(0) COS (ro, ri), 

iV/2 r r r 

Sm«( 0) J J J ««*(!) (lAoi)/(l)‘^’'i = 

(l/4x)i2i(0) J J J (lAoi)/(l)<^n 

+ (3/4x)i?2(0) J'JJ*J? 2 (l)(lAoi)/(l)cos(ro,ri)rfri, 

N 12 PC'C 

«i(0)Z JJJ «A(l)(lAi)iA(l)^’-r 

(l/4x)i?i(0) /// Riim/nhmdri + (l/3)(3/4x)2i?i(0) /// i?2(l)/(l) 
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Ri{2){l/rii)R\(2) cos (n, r^dndTi, 


{m/ri)n4{^)dn 


i? 2 ( 2 )+(lAi 2 )/(l) cos (ro, ri){RiO-)Ri(X) cos (ri, 


The angle functions combine into terms invariant under rotation of the axis 
of the atomic representation. It is convenient to take the axis in the direction 
of the incident electron beam. We expand / in a series of Legendre polynom- 
ials, /=S/nW-f’n(cos 0), and find for the coefficients /„(r) the set of equations 




i?2(0) i?2(l)7i(0, l)/(l)A<fri 


2?3(2ho(l, 2)i?2(2)A*i - To(0, 1) /i(l)riVf, 


J? 2 ( 2 )y 2 ( 1 , 2)R^{2)ridri - 72 ( 0 , 1) /i(l)rih'fr 


i?2(l)(7n_i(0, 1 )(b/( 2« -f 1)) 


The writer must correct an error in the note added in proof to S.S.E."- 
There appears the statement “The scattering intensity does not tend toward 
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spherical symmetry with decreasing electron velocity/’ The statement is 
false. Each equation of the set (3.3) involves only one coef?icient/n(r). /n(r) is 
roughly proportional to the coefficient of P„(cos B) in the expansion of e^■^^in 
a series of Legendre polynomials. Thus f n{r) vanishes uniformly in r as 
and the scattered wave approaches spherical symmetry for sufficiently low 
velocities. If a generalization is permitted from results obtained for helium, 
the effect of exchange is to lower the limiting velocity below which scattering 
is sensibly spherically symmetric. There is apparently an effective cancella- 
tion of terms of opposite sign in the exchange integrals for/o and/i. Again if 
we generalize from results obtained for helium, this apparent cancellation is 
real. There arises the possibility that for quite low velocities the scattering 
amplitude proportional to P 2 (cos 0) is much larger than the scattering am- 
plitude proportional to Pi (cos 6). If this occurs in the neighborhood of the 
Ramsauer minimum cross section, the distribution in angle will depart 
strongly from spherical symmetry, but will retain more or less symmetry 
about the plane of right angle scattering. We have here a possible explanation 
of the distribution in angle in the inert gases found by Ramsauer and Kollath.® 
The argument suffices to make the integration of (3.3) a problem of consider- 
able interest. There is however one feature of the experimental distribution 
in angle at low velocities which is not reproduced by the exchange equations. 
The sharp rise in the krypton and xenon intensity curves below 30° may be 
explained by the reaction of the distorted atom on the incident wave. The 
effect of atomic distortion or polarization is to excite the partial scattering 
functions of high order; the partial scattering amplitudes then decrease 
slowly with increasing n and yield a large sum for small angles, but interfere 
effectively everywhere else 

In the remainder of the discussion the single electron functions are 
solutions of the Fock equations 

/ N \ Nf2 V/2 

( "h 2(Pn “h V{r) — 1/r) m) = 2 j^(l/r)wjn^^m “f” 

\ m^n / tn^n 

^pn — f f ’b 2(En 4“ V(f) S( 

*/ «/ *7 \ 7n^n / 

N !% p 

+ 2^111 

>m9^n «/«/«/ 


The condition implies the mutual orthogonality of the u's. Using 

the Fock equations to simplify the exchange integral, (3.1) transforms into 


iv'/2 r r r 

mm = 2 £«„(o) j j j u*{mv - 




V/2 N!2 p p p 

Z«„(0) X„„. \ 

1 J J 


(3.4) 


1 tn^n 

® Ramsauer and Kollath, Ann. d. Physik, Feb. (1932), March (1932). 


28 



EUGENE FEENBERG 


Then 


(0)f(l)/(0)X: 


(l)|./,.(0)/(l)r(0)X: 


the relation (1.6) is satisfied. We verify by substituting for/ that solutions 
of the Fock equations are also solutions of (3.4) . If /is a solution of (3.4) satisfy- 
ing the scattering problem boundar^^ conditions so also We 

fix /by the orthogonality conditions JJftin'^fdr==Q; (3 A) becomes 


The orthogonality of tin and / is a necessary consequence of (3.5) and the Fock 
equations. (3.5) is apparently much simpler than (3.2), but for numerical inte- 
gration by the method of successive approximation (3.2) is preferable for rea- 
sons already discussed in connection with Eqs. (2.2) and (2.5). 

If the atomic wave function #(1, • • • , N) in (1.7) is replaced by | wn(wO 
Sn{nt) |,q/'(0, 1, • * V , N) can be written as a determinant with N+1 rows and 
columns. But the determinant form of i/ discloses immediately that it is 
unchanged when fs is replaced hy A scattering equation de- 

rived by a process which begins with the approximate atomic wave function 
constructed from single electron functions will have these functions as solu- 
tions. If now the single electron functions are solutions of the Fock equations, 
this scattering equation cannot differ essentially from (3.4) which also has as 
solutions the single electron functions. We conclude that the use of an ap- 
proximate atomic wave function to simplify (1.8) is justified, particularly so 
when the approximate atomic wm^e function is constructed from solutions 
of the Fock equations. 

Table I. IF=2i.5 wofe 


0.138-ij0.104 -0.064~i0.001 

0.30 WO. 049 0.042-/0.046 

fjFF^dQ (2^i/k)(Fil)~F^it))^ 


Without 

exchange 

With 

exchange 


0 . 563 -j-0 . 1 1 7 cos 04-0 . 039 cos^ d 
0 . 668+0 . 225 cos 0+0 . 299 cos^ 6 


t S.S.E.,^ sections. The relation ffFF’^dQ — (27ri/k) (F{cos 6) — F(cos 6))cose is equivalent 
to ( 1.6). The calculation was carried through with the single electron function u — {o? 
a = 27/16. The ratio 9.65-9.25/9.25 is a measure of the error introduced into the total cross 
section by the use of a single electron function different from the Hartree function. 
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Table II. W— 10.75 volts {with the Hartree function). 


Fko 

Fkl 


0.138-^1.105 

0.141-^0.006 


-0.124~^‘0.025 

0.288-^0.026 


-0.028+i0.010 

0.034-f‘0.030 


FF^ 


J/FF^dQ i2iri/k) (Fil) - F*{1)) 


Without 

exchange 1 .239+0.052 cos 0+0.020 cos^ 0 
With 

exchange 1 . 255 +0 . 125 cos 0+0 . 214 cos^ 0 


15.66 

16.68 


15.66 

16.65 


Integration of 2.8. Helium 

The partial waves yield partial scattering amplitudes FknPn(cos d) 
which combine into the total scattering amplitude F(cos 0) Fjcn 

Pn(cosd). 

Results of the numerical integration of (2.8) are found in Tables I and 11. 
For n^2 the partial scattering amplitudes are estimated from (2.3) with 
/ replaced by 

F'(cos 6) = Fa(cos S) + Fb(cos> 6) 

(4.1) 

Fa(cos0) = (l/4x) J J J 
the Born first order scattering amplitude, and 

F^Ccos^) = (l/27r) • * • J — (l/f2))'?^(2)c/riJr2, 

U(r) = (4/r)6’-2“-(l + ar), u{r) = (a3/2/^i/2)g-ar^ ^ ^ 27/16. 

Letting ^ = fe/a 

aVaico^e) = [1/(1 + g2 sin2 (9/2) + 1/(1 + sin^ 0/2)^]. 

We write 

00 CO . 

F^Ccose) = yFa„P„(cos5) Pb{co%e) = yF6„P„(cos0) 

0 0 

and remembering that sin ^^Z^ = 2<^(sm2 0/2) find 

CpFab = ((1/?^) log (1 + ?®) + 1/(1 + ?")) 

aW„i = 3[(l/?2) log (1 ^ g,2j _ i/j'i ^ ^2)]_ 

The coefficients Fbn are taken from a recent paper by Massey and Mohr:® 
a“F,o = - 2/(1 + g0^[(3 - ?V(1 + <f) - 8(15 + q^)/(}) + 
cPFbi = — 4/(1 +q^Y[\./q\l — (1/g^) log (1 + g^)) 

- (21/2 + (6/g=) log (1 + gO -- (16/g) taa-^ g) 

- gX3/2 - (3/g2) log (1 + g®))] 

® Massey and Mohr, Proc, Roy. Soc. A132, 605 (1931). 
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aW,, = - 4/(1 + q^H(6U)(iW) log (1 + q^) - 1/(1 + q^) -O.SqVH +q^)) 
+ (15/g=) ((l/g=“) log (1 + g^) - 1/(1+?=)) +( (48/^) tan-i? - 54 . 5/(1 +g2)) 
+ ?'((15/?^) log (1 + g=*) - 45/(1 + - 2. 5?y(l + ?"-))]. 

FhQ differs from the corresponding term computed by Massey and Mohr be- 
cause we are using a different and more accurate form of the exchange inte- 
gral. At 21.5 volts, §2= 0.555, i ^&2 = 0.040, 

Fao = 0.505 I Fat == 0.160 1 

Fqo - 0.243 - ^0.711 j Foi = 0.192 - f0.016 f 


Fho 

Fio + F 20 


- 0.061 
0.202 - f0.105 


Ffci = 0.244 


0.343 - 70.095 


From the comparison we conclude that for n'^2 the partial amplitudes given 
by (4.1) agree well with the amplitudes found by numerical integration of (2.8). 
The complete scattering amplitude is then 

F(cose) ~ Fuicos d) 

“ (4.2) 

+ (Fa(C0S d) — FaO — f'al COS d + F^PzicOS d)) . 

Table 111, 21,5 voUs, 


tf: , 

B 

Pa (cos 0) 

Pa(cOS0)-*PoO-* 

FoiCosS Fb2p‘2{cosd) 

So^(Pao+Pai cos ^) 

FF* 


0 

0.702 

0.037 

0.040 

0.576-J0.927 

1.29 

, It 

20 

0.682 

0.027 

0.033 

0.544-70.920 

1.21 

40 

0.637 

0.009 

0.015 

0.451-f0.901 

1.04 


60 

0.578 

-0.007 

-0.005 

0.309-70.872 

0.85 

1 i. 

80 

0.516 

-0.017 

-0.018 

0.134-40.835 

0.71 


100 

0.465 

-0.012 

-0.018 

-0.052-70.797 

0.64 

. " . '■ 

120 

0.422 

-0.003 

-0.005 

-0.22 7-70.761 

0.63 

■ • 

140 

0.392 

0.010 

0.015 

-0.369-70.731 

0.65 

160 

0.374 

0.019 

0.033 

-0.462-70.712 

0.68 


180 

0.370 

0.025 

0.040 

-0.494-70.705 

0.68 


Measurements in helium are not available at 21.5 volts. Ramsauer and 
Kollath® give a series of intensity measurements over the energy range 1.8 
to 19.2 volts.* The points labeled experimental in the 21.5 volt diagram are 
obtained from the 15.8 and 19.2 volt experimental points by a linear extrapo- 
lation. To change from the R. and K. units to atomic units the experimental 
intensity is multiplied by the factor 1/(0.532)^ 5=3.533. The 15.8 volt Gurves 
for scattering with and without exchange are rough approximations found 
by averaging the calculated 10;75 and 21.5 volt amplitudes. 

Except in the region below 30° the agreement at 21.5 volts is excellent. 
At 15.8 volts a discrepancy appears which becomes important at 10.75 volts. 
This discrepancy as well as the large difference below 30° is undoubtedly to 

* The R. and K. intensities are absolute; those given by Bullard and Massey in an earlier 
paper (Proc. Roy. Soc. A133, 637 (1931)) are relative. Tocompare the two sets of measurements 
the B. and M. intensities are multiplied by a factor chosen for each velocity to make the fit as 
close as possible. Excellent agreement is found (see R. and K.). 
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be accounted for by atomic distortion which is neglected in deriving the ex- 
change scattering equation. Considering the extreme difficulty of a calcula- 
tion including atomic distortion it is disappointing to find the discrepancy 
at 10.75 volts so great. 

The writer has had the privilege of many stimulating discussions with Dr. 
n. Bethe. He is indebted to Dr. R. Peierls for suggesting the derivation of 
scattering equations by a variation method and to Professor G. Wentzel and 
Professor E. C. Kemble for helpful criticism. 


Fig. 1. Elastic scattering in helium. Crosses, experimental points from Ramsauer and Kol- 
lath.® Full line, calculated intensity with exchange. Dotted line, calculated intensity without 
exchange. 


Note added in proof: Massey and Mohr^ derive exchange scattering equa- 
tions resembling only remotely the equations found by the writer. The dis- 
crepancy arises in M. and M.^s treatment from the introduction of unneces- 
sarily crude approximations into an accurate equation. M. and M. write an 
exact solution of the two-electron problem (scattering in atomic hydrogen) 
in the form 

vKl. 2) = E M«(l)/n(2) +/BM®(l)/£(2)(iE 

71 

= ^ni2)gn{l) + fBUE{2)gE{l)dE 


in which ( V^+2(jEn+ l/r))un = 0, ( V^+2{E+l/r))uE = 0 and asymptotically 

gi^l The solutions with correct 
metry and physical meaning are (1, 2) 2) ±^(2, 1). The equations 

given by M. and M. for the determination of /i and gi are 

( V 2 ^ + 2TF)ii(2) = -2j77^x(l) 2)^ri, 

(V 2 ^+ 2 TT)gx( 2 ) = (lA 2 -l/ri 2 )^( 2 , l)dn. 

Orthogonality properties implicit in (I) are involved in the derivation of (11) 
In particular use is made of the relations 
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Jffuiil) (tiU2) - ux{i)M2))dn = 0, (III) 

///mi( 2) (^(1, 2) - «i(2)gi(l))«fT2 = 0. 

It is thus clearly a dubious procedure to introduce into Eq. (II) an approxi- 
mation for 2) which is inconsistent with Eq. (III). Xhe equations ob- 
tained by M. and M. following this procedure are at best of doubtful validity. 
For details the reader is referred to their paper. The reduction of (II) to the 
form given by the writer (S.S.E., section 2) is not difficult, but because the 
analysis is somewhat lengthy cannot be reproduced here. 
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A method is suggested for setting up analytic atomic wave functions which form 
good approximations to Hartree’s functions. These functions are of the form 'Zcf^'^e 
where the exponent a as well as c and n vary from one term to another. The constants 
are determined for 1, 2, and 3 -quantum electrons by fitting Hartree’s values numeri- 
cally for five selected atoms, and interpolation methods are presented for dealing with 
the intermediate atoms. A method is suggested for setting up exactly orthogonal 
functions, with no loss of accuracy. It is shown that the analytic wave functions are 
the solutions of central field problems in which the field is slightly different for differ- 
ent quantum numbers, on account of the inaccuracy in the function, but a table shows 
that the discrepancy between this and the correct field is small over the region where 
the wave function is large. Suggestions are made for future work, on the one hand in 
extending the tables, on the other in using the wave functions in investigating atomic 
energies, exchange integrals, etc. 


F or any detailed calculations dealing with atomic or molecular structure, 
good approximations to the atomic wave functions are essential. The 
most satisfactory method, in general, for building up such functions seems to 
be by the use of one-electron functions which are solutions of the problem of 
an electron moving in a central field, setting up sums of products of such func- 
tions, antisymmetric in the electrons. But no completely satisfactory set of 
one-electron functions has been developed. It is the purpose of this paper to 
suggest a considerable improvement in such functions. 

The best one-electron functions which we have are those of Hartree.^ It 
is to be regretted that these functions are not in more accessible form; but 
they have been computed, by Hartree or his collaborators, for the atoms He, 
Li+, Be++, Be, B+++, 0+++, 0++, 0+, 0, F", Ne, Na+, A1+++, A1+, Si+S Cl", A, 
(3a.++, Cu"*", Rb"*", Cs"*". It has been shown by the writer and by Fock^ that 
these are the best one-electron functions which can be set up, if we neglect 
exchange terms, and it is to be presumed that the corrections made by in- 
troducing exchange would be small. We should state at the outset that the 
functions suggested in this paper are no improvement on Hartree’s in the mat- 
ter of accuracy: they are in fact somewhat inferior, but are niuch more con- 
venient. For there are two important points in which Hartree s functions are 
far from satisfactory. First, and most important, they exist only as tables of 
values, and as such cannot be used for any analytical calculations. Second, 
the functions for different quantum numbers with the same atom are not ex- 
actly orthogonal to each other, and this introduces great complications when 


1 D. R. Hartree, Proc. Camb. Phil. Soc. 24 , 89, 1 1 1 (1928) and later papers by Hartree and 
others. For Si+S J. McDougall, Proc. Roy. Soc., to appear shortly. I ani much indebted to 
Dr. Hartree for the list of atoms whose structure has been investigated, and for tables of values 

of wave functions. . „ . , -i 

a J. C. Slater, Phys, Rev. 35, 210 (1930); V. Fock, Zeits, f. Physik 61, 126 (1930). 
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calculations using antisymmetric combinations are made. Our present func- 
tions are analytical approximations to Hartree’s functions, modified to make 

them orthogonal. , ^ 

Among analytic wave functions, two types may be mentioned as extreme 
examples. First, Pauling® has used hydrogen-like functions of the form e 
times polynomial in r, the coefficients of the polynomial being given as for a 
hydrogen problem with nuclear charge Z. He has set up a set of screening con- 
stants, giving Z for each electron of each atom. By comparison of one of 
Pauling’s functions with the corresponding one of Hartree’s (see Fig. 1), w’e 
see that the nodes in Pauling’s functions lie at too large values of r. The rea- 
son is that the nodes get closer together for large Z. Now the nodes lie in any 


Fig. 1. Wave functions for Rb+ 3s. I. Present wave function. On this scale, Hartree’s 
curve departs from this by negligible amounts. II. Hydrogen-like cun'e. III. Single term 
r^e-". Constants for II and III are chosen so as to make all curves coincide at the maximum, 
rather than to agree with the screening constants of Pauling and the writer, respectively. 

case at smaller values of r than the principal, outer maximum of the function, 
and in an actual atom this region near the nucleus has a larger effective Z 
than the range around the maximum, compressing the nodes; while Pauling 
uses a constant Z all over the wave function. On account of this behavior of 
the nodes, Pauling’s functions are rather badly in error. 

The other extreme in the way of wave functions was suggested by the 
writer.^ These functions were of the form without any nodes at all. 

It is plain that the correct wave functions, having nodes larger than in the 
writer’s functions, but smaller than in Pauling’s, lie between these two sets. In 
all these sets of functions, the maxima are so adjusted that they approxi- 
mately agree in position. 

Analytical Expression for Wave Functions 
As a method of improving these functions, one may proceed accoraing to. 
the following line of thought. A 35 function for instance, has a wave function 
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in hydrogen (multiplied by r) of the forme’~^^^^{r^’—ar^+br)y where a and b 
are definitely determined. The three terms of this correspond roughly to the 
outer, middle, and inner maxima of the function: has its maximum 

at 9/Z; the next term has its maximum at 6 /Z, and the inner one at 3/Z. 
But now really the middle maximum lies in a range of larger Z then the outer 
one, and the inner maximum has still higher Z. Let us then use different Z^s 
for each maximum, taking a function of the form — 

+b^re'~^^^^^y where a\ b' are no longer the same as a and 5. The maxima will 
then lie at 9/Zi, 6 /Z 2 , 3 /Z 3 , and if Z 2 , Z 3 are much larger than Zi, the inner 
maxima, and hence the nodes, will lie much further in than with the hydrogen- 
like function of Pauling. It is now actually found that functions of this form, 
as for example — can form good representations of 

Hartree’s functions, by proper choice of constants. 

One further refinement of these functions proves to be necessary, if we 
are to get really satisfactory agreement with Hartree’s functions. This can 
be seen most clearly from the 3d function, for which our method would give 



Fig. 2. Wave functions for 3d. I. Hydrogen-Hke curve. II. Present wave 
function, agreeing with Hartree’s curve. 

This has but one parameter, a, and if it is chosen to make the maximum 
agree with that of Hartree's curve, the general form of the curve is evidently 
wrong, as we may see from Fig. 2 . Hartree's function falls off much more 
slowly for large r. The reason is clear; in the outer part of the orbit, the effec- 
tive Z is smaller, resulting in a more gradual change of the function. This can 
be remedied by using two exponentials connected with the same power of r, 
as the smaller exponent giving the outer part of the func- 

tion, the larger one the inner part. It is found that this gives a good represen- 
tation, except for Cu+, where the 3d electrons lie at the outside of the atom. 
There the effect is so pronounced that three exponentials are necessary, and 
it was found that even as far along as Rb three exponentials improve the 
agreement, though they are not so necessary. Now the 3d is an extreme case, 
but for the other orbits as well it was found helpful to use two exponentials for 
the outer maximum, though not for the inner ones. The only wave functions 
represented sufficiently well without this were the Is and 2 ^. Thus for 3 s we 
should use a function + c . Such a function 
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is capable of representing Hartree’s solutions with very good accuracy* We 
give in Table I three examples of agreement between such analytical func- 
tions and Hartree's tables of values. 


Table I. Comparison of analytic functions with Hartree^s for 2$, 3s, and 3d electrons of Rh'^\ 


f ■ 

2s 

Hartree Anal, 

3s 

Hartree Anal, 

Zd 

Hartree Anal, 

0.01 

0.679 

0.695 

0.678 

0.637 

0.001 

' 0.001 

0.02 

0.882 

0.896 

0.874 

0.846 

0.006 

0.005 , 

0.03 

0.796 

0.795 

0.772 

0.736 

0.019 

0.014 

0.04 

0.546 

0.538 

0.504 

0.480 

0.040 

0.031 

0.06 

-0.138 

-0.156 

-0.211 

-0.209 

0.108 

0.088 

0.08 

-0.795 

-0.825 

-0.867 

-0.854 

0.207 

0.176 

0.10 

-1.290 

-1.300 

-1.308 

-1.292 

0.329 

0.289 

0.12 

-1.601 

-1.602 

-1.492 

-1.495 

0.466 

0.420 

0.14 

-1.752 

-1,747 

-1.476 

-1.478 

0.623 

0.562 

0.16 

-1.777 

-1.773 

-1.276 

-1.282 

0.752 

0.709 

0.18 

-1.715 

-1.709 

-0.954 

-0.965 

0.889 

0.853 

0,20 

-1.597 

-1.597 

-0.557 

-0.574 

1.017 

0.989 

0.25 


-1.213 

0.540 

0.519 

1.284 

1.278 

0.30 

-0.827 

-0.842 

1.508 

1.496 

1.462 

1.468 

0.35 

-0.535 

-0.546 

2.198 

2.199 

1.556 

1.575 

0.40 

-0.333 

-0.340 

2.600 

2.611 

1.583 

1.601 

0.45 

-0.202 

-0.205 

2.763 

2.786 ‘ 


1.570 

0.5 

-0.120 

-0.121 

2.750 

2.778 

1.505 

1.498 

0.6 

-0.041 

-0.039 

2.416 

. 2.441 

1.335 

1.316 

0.7 

-0.013 

-0,012 

1.927 

1.950 

1.138 

1.107 

0.8 

-0.004 

-0.004 

1.449 

1.472 

0.944 

; 0.915 

0.9 

-0.001 

-0.001 

1.052 

1.070 

0,767 

0.748 

1.0 



0.742 

0.762 

0.614 

0.606 

1.2 



0.350 

0.364 

0.382 

0.386 

1.4 



0.160 

0.165 

0.230 

0.235 

1.6 



0.072 

0.071 

0.137 

0.139 

1.8 



0.032 

0.030 

0.080 

0.079 

2.0 



0.014 

0.012 

0.047 

0.045 


Method of Determining Constants 


After choosing a form of analytical wave function, at least two methods 
are available for determining the constants. One would be to construct a wave 
function for the whole atom from such functions, and determine the constants 
by the variation method, minimizing the whole energy. This would be a very 
interesting method, essentially that which Zener® has used on the light atoms, 
except that Zener did not use our wave functions with the adjustable expo- 
nents. The second method, however, is simpler and more available, and that 
is to choose the functions to fit Hartree's curves as well as possible; This was 
the method adopted; Dr. Hartree very kindly supplied the complete tables 
of wave functions of the five atoms Si+^ K+, Cu"^, Rb”^, Cs+, and these were 
fitted by numerical methods. The two schemes should, of course, arrive at 
substantially the same results. In the present paper, the coefficients and ex- 
ponents are given for the 1, 2, and 3 quantum electrons of these atoms. They 
are tabulated in Table II, and plotted in Fig. 3. 


' C. Zener, Phys. Rev. 36, 51 (1930); Guillemin and Zener, Zests, f. Physsk 61, 199 (1930). 
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TABLn Ih Exponents in analytic wave functions for five atoms. 

Explanation: The wave function for a Is electron (multiplied by r) is where a is 
tabulated. For a 2 5 , it is -- cr^e~‘^^ where a and b are tabulated (for example, for Si"^^, 

a— 12.25, 5 = 4.53). For a 35, it is where for example in 

a = 15.35, 5 = 5.89,/==3.27, 5 = 2.30. The coefficients are determined for orthogonal functions as 
follows: c in the 25 is determined to make 25 orthogonal to I 5 ; in 35, d and g are related by the 
Su . condition that de~'^^ = ge'~'^^ for r — 312.67 (where 2.67 is in the column ^35 intersection,” and c, 

and d, are determined to make the 35 orthogonal to I 5 and 25. 

For a 2p, the function is r’^{ae'~^^A-ce~~^'^), where the exponents are given by the entries 
"2^ inner” and “2^ outer,” and the relation between coefficients is such that the terms are equal 
when f = 2/"2'5 intersection.” For 3p, we have r^e~°'^ —r^{l>e~^^-\-de'~^'^). For 3d, in Cu**" and Rb"^, 
the functions are r^{ae~^^-\’Ce~'^^-\‘fe~'^0i where the exponents are tabulated, and also the values 
^3d inner intersection” and “3d outer intersection” from which the corresponding r’s are the 
values where the first two, or last two, exponentials are equal. 

The curves are sufficiently straight so that linear interpolations between adjacent atoms 
should be fairly good. But extrapolations are dangerous, since the curves break at the comple- 
tion of shells of electrons. 

The constants as given do not suffice to describe the functions agreeing with Hartree^s 
curves, but only the slightly different orthogonal functions. 


1 

Power of r 

Orbit 

Si+'i 

K+ 

Cu+ 

Rb+ 

Cs+ 


r 

l5 

13.70 

18.70 

28.70 

36.70 

54.70 



25 

12.25 

16.00 


30.00 

44.02 



35 


15.35 

21.62 

25.30 

31.70 



25 

4.53 

6.67 


14.80 

23,03 



35 


5.89 

10.35 

13.40 

19.92 



2p inner 

6.00 

8.98 

14.69 

18.80 

27.95 



2p intersection 

4.56 

7.12 

12.11 

16.10 

24.41 



2p outer 

3.59 

5.77 

10.10 

13.67 

21.85 

'fir'/' ,■ ■„ 


3p 


7.05 

12.32 

15.78 

23.00 



35 inner 


3.27 

6.62 

9.17 

15.76 

j 


3s intersection 


2.67 

4.68 

6.40 

11.27 

V 


35 outer 


2,30 

4.19 

6.02 

11.10 


3p inner 


2.99 

5.84 

8.21 

14.25 

i- 


3^ intersection 


1.72 

3.55 

5.43 

10.66 

! 


Stouter 

3d inner ^ 


1.72 

3.57 

5.54 

10.60 

.Ilf';. ^ 




6.29 

9.20 

15.46 



3d inner intersection 



3.78 

5.55 

10.62 


3d middle 



2.65 

4.74 

10.10 


3d outer intersection 

1.15 

1.12 

3d outer 

1.28 

2.60 


The actual methods used for fitting Hartree’s functions may be of inter- 
est. Suppose we wish to fit a 3s function, and that by interpolation or other- 
wise we can get first, rough estimates of the terms. Then first we subtract 
the estimated values of the terms in r and 7 ^ from Hartree^s function, leav- 
ing approximately the term which should be represented by times the sum 
of two exponentials. We divide the difference by take the logarithm to base 
two exponentials. We divide the difference by take the logarithm to base 
10, for convenience. The result would give a straight line if one exponential 
were enough. As it is, however, the line is likely to be bent sharply at small 
r’s, on account of inaccurate estimates of the terms in r and this can be 
disregarded. But more important, the line as a whole is curved, and must be 
represented, not by one term a""*”, but by two, in the form logio(i0'^“^” 
+ The graph of this function has two asymptotes, the straight lines 

a --hr and c—ir \dit the point where these lines cross, the graph lies a distance 
Iogio2 above the intersection. We can make a further useful set of observa- 





tions: where one line is, for example, 0.1 above the other, the graph lies a 
distance logio (1 +10'"°*^) = 0.2539 above the upper straight line, and 0.3539 
above the lower. Using a table constructed according to this model, making 
use of the positions of the asymptotes, and making a few tiials, we may read- 
ily get the constants a, 5, c, d. Then we compute the term 
subtract it and the approximate first term from Hartree’s curve, and get the 
term which should be represented by 10"^”^^. Dividing by and plotting 
the logarithm, we find a straight line, from which e and / are determined. 
Finally we subtract the difference of the correct second and third terms from 


Fig. 3. Diagram of exponents and coefficients as function of atomic number. Drawn from 
the data of Table II, with linear interpolation. See Table II for explanation. The curves for 
intersections are drawm with dotted lines. 


Hartree's function, divide by r and take the logarithm, and read off from this 
straight line the coefficient and exponent of the term in r. If the original 
estimates were far wrong, the process can be repeated, yielding good results 
fairly rapidly. The final straight lines turn out in all cases to be remarkably 
straight. The same method can be used on all the functions. It was found in 
many cases that the constants were by no means uniquely determined. It was 
possible to choose sets of constants varying over quite a wide range, giving 
equally good agreement with the curve. In these cases, constants were chosen 
to give smooth curves of exponents against atomic number, as described in 
the next section. 
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Interpolation Methods; Orthogonality of Wave Functions 

The wave functions for five isolated atoms would be of small value; the 
real use of the present method is that it provides a means of interpolation, 
by which wave functions of intermediate atoms can be found. The interpola- 
tion can be thrown into a form suggesting Moseley curves of x-ray term 
values. The reason is that the exponent Z/n, is of the same form as the square 
root of an x-ray term, which is plotted in those diagrams. In Fig. 3 we show 
the exponents as functions of atomic number, giving approximately straight 
lines, but breaking for the outer electrons when shells are completed, as in x- 
ray diagrams. Not only the exponents, but some of the coefficients as well, 
can be put in this form. Thus in an expression r‘^{ce~^^+de~^^), which we have 
in the outer parts of the wave functions, we may compute the value f o for 
which the two exponentials are equal: c — de~~ This point generally 
proves to be between the maxima of the two exponentials. Now these maxima 
come for r — n/a, and respectively. Thus we can define a quantity, 
analogous to a and &, equal to fz/fo, which will lie generally between a and 6, 
and will fall on the interpolation diagram just as the exponents themselves do. 
These quantities are plotted in Fig. 3. We discuss the other coefficients in the 
next paragraph. 

The functions of Hartree, which we approximate, are not exactly orthog- 
onal, as we mentioned above. Thus if we use our analytical expressions for 
Hartree's functions, we find that (l.j, 2^) (meaning by this the integral of the 
product of the functions) for Rb+ is 0.0072, (I 5 , 3^) is —0.0078, ( 25 , 3^) is 
— 0.0015, showing that the departure from orthogonality is of the order of a 
percent. Now when one constructs antisymmetric wave functions in the 
form of determinants, one has a certain freedom in choosing the one-electron 
functions entering into it. The reason is that the determinant has the same 
value, apart from a constant factor, if the elements of each row (or column) 
are replaced by arbitrary linear combinations of the corresponding elements 
of the other rows. For example, the determinant 

l5(l) 15(2) 15(3) 

25(1) 25(2) 25(3) 

35(1) 35(2) 35(3) 

has the same value as 

l5(l) 15(2) 15(3) 

25(1) + als{l) 25(2) + ^zl5(2) 25(3) + (zl5(3) 

35(1) + ^25(1) -f rl5(l) 35(2) + 525(2) + rl5(2) 3s{3) + 525(3) + d5(3) 

except for a constant factor which drops out on normalizing. As a result, we 

shall have the same wave function for an atom if, instead of using Hartree's 
one-electron wave functions, we use a set constructed after the following 
model: For I 5 : Hartree’s I 5 ; for 25:^artree’s 25+constant times his I 5 ; for 
35 : Hartree's 35+constant times 25+constant times I 5 , and so on. And here 
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the constants can be so chosen as to make the resulting functions orthogonal. 
Thus a set of orthogonal functions can be set up, similar to Hartree's, and giv- 
ing just the same atomic wave function as Hartree’s. 

From our analytic functions, we can proceed in a very similar way to set 
up orthogonal functions. For the correct 2s, we should subtract some of our 
Is from the 2s as determined from Hartree’s function. But the Is is so nearly 
the same as the inner term of the 2s, that we can subtract some of that in- 
stead. In other -words, we merely change the coefficient of the term in r, to 
make the function orthogonal to Is. Similarly, in the 3s function, we can 
change the coefficients of the terms in r, r® to get orthogonality with both Is 
and 2s. It is easily seen that conditions of this sort give just enough equations 
to determine all the coefficients of our final orthogonal functions. We thus 
have the following rule: we use orthogonal wave functions of the form 
Cire"”!’’— • • . , where the coefficients are so chosen that the func- 
tions are all orthogonal (and of course normalized). The exponents are taken 
from our interpolation graph. In this process, the sum of exponentials occur- 
ring in the outer maximum is treated as a single term. Of course, this rule ap- 
plies to the part of the wave function which is a function of r ; it is to be multi- 
plied by the proper spherical harmonic of the angle. 

As an example, let us choose the s states of Rb. For Is the exponent from 
the graph is 36.70. Thus the function is and if we normalize to unity, 

we have = l 2!/(73.40)®, c = 444.7. Next, for the 2s, we have 

Cife-so-oo’-— C2j'2g-i4.8or_ orthogonality, the integral of the product of this 
with must be zero: 

Cl - ca = 0, ca/cj = (51.5)73(66.7)® = 7.903. 

Finally for normalization we have 

J' — 2ciC2^ r®e-“®^'®'‘dr -}- ca® 

= l,Ci®{2/(60.0)®-2ciC26/(44.8)< + Ca®24/(29.6)®} = 1. 

Solving these simultaneously gives ci = 139.1, C 2 = 1099. Lastly, for the 3s we 
havecire-®®-®“’--C2r®e-®®-^'”--|-r®(c3«-®'®'^’--|-C4e-®-»®0- The value giving the inter- 
section of the last two is 6.40, so that = giving 

a =0.2512 Cs. Then applying the conditions of orthogonality with Is and 2s, 
and normalizing, we find ci = 49.65, C2 = 534.8, C3 = 572.S, C4 = 143.8, determin- 
ing the function completely. 


Differential Equation Satisfied by the Wave Function 
It is interesting to consider what differential equation is satisfied by our 


analytical wave functions. Let us write the function 




times function of angle, where we may have more than one term for a given 
exponent n. This can be written as the sofution of an equation Hu=Eu, where 
77™ “ \7® “ 22'frl /r. nrovlded is rirrirtArlTr ALncAn . ?/-\v 4-a 
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only set Z(r) = — (f/2) (VW^+-£)* Computing the derivativesj we have 
= /(Z+l)]A^~' 2 anW/f+an^) 2 ^;i, where J is the azimuthal 

quantum number, from which Z{r) can be at once computed, if we assume a 
value of E. Since our functions are essentially the same as Hartree’s, and 
since his are solutions of central field problems for which he has found the 
energy values, we take those values for E. We give in Table III for illustration 

Table III. Effective nuclear charge for 3-guantum electrons of Rbf compared with 
Hartree's value.'**' 


r 

Z 

liartree 

Z 

35 

z 

ip 

Z 

U 

0.01 

35.14 

34.94 



0.02 

33.56 

32,97 

31.49 


0.03 

32.16 

32.86 



0.04 

30.89 

32.75=^ 

29.99 


0.06 

28.65 

23.47 

28.38 


0.08 

26.69 

25.59 

26.84 


0.10 

24.92 

24.56 

25.34 

22.40 

0.15 

21.41 

21.57 

22.09 


0.2 

18.73 

19.62* 



18.59 

0.3 

14.64 

14.44 

14.56 

15.04 

0.4 

11.66 

11.70 

11.60 

11.95 

0.5 

9.55 

9.63 

9.54 

9.53 

0.6 

8.06 

8.12 

8.10 

7.78 

0.7 

7.05 

7.22 

7.05 

6.64 

0.8 

6.29 

6.30 

6.26 

5.97 

0.9 

5.66 

5.80 

5.68 

5.68 

1.0 

5.12 

5.38 

5.16 

5.32 

1.2 

4.25 

4.71 

4.35 

4.77 

1.4 ' 

3.60 

4.07 

3.61 

4.00 

1.6 

3.12 

3.27 

2.84 

3.15 

1.8 

2,77 

2.23 

1.93 

2.34 

2.0 

2.52 

1.34 

0.96 

1.71 

2.5 

2.19 

-1.96 

-2.00 

1.60 

3.0 

2.07 

-5.41 

-5.26 

4.09 


** An electron moving in the field of potential where Z has the tabulated value, 

would have just the analytic wave functions we have found. Asterisks mark the nodes, at which 
particularly large errors of are found. 

the resulting values of Z(f) for the 3-quantum orbits of Rb, computed for 
each wave function. We see that they are all different, as they naturally 
would be since we have not a real solution of a single central field problem. 
On the other hand, the curves agree with each other over wide ranges of vari- 
ables, in fact over the whole range where the individual wave functions are 
large. Not only that, but they agree well with what we should expect from 
Hartree’s calculations. We give also in Table III the values calculated from 
Hartree^s field, representing the Z(r) which, divided by r, gives the potential 
in which a 3-quantum electron moves (strictly different for 3^, 3p, 3d, but 
nearly enough the same so that we can use a sort of average). 

gi*^ph of Z(f) it is easily shown that a hydrogen-like curve, as used 
by Pauling, is represented by a straight line, and a single exponential term, 
as used by the writer, by a parabola-like curve opening downward. Obviously 
both of these are far less accurate than the functions of the present paper. 
The principal inaccuracies in our present values come at the nodes of the 
functions (where, since u appears in the denominator, a very small error in 


r-.' Uj. , 
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the position of the node can result in a behavior of the Z curve resembling 
anomalous dispersion), and at large r’s , where the curves approach straight 
lines which generally are not horizontal, as they should be. Both these inac- 
curacies come in regions where the wave function is small, showing that at 
all points where it is large it satisfies rather accurately the dififerential equa- 
tion which it should. 

Suggestions Regarding Further Work 

It seems that the present wave functions are accurate enough to form 
good approximations, and at the same time are as simple as they could possi- 
bly be — they are scarcely more complicated than hydrogen wave functions. 
They should be useful, in the first place, in further calculations of atomic 
structure by Hartree's method. For by interpolation, a decidedly accurate 
approximation to the wave function can be obtained, to use as a starting 
point for the method of self-consistent fields. Of course, the curves of con- 
stants given in the present paper are far from satisfactory. No doubt they 
are not even the best approximations for the five atoms which have been com- 
puted. They cover only a few of the atoms for which calculations have been 
made, and not all the wave functions even of those. It is hoped that further 
work may improve and extend these curves, as the Moseley x-ray term dia- 
grams have been continuously improved. In particular, attention is called 
to the fact that almost^all the atoms which have been calculated by Hartree’s 
method, except for a few light atoms, consist entirely of closed shells. If a 
few atoms were worked out containing uncompleted shells, as for instance 
in the iron group, it would be possible to extend the curves to the outer, op- 
tical electrons, adding greatly to their usefulness. Fairly reliable extrapola- 
tions can be easily made, though they are not indicated in this paper. The 
wave functions of the present paper should be useful, then, both in stimulat- 
ing and in guiding further calculations by the method of self-consistent fields, 
and it is to be hoped that those who make such calculations will at the same 
time find analytical approximations to their results, so as to improve the 
curves.' ■, 

The wave functions themselves are good enough so that a number of cal- 
culations become possible which could not be done before. These deal princi- 
pally with applications of the perturbation theory to atomic structure; for 
here we have a really good set of orthogonal funGtions, which can be used as 
a starting point for perturbation calculations. It will be possible to compute 
the total energy of atoms, by integration of the energy operator over the 
orbits, as Zener has done for the light atoms. Further, the exchange integrals 
coming into the theory of atomic spectra can be calculated from these wave 
functions, if they are extended to the optical levels. Other interesting appli- 
cations would be to the effect on the wave function of the perturbations pro- 
duced by relativity in heavy atoms, and by exchange. The wave functions 
would be useful in the theory of hyperfine structure. Still another use, of 
course, is in forming atomic approximations to use with Heitler and London’s 
method of treating molecular structure. Most of these applications demand 
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rather definitely the order of accuracy, as well as the analytical convenience, 
attained in the present wave functions, and which have been impossible be- 
fore. In addition, there are other calculations which can be made better with 
these functions, but were possible before, as diamagnetism, polarizability, 
atomic diameters, etc., previously studied with less accurate analytic func- 
tions, and atomic scattering, etc., studied with Hartree’s or the Thomas- 
Fermi functions. In conclusion, the writer wishes again to acknowledge his 
gratitude to Dr, Hartree for his kindness in providing the tables of wave 
functions, and for many useful suggestions. 
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Measurements have been made on the hyperfine Structure of the group 

of the X5485 line of (Li’^)+ with a Fabry-Perot etalon crossed with a 21 ft. Paschen- 
mount concave grating. The method of using the etalon with an astigmatic grating 
is discussed. The results of the measurements on the Fabry-Perot patterns of the 
group indicates a nuclear spin of 3/2 for Li’ and a nuclear magnetic moment 

of 3.29 times the theoretical magnetic moment of the proton. 

‘ Introduction 

M HE hyperfine structure of the 13*2^ ^P—^ls2s (X548S) line of Li+ has 
been investigated with the object of determining the spin and the 
magnetic moment of the Li^ nucleus. Schiller^ was the first to observe the 
hyperfine structure of this line and in his original paper ascribed a spin of 
I to the Li^ nucleus, discarding as a ghost the third component of the group 
The author^ found this group to be composed of three components 
thus removing the possibility of a spin of | but the measurements were not of 
sufficient accuracy todecide between a value of 1, 3/2 and 2. 

’ : There are three ways of determining the nuclear spin from the hyperfine 
structure of the X5485 line. 

(a) Agreement of the observed pattern with a theoretical calculated pattern 
for all of the hyperfine structure components. 

(b) Measurements of relative intensities of specially chosen hyperfine struc- 
ture components such as 3, 2, 1 

(c) Measurement of interval ratio of specially suitable components, in 
particular 3, 2 and 1. 

The method (a) could be considered the best in theory provided the ac- 
curacy of the measurements were high enough. The difficulty of resolving 
closely spaced groups of lines such as Schiiler^s 4, 5, 6 group is however con- 
pind the theoreticallv exoected difference between the appearance 
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tainty only a few of the hyperfine structure components could be used with- 
out ambiguity on account of the large influence of the intermediate stages of 
coupling® between the nuclear spin, the electron spin and the electronic total 
angular momentum. 

For components 3, 2 and 1 the question of intermediate coupling does not 
arise and it may be possible to determine the spin from the relative intensities 
of these components. 

Method (c) has the advantage of greater possible accuracy, it is unaffected 
by the intermediate coupling, it gives at the same time the spin and the 
effective nuclear magnetic moment. 

The measurements given by Schuler on the position of components 1 , 2 
and 3 are not of sufficient accuracy to give quite definite information about 
the spin. In the present work the accuracy of the measurements of the rela- 
tive position of 1 and 2 with respect to 3 has been increased in comparison 
with that of Schuler. It is believed that it is sufficiently high to establish the 
value of the spin as 3 / 2 , to show that the interval rule is obeyed, and to give 
the effective magnetic moment to at least 0.5 percent. 

Working on the 3, 2 , 1 (®Po-®5i) group the author^ obtained an interval 
ratio of AX 32 /AX 21 = 1.61(5) + 0.02(3) as against a value of 1.62 determined 
from Schiller’s^ data.* 

The theoretical value of this interval ratio is, according to Goudsmit and 
Bacher,® 



(i -f 1 )/ i = 2, 5/3, 3/2 for f = 1, 3/2, 2. 

f: * ' 

The value 1.61(5) + 0.02(3) indicated that the interval rule did not apply. 
This value was obtained from measurements on plates taken in the second 
order of a 21 ft. concave grating** and while the probable error was small on 
* 100 measurements taken on 2 plates it was felt that not much weight could 

' be attached to the ratio since the pro.ximity of the components may have in- 

fluenced each other. The problem then was to obtain photographs of the 
j group with increased resolution and dispersion. 

Photographs were obtained in the third order of the grating and measure- 
ments on these gave an unmistakeable interval ratio of AX 32 /AX 21 between 1.33 
|f and 1.41 indicating a spin greater than 3/2. Next an exposure was obtained 

in the fourth order of the grating. This gave an interval ratio of about 1.66 
which agreed somewhat with the second order but definitely not with the 

value obtained from the third order plate taken during the same I'un. The 

. intensity of the grating was low in this order and it was necessary to expose 

j for 50 hours over a period of two weeks so only one exposure was taken. 

' Moreover grating ghosts were present which tended to make the lines slightly 

i blurred (due perhaps to nonperiodic irregularities in the ruling). Conse- 


* The alleged inaccuracy in Schuler’s conversion of the wave-length of component 3 was 
due to an oversight on my part of the position of the number 4 in Schiller’s table. 

® Goudsmit and Bacher, Phys. Rev. 34, 1501 (1929). 

** The Anderson grating used at present in this mounting is the property of Townsend 
Harris Hall, College of the City of New York. 
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quently it was felt that the grating should be discarded in favor of the Lum- 
mer plate or Fabry-Perot interferometer. 

A glass Lummer plate was then crossed with the second order of the grat- 
ing by placing the Lummer plate behind the grating plate holder. (The 
mounting of this is identical with that for the Fabry-Perot which is described 
later.) 

The results obtained with the Lummer plate are given in Table I, and a 
photograph of one of the patterns appears in Fig. 1. 

Table I. Intervals and interval ratio as obtained with the Lummer plate. 


Fig. 1. Lummer plate crossed with second order of grating, (a) Complete pattern of 
X5485. (b) group of X5485. 

These patterns w^ere taken with a 17 cm camera on Cramer Isopresto 
plates with the exception of the plate of March 24 which was taken on an 
Eastman 3G plate which is of finer grain than the Cramer but considerably 
slower. 

The agreement between the several values is fair but due to the overlap- 
ping of orders component 3 falls between components 1 and 2. This may have 
caused a consistent error in measuring the intervals. In addition to the over- 


Plate 

AX 32 

AX 21 


July 9 No. 2 

0.2014 

0.1189 


July 9 No. 2 

0.1965 

0.1189 


July 19 No. 2 

0.2007 


0 . 499 1 cm L u ni m er 

July 20 

0.1954 

0.1220 


July 20 

0.1945 

0.1231 


July 26 

0.1950 

0.1233 


July 27 

0.1943 

0.1199 


March 24 

0.1972 

0.1172 

0.4853 cm Lummer 

Average 

0.1971 

0.1204 

'XX32/^X21 = 1.637 
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lapping of orders the dispersion was small and the grain of the plate not as 
tine as could be desired. The values obtained were not considered sufficiently 
accurate to decide the validity of the interval rule, consequently a method 
was sought which would give a greater dispersion with no overlapping of 

orders. 

This was accomplished by using a Fabry-Perot interferometer with 
spacers of such thickness that there would be no overlapping of orders. The 
results thus obtained are believed to be the most reliable. 

An attempt was also made to determine the intervals by so choosing the 
Fabry-Perot spacers as to obtain coincidence of 2 with 3 and the results thus 
obtained indicated that the ratio was 1.66 ± 5 percent. 

Apparatus and Method 

A Paschen-Schliler lamp excited by a 1500 volt d.c. motor generator was 
used as a source. Commercial helium, purified by chabazite kept at liquid air 
temperature was continually circulated through the tube. The 21 ft. concave 
grating (Paschen mounting) was used as a monochromator to single out the 



1 2 3 

Fig. 2. Pattern of X5485 taken in 4th order of grating. 

XS485 line of Li+, a slit being placed at the plate holder so that the 
group could be separated from the rest of the line, a photograph of which 
taken in the fourth order is shown in Fig. 2. A condensing lens of 28 cm focus 
(the collimating tube of a Hilger constant deviation spectrograph) rendered 
the light parallel which then went through a Fabry-Perot interferometer of 4 
cm aperture. A camera of 35 cm focal length was used to photograph the 
pattern. 

This method of using the Lummer plate or the Fabry-Perot interferometer 
with an astigmatic grating mount has several good features; it is fast, the 
exposure time necessary with the Fabry-Perot being not much more than 
that required for a straight grating exposure; the resolution and dispersion 
of the grating is sufficient to enable one to identify the order of the lines in the 
interference pattern immediately. The lines in the Fabry-Perot pattern taken 
with the grating also appeared much sharper than when the same Fabry- 
Perot plates were used with a Hilger E 2 spectrograph in the customary man- 
ner. The interference instrument is inside the grating room and therefore at 
constant temperature. It has the disadvantage however in that only one line 
may be photographed at a time. 
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The bull’s-eye of the Fabry-Perot pattern was centered on the line by 
placing a mercury arc in front of the grating and then moving the interferom- 
eter until the pattern was centered. It is then centered for the line for which 
the pattern is desired. A diagram of the apparatus is given in Fig. 3. 

The Fabry-Perot plates were coated with silver sublimed on them in a 
vacuum. The method is essentially that described by Ritschl,® except that the 
films were not treated with acid. The spacers used were 1.78, 2.22 and 2.90 
mm thick. Cramer Iso presto plates, the fastest that could be obtained for 
the green region of the spectrum, were used. These are excellent plates where 
speed in the green is required, but they must be used while fresh. The plates 



Fig. 3. Method of crossing Fabr 3 -Perot etalon with astigmatic grating. 

were developed for about twenty minutes in a fine grain boric acid developer. 
Exposure times were of the order of three to six hours. 

Results 

Several patterns of the ^Pq — ^Si group are shown in Fig. 4. These were 
taken with a wide slit on the grating, with the rest of the pattern screened off 
by the slit at the grating plate holder. The spacers 1.78, 2.22, 2.90 mm yield 
a pattern with no overlapping of components of this group, the distance be- 
tween orders being 0.519, 0.685, and 0.845A, respectively. 

Microphotometer traces of the patterns were measured and from these 
measurements the wave-length intervals were calculated by the usual foriii- 
ula for the Fabry-Perot interferometer. The intervals were also calculated 
from measurements taken directly on the plates with a comparator. The re- 
sults are given in Table IL 

^ Ritschl, Zeits. f. Physik 69, 578 (1931). 
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In calculating the final value of AX 32 and AX 21 the intervals AX 32 for the 
spacer 1.78 have been discarded. It was found that perfect resolution was not 
obtained for components 2 and 3 due to the presence of the edge of com- 
ponent 5 of the — group. This is a comparatively very intense compo- 
nent and it seems that some of the light from it was scattered by the slit and 
so appeared on one side of the pattern. This can be seen in Figs. 4c and 5c. It 
should be noted that practically all of the AX 32 intervals due to the 1.78 spacer 


1 1 I t 4 i 'f • 1 1 ■ ^ ft m- 
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n n -ri if-nr 


Fig. 4. Fabry-Perot pattern of the group, (a) 2.90 mm spacer plate April 28, No. 2. 

(b) 2.20 mm spacer plate May 16. (c) 1.78 mm spacer plate May 18. 

Table II. Intervals and interval ratio as obtained with the Fabry-Perot interferometer. 

Intervals calcu- 
lated from corn- 

intervals calculated from microphotometer traces parator meas- 

urements 




i 


B 

C ’ 




Spacer 

Calculated 

Corrected 

Chosen 



Plate 

(mm) 

intervals 

intervals 

intervals 





AX32 

AX21 

AX32 

AX21 

AX32 

AX21 

AXs 2 

AX 21 

April 28 

1 

2.90 

0.2005 

0.1183 

0.2005 

0.1200 

0.2005 


0.1976 

0.1113 

April 28 

2.90 

0.1995 

0.1175 

0.1995 

0.1190 

0.1995 


0.2017 

0.1146 

No. 2 










May 5 

2.90 

0.1983 

0,1135 

0,1983 

0.1150 

0.1983 


0.2003 

0.1123 

Mav 6 

2.90 

0.1971 


0.1971 


0.1971 




May 16 

2.20 

0.2000 

0.1179 

0.2000 

0.1179 

0.2000 

0.1179 

0.2006 

0.1154 

May 16 

2.20 

0.2001 

0,1183 

0.2001 

0.1183 

0.2001 

0.1183 



May 17 

2.20 

0.2003 

0.1213 

0.2003 

0.1213 

0.2003 

0.1213 

0.1997 

0.1177 

May 18 

1.78 

0.1967 

0.1213 

0.2000 

0.1213 


0.1213 

0.2023 

0.1202 

May 19 

1.78 

0.1964 

0.1179 

0.2000 

0.1179 


0.1179 

0.1970 

0.1212 

May 20 

1.78 

0.1948 

0,1223 

0.1990 

0.1223 


0.1223 

0.1998 

0.1202 

June 7 

1.78 

0.1985 


0.1985 






June 9 

1.78 

0.1961 

0.1209 

0.2000 

0.1209 


0.1209 



Ave. 


0.1982 

0.1189 

0.1994 

0.1194 

0.1994 

0.1199 

0.1999 

0.1166 

AX32/ AX21 


1. 

,666 

1. 

670 

1, 

.663 

1. 

714 
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are smaller than the others except the trace of June 7 which has the best 
resolution of any of these for the 2-3 distance. A 2 percent change in the 
position of component 2 seems reasonable, based on calculations which will 
be described later. 

The interval AX 21 is discarded for the 2.90 spacer since it was found that 
with this spacer the isotope component ®Po— ®5i for Li® came midway be- 
tween components 2 and 1 . This would tend to decrease the distance between 
1 and 2 and it is seen that they are somewhat smaller than those for the other 
spacers. Here again, judging from the resolution of 1 and 2, a 2 percent correc- 
tion would seem reasonable. A microphotometer trace of one of the groups 
for this spacer is given in Fig. 5a (see also Fig. 4a). 


Fig. 5. Microphotometer traces of Fabry-Perot pattern, (a) 2.90 mm spacer plate April 28, No. 2. 
(b) 2.20 mm spacer plate May 16. (c) 1.78 mm spacer plate May 18. 

The plates taken with the 2.90 and 2.20 spacers have the best resolution 
for the AX32 interval. The second trace of the May 16 plate appears on the 
whole to be the best for both intervals. A reproduction of this trace appears 
in Fig. 5b (see also Fig. 4b). 

The AX21 interval for the 1.78 mm plates is assumed to be correct. Com- 
ponent 2 was undoubtedly shifted towards component 3 by about 2 percent 
and this would increase the AX2i interv'al; consequently a correction to it was 
deemed unnecessary. 

The correction to the intervals was estimated as follows: Immediately 
after obtaining a pattern the Fabry-Perot interferometer was removed and a 
mercury arc with a green filter was placed in front of the grating and different 
positions of the plate exposed to it for different times. Then by using the 
microphotometer a curve giving the relation between density and exposure 
was obtained for the plate containing the pattern. An intensity curve was 
plotted for component 3 and a Gauss error curve was then fitted to it thus 
giving the constant (a) in the equation / = 

It was then supposed that the intensity due to components 1 and 2 was 
given by where A 2M1 should be approximately 2 

(assuming the spin is 3/2). Knowing (a) it may then be calculated that the 
maximum of component 1 should be displaced by approximately 2 percent. 
A like correction was also deemed necessary on a few of the AX 23 distances as 
previously mentioned. 
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On account of absorption of lines in the cathode, 3 is likely to be somewhat 
wider than 2 and 1. Thus, by supposing the width of 1 and 2 to be the same 
as 3, one is likely to overestimate the correction. The mean value of the inter- 
vals AXsa for the spacer 2.90 and 2.20 is 0.1994 and AX 21 for spacers 2.20 and 
1.78 mm is 0.1200. (These are believed to be the most reliable values, those ob- 
tained by measuring the plates directly with the comparator being left out 
due to a possibility of a personal error in measurement. It will nevertheless 
be noted that the agreement between the comparator and microphotometer 
measurements is quite good.) 

This yields an interval ratio AX 32 /AX 2 i = 1.662 which indicates a spin of 
3/2 and a fair agreement with the interval rule. 

From the formulas of Goudsmit and Bacher^ with the correction factor 
(l-fe) = 1.06 of Breit and Doermann*^ applied to these formulas one can 
calculate the magnetic moment of the Li^ nucleus. 

= (1+ 6)0.228[g(i)/2](i, 

Solving for g{i) 

2 X 0.1994 X 10-8 

g(-0 = 2.19 

54852 X 10-18 X 0.228 X 1.06 ± 5/2 

and 

1840/4 = = 3.29/40. 

This indicates that the magnetic moment of the Li^ nucleus is about 
3 + 1 times the theoretical magnetic moment of the proton. 

In conclusion the writer wishes to express his appreciation to Professor G. 
Breit for his generous interest and advice throughout the progress of the in- 
vestigation, and to Dr. R. Garman and Mr. G. Shriver of the Department of 
Chemistry for their kindness in microphotometering the plates. Thanks are 
also due to Mr. H. Beck for construction of parts of the apparatus used. The 
lithium used in this investigation was obtained through the courtesy of the 
Maywood Chemical Works of Maywood, New Jersey. 


^ Breit and Doermann, Phys. Rev. 36, 1732 (1930). 
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The Thermionic and Photoelectric Work 
Functions of Molybdenum 

By Lee A. DuBridge* and W. W. Roehr 
Washington University, St. Louis 

(Received August 20, 1932) 

The photoelectric and thermionic emission from pure molybdenum was studied 
during a prolonged process of outgassing by heat treatment at temperatures up to 
2100°K. In a sealed-off tube an equilibrium condition was reached which was not 
changed by further treatment extending up to 1600 hours. Photoelectric curves taken 
at room temperature and at 940°K and analyzed by Fowler’s method yielded a true 
work function for the outgassed Mo of 4.15 + 0.02 volts. Thermionic data for the same 
specimen also yielded a work function of 4.15 volts, and a value of the constant A 
close to the theoretical value of 60 amp./cm^ deg.*-^. 

T he present investigation was undertaken as a part of a program of ex- 
amining the photoelectric and thermionic properties of metals after a 
prolonged heat treatment in the highest attainable vacuum. Its aim was two- 
fold: (1) to clear up if possible the discrepancies between the various pub- 
lished values for the surface work function of molybdenum, and (2) to obtain 
a further experimental test of Fowler’s theory of photoelectric emission. 

The thermionic work function of Mo has been determined under good 
vacuum conditions by Dushman and his co-workers^ and by Zwikker.*^ The 
values obtained by these observers, 4.44 and 4.38 volts, respectively, are in 
good agreement with each other and undoubtedly represent the best values 
heretofore obtained for the outgassed metal. Howwer, Dushman reported 
that great difficulty was encountered in eliminating the last traces of oxide 
from the molybdenum specimens so that completely consistent values of the 
thermionic emission w^'ere never obtained. The results of the present investi- 
gation indicate that it is possible to eliminate residual gas effects only by a 
very prolonged treatment and that the work function for the more thoroughly 
cleaned metal is slightly low^er (4.15 volts) than the values obtained by the 
above observers. 

Martin^ studied the photoelectric properties of Mo during outgassing 
treatment and found that after about 150 hours of heating at temperatures 
up to 1700®K the wx)rk function reached an apparently stable value of about 
3.2 volts, while the value of the thermionic work function for the same speci- 
men was 3.48 volts. \¥hile these tw^o values are in fair agreement, the large 
discrepancy between these values and those obtained by Dushman and 
Zwikker led Dushman"^ to suggest that the heat treatment had nor been car- 

* The work described in this paper was made possible by assistance to the first named 
author from a grant made by the Rockefeller Foundation to Washington University for re- 
search in science. 

^ Dushman, Rowe, Ewald and Kidner, Phys. Rev. 25, 338 (1925). 

2 G. Zwikker, Proc. Amst. Acad. Sci. 29, 792 (1926), 

3 M. J. Martin, Phys. Rev. 33, 991 (1929). 

S. Dushman, Rev. Mod. Phys. 2, 395 (1930). 
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ried out in this case at high enough temperatures to eliminate all impurities* 
In any case it appeared worth while to examine again the photoelectric and 
thermionic emission from Mo after a very prolonged treatment at the highest 
possible temperatures, to see whether a more gas-free condition could be 
reached than had hitherto been obtained. 


Apparatus and Procedure 

With the few exceptions mentioned below the experimental technique was 
the same as that used by the authors in a recently reported study of palla- 
dium® and need not be described again. The specimens, in the form of rib- 
bons, were cut from a piece of very pure Mo foil about 0.01 mm thick. Tem- 
peratures were obtained from optical pyrometer readings, using the tempera- 
ture scale determined by Worthing, and also from the resistance of the fila- 
ment using Worthing's data.® 

After a thorough baking of the tube, the outgassing of the filament was 
begun at a temperature in the neighborhood of 1750'^K, since it was found 
that prolonged heating at higher temperatures during the early stages caused 
a failure of the filament before complete outgassing was attained. As the 
outgassing progressed the specimen was heated for long periods at 1900®K 
and for shorter periods up to 2100°K, at which temperature it soon burned 
out. It was found that if the tube was left sealed to the pumps it never 
reached a condition where consistent values of the photoelectric and thermi- 
onic emission could be obtained, even though the treatment was continued for 
1000 hours. By sealing the tube from the pumps and allowing the residual 
gas to clean up by the getter action,^ it was found that a stable and appar- 
ently gas-free condition could be reached which was not changed by further 
heating. One specimen withstood continuous heating for about six weeks 
after being sealed from the pumps, during most of which time there was no 
change in the work function. Most of the data given below were obtained 
from this specimen, though other specimens which burned out more quickly 
showed a similar behavior. 

The single-prism monochromator used in previous investigations was re- 
placed by a Van Cittert double quartz-prism monochromator to obtain more 
nearly pure monochromatic light. The relative intensities of the spectral lines 
of the mercury arc source were measured with a Burt vacuum thermopile 
connected to a Zernicke galvanometer. A sodium-in-quartz photoelectric cell 
connected to an FP-54 tube amplifier® was used for checking the intensities 
from time to time, and for determining the intensities of lines too weak to be 
measured with the thermopile. As before, the photoelectric currents were 
measured with a sensitive Cambridge Compton electrometer. The thermionic 
currents at the lower temperatures were measured with a Type R galvanom- 

5 L. A. DuBridge and W. W. Roehr, Phys. Rev. 39, 99 (1932). 

® A. G. Worthing, Phys. Rev. 28, 190 (1926). 

^ Aluminum was found to be a more satisfactory getter than magnesium since it did not 
distil throughout the tube during the baking process. 

8 See L. A. DuBridge, Phys. Rev. 37, 392 (1931). ; . 
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eter and at the high temperatures with a potentiometer and standard 1-ohm 
resistance. 

^ Results" ' ■ 

L Photoelectric emission 

During the early stages of the outgassing process both the photoelectric 
and thermionic readings showed great irregularities and large and irregular 
changes with temperature, typical of a metal which has not been freed of gas. 
The threshold shifted at first toward the red reaching a value in the neighbor- 
hood of 3500A (3.5 volts). As the heating progressed the limit shifted again 
to the violet,, to a .minimum value near 2800A (4.4 volts), and' after, still 
longer treatment, with the tube' sealed from the pumps, the threshold finally 
reached a stable value of 2980 A (4.15 volts) as determined by the Fowler 
curves. This value could not be changed by further treatment at the highest 
temperatures. 


2 900 A 


: F'ig. 1. Photoelectric threshold' curve for outgassed Mo. ■. 

' The ordinary threshold curve, taken.'at room temperature,, for a specimen, 
which had been outgassed for .1600, hours, at temperatures up, to 2100°K is 
shown in Fig. 1. This, curve .had: remained. practically unchanged by the., last 
800 hours of treatment, the tube having been sealed from the pumps after 
the first: 400 hours. The pressure in the tube after sealing off, as read by an 
ionization gauge, was beloW' 10”^' , mm and showed a: gradual decrease with 
time. During the last 800 hours of treatment both the photoelectric and 
thermionic measurements were entirely consistent and feproducible from day 
to day, indicating that the specimen was in a very gas-free state. 

The Fowler curve for this specimen is shown in Fig. 2. The readings plot- 
ted were taken at room temperature (303°K) and at 940'^K, the latter being 
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the temperature at which the thermionic currents just became appreciable. 
From the amount by which the observed points had to be shifted horizontally 
to fit the theoretical curve the following values of the threshold and work 
function were deduced 

for T = 303°, Xo = 2992A, 0-4.14 volts; 
for T = 940°, Xo = 2983A, 0-4.16 volts. 

These values are in excellent agreement, and their average, 4.15 volts, may 
therefore be taken as the best value of the photoelectric work function for 
clean molybdenum. There is a possible error of the order of 0.5 percent in- 
volved in fitting the Fowler curves. 



Fig. 2. Analysis of photoelectric data for Mo by Fowler’s method. 

Circles, r-303°K; crosses, r=940°K. 

The agreement between the observed points and the theoretical curve 
shown in Fig. 2 is within the limits of error involved in measuring the currents 
and the relative intensities of the spectral lines. These data for Mo thus con- 
stitute a further experimental verification of Fowler^s theory. 

2. Therniionic emission ■ 

During the early stages of outgassing the thermionic data did not at all 
fit the Richardson equation. When the observations were plotted in the usual 
form of log I/T^ against 1/T, a curve, usually concave toward the origin, 
instead of a straight line resulted. Hence no definite work function could be 
deduced. In general, however, the thermionic data ran parallel to the photo- 
electric data during the outgassing process. After equilibrium was reached 

® See R. H. Fowler, Phys. Rev. 38, 45 (1931); L. A. DuBndge, Phys. Rev. 39, 108 (19 
also reference 5. A discussion of Fowler’s theory will also be found in Hughes and DuBri 
Fhotoeleanc Phenomena pp. 241-248 (McGra\v-Hillf 1932), ^ 




56 



i. A, DUBRIDGE AND W. W. ROEHR 


the thermionic emission showed a very consistent and reproducible behavior, 
again showing evidence that the specimen was quite gas-free. In Fig. 3 is 
shown a thermionic curve, taken after 1600 hours of treatment on the same 
specimen for which the photoelectric data of Figs. 1 and 2 were obtained. 
The value of the work function computed from the slope of this curve is 4.15 
volts (& = 48,100). Three other curves taken for this specimen at intervals 
over a period of about six weeks yielded the following values: 4.15, 4.17 and 
4.14 volts. The average value is thus close to 4.15 volts and is in excellent 
agreement with the photoelectric value. 


so 6.0 . 7.0 

l/T X 10"^ 

Fig. 3. Thermionic data for outgassed Mo. ^==4.15 volts. 

The average value of the thermionic constant .4 calculated from the data 
plotted in Fig. 3 is approximately 55 amp./cm^ deg.^, in good agreement with 
the theoretical value of 60. 

Discussion 

The results of these experiments seem to confirm the suggestion that tlie 
low^ value of the work function for Mo reported by Martin is to be attributed 
to the fact that in his experiments the heat treatment was not carried out for 
a sufficiently long time or at sufficiently high temperatures to eliminate all 
impurities. Values of the same order as those reported by Martin were ob- 
served in the present investigation only during the early stages of heating. 
More prolonged heating at high temperatures always caused an increase in 
the work function. Our failure to check exactly the values of 4.38 and 4.44 
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volts reported by Zwikker and Dushman was somewhat more puzzling. Ap- 
parently the value 4.4 volts is characteristic of a specimen which has been 
given a reasonably thorough outgassing treatment, but a very prolonged 
treatment results in the slightly lower value of 4.15 volts. Many of our speci- 
mens did show work functions of the order of 4.4 volts during the treatment, 
but those which withstood the longer heating gave the lower value, which we 
believe to be characteristic of a very gas-free state. It is possible, of course, 
that the prolonged heating also causes a microscopic recrystallization of the 
surface which results in a slight reduction in the work function. 
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Absorption Spectra of the Samarium Ion in Solids. I. Absorption 
by Large Single Crystals of SmCL '61120 


By Frank H. Spedding^ and Richard S. Bear 
Chemical Laboratory, University of California 

(Received July 22, 1932) 


The visible and ultraviolet absorption of large single monoclinic crystals of 
SmCls* 6 H 2 O has been studied at seven temperatures between 15® and 298°K. Meas- 
urements of the absorption lines and bands are given as they appear at four of these 
temperatures. The influence of temperature on the positions of lines and multiplets 
and on the width and intensity of lines is discussed. All phenomena are explained on 
the basis of three direct effects of temperature change on the crystal: Lattice contrac- 
tion and expansion, temperature vibration of the lattice with consequent fluctua- 
tions in crystal fields, and Boltzmann distribution of the ions between excited lower 
levels about 160, 210 and 300 cm"^ above the basic level. 


I N THE past few years the spectra of gaseous atoms and the simpler 

o-i:^Qpnna rnmnAimrls biUTre Kpph fairUr wpII infArnrptprl nnri mnnv rplatinns 


^ gaseous compounds have been fairly well interpreted, and many relations 
between the energy levels of the substances under investigation and their 
physical and chemical properties have been established. wSince a large part of 
chemistry is concerned with solids and solutions, it would be very’’ desirable 
if these relations could be extended to apply to them. Unfortunatelyq very 
little is known of the energy levels of solids. This paper is the first of a series 
covering observations on the absorption of the samarium ion in various solid 
compounds and aiming at the determination of the characteristics of energy 
levels in solids. These papers will thus deal with one phase of a systematic 
study of the energy levels of ions in solids and solutions that is being carried 
out in this laboratory. The rare earths, as has been demonstrated elsewhere,^ 
offer the sinrplest field for such investigation. 

Freed^"' in his investigations of the magnetic susceptibility of Sm2(S04)s * 8- 
H2O at ^'arious temperatures has predicted that the basic level of the sama- 
rium ion must have one or more levels lydng near it. At higher temperatures 
a certain percentage of the ions, determined by the Boltzmann factor, would 
be distributed among these higher levels. Freed and Spedding"^ have verified 
this prediction by means of photographs of the absorption of SmCl3-6H20 
at various temperatures. They have reported that the multiplets observed 
can be divided into two classes: one group with intensities greatest at 20®K 
and another that is completely absent at 20®, making its appearance at 78 ^ 
and increasing in intensity with the temperature. They attributed the 
former group to electronic transitions arising from the basic level and con- 
sidered that the latter group arises from the excited levels. 


^ National Research Fellow in Chemistry. 

2 Freed and Spedding, Nature 123, 525 (1929); Phys. Rev. 34, 945 (1929); Spedding and 
Nutting, J. Am. Chem. Soc., in press (1932). 

® Freed, J. Am. Chem. Soc. 52, 2702 (1930). 

^ Freed and Spedding, Nature, reference 2 , 
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Because of the multiplicity of the lower levels of the Sm~^++ ion it has been 
chosen for these investigations. The effects of temperature variation and of 
different crystal environments upon the lower levels are of course reflected 
in the spectra observed, and under such varying conditions the samarium ion 
should prove a powerful tool in the attempt to determine the nature of the 
energy levels of solids. To date we have photographed at several tempera- 
tures and under various conditions the absorption spectra of SmCls- 61120 , 
SmBra-bHsO, Sm(Br03)3 • 9H2O, Sm2(S04)3- 8H2O, Sm(C2H5S04)3 • 9H2O, 
and Sm(C104)3-xH20. In this first paper we are considering only the absorp- 
tion of single crystals of SmCls - 61120 , but in a second, which we are submit- 
ting at the same time, the conglomerate or so-called ^Teflection” spectrum of 
the chloride is described in detail. In the latter paper we give a partial energy 
level diagram for the samarium ion as it exists in the SmCls- 6H2O. 

The original plates made by Freed and Spedding were not suitable for 
this study in that they were taken with low dispersion which left most of the 
multiplets unresolved. We have for this reason taken new photographs at 
higher dispersion. This new work has been done also with conditions under 
better control and at several new temperatures. 

Experimental Part 

The photographs upon which this report is based were obtained from two 
large crystals and several smaller ones of SmCb -61120 which had been pre- 
pared from samarium material of exceptional purity purified by the late 
Professor C. James of New Hampshire College. Several such crystals have 
been examined by Dr. A. Pabst^ of this university, who has reported that 
their external symmetry is monoclinic. The large ones were obtained as 
transparent yellow tablets about 1.5 cm square and 4 mm thick. These were 
used to secure the visible spectra, for which a 3 m Wood grating with dis- 
persion of about 5 . 5 A per mm in the first order was employed. A single 
photograph at liquid nitrogen temperature was taken with a 7 m grating but 
was too faint to be used for any but confirmation purposes. The larger grat- 
ing proved unsatisfactory because of the long exposures required and the 
limited supply of liquid hydrogen available at any one time. At all other 
temperatures the smaller grating was found to be just as satisfactory, since 
the temperature blurring was larger than the resolving power of the instru- 
ment. The quartz extension of the Dewar used for the several ultraviolet 
photographs required smaller crystals about 5 mm wide and 1 mm thick. The 
ultraviolet spectra were obtained with a Hilger E 185 instrument with prisms 
so mounted as to give at one time about 3 A per mm, at another 2, in the 
X 3100 region. 

Most attention has been paid to the visible part of the spectrum, since 
most of the absorption occurs in that region and the effects of greatest inter- 
est are observed there. To facilitate work in the visible region over the tem- 
perature range employed, a special (Pyrex) Dewar was constructed and 
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^ A. Pabst, Journal of Science 22, 426 (1931). 
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fitted out as shown in Fig. 1. The chief features are the triangular windows left 
m two sides; the crystal house with filter (for elimination of frozen solids from 
obstruction of the light path); the crystal holder of piston shape introduced 
through a metel tube, which enables exchange of crystals during a run with 
out intioduction of air (especially important with liquid hydrogen) ; and the 
hquefier used to produce the liquids ethylene, methane and nitrogen at 
whose boding points pictures were taken . The Hquefier. which can be removi 
_r runs at liquid hydrogen temperature, is essentially an air-tight can fittine 
within the top of the Dewar with independent openings to the outSe The 
hquefying agent, liquid air, was introduced into the can and the deS;, 


I ®*WA1. HOLDER 

II crystal WIOSE 

\ ® ajpHwr 

® OTHER METAL 
1^ WOOD 

E3 rubber 

hydrogen, 5; B, crystal house with filter.^c and balsa “short'^T^^K 

use with nitrogen, methane and ethylene liavine "inlet fr,r l' Hquefier for 

air,/. The triangular windows left in both sides of the s'l °“Het for gaseous 

The crystal is mounted between the two oosts r ana '* '"f De"^ar disclose the parts shown, 
troduced or withdrawn through the tube i Thf k crystal holder, which can be in- 

house at f. which PermitsSS^?"^^^^^^^ disconnectablc fmm the cr^tal 

has the air outlet and inlet extendinp- tfimno-Ti ^ r i ^ ^ hquefier when in position 
the Hquefier supports, / and f, encircling the tule A°Th° top with 

exit of the gas to be liquefied. All of the^bove sets of f entrance and 

to fit snugly but not too tightly together and tho “"centric tubes and cylinders are made 
constructed of German silver or wLel metal to Possible, are 

dimensions of the Dewar are about 3 ft bv 4i In Ti ^ conduction or corrosion. The 

hydrogen lasting IS hours. ^ ^ ‘o secure a charge of 

of the Dewar. To Hquefy ’nitXel^t? r to drop to the bottom 

ated under reduced pressure Liouid hvd**^^^ liquefier was evapor- 

atoo- li,„efiar directly i«„ .he Dewar. 


61 



298®K 


^ ■■ 


int 

I!!! 


•wm 


ABSORPTION SPECTRA OF THE Sm ION IN SOLIDS 


those of liquid ethylene, methane, nitrogen and hydrogen, the temperatures 
of nitrogen and hydrogen boiling under reduced pressure, about 60° and 15°K, 
respectively, have been utilized. 

The photographs were taken with ‘^Speedway” and hypersensitive pan- 
chromatic plates with exposures of from two to four hours, depending on the 
temperature (see below). It was found that slightly overexposed plates gave 
the most reproducible results with respect to band edges and structure 
within wide intense bands. The plates were measured with a comparator us- 


20^ 


Fig. 2 . Single-crystal absorption of SmCla* 6 H 2 O. The substances at whose boiling point 
the spectra were photographed are indicated on the right, the corresponding temperatures on 
the left. At X4648 and X4200 are the proniinate high-temperature lines for which photometer 
curves are given in Fig. 3. 


iiig a low-power eye piece. The whole gave a magnification of five times, which 
somewhat limited the accuracy, but was necessary since many of the lines 
are faint and diffuse. 

Results 


In Fig. 2 are shown reproductions of the SmCls -61120 visible absorption 
spectrum at five of the seven temperatures investigated. (The photographs 
taken at ^Teduced-pressure” temperatures were practically identical with 
those for which the nitrogen and hydrogen boiled at atmospheric pressure.) 
An effort was made to keep the exposures as nearly comparable in intensity 


C2H4 

CH^ 


298*>K 1 _ _ 
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as possible. The pictures at room, liquid ethylene and liquid methane temper- 
atures were taken under absolutely identical conditions as to crystal, position, 
exposure, etc., except for substitution of the proper liquid baths, but an in- 
creased transparency at lower temperatures made it necessary to shorten the 
exposure times when liquids nitrogen and hydrogen were used. 


P/1 



Fig. 3. Photometer curves. 


Photometer curves of the two most outstanding multiplets of the visible 
region showing the decrease and increase of intensities are given in Fig. 3 for 
four temperatures. The ethylene curve is omitted because ethylene plates 
werejound^not to be comparable entirely in intensity under the high magnifi- 




ABSORPTION SPECTRA OF THE Sm ION IN SOLIDS 


cation and sensitivity employed in photometering the plates. This is caused 
possibly by a slight absorption of the ethylene itself in these regions. 

Table I gives measurements of the absorption lines and bands at four 
temperatures. Room and hydrogen temperatures are of interest as the ex- 
tremes, nitrogen temperature because it is the lowest at which the /‘^high- 
temperature’' lines appear appreciably (offering their greatest sharpness), 
while ethylene measurements represent a temperature at which the high- 
temperature lines have greater intensity and still the increased definition of a 
low temperature. In fact the Boltzmann factor begins to cause rapid fading 
just below liquid ethylene temperature. Exact study of the methane-temper- 
ature absorption is of little interest because of the similarity to that occuring 
at nitrogen temperature. 

TableI, Single-crystalabsor ption lines and bands of SmCh * 61120. 

H (Type) = high-temperature line; L (Type) == low-temperature line; HL (Type) = prob- 
ably both types overlap; R.T., E.T., N.T., H.T. ^columns of measurements for room, ethylene, 
nitrogen and hydrogen temperatures, respectively; Int.=coIumns of intensity, complete for 
hydrogen temperature but only occasionally filled for nitrogen temperature. Intensity is esti- 
mated roughly on a scale of 10, with very faint or doubtful lines given as 0; s, vs -degrees of 
m creasing sharpness; d, vd== degrees of increasing diflfuseness; b — broad line or band, most 
frequently found with bands; ‘‘2,” “3” - possibly double or triple, respectively. Primed values 
represent band edges; c, centers. 
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Table I. {Continued) 
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Table I. {Continued) 
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R.T. 

E.T. 

N.T. 

Int. 

H.T, 


Int. 

L 

/22157' 

122169' 

22153 

22151.8 


4513.25 

22150.8 

6s 

L 

[22225' 

22227 

22221.6 


4498.90 

22221.5 

2s 


122237' 


22228.8 


4497.45 

22228.6 

5s 

L 


22423.6 


4458,50 

22422.8 

2s 

L 

[22445' 

22468 

22466.9 


4449.70 

22467.1 

6s 

L 

122494' 

22488 

22487.9 


4445,55 

22488.2 

6s 

L 

/22S1T 

122519' 

22527.8 


4437.75 

22527.6 

3s 

L. 

122556' 

\22536' 

22543.1 


4434.8 

22543 

2d 



r 

4416.4' 

22637' 

1 

L . 

[22643' 

/22641' 

\22658' 

/22645' 

U4414,5' 

22646' \ 
22659' / 

8b 


122675' 

\22656' 

[• 

\4412.1' 

j . 

L.,'. 




4409.4 

22672 

0 

L 




4405.1 

22695 

0 


122733' f 

|22729' 

[22726' 


[4399.2' 

22725' ' 


L 

1 

^22739.6 


14396.35 

22739.8 

6d 

L 


[22748' 

[22742' 


4391.70 

22763.8 

4d 


[22762' 

/22758' 

\22772' 

22763.6 


4391.1' 

22767' J 

1 

L 

122813' 1 



4385.6 

22796 

Id 

/22809' 

\22824' 

L 

22816.4 


4381.60 

22816.4 

4d 

L 

22842' 

/22866' 

122885' 

22838.1 


4377.50 

22837.6 

3d 

1 

L 

22874' 

22876 


4370.4 

22875 

Id 

L 

[22922' 

122942' 

[22918' 

22926 

[22933' 

22921.9 


4361 .45 

22921.7 

2d 

L 

[22966' 

122984' 


22965 


4353.7 

22963 

Id 

L 



22995 


4347.6 

22995 

3d 

L 


f 23017' 

23023.8 


4342.20 

23023.4 

2d 

L 


\23033' 

23058 


4335.8 

23057 

2d 


Very 

23057 






L 

faintly 

23086 

23083 


4331.1 

23082 

0 


present 

f 23118' 






L 

[23597' 

123131' 

23123 


4323.5 

23123 

2d 

H 

\23653' 







H 

23719 






H 

[23737' 

123753' 

23738 

23731.8 

2s 




H 


23778 

lei 




H 1 

J 

r [23783' 

\\ 

[23786' 

123792 

23789.2 

4s 




H 1 

! [23802' 1 

1 23806 

23804.9 

4s 




H. 1 

, 23824' 1 

23811' 

23840 

0 




H 

'23879' 

23857 

[23879' 

23854 

0 




H . 

.23902' 

23883 

[23901' 

23881.5 

Is 




H . 



23895.0 

Is 




L ■ . 



23912.3 


4181.05 

23910.8 

Is 

H 



23928 

Id 



L 





4174.70 

23947.0 

2s 

L. 

J 

'23951' 

23949.8 


4174.30 

23949.5 

3s 

H, 

' 1 

[23973' 

23973 

Id 




B ■: 


23996 

Id 





^ [24087' 


4165.30 

4162.85 

i 4159. 4' 

4156.1' 

4154.8' 

4152.7' 

4152.7' 

4151.0' 


24001.0 
24015.2 
24035 j 

24054'J 

24062'\ 

240747 

24074'\ 

240847 
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Type 

R.T. E.T. 

N,T. 

Int. 

■■ H.T. 

Int. 

L ' ■ 




4149.65 

24091.6 

' 2 s , 

L 

24105 

24102 


4148.0 

24101 

■ 6dw 

L 


24122,0 


4144.45 

24122.0 

4s 

L . 




4142.85 

24131.1 

2s 

L 

/24136' 

24140.6 


4141.25 

24140.4 

4sw^^2' 

L .■ 

\24152' 

24152.1 


4139.25 

24152.2 

. 2d‘^2” 

L ■ 




4137.20 

24164.2 

Id 

L 

/24174' 

24173 


4135.5 

24174 

2d 

L. 

124190' 

24189.8 


4132.75 

24190.3 

2d' 

L 

[24209' 


r 

/4129.4' 

24210'11 

2d 


1 

24213 


\4128.6' 

24215'/ [ 


1 

[24223' [24228' 


1 

4126.9 

24225' J 


L' 'i 


24229 


4125.9 

24230 

2d 




f 

4123.8' 

24243' 1 






(4122.4' 

24251'] 




24255 

I 

14121.6 

24256 }\ 

2dw 

L ■ 



1 

(4120.9' 

24260'j 



[24266' 

24266 

1 

4120.2' 

24264' J 


L'"' 

24273 

24273 


/4119.1' 

24270'! 

2d 


1 



14118.2' 

24276'/ 


L 

124282' 



/41i8.1' 

24277 1 

2d 


^24298' 



14117.4' 

24280'i 


H 


24310.1 

2d 




L 




4111.9 

24316 

2d 

H 

/24325' 24331 

24324.2 

Is 




LH 

\24350' 

24352.1 

3d 

4105.4 

2435! 

2d 

L : . 




(4104.3' 

24358'! 






14103.1' 

24365'/ 

id. 

K 


24367.1 

3d 





24377' [24372' 







124375 






HL 

124384 

24381.7 

3d 

4100.2 

24383 

2d 

H 

[24388' 

24395.5 

Id 




HL 

'24408' 24411 

24408.6 

3d 

(4096.3' 

24405'! 

1 A 





U094.1' 

24418'/ 

I'd, 

HL 

24434' 24428 

24424.7 

3d 

(4091.5' 

24434'! 

Id ' 

H 

24444 

24440.7 

3d 

14090.1' 

244427 

H 


24457.8 

Id 

(4087.8' 

24456'! 

1 A 

HL 


24472.0 

Id 14086.1' 

24467'/ 

la 



[24489' 





H 

24503 ■ 

24499 

Idw 






[24508' 







24514.0 

Id 




L 

/24541' /24S36' 

24537.3 


4074.30 

2453 7. ‘3 

,8sw 

L 

\24558' \24552' 

24544.5 


4073.20 

24543. 8 

Ssw 

L 

24570 

24568.6 


4069.15 

24568.1 ' 

4s 

L 

24589 

24586.2 


4066.20 

'■24586.0 

4s 

L 

f24613' 24619 

24617.1 


4061.10 

24616.9 ■ 

IGsw 

L' 

24637 

24634.6 


4058.15 

24634.8 

lOsw 

L 

[24644' 24654 

24652.8 


4055.15 ■ 

24653.0 

lOsw 

L 




4054.85 

24654,9 

Is, 


[24675' /24681' 

'24674' 





5 ^ 

1 124690' 

124687 

3d 




:H: ■ 

I-' ' 

24699 

4d f4048.1' 

24696'! 


H 1 

^24709' 

24717 

ld“2" J 




H 


24732 

ld«2” 

4043.1 

24727 f 

,, 0 ^ 



! . ■ 

14042.1' 

24733'J 


H 

'24740' [24745' 

24747 

4d 

4040.4.' ■ 

24742 : ' 

,. 0 

H 


24759 

5d 

4037.9 

24758^ ' 


P 




4036...1 

247,69. 

0 ■ 

? 

24768' [24775' 

24772' 


4034',. 6: 

24778 , 

0,,, 

L 




4031.50 

24798 

Id 


^ ^ ^ ^ ^ ^ fHJ-M 
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Type 


R.T. 


E.T. 


N.T. 


Int. 


H.T. 


Int. 



4029.75 

24808 

Id 

f24823' 1 

[4027.8' 

24821'] 


J 24827 1 

'4027.2 

24825 [ 

7d 

124846 1 

14023.8 

24845 ( 

7d 

[24850' 

24864.9 

[4022.9' 

24850'j 


24876.7 

4018.70 

24876.7 

Sd 


24805 

24830' 


24975' 


25090' 


25120' 


25335 

25368' 

25380' 


24805' 


24978' 


f24890' 

124896 

124950 

[24953' 

24965 

24984 


25020' i 25026' 


f25068' 


1 25074 
[25079' 

25101' 


125123' 
25140' 
j 25 145 
[25153' 


25145.3 


25331 

f25361' 

^25368 

[25374' 


25250 

25275' 

25284' 

25326,8 

25535 

25360.6 

25370 

/25422' 

125430' 

/25439' 

125445' 


25475' 

/25479' 

25486 

3d 

25500' 

125505' 

25501 

3d 

’25520' 

/2S525' 

25527.2 


25548' 

\25543' 

25537.5 


'25575' 

725567' 

fj25570' 



125588' 

U25580' 


25600' 


i 25593' 



( 4016. 9' 
4016.2 
4007.2 
4006.5' 
4005.6' 
4004.8 
4003.9' 
4001.40 


3975.70 

3973.8 


3959.1 
f3955.4' 

3954.4 
3953.2' 
3947.30 

3945.5 
3942.20 

3940.2 

3932.50 

3929.5 

/3921.5' 

\3918.9' 

3916.35 

3914.80 

3912.3 
f3909.6' 
13909.1 


24888' 

24892 

24948 

24953' 

24958'“ 

24963 

22469' 

24984.'! 


25145.7 

25158 


'25195' 

[25191' 1 

^25188' ! 

f3969.1' 

25187'] 


25199 

1 i 

'3968.5 

25191 


125207' 1 

,25201' 1 

,3966.6' 

25203'j 


25219' 1 

25221' I 

13963.8' 

25221't 


1 ' 

1 < 
1 

13963.0' 

25226'J 

[25235' 1 

[25229' 1 

[25233' 

3962 . 1 

25232 


25251 
25275 
25281 
25289 
25326 .'6 
25338 
25359.4 
25372 


25422.1 

25441 

25493'! 

25510'^ 

25526.7 

25537.0 

25553 

25571'] 

25574 


10b 


5d 

3s 


24996 

3999.35 

24996.9 

2d 

[25006' 

25007.6 

3997.65 

25007.8 

4s 

25018.3 

3995.90 

25018.5 

4s 

25024 

3994.70 

25026.1 

3d 

25033' 

3993.7 

25033 

3d 

25047.9 

3991.30 

25047.6 

3d 

[25067' j 

[3988.5' 

25065' 1 

1 

1 

13987.45 

25071.71 

3d 

1 

[3986.40 

25078.11 

[ 3d 

[25080' I 

3985.9' 

25081' j 

1 ■ 


3984.90 

25087.8 

2s 

25097 

3983.35 

25097.5 

3d 

25107 

3981.70 

25107.7 

4d 

[25114' 

[3980.8' 

25114'] 


1 

3980.0 

25119 \ 

5d 

[25123' 1 

3979.1' 

25125'] 



13906.2' 25593'^ 


5d 

2d 

7d 


4d 

4d 

3d 

2d 

2s 

Id 

2s 

Id 

2s 

Id 

0 

5sw 

4s 

Id 

3d 
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3897.90 25647.4 Is 
3896.25 25658.5 2s 
3894.35 25671.0 5s 


25658 

25671.2 


25670- 


1 25669' 
25673 
25686 
25691' 
25715' 
25723 
25733 
25738' 
25788' 
j 25791 
25805 
125810' 


25684.6 


3892.30 25684.5 4s 


'25720- 


25719.5 

25730.3 


3887.00 25719,4 5d 

3885.45 25729.9 5d 


25750' 

’25790- 


25786.8 

25799.8 
25807 
25822.1 


25786.0 

25799.8 

25805.8 
25821.4 
25846 
25866 


'26310' 

26342' 

'26395' 

26430' 


'26406' 

26425' 


26394 

26409 

26423.3 

26437 

26453 

26467.8 


26422.5 


26468 


26453' 

26474^ 


'26490- 


26488 

26513 

26526 

26544 

26558 


26482.9 

26510.5 
26524.8 

26541.5 
26556.3 
26570 
'26608' 
26611 


26534'! 

26553'/ 


26553' 


26600- 


26610.3'] 
26614.2'/ 
26614. 2'T 
26618. 3'f 


26624- 

‘26629 


26618 

126620' 

26627.1 

1(26659' 


26630- 


26626.5 9s 
26663'] 

26666 I iOd 


(26657' 

26664 

[26670' 

26682c 


26657' 


26670' 
‘26680 
26682' 
26690.7 
26704 26700.9 

26714.3 
ICmn” 26727.6 

26747 26744.0 

26768 26764.4 

/2677S.2C 
26782 \26780.9c 


26678 

26681 'j 

26690.2 

26700.4 

26714.4 

26726.4 

26743.2 

26764.3 

26775.2 

26780.5 

26798.3 
26816.2 

26837.5 
26856.7 

26868.5 
26884 
26893 

26905.6 


i 26725' 


'26775 


26816.3 
26838 

26856.4 

26869.4 
26884 


'26856- 


26874 


26877' 


26907 26906 


(25622' 


f3901.7' 

25623' ] 


25626.2 

^3901.20 

25625. 9f 

[25643' 

25637 

(3899.1' 

25640' J 
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Type 


R.T. 


E.T. 


N.T. 


Int. 


H.T. 


Int. 


L 

L 

L 


L 

L 

L 

L 

L 

L 

L 

L 

H 

H 


L 

L 

L 

H 

HL 

HL 

H 

H 

H 


L 


' [26950' 
126980' 
^ 27012' 


[26935' 

^26939 

(26944' 

26957 


[26993' 

^27001 

(27010' 


[26931' 

126933.4 

•{26937.7 

(26940' 


26954.3 

26967.9 


26999.1 

27013.7 


[/27120'\1 /27124' 

U27160'/f 127141' 

27210' 

/27262'\ /27256' 

127295'/ 127280' 

/27340' /27334' 

127362' 127348' 

27378 


[27410' 

(27443' 


'27557' 


27411 

/27432c 

127450' 

/27466' 

127487' 

' 27511' 
[27548 
27556 


/27076' 


127092' 


27129' 


27203' 


/27261' 


127276' 

lb 

27303 

0 

27333.2 


27344.8 


27374.1 


27392 

Is 

27412.8 

4s 

27431.1 

4s 

27445.9 

4s 

27466.0 

Id 

27480 

Id 

[27519' 


27553 



L 

L 

L 

L 

L 

L 


(27585' 

'27610' 

27638' 


27571 

27576' 

27594 

'27608' 

27614 

27634 

27647' 

'27663' 


,27569c 

27591.4 

^27606' 

27615 

27629 

27640' 

'27668' 


L 

L 

L, 

L 

L 

L 

L 

L. 

L 

L 

L 

L 

L 

L 

L 

L 


|27685' 

I27715' 

'27765' 

27795' 

27895' 

27910' 


[27681' 

127688 

127708 

27714' 


( 27748' 


/27771' 

127787' 


'27822' 

27840' 


/27890' 

127912' 


27726' 
27743 
[27761' 
127764 
127783 
(27785' 
27795 
27806 
[27821' 
] 27826 
27832' 
27861 
27881 
/27896' 
127910' 


3711.80 

26933.6 

4dw 

3711.25 

26937.4 

2d 


3708.90 

26954.5 

4s 

3707.10 

26967.8 

2s 

3705.55 

26979.1 

Is 

3702.80 

26998.9 

3d 

3700.6 

27014.8 

2d 

3698 

27035 

0 

3695 

27055 

0 

3691 

27085 

0 

3684 

27135 

0 

3679 

27175 

0 

3673 

27220 

0 

3665 

27275 

0 

3662 

27300 

0 

3657.55 

27332.9 

3s 

3656-00 

27344.4 

7s 

3652.00 ■ 

27374.4 

3s 

3646.80 

27413.4 

2s 

3644.1 

27434 

Id 


3632.6' 

27521' 



[3629.1' 

27542'; 



(3627.5' 

27559'J 


9d 

13626. S' 

27565'! 


9d 

13625.4' 

2757S'J 



3623.30 

27591 


9d 

[3622.0' 

27601'’ 



3621.4 

27606 



3620.3 

27614 


6d 

3618.2 

27630 


9d 

3617.6' 

27635'J 

9d 

3616.3 

27645 


3d 

[3613.5' 

27666'] 



3612.8 

27671 


6d 

3610.7 

27688 


8d 

3608.2 

27707 


8d 

3605.9 

27724 


6d 

3605.6' 

27727' 



3603.50 

27742 .9 

6d 

3600.80 

27763.8 

3d 

3599.60 

27773. 

1 

2d 

3598.25 

27783 . 

2 

3d 

3596.65 

27795.8 

2s 

3594.8 

27810 


Id 

3592.90 

27824.7 

2d 

3592.0 

27832 


2d 

3588.2 

27861 


2d 

3585.6 

27881 


2d 

[3583. Oc 

27902c 

1 

3d 

13582.1c 

27909c 

/ 

2d 
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'R.T. 

E.T. 

N.T. Int. 

H.T 


Int. 



27933 

3578.95 

27933.3 

2d 



27961 

3575.2 

27963 

Id «2^ 




3571.6 

27967 

Id 


28003 








3466.0 

28034 

0 

/2804S' 

28043 


3563.7 

28053 

0 

128068' 



3561.3 

28072 

0 

/28i00' 

/28097' 

/28094' 




128123' 

\28118' 

\28121' 




/28162' 

28164 

28161.3 

3550.00 

28160.8 

; ' '3s 

128183' 








28198 

3545.3 

28199 

Id 



/28236' 

3541.0 

28233 

id 



\28246' 

3539.8 

28242 

Id 

f28250' 

[28258' 

28256.9 

3538.05 

28256.2 

4s 

j 

128264 

28264.5 

3537.05 

28264.2 

4s 

[28278' 

[28270' 


3533.9 

28290 

0 




3532.2 

28303 

0 

[28320' 

i 

(28319' 





128324 

28322.2 

3529.75 

28322.5 

5s 

[28340' 

[28328' 

28334.5 

3528.45 

28333.2 

Is 



28662.4 

3487.93 

28662.1 

2vs 


28669 

28667.8 

3487.34 

28667.0 

3vs 




3485.9 

28679 

Os 


28694 

28691.3 

3484.49 

28690.4 

3vs 




3482.8 

28704 

0 



28719.8 

3481.05 

28718.8 

3vs 


28732 

28733.2 

3479.34 

28732.9 

2vs 



28745 

3478.25 

28742.0 

is ' 



28760 

3475.50 

28764.7 

Ivs 


/28768' 

28772.2 

3474.58 

38772.3 

2vs . 

'28780' 

128797' 






28827' 

28833.9 0 




f288S2' 


28845 0 






28856.4 

3464.55 

28855,5 

4s 



28877 

3462.3 

28874 

0 

i (28882' 

,28885' 







28894.3 

3460.00 

28893.7 

5s 


28906' 






[28928' 

28926.9 

3456.10 

28926.2 

4d 

'28933' 

1 . . 

/28939c 

3454.6 

28939 

5d 



\28949c 

3453.6 

28947 

5d 

,28962' 1 

[ 28957 ' 






28990 

28990 

3448.50 

28989.8 

, 6d 




3446.7 

29005 

Id 

[29027' 1 

^29020' 

[29023' 

[3444.6' 

29023' 1 




129027.7 

13444.05 

29027.31 

[ 6d 



129040,8 ' 

13442.50 

29040.41 

[ ' 6d 

1290S3' i 

,29052' 

[29048' 

3441.7' 

29047' J 



29081 

29078 

3438.2 

29076 . 7 

6d 



29102.1 

3435 

29104 

0 : 



29125.4 

3432.45 

29125.4. 

Id' 



29138 

3430.9 

29139 

2d . 


291S2 

29151 

3429.3 

29152 

" ■ 3d 

/29166' 



3428.1 

29162 

2d 

129189' 

29184 

29186 

3425.4 

29186 

■2d 



29206 

3422.9 

29207. , 

Id 

[29221' 


29220.7 

3421.30 

29220.3 

.' Id 

■j 

29239' 

29237 

3419.3 

29237. 

id 

1.29248' 


[29256' [ 

'3417.2' 

29255'! 


■ 



3416.9 

29258 [ 

.. ..".3d' ^ 

/29264' 


I 

3415.9 

29266 [ 

.,3d 

129285' 

29272' 

129270' 

3915.6' 

29269'J 





3412.0 

29300 

Id 
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Table I. {Continued) 


Type 


R.T. 


E.T. 


N.T. 


Int. 


H.T. 


Int. 


L 

L 

L 

H 

H 

LH 

L 

L 

L 

L 

L 

L 

L 

L 

H 

H 

H 

L 

L 

L 


L 

L 

L 

L 

L 


L 

L 

L 


L 

H 

h' 

H 

L 

L, 

L 

H 


29324' 

29349' 


29654' 

29674' 

29817' 

29858' 

29883' 

29906' 

29961' 

30000' 

’30037' 


3010 T 


f31138' 

131157' 

[31197' 

131201' 

[31233' 

131252' 

[31283' 

131301' 

[31346' 

131365' 

31389' 

31405' 

31418' 

,31438' 

'31449' 

31462' 

31492' 


'31592' 

31646' 

32532' 

32553' 

32573' 

32592' 

32696' 

32713' 

32755' 

32774' 

33503' 

33512' 


'29316' 

[29316' 

r 3410.4' 
U3407.5' 

29314' 1 
29339'U 

lb 

,29342' 

129356' 

[\3406.4' 

3402.4 

29348'/] 

29383 

Id 


29641.1 

3372.85 

29640.0 

4s 

296SS 

29656.3 

3371.10 

29655.5 

3s 



29969.8 

3335.90 

29968.1 

4s 

'30038' {, 

[30043' 

3327.50 

30044.2 

7d 

30047 J 1 

130048' 




300S8' IJ 

30055 

3326.50 

30052.9 

5d 

11 

130056' 

[30076' 

3324.00 

30075.8 

7d 

30082 i 

130081' 

[30137' 

3317.15 

30137.9 

3s 


130153' 

3316.25 

30145.8 

3s 


30198' 

3310.30 

30200.1 

4s 

30203 

30205' 

[31141.7 

3210.40 

31139.8 

6s 


Not 

photo- 

graphed 


[3 1345' 
131352' 

31377.3 
31385' 
31386' 
31392' 
31416' 

31417.3 

31420.5 
31423' 
31444' 

31445.5 
31453.0 
31455' 
31479' 
31487' 

31549.6 

31564.4 
/31576.7c 
131581.2c 

f 31588' 
U31599' 
1131635' 


32581.1 

32592.3 

32698.0 

32739.6 

/32752' 

132767' 


/3189.5' 

31344'! 

lOd 

\3 189.0' 

31349'/ 


3186.20 

31376.1 

8s 

f 3185.4' 

31384' 1 


1/3185.2' 

31386'! 

lOd 

13185.0' 

31388'/] 


[3182.3' 

31415' ' 


13182.10 

31416.5 

I 9s 

]3181.90 

31418.5 

j 9s 

[3181.8' 

31420' 


3179.30 

31444.5' 

9d 

3178.70 

31450.3 

9d 

/3175.7' 

31480'! 

9d 

\3175.3' 

31484'/ 


3168.90 

31547.5 

5d 

3167.55 

31561.0 

4d 

3165,85 

31578.2 

3d 

[3164.8' 

31588' ! 


/3133.7' 

31599'! 

10b 

113160.9' 

31627'/ J 


3057.60 

32696.1 

10s 

3053.70 

32737.5 

5s 

/3052.4' 

32752'\ 

iOb 

\3051.2' 

32764'/ 



Not photographed 
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Table I. {Continued) 


From measurements of seven nitrogen and three hydrogen plates in 
a region where the lines are fairly sharp it has been found that because of the 
nature of the lines and the low magnification used in measuring them it is 
difficult to expect results to be accurate within less than 0.05A. Band edges 
and more diffuse or faint lines cannot be given even to this accuracy. As a 
result of measurements of the best parts of two plates at each temperature, 
with confirmation by sharp lines of others, we have the figures as quoted in 
the table. Wave numbers are given, with wave-lengths for hydrogen tempera- 
ture only. Figures are quoted to units or tenths of units (cm~i) according to 
the accuracy thought possible. Intensities are estimated for hydrogen temper- 
ature only, except for an occasional nitrogen-temperature line which does not 
appear at hydrogen temperature, i.e., a high-temperature line. These in- 
tensities are very roughly determined on a scale of ten and represent the ap- 
pearance of the lines on our plates. They are meant only for rough comparison 
and consequently are not to be used from one region of the spectrum to an- 
other. It will be noticed that only the most intense lines have appeared in the 
ultraviolet region. This is probably due to the fact that much thinner crystals 
were used in that part of the investigation. 

Discussion of Results 

Effect of temperature on the positions of lines and multiplets 

In general the centers of the multiplets shift to the red with decreasing 
temperature. At the same time the separations of the lines within the mul- 
tiplet become greater, so that, although most of the lines are shifted to the 
red, occasionally one on the high-frequency side is shifted to shorter wave- 
lengths. The shift in either direction is small, rarely over 5 cm'^ certainly not 
over 10 cm and takes place mostly above liquid nitrogen temperature. 
These results are in good accord with those already reported for gadolinium 
compounds.® Such shifts are probably caused by effects discussed in the 

® Freed and Spedding, Phys. Rev., reference 2. 


Type 

R.T. 

E.T. 

N.T. 

Int. 

H.T. ■ 

Int. 


f33S24' 

133541' 






H . , ^.1 


33538.8 




L J 

[33695' 


33700.8 




L ■ 1 

J 

134392' 

^34407' 


34386.7 




L 1 

j 

,34421' 

^34436' 


34425.7 




L 1 

,34472' 






L 1 

34486' 


34486 




L 1 

,34510' 


34513 




” 1 

35689' 

,35719' 






" { 

35782' 

35805' 


35790.3 




i 

35846' 

35868' 


35853.1 
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previous report, briefly, the contraction of the crystal which brings the 
neighboring ions closer to the samarium ions and thus increases the field act- 
ing on them. This would result in a greater spreading of the levels, just as an 
increased external electric field would. The closer approach also would be ex- 
pected to affect the higher excited levels more than the deeper basic level, so 
that the multiplets would be shifted to the red. This effect is again demon- 
strated by the fact that the red shift of the multiplets is greater for the high- 
energy levels which cause the ultraviolet lines, than it is for the levels that 
are responsible for the lower-energy multipets to the red. 

Width of lilies 

At liquid hydrogen temperature the lines can be divided into three 
classes: (1) broad sharp lines which are undoubtedly narrow multiplets with 
intense outer components; (2) fine sharp lines, relatively few in number, 
which are probably truly single; and (3) narrow diffuse bands which are also 
unresolved multiplets but whose edges are either faint or whose levels are not 
constant over the time of photographic exposure. (A similar effect of temper- 
ature is discussed for wider multiplets.) In the table these are designated 
respectively, by s, vs and d. In addition wide bands are indicated other- 
wise. 

As the temperature is increased all these lines become broader and more 
diffuse at the edges. The higher the temperature the more pronounced the 
effect, with the result that at room temperature most of the multiplets have 
merged into broad diffuse bands. These facts are also in good accord with the 
theory that the multiplets are caused by the electric fields of the neighboring 
ions. At low temperatures the oscillating movement of the neighboring ions 
would be absent and the magnitudes of the fields fairly constant during the 
length of the photographic exposure. As the ions begin to move at higher 
temperatures the fields vary correspondingly, and at one instant the levels 
might be split but slightly, while at the next, a momentarily increased field 
would cause wider separations. The photograph registers the integrated effect 
over a large time interval, which appears as a blurring of lines. 

Effect of temperature on the intensity of lines 

The lines can be alternatively divided into three groups on the basis of 
their intensity changes with temperature. 

(1) A large group, present on every plate, increase in intensity as the 
temperature is lowered. This group can be divided into two subgroups: in 
one the lines are located in the violet and ultraviolet and show very little 
intensity change, while in the other, which is situated between 6000 and 4320 
A, a marked intensity change with temperature is observed. 

(2) Many fainter lines appear on the violet sides of the multiplets. These 
are weak at hydrogen temperature and rapidly fade out as the temperature is 
raised. 
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(3) A group of lines located on the red side of each multiplet are absent at 
20°K but appear at all higher temperatures, usually increasing in intensity 
with the temperature. A few, however, pass through a maximum and then 
decrease in intensity as the temperature is raised, for reasons which shall ap- 
pear later. 

The first group, which we call a low-temperature group, consists of lines 
which originate from transitions between the basic level and excited higher 
ones.^ The lines of the second group are probably similar in origin to the 
first group but are fainter because of low transition probabilities. 

The lines of the third group, which we term high-temperature lines, orig- 
inate from transitions between several low-lying levels situated in groups 
separated from the basic level by about 160, 210 and 300 cm“^, etc., and the 
same high excited levels that cause the low- temperature lines. 

The intensities of both of these groups of lines will depend in part on the 
population in the lower levels, and this in turn will be governed by the Boltz- 
mann factor. At hydrogen temperature the number of ions of energy cor- 
responding to the excited lower levels will be extremely small, and con- 
sequently the lines originating from these should be absent. At liquid nitro- 
gen temperature and higher these high-temperature lines are permitted by 
the Boltzmann factor and should increase in intensity. As the population in 
the excited lower levels increases, that of thebasic level, and consequently the 
intensities of the lines arising therefrom, should decrease. 

A factor which tends to mask the intensity changes of the low tempera- 
ture lines is their great intensity. Certain strong lines and bands may be 
completely absorbed before the light has penetrated the whole path through 
the crystal. Consequently, a change in intensity would not be noticed. 

The intensities of the lines depend also on the transition probabilities, 
which are not entirely independent of temperature in solids. In the case of the 
group of multiplets between 6000 and 4320A this may be responsible for the 
great decrease in intensity, which is enough to make some of these multiplets 
almost disappear at room temperature. 

Probably another factor aiding this abnormal decrease in intensity is the 
fluctuation of the crystal field at high temperatures previously mentioned. 
Under such conditions the coupling between the lattice and the orbits of the 
electrons or between the orbital and spin momenta of the electrons may be 
broken, especially in the final higher levels, and many of these levels may thus 
become potentially unstable, just as many similar levels do in the case of di- 
atomic molecules. An electron jumping to one of these unstable levels would 
not be sharply quantized and would give rise to a continuous absorption. This 

^ This basic level may be nondegenerate up to about 20 cm'"^ since it would be necessary 
for us to go to liquid helium temperature to detect the change in population between levels of 
this separation. It is possible to look for levels of this sort in the position of the lines themselves. 
However, since the separations of the sub-levels composing the “basic level’’ appear to be fairly 
small multiples of our error in measurement and because such separations frequently cause 
the lines to be wide or diffuse and are often unresolved, such levels would be very uncertain. 
Nevertheless, as we shall show in the paper on the conglomerate spectra, a degeneracy covering 
about five inverse centimeters is highly probable. 
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is observed to cause a continuous “general” absorption, which has already been 
i* mentioned to occur at high temperatures and which makes necessary at room 

temperature almost twice the exposure required at hydrogen temperature to 
secure the same blackening of the plate. 

■4 On the basis of the explanations given above for the intensity changes of 

the absorption lines it would appear possible to construct an energy level 
diagram for Sm IV. However, in the conglomerate spectra many additional 
lines appear or faint ones are intensified, with the result that more complete 
and convincing evidence is presented therein for the existence of the various 

lower levels we have postulated. Consequently a more complete and exact ac- 
count of the various separations observed between the corresponding high- 
and low-temperature lines follows in the second paper of this series. 


9 
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Additional lines of the SmCU-dHaO absorption spectrum obtained from^ con- 
glomerates of crystal fragments are reported for four temperatures between 20° and 
300°K. These new lines, along with ones previously reported for single-crystal absorp- 
tion, are used to establish the existence of excited lower levels situated at 145, 160, 

204,' 217, and roughly 300 cm”i above the basic level. It is probable that there are 
other levels more than 400 cm"i above the basic one. Two components of the 300 level, 
at 295 and 3 15 cm^h are thought to be present, and there are indications that the other 

levels, particularly the basic one, may be complex. 

I T HAS been shown previously^ that for rare earth salts the absorption or 
“reflection” spectra of conglomerates of small crystals are almost identical 
with the spectra obtained from single crystals. The chief difference is an 
enhancement of the fainter lines, many of which are consequently observed 
for the first time in the conglomerate absorption. This is brought about by 
the fact that the effective path length of the ray of light of frequency cor- 
responding to that of the absorption is very much greater in the conglomer- 
ate case. The increased refractive index of the crystal fragments for such a 
wave-length causes the beam, once it has entered the solid, to be totally re- 
flected, on the average, a great number of times before it strikes the surface 
at such an angle that it can emerge. As might be expected, the lines seem to 
be shifted slightly to the red. This shift is small, however, and is about of the 
order of our error in measurement. Comparison of Fig. 1 and the correspond- 
ing reproduction of the single-crystal spectrum in the first paper of this series*^ 
shows that the conglomerate also causes quite an increase in intensity of all 
lines not already completely absorbed, which is in agreement with the above 
explanation. 

Because of its enhancement of faint lines and disclosure of new ones, the 
conglomerate absorption is a very valuable addition to that of the single 
crystal and contributes much to the determination of the energy levels of 
the ion in the solid. Unfortunately the conglomerate spectra are not sufficient 
in themselves because of the excessive enhancement and consequent blurring 
of large regions of the spectrum. 

* Contribution from the Chemical Laboratory of the University of California. 

1 National Research Fellow in Chemistry at the University of California. 

2 Spedding and Bear, Phys. Rev. 39 , 948 (1932). 

® Spedding and Bear, Phys. Rev. 41 , 58 (1932). 
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Experimentat. Part 

The conglomerates employed were prepared from small single crystals 
and fragments by crushing these to a size of smallness sufficient to allow close 
packing in glass cells without reduction to a powder. The cells varied in thick- 
ness from 4 mm to 1 cm and were substituted for the single crystals in the 
apparatus described in the preceding paper. In general, the thicker layers 
composed of finer crystals brought out the greatest number of new lines, but 
this could not be continued indefinitely. Beyond certain limits the exposures 
required, in photographing the spectra became of unreasonable and impos- 
sible length. A compromise between thickness of conglomerate and time of 


n:: 


298®K 


. ... nfW'iiiiiis- Hi liriiliiiiik 






298«K 




Fig. 1. Conglomerate absorption of SmCU* 6H2O, The substances at whose boiling points 
the spectra were photographed are indicated on the right, the corresponding temperatures on 
the left. The small letters indicate various high-temperature lines of importance as explained 
in the text. 

exposure had to be made. This varied with the region of the spectrum and 
the temperature, making it necessary to photograph conglomerates of several 
thicknesses and to use the parts of the plates which turned out to be most 
satisfactory. 

In Table I we have given the positions of the new lines as they were ob- 
served to appear in the conglomerate absorption spectra at four tempera- 
tures. The large number of lines given in the preceding paper is not repeated 
here, as the wave-lengths in both types of spectrum are practically the same. 
Only for some of the sharp lines could differences be detected, in which cases 
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Table I. New absorption lines of SmCk • disclosed by amglomeraies. 

H (Type) = high -temperature line ; L (Type) = low-temperature line : H L (Type) = probably 
both types are present; R.T., E.T., N.T., H.T. = Columns of measurements for room, ethylene^ 
nitrogen and hydrogen temperatures, respectively; f, vf, vvf -degrees of decreasing intensity; 
s, vs = degrees of increasing sharpness; d, vd = degrees of increasing diffuseness; b abroad, 
frequently used for bands; ^ — line or band appearing more distinctly in conglomerate than in 
single-crystal spectrum, hence repeated; inch = the conglomerate band includes lines and bands 
formerly given and still approximately correct. Primed values indicate band edges; c, centers. 

This table is chiefly a supplement to the single-crystal one. Lines or bands appearing only 
at one temperature rnay have been given in the former table for other temperatures. Lines 
with no intensity designation are quite distinct and have approximately the intensity i or 2 
on the scale of the former table. 


Character 


[17154' 

\17162' 


Many 

doubtful 

lines 


/ 17469' 
\17480' 


17475 

17659 

17672 

17692 

17703 

17716.3 


17475 


17709' 


/17712' 

\17723' 

17732' 

717744' 

\17768' 


17730.6 

17748.6 
17763.1 
17848 


f/17872 

\17887' 

/17902- 

(117920^ 


17918 

17941 

17957 

17976 

17990 

18008 

18025 

18047 

18056 

18066 

18078 

18087 

18111 

1S139 

18192 

18218. 


17938 

17954 

17975 

17991 


18197 


18720' /18705 

18737' U8733' 

18766' f 18765' 


18768.0 

18780.4 

18792.2 

18971 

18994.9 


18998 


19005 

19026 


19016.3 fvi 

19021.0 fvj 


19023 

/19031 

11904L 
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Table I. (Continued) 


Character 


Character 


19068 

19084 

19097 

19108 

19118 

19129 


19084 

19097 


19146 


19825 

19834- 


19865.5 

19882.7 


'19881 

19887- 

’19897^ 

19805^ 


119898' 

19915- 


19897.0 

/19925' 

119945' 

/ 19956' 
119981' 
/20070' 
120078' 
/20088' 
120097' 
20136 


/19953 

119978- 


20064c 


2009L 

20107 


20156c 

20177c 


j/20194' 

^120207' 

20218 

20230 

f/20242' 20246 

120253' 

,20267' 20259 

20280 
20299 
20328 
20361 
20386 
20421 

/20517' 

120527' 

/21356' 
121393' 
f 21474' 


20213 

20235 


’20359- 


20432^ 


21379'! 

21393'/ 

21480 

21493 

21507.2 


,21514- 

21553- 


21671 

21686- 

21704- 

21739- 

2177T 

21787^ 

21825' 

21839' 


'21773- 

21789- 

'21826' 

21839' 


'to next band 
21843' 


21887 

21898 

'21950- 

,21968' 

21994 

22006 

22069 

22082 

22172 

'22190' 

22203' 


21889- 

21898- 

21958- 

21970' 


'21991 

22016- 
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Table I. (Continued) 


N.T. Character 


22248 

22263 


22248 

22260 

22273 

22303 


22303 

22327 

22341 

22384 

22399 

'22567' 

22577' 

22592' 


'22309- 

22337' 

'22374- 

22402' 


22572 

22595 

22615 


22599' 


22681 


4400.85 22716.5 


'22960- 

22979' 


'23126- 

23144' 


23101 

23148 


23272 

23282.9 


1 23352- 
23387- 
23507' 
23535' 
23589- 
23612- 
23629' 
23651' 


'23621- 

23647- 


23717 

23750 

23761 

23823 

#23840 

#23852 


i '23907- 
23921' 
23948' 
23953 
239SV 
24019' 
inch 
24108' 

24160' 


24187.8 

24191.3 

24221.2 

24250.7 

24256.0 
24262 . 

24273.2 

24277.6 

24283.8 
2m7.7 
24307 

24327.7 

24334.0 


'24349- 

incL 


24379- 

24386' 

24393' 


24482- 


f22626' 

f 4418.6' 

2262S' ] 


if /4416.4' 

22637'!} 

122669' 

i\4411.S' 

22662'/ j 
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Table L {Continued) 


Type 

R.T. 

E.T. ■ 

N.T. Character 


H.T. 

Character 

L 





4071.40 

24554.7 

s ■ 

L 





4070.90 

24557.7 

s 

L ^ 





4070.30 

24561.3 

s 

L 





4067.60 

24577.7 

s 




'24609' 


f4061.8' 

24613' 1 

1 

L 



1 


d 4061. 35 

24615.4 

1 intense 

L 





n 4060. 65 

24619.7 

f intense 






[4060.3' 

24622' j 


L " 





4054.00 

24660.1 

s 

L . 





4052.35 

24670.2 

s 

L , 



ind. 

25163' 


4050.55 

24680.9 

s 

L 


/25419' 

125448' 





L 




25646.2 f 




L 





3854.9 

25934 

fd 




f 25960' 


/3850.2' 

25966'! 

fb 




125994' 

25992 bd 

13845.2' 

25999'/ 


L 




26041 fd 

3839.5 

26038 

fd 

L 




26070 vfd 

3835.2 

26067 

fd 

L 



[26104' 

[26097' 

3830.3 

26100 

d 

L 



1 

1 

fd 

3828.50 

26112.4 

s 




26131' 

26120' 




H 


i 

f2620S' 

126226' 





H 


i 

(26263' 

126274' 





H 



[26309' 

126324' 





H 



[26391' 

126424' 






the average shift was about 0.3 wave number to the red. This is about the 
error of measurement for sharp lines, and of course Is even less important 
for diffuse or broad lines and bands. 

In the violet, where the multiplets of greatest intensity are located, the 
conglomerates cause even greater absorption. The result is a blurring of the 
multiplets into wide bands which make it impossible to examine very ac- 
curately the absorption occurring beyond about 3700A, (No ultraviolet in- 
vestigation of the conglomerate absorption was undertaken, mainly because 
of the long exposures required.) 

Discussion of Results 

Most of the new lines which are reported here belong unmistakably to 
one or the other of two classes. Some owe their low absorption coefficients to 
the small population in the lower levels producing them and are usually found 
on the red sides of the more intense multiplets. They thus resemble (and are) 
“high-temperature” lines (see the first paper of this series^), being similar to 
them in all ways. Lines of a second class have low absorption coefficients be- 
cause of small transition probabilities for the electronic changes producing 
them. These occur on the violet sides of the multiplets and are identical with 
one type of “low-temperature” line discussed previously. The first class of 
the new conglomerate lines is valuable in determining the positions of the 
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lower levels lying near the basic one, while the others are usetul m showing 
how the final excited levels are split in the crystal field and in locating levels 
which do not easily form electronic transitions with the basic level because 

of selection rules, etc. 

The absorption lines at temperatures near the absolute zero can be con- 
sidered as an energy-level diagram of the excited levels, since at these tem- 
peratures all lines must arise from a single basic level. As the temperature is 
raised the population in slightly higher levels increases as the Boltzmann 
factor dictates. As a consequence new lines appear which are separated from 
the more intense lines by amounts equal to the separation of the excited 
lower levels from the basic one. 

At IS'^K, the lowest temperature photographed by us, lines arising from 
levels more than SO cm~~^ from the basic level would likely be distinguishable 

Table IL Dotihlets of 160 cm~~^ separation (78"^ K). 


17875.8 

17908.0 

18937.4 

20042.5 

20404.5 

22151.8 

22228.8 
22487.9 

22543.1 

23949.8 

25646.2 
26627.1 

26700.9 

26714.3 

27591.4 


17730.6 

17763.1 

18792.2 
19897.0 
20259 
22006 
22082 
22341 
22399 

23804.9 
25501 

26482.9 

26556.3 
26570 

27445.9 


Low-temperature line 

High-temperature line 

Ap (cm*"^ 

17875.8 

17716.3 

159.5 

17908.0 

17748.6 

159.4 

18927.0 

18768.0 

159.0 

20024.5 

19865.5 

159.0 

20042.5 

19882.7 

159.8 

20404.5 

20246 

158.5 ■ 

20544.8 

20386 

158.8 

20520.2 

20361 

159.2 

22151.8 

21994 

157.8 

22228.8 

22069 

159.8 

22487.9 

22327 

160.9 

22543.1 

22384 

159.1 

23949.8 

23789.2 

160.6 

24001 

23840 

161 

24015 

23854 

161 

25646.2 

25486 

160.2 

26611 

26453 

158 

26627.1 

26467.8 

159.3 

26700.9 

26541.5 

159.4 

27570 

27412.8 

157.2 

27591.4 

27431.1 

160.3 

TaelbIU, Doublets of 145 cm'"^ separation {78° K), 

Low-temperature line 

High-temperature line 

Ap (cm“0 
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in the photographs taken, and we should be able to detect lines resulting from 
levels 20 or more distant from the lowest one. The first new lines to make 
their appearance, however, do so between 20° and 60°K and appear to origin- 
ate from levels differing in energy from the basic level by about 145 and 160 
Gm“h In Tables 11 and III are given the frequencies of lines forming doublets 
of these separations; each doublet is composed of a high-temperature line and 
a low-temperature line. Only lines well separated from others are used for 
these tables, although in almost every multiplet evidence of these separations 



Fig. 2 , Diagram of some of the multiplets of the SmCl 3 *61120 absorption spectrum. Below 
the energy levels appears a representation of the lines as they appear on photographs, plotted 
however, within the multiplets, according to wave numbers. Relative intensities are indicated 
roughly by the heights of the lines used, though faint absorption is somewhat exaggerated. 
The solid lines in the levels or transitions indicate low-temperature values. The dotted lines 
show dependence on high-temperature measurements. 

can be found. No other values for such differences are found to occur with 
nearly the same frequent repetition, and at liquid nitrogen temperature these 
two levels are sufficient to account for nearly all of the important, more in- 
tense high-temperature lines found in both the single-crystal and the con- 
glomerate spectra. (See lines a. Fig. 1.) 

At higher temperatures another group of lines which indicate two more 
levels at 204 and 217 cm”^ make their appearance (lines b). At liquid ethylene 
and room temperatures a third group resulting from one or more levels about 
300 cm“'^ (295 to 315 cm""^) can be discerned (lines c). Finally, one or two 
bands found only at room temperature seem to require separations of more 
than 400 cm”h since they occur quite far from the nearest low-temperature 
lines. 




F. H. SPEDDING AND R. S. BEAR 






In Fig. 2 is given a diagram of several multiplets that occur well apart 
from other lines and offer most clear and convincing proof of the existence of 
most of the levels described above. Except for the levels and transitions in- 
dicated by dotted lines, the values given are those at liquid nitrogen tempera- 
ture. As a general rule the intensities of the lines arising from the 160 and 217 
levels are a little greater than those of lines from the 145 and 204 levels^ re- 
spectively. The lines from the 145 and 160 levels are, of course, much stronger 
than those from higher levels. 

Each of the levels listed above not only has been established by from four 
to thirty measurements of lines whose temperature behavior supports the 
explanation given for them, but they also are consistent with many other 
lines that occur in complex regions of the spectra and cannot be determined 
with the same accuracy. The levels may very well be complex with a spread 
of from 2 to 30 cm~h but the accurate determination of this complexity is 
difficult for two reasons. In the first place the lines broaden as the tempera- 
ture is increased with the result that at room temperature they are more 
than 10 cm“^ in width. Since the levels in many of the excited multiplets are 
separated by about this amount, it is impossible to tell whether the broad 
bands which make their first appearance at high temperatures are caused by 
transitions from one or more lower levels. The same is true for smaller separa- 
tions in the lines appearing at lower temperatures. As a result we could not 
distinguish lines which might indicate 2 cm~^ separations in the 160 and 145 
cm""^ levels or a 30 cm""^ separation in those at 300 cm~h 

A second confusing factor is the fluctuating fields caused by the vibrations 
of the crystal, most important at higher temperatures. These probably cause 
partial uncoupling of the orbits or spins of the electrons with the field and 
produce instability in some of the upper levels. The multiplets then tend 
either to contract to a new center or else fade out entirely. While this latter 
effect is very pronounced in the case of PrCb -61120, which has been studied 
by one of us,^ for the samarium salt the fading is not very great until room 
temperature is reached. 

It is rather interesting that the separations given in Tables II and III are 
spread over a range of 159 ± 2 and 145 ± 2. This range is thought to be some- 
what larger than the usual error would allow, though the combined errors of 
two lines might be that great. It is particularly noteworthy that the residuals, 
when plotted, instead of giving the ordinary Gaussian curve, seem to fall 
roughly into three groups. If this is true it would indicate that perhaps the 

^ Spedding, unpublished work. Discussion of this will probably appear in Physical Review. 
Many lines which are strong at 80°K are faint at 195° and absent at 300°. PrClr 6H2O also 
appears to have electronic isomers spread over some distance (105 cm“h etc.). In this case, 
however, these low levels are apparently affected at high temperatures in a manner similar to 
that indicated for the excited upper levels of the Sm,’^'^"^ ion. As a consequence an increase in 
temperature results at first in an accompanying increase in the intensity of the lines arising 
from these levels, whose populations are governed by the Boltzmann factor. Finally, as the 
temperature becomes still higher, these lines fade because of the disappearance of the levels 
from which they originate. Similar phenomena have been observed by J. Becquerel (J. Bec« 
querel, Gedenbo^k H. Kamm^rlingh Onnes, Leiden, 1922) in the case of 
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basic level is split into three components, a very attractive result. The basic 
level of Sm IV as predicted by Hund® is a ®Hb/ 2, and it would be expected to 
split into three doubly degenerate levels in a moderate electric field.® How- 
ever, without additional evidence it can only be mentioned as highly prob- 
able. 

Conclusions 

As a result of the above evidence it is safe to conclude that in SmCls • 6H2O 
the samarium ion has levels situated at 145, 160, 204, 217 and 300 crn-^i 
above the basic one. It is highly probable that these levels are complex, 
especially that the 300 level is double, with components at 295 and 315, and 
that other levels exist at 400 and greater wave-number separations from the 
lowest level. These levels are in good agreement with the predictions of one 
of us from magnetic data.^ 









® Hund, Zeits. f. Physik 33, 855 (1925). 

“ Kramers, Proc. Amst. Acad. 32, 1176 (1929). Bethe, Ann. d. Physik 3 , 133 (1929). 

^ Spedding, J. Am. Chem. Soc. S4, 2593 (1932). While these levels are for SmCU'dHaO 
and the predictions are for Sm 2 (S 04 ) 3 - 8 H 20 , preliminary photographs and measurements 
show that the levels of the two salts are similar. 
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An explanation is proposed for nearly all of the radiations that have been observed 
by McLennan and his collaborators in the luminescence of solid nitrogen. The bands 
are associated with known bands of the second-, fourth- and first-positive groups of 
nitrogen; with hitherto unobserved second-positive bands; with a possible new 
system and with new modifications of the first-positive bands. These new modifica- 
tions of the first-positive bands are related to the spectra of the aurora, night-sky and 
planetary absorption spectra. As a result of this correlation, it is now possible to see 
why Vegard identified the aurora spectrum as the spectrum of solid nitrogen and then 
proposed his theory of the upper atmosphere. 


L Introduction 

T he purpose of the present paper is to discuss the identification of the 
spectrum of the brilliant luminescence which is observed wdien solid 
nitrogen is bombarded by cathode rays or canal rays. 

The studies of the luminescence of solid nitrogen have been carried on 
mainly by Vegard^ in the Cryogenic Laboratory in Leiden and by Mc- 
Lennan^ and his collaborators in Toronto, It may be remembered that the 
work was originally an outgrowth of a hypothesis in which Vegard^ proposed 
that the green aurora line originated in the luminescence of solid nitrogen 
suspended in a state of fine division in the upper atmosphere. Further in- 
vestigation by McLennan and Shrum^ showed that the yellow-green band, 
which Vegard associated with the green aurora line, was broad and diffuse 
and consisted of three main components, none of which overlapped the green 
line. The work which has since followed^'® has proved conclusively that the 
green line is a sharp narrow arc line of oxygen and its identification is now a 
matter of well-known record. Thus, Vegard’s theory of the nature of the 
aurora and the upper atmosphere has not been confirmed. 

It is interesting to mention at this point two other bands that Vegard 
and others have observed in the luminescence spectrum. These two bands, 
known as and iV '4 and having wave-lengths of S230A and 5945A, respec- 
tively, were associated by Vegard with two bands in the spectrum of the 
Aurora Borealis and hence were used as proof of the existence of solid nitrogen 
in the upper atmosphere. It will be shown in the present paper that it is now 

^ Commun. Phys. Lab. Univ. Leiden, No. 175; Ann. d. Physik79, 377 (1926). 

2 McLennan and Shrum, Proc. Roy. Soc. [A] 106, 138 (1924). McLennan, Ireton and 
Thomson, Proc. Roy. Soc. [A] 116, 1 (1927). McLennan, Ireton and Samson, Proc. Roy. Soc. 
120, 303 (1928). 

3 Phil. Mag. 46, 193 (1923). 

^ Proc. Roy. Soc. [A] 108, 501 (1925): ibid., 114, 766 (1927). 

5 Babcock, Astrophysikal J. 57, 209 (1923). 
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possible lo understand the agreement between some of the bands in the 
spectrum of solid nitrogen and those in the auroral spectrum, but it will also 
be shown that, while this agreement has a real significance, it is not a proof of 
the presence of solid nitrogen in the upper atmosphere. The explanation 
which is to be presented here is an outcome of the author’s recent work on 
the auroral spectrum and on predissociation in nitrogen.® 

I L The Luminescence Spectrum 

The data which are to be discussed here are taken from a paper by Mc- 
Lennan, Ire ton and Samson,^ and since the only purpose of this paper is to 
analyze the data, the reader will be referred to that and other papers for the 
experimental details. A part of the luminescence spectrum was arranged by 
the above writers into tw^o series of bands in the violet and ultraviolet and 
these series are given in Table I, which has been taken directly from Mc- 
Lennan, Samson and Ireton’s paper. Series B consists of narrow bands and 
Series C of broad bands, both series degrading to the red. In Table II are 
given the wave-lengths of all of the bands which have been observed in the 
luminescence. 


Table I. 



B2 

JSa 



B, 

B7 

Bs 

2347 

2479 

2623 

2781 

2961 

3158 

3388 

3644 

Cl 

Cz 

c, 

Ci 

Cs 

c, 

Cr 


3105 

3285 

3502 

3732 

3980 

4255 

4585 



Table II. Wave-length in angstroms of all hands observed in luminescence. 


2347 

2781 

3055 

3285 

3732 

4585 

5552 

1 

6187 

2479 

2903 

3105 

3388 

3980 

4775 

5616 

Ni 

6400 Ns 

2623 

2961 

3158 

3502 

4255 

5230 N 2 

5659 


6725 

2765 

3009 

3234 

3644 

4493 


5945 

iVi 

8535 


In an earlier paper, ^ McLennan, Ireton and Thomson called attention to 
the fact that the violet and ultraviolet bands might be related to the second- 
positive bands of nitrogen, but the agreement was apparently not very con- 
vincing because the idea was not carried further. Vegard,® on the other hand, 
had recognized the similarity between the luminescence spectrum and the 
auroral spectrum and he suggested that the same positive and negative bands 
were present in both spectra. A comparison of the auroral spectrum^ and 
Table II shows, however, that while some of the second-positive bands are 
common to the aurora and to the solid luminescence, most of the bands in 
Table II are not present in the auroral spectrum. Furthermore, none of the 
negative bands of nitrogen, which are by far the strongest bands in the 
auroral spectrum, are observed in the spectrum of the solid luminescence. 

6 Kaplan, Phys. Rev. 38, 582 (1931). 

^ McLennan, Ireton and Samson, Proc. Roy Soc. 120, 303 (1928). 

® Vegard, Nature 114, 357 (1924). 

® Vegard, Phil. Mag. 46, 193, 577 (1923). 
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As far as the writer knows, no further attempts have been made to correlate 

the spectra of solid nitrogen and gaseous nitrogen.^® 

In the following discussion it will be shown that not only are bands related 
to the second-positive group of nitrogen present in Table II, but that bands 
related to the fourth-positive, first-positive and to a hitherto undiscovered 
group of bands, are also present. The bands of the fourth-positive group are 
not very well known, appearing under very unusual excitation conditions 
only, hence the relationship between them and the bands in Table II are not 
at all obvious. Even more interesting will be the identification of two of the 
bands in Table II as second-positive bands which have never been observed 
in gaseous nitrogen, but whose wave-lengths can be predicted from the con- 
stants of the energy levels which are involved in the emission of the known 
bands of the system. 

III. Bands Related to the Second-Positive Group 

An examination of Tables II and III will show that many of the bands 
in the luminescence of solid nitrogen agree with bands of the second-positive 
group. Thus, for example, 2961 in the luminescence spectrum corresponds 
very well with 2962 in the second-positive group. Similarly, 3105 corresponds 

Table 111, Nitrogen second-positive hands. 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

0 

3371 

3577 

3805 

4059 

4344 

4666 







1 

3159 

3339 

3536 

3755 

3998 

4269 

4574 

4917 





2 

2977 

3136 

3309 

3500 

3710 

3942 

4201 

4490 

4814 




3 

2820 

2962 

3116 

3285 

3469 

3671 

3894 

4131 

4416 

4723 



4 


2814 

2953 

3104 

3267 

3446 

3642 

3857 

4094 

4356 

4648 

4975 


to 3104, 3158 with 3159, 3285 with 3285, 3502 with 3500, 3644 with 3642 
and 4493 with 4490. The above-mentioned bands are the ones which are 
rather easily correlated with the second-positive bands. It is surprising that 
this remarkable agreement did not Impress previous writers more than it has. 

In a recent paper in this journal, the writer^^ discussed the sudden curtail- 
ment of the second-positive bands at z/' = 4. No one has ever observed bands 
which originate on v' = 5, in spite of the fact that the total energy of the 
electronic level on which these bands originate is 15 volts and the energy in 
the v^-4 level is only 13.9 volts. The writer noticed, however, that 13.9 volts 
corresponds almost exactly to the energy necessary to dissociate a nitrogen 
molecule into two metastable atoms and hence the idea was proposed that 
the absence of bands, which originate higher than £;'==4, was due to an inter- 
action between the higher vibrational states and the Heitler and Londoii 
level which corresponds to the repulsive interaction of two atoms. Thus if 

In some recent papers Vegard has correlated gaseous and solid nitrogen spectra. The 
same criticism however that is presented here can be applied to Vegard's work. This will be 
done in detail in a later paper. Zeits. f. Physik 75, 30 (1932). 

Kaplan, Phys. Rev. 37, 1406 (1931). 
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any of the vibrational levels higher than = 4 are excited, the molecule dis- 
sociates either by a radiationless transition to the repulsive energy level or 
perhaps by a transition in which radiation is emitted. At any rate, the corre- 
sponding second-positive bands are not emitted. The second-positive bands 
are but one of many similar cases of predissociation which were discussed 
by the writer in the above-mentioned paper, so that the explanation which 
was proposed had much evidence in its favor. 

If it is assumed, therefore, that the absence of bands originating higher 
than 2 ;' = 4 is accounted for by predissociation, it should be possible to calcu- 
late the wave-lengths of missing band-heads and under some circumstances 
to obtain these bands. That it is reasonable to expect conditions under which 
one might observe bands which are in general missing due to predissociation 
has been shown recently by the writer^^ in some work on the first-positive 
bands of nitrogen. With the well-known constants of the C and 5 levels, the 
predicted wave-lengths of the second-positive bands — and are 

found to be 2479A and 2621 A, respectively. A glance at Table II will show 
that there are two bands in the luminescence spectrum at 2479A and 2623A. 

The agreement is quite remarkable and should remove any doubts that 
some relationship exists between the spectra of solid and gaseous nitrogen. 
It is worth while noting once more that in the luminescence spectrum we 
obtain for the first time second-positive bands which originate on levels 
higher than z;' = 4, thus substantiating the writer’s notions regarding the 
absence of such bands in electrical discharges through gaseous nitrogen. 
Their presence in the luminescence spectrum indicates that one might find 
a consideration of Heitler and London levels profitable in the discussion of 
the spectrum of solid nitrogen. It will be seen in what follows that Heitler 
and London levels do play an important role in this problem. 

A third band which agrees quite well with a predicted second-positive 
band is the band at 2765A. The predicted C^—Ba band falls at 2761A, the 
difference in frequencies being about 40 cm. The agreement is once again 
quite satisfactory. 

The graph for the C level of is one which possesses such an enor- 
mous negative curvature that the resulting energy equation for the vibra- 
tional levels contains third and fourth degree terms with very large coeffi- 
cients.^® 

E - 2018. 67z;' - 26.047z;'2 + 0.9873?/® ~ 0.546?;'^ 

This equation was used to calculate the energies of the Ce, C 7 and levels. 
The remarkable coincidence between the predicted bands and those ob- 
served in the luminescence is such, that the function given above for £, as 
calculated from known levels, must also give good values for the unobserved 
vibrational levels. This is very interesting when considered along with 
Birge’s^^ last discussion regarding the determination of heats of dissociation 
from band spectra. In that paper he discussed the failure of the linear extra- 

Kaplan, Phys. Rev. 38, 373 (1931). 

Birge and Sponer, Phys. Rev. 28, 259 (1926). 

Birge, Trans. Farad. Soc. 25, 718 (1929). 
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polation method in determining heats of dissociation. It was shown that in 
general it is necessary to use two functions to represent the entire curve ; 
one to represent the portion having negative curvature (or positive), the 
second function having positive (or negative) or zero curvature. Professor 
Birge had previously attempted to obtain a single analytical expression to 
represent the function ct)^==®(z?) in the cases of Ja and O 2 , where the entire 
graphs are known and he found that in no case could he get a satisfactory 
fit. The function for E which is used here must therefore represent at least 
the vibrational levels = 0 to z/' = 9 and no more, because the energy in = 9 
is 14.6 volts, which is the maximum of the function. Since the predicted total 
energy is 15.0 volts, the vibrational levels in the range from 14.6 to 15.0 volts 
must be calculated from a second function. It will be an interesting problem 
not only to attempt to obtain the bands 2479, 2623 and 2765 in electrical dis- 
charges in gases, but also to obtain bands which arise in the 14.6-“15.0 volt 
range. 

IV. Bands Related to the Fourth- Positive Group 

The fourth-positive bands of nitrogen arise in transitions between the 19 
and the B levels. This group of bands was discovered in condensed discharges 
and it is almost never observed in uncondensed discharges, except under very 
unusual excitation conditions.^® In general these bands are much weaker 
than the second-positive bands and this is easily understood when one re- 
members that not only is the D level the highest known level in the molecule 
but that once more a repulsive level prevents the emission of bands which 
originate higher than = 

In Table IV are given the wave-lengths of the known fourth-positive 
bands, each band consisting of five heads. A comparison with Table II shows 

Table IV. WaveJengths in the fourth-positive hands. 


that the bands 2347, 2781 and 2903 agree quite well with the bands 2347.5 
or 2346.4; 2111.9 and 2903.9 or 2902. The band 2765, which was identified 
as in the previous section, may be the fourth-positive band 2771.4. 

It is of some interest to note that only part of the fourth-positive group is 
present in Table II. This absence of part of the group was a characteristic of 
the second-positive bands as well. It will be shown later that this modification 
of the gaseous spectrum is not at all an unreasonable one when going from a 
gas to a solid. 

Strutt, Proc. Roy. Soc. [A] 85, 377 (1917). 

15 Kaplan, Phys. Rev. 33, 189 (1929). 
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V. Bands Related to the First-Positive Group 


The relationship between the luminescence spectrum and the first-positive 
bands of nitrogen is even more striking and interesting than the relationships 
discussed in the previous sections. We will consider first the luminescence 
band which has eight components lying between 5204A and 5240A. The 
wave-lengths given by McLennan and his collaborators for these components 
are as follows: 

(1) (2) (3) (4) 

5204.4 5210.4 5214.3 5220.1 

(5) (6) (7) (8) 

5224.4 5228.8 5235.0 5240.0 


This band was identified by Vegard with an aurora band, whose wave-lengths 
have been given by various observers as 5269, 5205, 5200, 5233, 5210, 5239, 
5207, 5200, 5228, 5235, 5166, 5230. This identification was advanced by 
Vegard® as proof that solid nitrogen existed in the upper atmosphere. It was 
criticized on the grounds that the 5230 band in the aurora is probably the 
fourth member of the first-negative band system of the first three mem- 
bers of which are very strong in the aurora. This criticism was well based and 
undoubtedly the negative band 5227 does appear in the aurora, but the large 
variation in wave-lengths which have been reported in this region indicates 
that other bands also appear in the aurora. It will be shown that, not only is 
it possible to identify the band of the luminescence spectrum with some 
nitrogen bands, but that the same type of modification of the gaseous bands 
can account for both the A 2 band and the nitrogen bands in the aurora. 

The first-positive bands of nitrogen are best known on account of their 
presence in the afterglow of active nitrogen. On a small dispersion spectro- 
gram most of the individual bands of this system appear to consist of three 
strong and one weak head, while some of the bands consist of but one strong 
head. The recent rotational analysis of these bands by Naude^"^ has shown that 
the three strong heads are in reality three groups of three strong branches 
which are Pi, Qi, Pi; P2, P2 and P3, ^3, P3 branches belonging to the 


transitions low ^Ilxnedium ^2 and ^Ilhigh In this paper we will continue 


to refer to these groups as heads. 

A calculation of the positions of the first heads corresponding to the 
transitions Pi7”^i2 and Piq—^h, where A and B refer to the and ®II 
levels, respectively, shows that they have wave-lengths 5207 and 5240. These 
two wave-lengths approximately include the eight components of the N% 
luminescence band. The average separation of the components of the N% 
band is about 20 cm““b whereas the average separation of the first-positive 
band heads of any one band is about 22 cm~b thus giving us an additional 
reason for believing that the iV ’2 band is related to the first-positive bands 
5207 and 5240. One objection to the attempt to compare the N<i band with 
first-positive bands is that the luminescent band degrades to the red, whereas 
the first-positive bands degrade to the violet. This wms also true, however, 


Naude, Phys. Rev. 38, 372 (1931). 
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for the second- and fourth-positive groups, yet the correlation in these cases 
was quite good. 

The band Ni in the solid luminescence spectrum consists of three diffuse 
components, the wave-lengths of which are 5556A, 5619A, and 56vS4A. There 
are no auroral radiations whose wave-lengths agree with these values, al- 
though Vegard attempted to correlate this band with the green auroral line. 
There are, however, three first-positive nitrogen bands, — Bi^—An, 
and Bu—Aw, which include the three components of the Ni band. These bands 
are usually single-headed, with only the long wave-length head appearing, 
these heads having wave-lengths of about 556SA, 561 7A, and 5665A, of which 
the 5617 head agrees very ■well with the second component of the Ni band. 
It is to be noticed also that the Bu and Bn levels w’'ere involved in the identi- 
fication of the band, while the Bn, and Bu levels are considered in 
connection with the Ni band. 


The band, the wave-length of which is given as 5552 in Table II and 5556 
in McLennan, Ireton and Thomson’s paper, probably corresponds to the 
second head of the 3i6-“^i2 band. This is in agreement with the results of a 
long series of experiments in nitrogen, and in nitrogen-oxygen mixtures, in 
which the writer has produced highly selective excitation of single heads of 
the first-positive group, and, what is even more interesting, single heads 
which correspond to radiations observed in the auroral spectrum and in the 
spectrum of the night-sky. Thus, it is possible for the first time to definitely 
identify certain auroral and night-sky radiations as nitrogen bands and also 
to show such marked variations in the appearance of this group of bands 
that the correlation of this group with the luminescence spectrum appears 
quite reasonable. 

The band shown in Fig. 1, will illustrate the emission of single- 

heads in the writer’s aurora experiments. It will be noted that the third head 
is very strong on one plate and almost missing on the other plate which was 
obtained from an ordinary discharge. This adds to other convincing demon- 
strations of the very striking variations that can be produced in the band 
spectrum of nitrogen. 
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The luminescence band Na at 5 945 A can be compared with an auroral 
band at 5945 and also with a first-positive band. Bands have been reported 
in the auroral Spectrum^® at 5929A and 5945A, and various writers have 
suggested that these bands were first-positive bands. Since no evidence has 
existed until now, regarding the significance of single-headed excitation of 
these bands, no one was willing to be very definite regarding the identification 
of the so-called nitrogen bands in the aurora and perhaps in other astrophys- 
ical spectra, and such identifications have even been regarded as incorrect.^® 
The 5945A band in the luminescence is accompanied by two weak com- 
ponents at 5939A and S932A, and these three wave-lengths correspond to 
within lA to the second, third, and fourth heads of the 5959 band — 

It is really very nice once again to have the second head, the strongest head 
in the group, as was the case for the Bu — An and the Bu — Aio 

bands in the auroral experiments, and for the Bu — An zj\d the bands 

in the luminescence spectrum. 

The luminescence band at 6187A can be identified either as the Ba-^A^ 
band at 6187 or the Bn-A^ band at 6185. Since the band was used 

previously to show the enhancement of the weakest of the four heads, it is 
tempting to identify the 6187 bands as 9 * However the luminescence 

band 8535 corresponds very closely to the 2 ^ 3 --^2 band 8541, and the lu- 
minescence band 6725 might quite readily be a part of the B^'—A^ band at 
6704. (Strong single heads are often excited on the long wave-length side of 
the first head.) Thus, for no other reason than to fill the gap, the 6187 band 
should be identified as Ba-^Aq, This procedure is especially tempting when 
one notes that Slipher^® has obtained radiation in the light of the night-sky 
at 6§70A, and this is without a doubt the band Bz—Aq at 6875. He has also 
reported a band at 7270A which is very close to the Be — id 4 band at 7273. It 
maybe mentioned that Slipher has recently reported bands in the absorption 
spectra of the major planets at 6190, 7265 and 6467. Now 6468 is the first 
head of the B&-Az band and the Bs- Aa band is 5959, three heads and fourth 
of which make up the 5945 band in the solid luminescence, and the second 
heads of which appear in the aurora. To summarize briefly, the 6187 (or 
6190) band appears in the first-positive group, the solid luminescence and 
in planetary absorption spectra. The 7265 (7270, 7273) band appears in the 
light of the night-sky, planetary absorption and first-positive group. The 
6465 band appears in the same three spectra as the 6187 band. The meaning 
of these remarkable relationships between four such totally different phe- 
nomena will be discussed in other papers. 

We come now to the band iV'a, which extends from 6360 to 6500, and has 
a maximum of intensity at 6400A. This range includes not only the 6465 
band, which was discussed above, but also the 6394 band and part of the 
Bio —14 7 band at 6323. Now the 6323 band has been observed both in the 
aurora and in the light of the night-sky, so that the notion of correlating the 

McLennan, Proc. Roy. Soc. 120,|||334 (1928). 

19 Sommer, Zeits. f. Physik 57, 582 (1929). 

20 Slipher, Ast. Soc. Pac. 41, 262 (1929). 
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6323 and the 6465 bands with the iVa band is not at all unreasonable. McLen- 
nan, Ruedy and Anderson^Vhave shown that in the active nitrogen which is 
produced in a mixture of argon and nitrogen, containing only one-half percent 
nitrogen, the glow consists of the three bands 6394, 6469 and 6545 only. The 
normal afterglow in pure nitrogen does not include any of these bands except 
with very feeble intensity, so that the effect of argon must be a very violent 
one. Other writers have usually explained this effect by saying that the ef- 
fect of the argon is to simply increase the population of the levels upon which 
the three bands originate. That this explanation is an insufficient one is seen 
readily when one considers that the 6394 band is and that — 

and other usually strong members of the progression which arise on 5 9 are 
absent. This is an effect that cannot be explained merely as the result of a 
change in population in the level, and, as the writer has shown, it must be 
due to an enhanced interaction between the B^ level and a new level in the 
molecule, for example, a Heitler and London level. The overlapping of TV's 
and these three "ultimate” nitrogen bands, as well as the fact that the 5945 
band, 2^4, has been correlated with the B^ — A/^ band 5959, can be presented 
therefore as evidence for the above identification. 

Two of the luminescence bands and N 4 , have appreciable periods of de- 
cay, whereas the band Ni vanished the instant the source of excitation was 
cut off. The analogy here with the afterglow of active nitrogen is quite 
striking, especially so, since the same group of bands is present in both. Here, 
as well as in the nitrogen afterglow, two bands which originate on the same 
level can appear in the exciting discharge but not in the afterglow. Thus, for 
example, in the argon-nitrogen afterglow, the band Bs-^Ab was present, but 
Bz’-Aj^ was absent. In the solid luminescence, on the other hand, Bs'-Ai was 
present in the phosphorescence, whereas Bs-Ab was absent. In both experi- 
ments, however, each one of these bands appeared in the exciting discharge. 
Further study will be needed in order to completely understand this rather 
interesting phenomenon. 

VI. New Nitrogen Bands 

In addition to the bands which have been discussed, there are others for 
which no ready correlation with known nitrogen systems has been found. 
There are, however, other possibilities in nitrogen which may help to explain 
these bands. They may correspond to an intercombination system, in which 
case any attempts to explain them would be premature in view of the un- 
certainty regarding the absolute values of the energy levels of the triplet 
systems in nitrogen. In calling attention to the existence of these bands in 
the luminescence of solid nitrogen we wish at the same time to point out the 
fact that their existence indicates that there must be some undiscovered 
nitrogen bands in the visible and in the near ultraviolet. The relatively recent 
discovery by Hopfield of a system of bands in the ultraviolet gives us some 
hope that much more remains to be discovered in the spectrum of the nitro- 
gen molecule. 

Proc, Roy. Soc. 120, 334 (1928). 
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VIL Discussion 

A very interesting consequence of the method used in this paper to ex- 
plain some of the second-positive bands, is a fairly good identification for 
two unknown radiations in the auroral spectrum. These two lines or bands 
have wave-lengths of 3208A and 3432 A and are the only two unexplained 
radiations in the aurora which fall in that region of the spectrum. A simple 
calculation predicts that the — band in the second-positive group should 
have a frequency of 31,153 cm“\ and that the transition should cor- 

respond to 29160 cm~h The two bands given above correspond to 31166 
cm"”^ and 29,138 cm“"b respectively, thus giving some evidence in favor of the 
suggestion that the two aurora radiations are second-positive bands. 

McLennan, Ireton and Samson^ have discussed briefly the possibility that 
a small amount of hydrogen could be responsible for the luminescence spec- 
trum attributed to solid nitrogen. Their supposition is based on the fact that 
a small quantity of a metal in solid solution in a diluting medium, is often 
responsible for the phosphorescent spectrum. A similar fact is true for gases; 
for example, in mixtures of argon and nitrogen or helium and nitrogen, in 
which only small amounts of nitrogen are present, the afterglow is a very 
strong and highly modified afterglow of nitrogen. Therefore, the doubt cast 
by McLennan and his collaborators, on the origin of the luminescence in 
solid nitrogen, is worth mentioning. It is, however, not a very serious one, 
in view of the striking correlation between the luminescence spectrum and 
the spectrum of gaseous nitrogen. 

At this point it is worth while calling attention to another work of 
McLennan, Samson and Ireton^^ in which they describe the results of ir- 
radiating solid argon with cathode rays. They found a great similarity be- 
tween the spectrum of solid argon and that of solid nitrogen, which led them 
to the conclusion that hydrogen was responsible in both cases for the lumines- 
cence. It is more probable that the solid argon contained enough nitrogen so 
that it was a reproduction in the solid state, of the argon-nitrogen gas mix- 
tures, which yield such beautiful and highly modified afterglows. In the case 
of the gaseous mixture the modifications which are introduced are so radical 
that it is not surprising to find that in the spectrum of solid argon, the nitro- 
gen bands are slightly different from those in solid nitrogen. The experiments 
in solid argon should be repeated and it would also be of considerable interest 
to obtain the solid luminescence of known mixtures of argon and nitrogen. 

It will be of some interest to recall briefly the Raman scattering experi- 
ments of McLennan and McLeod, in which they obtained modified scatter- 
ing from liquid oxygen, nitrogen and hydrogen, corresponding to vibrational 
and to rotational changes in those molecules. The magnitudes of the dis- 
placements agreed well with those that would be obtained from gases and the 
displaced lines were sharp. Since the intermolecular forces produce very small 
changes in the molecular energy levels, it is not surprising that there is such 
a clear relationship between the spectra of solid and gaseous nitrogen. 

22 McLennan, Samson and Ireton, Roy. Soc. Canada Trans. 23, 25 (1929). 

23 McLennan and McLeod, Nature 123, 160 (1929). 
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The purpose of this paper has been to account in some way for the radi- 
ations emitted by solid nitrogen and this has been done. In closing, we wish 
to recall the many striking phenomena with which the first-positive bands 
of nitrogen have been connected, in this paper. These are, the spectrum of 
active nitrogen, the auroral spectrum, the light of the night-sky, planetary 
absorption spectra, and, finally, the spectrum of solid nitrogen. A general 
reason for the extreme modifications which this group of bands can undergo 
lies in the large number of Heitler and London (and possibly other) levels 
which lie in the energy range in which these bands arise. More will be said 
about this point in other communications. 
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Products of Dissociation in Nitrogen 

J33; Joseph Kaplan 
University of California at Los Angeles 

(Received August 17, 1932) 

Use is made of four regions of predissociation in the triplet band systems of nitro- 
gen in order to determine the products of dissociation from the known triplet states. 
Mulliken’s proposal that the products of dissociation in the level are two 
atoms does not agree with the evidence which is presented here. This evidence proves 
that the products are a and a atom. The bearing of these results on the heat of 
dissociation of nitrogen is briefly discussed. 

TT IS the purpose of this note to present experimental evidence showing 
that the level of nitrogen (lower level of the well-known first-positive 
bands) dissociates into a atom and a atom. These products of dissocia- 
tion are not in agreement with the ones recently proposed by Mulliken,^ ac- 
cording to whom the products of dissociation are two atoms. We will also 
discuss the products of dissociation from the other triplet states of nitro- 
gen. 

Naude’s^ recent analysis of the first-positive bands shows that the lower 
state of these bands must be a state, and Mulliken has identified it as one 
of the states which can be obtained from two atoms. The vibrational levels 
of the state have been followed to 2.1 volts above ?; = 0, so that the heat 
of dissociation into two unexcited atoms must be equal to or greater than 2.1 
volts plus the energy of 2 ^ = 0 of to which we will sometimes refer as A 
Recent experimental evidence has indicated that the heat of dissociation into 
normal atoms must be lower than the value of 9.1 volts, which has been 
proposed by Birge^ and others, probably as low as 8.2 volts. The level 
must therefore be no higher than 9.1 —2.1 = 7.0 volts, and it may even be as 
low as 8.2 — 2.1 =6.1 volts, provided Mulliken’s suggestion as to the products 
of dissociation is correct. The 6.1 volt value seems to be extremely low when 
compared with Sponer’s 8.2 volt value for that energy. 

We will now present the argument which will show that the products of 
dissociation of the state are a and a atom. Elsewhere,^ we have 
called attention to the phenomenon of missing heads in the first-positive bands 
in nitrogen, and this was ascribed to predissociation of the molecule. The 
effect is beautifully shown in bands which originate on v = 13, 14, 15 of the 

t Mulliken, Rev. Mod. Phys. 4, 53 (1932). 

2 S, ]y[^ Is[aud^, Proc. Roy. Soc. 136, 114 (1932). 

3 X. Faraday Soc. 25, 713 (1929). 

^ Kaplan, Proc. Nat. Acad. 15, 226 (1929). 

^ Tate and Lozier, Phys, Rev. 39, 224 (1932). 

6 Sutton, Nature 130, 132 (1932). 

7 Kaplan, Phys. Rev. 37, 1406 (1931). 
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upper state of the first-positive bancis. 1 he one neaa, wnicn aoes dppe<ir 
with any appreciable intensity, is very weak compared with the intensity of 
the corresponding head of the normal neighboring bands. Now the energy of 
t; = 13 is about 3.6 volts higher than the energy of = 0 of and since 
strong predissociation occurs at this energy, it is certainly equal to or greater 
than the energy required to dissociate the molecule into two atoms. It is of 
course impossible to give the exact value of D in terms of the energy of 
and this 3.6 volt value, because we cannot say definitely what the setting in 
of predissociation at ?/ = 13 means. The energy of ?;== 13 may correspond very 
closely to the energy required to dissociate N2 into two particles and again 
it may be somewhat larger. 

There is another region of predissociation, however, similar to the one at 
z; = 13, and this region of single-headed bands begins at v = 20. The difference 
between z; = 20 and z; = 13 is about 1.1 volts, and the difference between the 
2P(3.56) and metastable states of atomic nitrogen is about 1.2 volts. 

The agreement between the two values suggests that the first region of pre- 
dissociation involves a atom, and that the second region involves a 
atom. The only reasonable interpretation of the above results is that the 
first region corresponds to dissociation into £i and a atom, and that the 
second region corresponds to dissociation into a ^5 and a atom. Hence, if 
A 0 is the energy of = 0 of then P^d 0+3.6 — 2.37 = + o+l*2 volts. . 

The predissociation at z? — 13 can also be compared with the predissocia- 
tion at zi = 4 in the initial state of the second-positive bands. The bands 
which arise in v = 4 are the last ones of a sequence ; there are no bands originat- 
ing on z; = 5 or higher. This sudden curtailment of the band system is ascribed 
to predissociation. The energy of z^ = 4 is 5.76 volts higher than the energy 
do, so that if Pgdo + 1.2, the energy d o+5. 76 volts must correspond to dis- 
sociation into two ^P atoms, since that would require an energy of P+2 
(2.37) or d 0+5.94 volts. The agreement between the calculation and the 
experiment is quite good since in order to compare with the previously dis- 
cussed predissociation we should use the energy of z; = 5 rather than that of 
z^==4. The energy of y = 5 is about do + 5.95 volts, so the agreement in this 
case is almost perfect. 

The energy of the v — S level of the initial state of the second-positive 
bands is about d o+5.95 volts, and the energy in v ~ 13 is A o + 3.6 volts. The 
difference between these two is 2.35 volts, and the energy of "Pis 2.37 A^olts. 
This remarkable agreement certainly indicates that our arguments are con- 
sistent and probably correct. 

The initial state of the fourth-positive group of nitrogen is the so-called 
P level, and only the z; = 0 level has ever been observed. The energy of the 
z;- 1 level Is about d 0+6. 9 volts, and the energy required for the production 
of a ^P and a ^P atom is equal to or less than d 0 + 1.2 + 2.37+3.56, i.e., do 
+ 7.1 volts. It seems reasonable once more to assign the non-appearance 
of higher vibrational levels to predissociation. It should be noted that we have 
made no use of an actual value for the energy of d 0, since this energy Is 
known only by electron impact measurements. A strong point in the present 
argument lies in the fact that we have made no use of this value. 
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We concluded from the first example of predissociation, namely, the one 
1^*^' at z) = 13 in that the heat of dissociation D was equal to or less than o 

+ 1.2 volts. Since the level has been followed to at least 2.1 volts of vi- 

brational energy, it must be concluded that the products of dissociation are 
) not two atoms as Mulliken suggested, but that at least one excited atom 

is involved. 

If we assume that D lies between 9.1 and 8.2 volts, then ^ 0 will lie between 
7,9 and 7.0 volts, if the products of dissociation in z? — 13 are ^5 and If we 
assume with Mulliken that the products of dissociation in®Sju+ are two 
atoms, then D cannot be equal to 4o+1.2 volts, since the vibrational levels 
have been followed to + 0 + 2.1 volts. We must conclude then that the predis- 
sociation at = 13 corresponds to dissociation into two atoms, and P will 
be equal to or less than A o + 3.6. This would yield values for A q lying between 
5.5 and 4.6 volts, and it is obvious that not even excitation potential measure- 
P ments would account for the enormous difference between these values and 

the 8.2 volt value of Sponer. We must conclude that the products of dissocia- 
tion from the level are and an excited atom, probably ^P. The triplet 
level due to two atoms is therefore not known, and it will be an interesting 
problem to try to obtain evidence for its existence. 

J The predissociation phenomena which have been discussed in this note, 

: enable us to suggest the identity of the products of dissociation from the 

I , several triplet states of N 2 . We have proved that the level dissociates into 

an excited atom and a normal atom, and if we say that, in general, a linear 

, extrapolation of the vibrational levels yields a value of the total energy which 

is too high, then there is no choice for the excited atom but the ^P metastable 
state. The linear extrapolation yields a value of 1 1 ,9 volts, and predissociation 
sets in at 11.8 volts, and this makes Pg 9.4 volts. For the B level the linear 
^ extrapolation yields 14.62 volts, and if we use the 9.4 volt value for P the 

; energy required to produce two ^P atoms is 14.2 volts, hence the identity of 

the products of dissociation as two ^P atoms is quite reasonable. For the C 
level, the products cannot be two ^P atoms because predissociation sets in at 
that energy in a manner which shows that higher vibrational levels exist. 
The linear extrapolation yields a value of 14.62 volts for the total energy, and 
15.3 volts are required to produce one ^P and one atom. This is therefore 
^ an exceptional case in which the linear extrapolation must be too low. 


Table I. 


Predissociating 

Energy based 

Products of 

Heat of 

level 

on .4o = 8.2 

dissociation 

dissociation 

Biz 

11.78 

^S+^D 

9.4 or less 

Bn 

12.87 


9.3 “ “ 

a 

14.14 

W+^D 

9 4 " « 

Di 

About 15.05 


9*1 « « 


The results of this paper are summarized in Tables I and II. The derived 
values of P are obviously too high in most cases because predissociation sets in 
at an energy in general higher than that required to dissociate the molecule. 
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Table IL® 


Birge 

Kaplan 

Tate and Lozier 
(corrected by Sutton) 


This is in good agreement with Table II of recent values of D, taken from a 
letter by Sutton.^ The evidence indicates that D is probably slightly less than 
9.0 volts because the data of Table I are based on Sponer's 8.2 volt value for 
A 0 , and all of these values will have to be lowered by the same amount as the 
8.2 volt value is lowered. Even though no definite conclusion can be drawn 
regarding the value of the heat of dissociation of nitrogen it is clear from this 
paper that the upper limit is about 9.3 volts, and probably even lower, be- 
cause the 8.2 value of Sponer is too high. 


Sutton, Nature 130, 132 (1932), 
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Momenttun Relations in Crossed Fields 

By Leigh Page 

Shane Physics Laboratory ^ Yale University 
(Received July 9, 1932) 

It is shown that the mechanical linear or angular momentum gained by ions mov- 
ing in crossed electric and magnetic fields is at the expense of the electromagnetic 
linear or angular momentum already present. Hence Ross Gunn’s theory of the 
acquisition of angular momentum by a star as the result of ion motions in its external 
electric and magnetic fields cannot be upheld. 

Three cases are analyzed in detail: (a) Newtonian motion in uniform crossed 
fields, (b) Newtonian motion in the field of a uniformly magnetized charged sphere, 

(c) relativity motion in uniform crossed fields. 

D uring the last three years Ross Gunn^ has developed a promising 
theory of the formation of double stars and of planetary systems based 
on electromagnetic forces rather than on conventional gravitational attrac- 
tions. While many of the features of his theory are undoubtedly significant, 
it will be shown that the mechanism which he invokes to account for the angu- 
lar momentum of a star would not give rise to the effect which he anticipates. 
Gunn supposes that a star has combined electric and magnetic fields similar 
to those of the earth. Ions formed in its atmosphere acquire momentum in the 
direction of the vector EXH, as shown in an earlier paper of the writer.^ 
This momentum, which is in the same sense for ions of opposite signs, is 
transferred to the star as a consequence of collisions and gives rise to a 
continuing increase in the angular momentum of that body until finally 
fission occurs. 

In a lecture some thirty years ago J. J. Thomson pointed out that outside 
a uniformly magnetized charged sphere there exists a Poynting flux every- 
where in the direction of the parallels of latitude. This implies the presence 
of energy and momentum circulating around the axis of the sphere without 
ever departing from it. While this phenomenon leads to no predictions em- 
barassing to electromagnetic theory, no particular significance appears to 
have been attached to it. In the course of this paper it will be shown that this 
flux of momentum plays a very vital role in connection with the motion of 
ions in the atmosphere of a star. 

While certain fundamental theorems of electrodynamics prove that the 
laws of conservation of both linear and angular momentum hold for an iso- 
lated electromagnetic system provided account is taken of both electro- 
magnetic and mechanical momentum, and therefore that Gunn’s argument 

^ Ross Gunn, Phys. Rev. 32, 133 (1928); 33, 614, 832 (1929); 34, 335, 1621 (1929); 35, 107, 
• 635 (1930); 36, 1251 (1930); 37, 283, 983, 1129, 1573 (1931); 38, 1052 (1931); 39, 130, 311 
(1932). 

2 Page, Phys. Rev. 33, 553 (1929). 
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cannot be upheld, we shall investigate here the details of the process by 
which these laws are satisfied in some simple cases, including the case of a 
uniformly magnetized charged sphere in whose atmosphere ions are present. 

A. Uniform Crossed Fields 

Consider a uniform electric field E in the direction of the y axis of a set of 
right-handed rectangular axes it:, y, s combined with a uniform magnetic 
field H in the direction of the z axis. Then , as shown in an earlier paper ions 
of both signs progress in the x direction with a drift velocity which is 

independent of the charge or mass of the ion. The ion paths are cycloids, being 
prolate, common or curtate in accord with the magnitude and direction of the 
initial velocity. The cycloidal paths for the negative ions are obtained from 
those for the positive ions by rotating the latter through the angle tt about 
the X axis. The integrated equations of motion are^ 


where xo, yo, are the coordinates of the starting point and Voxt Voy, the 
components of the initial velocity. 

Differentiating the first of these we find for the component of the 
momentum 


and comparing with the second 

y - yo = {cleH)(px - pQx), (1) 

where — is the ;x: component of the initial momentum. 

This equation states that the displacement of the ion in the direction of 
the electric field is proportional to the gain of momentum in the direction at 
right angles to the two fields, that is, in the direction of the Poynting flux. 
Increase in momentum involves a displacement of positive ions in the same 
direction as the electric field, and of negative ions in the opposite direction. 

Now suppose that at a certain instant n ion pairs per unit volume are 
formed. Under the action of the fields they separate, acquiring at the same 
time momentum in the direction at right angles to the two fields. Whether 
they make collisions with neutral particles and thereby transfer part of their 
momentum to the latter or not, the total mechanical momentum geneiated 
is proportional to the separation of the ions. If Ay denotes the mean separa- 
tion of the positive from the negative ions, an effective electric moment 

2 Page and Adams, Principles of Electricity, p. 289. In the present paper we are using 
Heaviside-Lorentz units. 
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neiSyls set up in the region under consideration. This gives rise to an electric 
field of -the same magnitude in the direction opposite to that originally exist- 
ing. Consequently the electromagnetic momentum g per unit volume in- 
creases in the amount Ag== 

However, if A/> is the increase in mechanical momentum per unit volume, 
it follows from (1) that 

Ap — neEAylc 

and consequently , , 

+ = 0. (2) 

So the increase in mechanical momentum of the ions is at the expense of 
the electromagnetic momentum already present. Production of ions acts as a 
mechanism for converting the latter into the former. When all the electro- 
magnetic momentum has been transformed, the electric field is reduced to 
zero, and no more transverse momentum is acquired by the ions. Since elec- 
tromagnetic momentum is consumed in the same region of space as that in 
which mechanical momentum is generated, Eq. (2) applies to angular 
momentum about any arbitrary axis as well as to the case of linear momen- 
tum for which it was derived. However, we shall discuss in the next section 
the specific angular momentum relations existing in the case of a uniformly 
magnetized sphere which has an electric charge. 

B. Uniformly Magnetized Charged Sphere 

Take origin at the center of the sphere with polar axis in the direction of 
magnetization. The spherical coordinates consisting of the radius vector t, 
polar angle 0 and azimuth are chosen so as to constitute a right-handed set 
in the order named. If <3 is the charge on the sphere and M its magnetic 
moment, the nonvanishing field components are 

Q ■ 2M ■ M \ 

== — — cos^, Eb = sin^, 

47rr‘^ ■ 47rr^ ■ 


and the equation of motion of an ion with charge e and mass m is 

e[E-f {\/c)vXH]\ 

which is equivalent to the three component equations 

Arm I cr ) 

e (2M . .) 

2fd + rd “ r sin 6 cos 6(f)^ = — — sin 0 cos , 

Airm V cr^ / 

. ■' ' ^ . (M^ ■ 2Jkf T 

2 sin Sfi -f- 2f cos dd4> -f- f sin d<j> == x sin Bt — y cos^^ / , 

47rm I cr^ cr ) 


The third equation is the significant one for our purposes. It can be 
written 
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Atmc dt\ r r 

or, if we put p^mr^ sin^ H for the angular momentum of the ion about the 
axis.of the sphere, ^ g/,) . (3) 

Next we must calculate the change in electromagnetic angular momentum 
due to motion of the ion. To do this we shall first compute the electromagnetic 
angular momentum of an isolated system (Fig. 1) consisting of a point pole 
w and a point charge e. It is evident from symmetry that the resultant 
angular momentum is entirely about the line connecting m to e. As 

£ = e/41rp^ E^mjA-wr"^, 

the component of angular momentum parallel to this line is 
g = — ipiejilir^crp^) sin0 sin a 

per unit volume. Therefore the total angular momentum can be written 

mea r sin® B 


the variable of integration to p by means of the relation p* r 

We have then 

rsinH rr /r® + a®-pY\^ 


I 4oV® p 2a V I2a^r } 

When r<a the limits of p are a-r and a+r, whereas when r>a the limits are 
r-a and r+a. For the first region 


Gira^c Jo 
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and for the second 


Adding, the total electromagnetic angular momentum is found to be 

G — Gi d” G'2 “ — fHcj A ttc , (^) 

At first sight it seems strange that the angular momentum should be 
independent of the distance a between the charge and the pole. A little con- 
sideration, howev^er, show's that this is to be expected. For if the charge is 
projected directly toward the pole the magnetic field exerts no force on it and 
its mechanical angular momentum along the line joining the two remains 
constant. So the electromagnetic angular momentum should be independent 
of a. 

The magnetic field in which we are interested is that of a dipole. If the 
line joining the center of the dipole to the charge e (Fig. 2) has a length r 
and makes an angle 9 with the axis of the dipole, the component of the 
electromagnetic angular momentum of the system along the axis of the 
dipole is 

me 

G= d{co?.e) = — sinedd. 

Arc 4 tc 

Now if iHs the length of the dipole, sin 0/r, and 

G = {eM/4irc){sm^ d/r), (5) 

where M is the magnetic moment tndl of the dipole. Comparing (5) with (3) 
we have , , 

dp -{- dG = 0. (6) 

This equation shows that any gain in mechanical angular momentum by 
an ion is accompanied by an equal loss in electromagnetic angular momen- 
tum. Suppose that the uniformly magnetized sphere is initially uncharged 
electrically and that ions of one sign (electrons, for instance) are projected 
toward it from a great distance, the impinging ions having on the average no 
initial angular momentum about the axis of the sphere. When these ions strike 
the sphere they impart to it mechanical angular momentum in one sense 
while giving rise to an equal amount of electromagnetic angular inomentum 
in tlie opposite sense. If, after the sphere has been charged by the impacting 
ions, ion pairs are formed in its atmosphere, the action of these ion pairs is to 
transform the electromagnetic angular momentum into mechanical angular 
momentum until finally the mechanical angular momentum imparted by the 
ions impinging from outside is just annulled. Therefore the electromagnetic 
process postulated by Gunn cannot lead to a continuing increase in mechan- 
ical angular momentum of the sphere. 

If we replace the point pole by a finite sphere of magnetic charge in de- 
ducing (4) we are led to a different result, obtaining in addition to the term 
appearing on the right-hand side of that equation a second term containing 
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in the denominator the square of the distance a between the center of the 
sphere and the point charge. This additional term remains when we super- 
pose two slightly displaced spheres of opposite sign so as to construct a uni- 
formly magnetized sphere. Its presence is due to the fact that we erroneously 
employ H inside the magnetized sphere in calculating the electromagnetic 
momentum when we should in fact make use of B. The added term dis- 
appears when this error is corrected, and (5) is found to hold rigorously for a 
uniformly magnetized sphere as well as for a magnetic dipole. The analysis, 
which is somewhat laborious, will not be reproduced here. 

C. Relativity Dynamics 

The preceding analysis is inapplicable to the case where the ions have 
velocities comparable with the velocity of light. In such an event the varia- 
tion of mass with velocity must be taken into account. We shall develop 
the theory for the case of uniform crossed fields on the relativity dynamics. 

As before we shall take E in the direction of the y axis and J7 in that of the 
z axis of a right-handed set of rectangular axes fixed in the observers’ inertial 
system S. In addition we shall have occasion to refer to a set of parallel axes 
2 :' located in an inertial system 5' moving in the x direction relative to 
S with the constant velocity u = cElH. As shown in a previous paper^ the 
electric field vanishes in 5' and the ions describe helices around the lines of 
magnetic force with angular velocity 

co' = — ell^imtc, 

where mt is the transverse mass. If is the initial velocity of an ion relative 
to 5', the components of velocity at any time f are 

Vx = 2'ox' COS co'/' — Voy sin o)'/', 

Vy = sin 0 )'/' + voy' COS o)^i\ 
v/ — Vo/ . 

Now the displacement of an ion along the electric field is 

~ Vo = y' — = (l/o)') (z>o/(l COS oo'f) + Vq/ sill w'f } 

= - (W){v/ - Vo/). 

Making use of the relativity transformations for the components of 
velocity, 

rVx — 'U vox — u\ 

I j , , 

3 ' - ^ 


where ^^u/c is the ratio of the relative velocity of the two inertial systems 
to the velocity of light. Now 

v/^ + v/"- + v/^ = Vq/^ + Vo/^ + 
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since the speed relative to S' does not change with the time. Transforming to 
system 5 we find 


1/2 


(1 - vyc^) 

1 - |3bj/c 


/I - 

= j 


constant . 


Also 


mtc 


m^c 


ell [(1 - /32)(1 - s'Vc^)] 


1/2 


where mo is the rest mass of the ion. 
Therefore 


moc 


1 


.V - >'o = — 


eH 1 - /3n(l ~ (1 


eH 1 - 


Po. - -(T -- To) 


X - ^ \ 

VoVc^)^^^) 

} 


where is the momentum and T the kinetic energy of the ion. Now 
iu/c^){T - To) = (P/c)eE{y - yo) = {eH/c)^Ky - 3^o). 

Solving for y-yo, we find identically the same relation 

y — yo = {c/eH){px •“ (^) 

between the displacement along the electric lines of force and the gain in 
momentum at right angles to the two fields as was obtained on the Newto- 
nian dynamics. Therefore electromagnetic momentum, is converted into 
mechanical momentum by ions produced in the atmosphere of a star or planet 
in precisely the same manner as in the cases previously discussed. 


f 
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Magnetization in Nickel 
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(Received June 20, 1932) 

With a heterodyne beat method, magnetostrictive hysteresis loops have been 
obtained for a nickel wire under three different tensions. Magnetic hysteresis loops 
for the same wire and same tensions were also secured. The magnetostrictive con- 
traction, tZL/L, for the tensions 6.82 and 3.70 kg/mm^ is given quite accurately by 
the one equation, dL/L— —1.93X10”^® P, where /= intensity of magnetization. For 
a tension 0.72 kg/mm^ the equation f?I,/L== —1.30X10“^® holds somewhat less 
accurately. The effect of compression and of stretch on the residual magnetization 
of a nickel wire in a demagnetizing field is determined experimentally. From this ex- 
periment, and from the magnetostriction curves, it is shown that at certain field 
strengths the magnetism of a nickel wire, bent elastically into a circular arc, becomes 
unstable. Thus the large discontinuities in the magnetization curve observed by 
Forrer may be explained. It is suggested that the small Barkhausen jumps of mag- 
netization may be due to similar magnetic instability produced in small regions by lo- 
cal strains. 

T he phenomenon of hysteresis in magnetostriction has been observed by 
a number of investigators,^ but a detailed study of the effect of strain on 
magnetostrictive hysteresis does not appear to have been made. The impor- 
tance of strain, both in theories of magnetism and in experiments on particu- 
lar phases of the subject, has recently been emphasized; for example, the 
very great influence which strains in the material may have on the Bark- 
hausen effect or on the magnetic hysteresis loop. 

The present paper reports experiments in which the magnetostrictive 
hysteresis loops and the magnetic hysteresis loops have been determined for 
a nickel wire under different tensions. Nickel was chosen for the experiments 
because the magnetostriction curves of a nickel crystal are not greatly af- 
fected by the orientation of the crystalline axis;^ hence in a polycrystalline 
wire the effect of crystal size or crystal orientation should be of little impor- 
tance in modifying magnetostriction. Furthermore, it is in nickel that very 
striking discontinuities of magnetization have been produced by strains in 
the material,^ The explanation of these discontinuities was one of the objects 
of the experiment. 

The Experimental Method 

For observing magnetostriction the heterodyne beat method of measuring 
small capacity changes or small displacements was used. Two oscillating elec- 

' H. Nagaoka, Phil. Mag. [5] 37, 131 (1894); L. W. McKeehan, J. Franklin Inst. 202, 
737 (1926); A. Schulze, Ann. d. Physik [5] H, 937 (1931); G, Dietsch, Zeits. f. techn. Pliysik 
12, 380 (1931). 

2 Y. Masiyama, Sci. Rep. Tohoku Imp. Univ. [l] 17, 945 (1928). 

® R. Forrer, J. de Physique [6] 7, 109 (1926); 10, 247 (1929). 
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trical circuits have their beat note (of audiofrequency) picked up by a detec- 
tor, amplified, and impressed upon an oscillograph. One plate of a condenser 
in one of the oscillating circuits is supported by the nickel wire under test. 
This wire is surrounded by a solenoid. If the field in the solenoid is varied the 
length of the nickel wire changes, thus changing the capacity of the oscillat- 
ing circuit. The frequency of the heterodyne beat note is therefore altered 
by an amount which can be determined from the oscillograph record. From 
a knowledge of the calibration constant of the apparatus the change of length 
of the wire may thus be calculated. Details of the electric circuits have been 
described elsewhere.^ 

Fig. 1 shows the arrangement of the condenser, the capacity of which is 
changed by the magnetostriction of the nickel. This condenser is connected 
in parallel with an adjustable precision condenser which was set to have the 
same large capacity throughout the experiment. The upper plate B has a 




A E-3 


Fig. 1. Arrangement of condenser in the magnetostriction apparatus. 

diameter 5 cm and is connected to earth through the nickel wire N. Three 
light, vertical rods, of which two are shown, are fixed to the edge of the upper 
plate and support a flat ring D of aluminum, immersed in oil to serve as a 
damping fluid. Plate ^4, of diameter 2 cm, is insulated by Bakelite from the 
point support P and counterbalance B. A wire from this plate dips into the 
mercury cup C by means of which connection is made to the oscillating circuit. 

The micarta cross-bar PP, is supported on three leveling screws, of which 
two are shown. These screws are used to vary the capacity of the condenser. 
The plate A is carefully leveled by adjusting the counterweight E, which also 
serves as a damping plate. Weights may be placed on top of B to produce 
tension in the wire N, To level B accurately a small, easily movable weight was 
carefully adjusted on the top of the plate. 

The solenoid, SS, of which only the lower part is shown, is 30.3 cm long 
and has 7195 turns. It is supported on a stand separate from that which sup- 
ports the wire N. The nickel wire is IS cm long and 0.018 cm in diameter. It 
is carefully centered in the solenoid so as to be in a uniform field. The current 
through the solenoid may be given a series of values by opening or closing a 

^ A. B. Bryaiij Phys. Rev. [2] 34, 615 (1929); C. W. Heaps and A. B. Bryan, Phys. Rev. 
[2] 36, 326 (1930). 









Fig. 2. Oscillograph record. Top trace = solenoid current; middle 
tracer heterodyne note; bottom trace = time scale. 

shows a section of film. The topmost trace indicates changes of current in the 
solenoid, the middle trace is a record of the heterodyne beat note, the bottom 
trace is the time scale, each segment representing 1/60 sec. The figure shows 
Low the film was marked and how the frequency was determined for a given 
value of the magnetizing current. 

To convert frequency changes into length changes it was necessary to 
calibrate the device. The following method was used. A leveling screw at F 
was adjusted till the heterodyne beat note emitted by the telephone receiver 
was in accurate tune with a tuning fork of pitch 1024, A micrometer micro- 
scope was then focussed on a fine scratch on plate By means of the leveling 
screw the plate A was now moved either up or down, so as to lower the pitch 
of the heterodyne note down through zero frequency and up to the frequency 
1024 again. A total frequency change of 2048 was thus secured and the motion 
of A was large enough to be measured with considerable accuracy. For very 
small displacements of A (or B) such as -were used in the experiment, it may 
be shown that the frequency change of the heterodyne note is proportional 
to the displacement. Thus the length change of the wire per cycle of frequency 
change is easily calculated. Throughout the experiments the value of this 
quantity was kept at 2.10 X 10”® cm per cycle. 

Magnetic hysteresis loops were secured by using a sensitive astatic mag- 
netometer of the type described by Bozorth.® The vertical component of the 

® G. R. Town, Rev, Sci. Inst. 1, 449 (1930).. 

« R. M. Bozorth, J.O.S.A. and R.S.I. 10, 591 (1925). 
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series of switches which short circuit sections of a rheostat. These switches 
consisted of a series of metal contacts spaced equally along a vertical micarta 
bar which could be pushed down into a jar of mercury. With this device it 
was possible to put the nickel wire through the entire hysteresis loop in only 
a few seconds, the successive changes of length being indicated by frequency 
changes on a section of oscillograph film about 10 feet long. A condenser in 
series with a heavily damped vibration galvanometer was connected across 
the switching device, so that every time the solenoid current changed, the 
galvanometer received an impulse which was recorded on the oscillograph film. 

The oscillograph consisted of a telephone receiver to the diaphragm of 
which a light mirror was connected. Records were obtained on positive mo- 
tion picture film and developed by the contrast developer recommended by 
Town.® The time scale was obtained by interrupting a beam of light by the 
cogs in the wheel of an electric clock running on 60-cycle current. Fig. 2 
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earth’s magnetic field was neutralized by meanS: of Helmholtz coils, both in 
the magnetometer , experiments and in the magnetostriction experiments. 
Demagnetization of the nickel could be effected by using liquid rheostats to 
decrease a 60-cycle .alternating current through the magnetizing solenoid.. 
The nickel wire was cold drawn from Eimer and Amend ’s pure sheet 
nickeL After the drawing the wire was heated electrically to a bright red' in 
an atmosphere of carbon dioxide, and cooled slowly by gradual decrease of 
the' heating current. It was loaded and unloaded several times up to the 
limiting tension used, in , the experiment before any records were taken.' The 
wire was very soft and experiments on a short sample indicated a defi.,nite, 
yield.,at about, 14 kg 'per iiim^. In order . to keep well within the elastic limit - 
stresses greater than 7 kg per- mm^ were not used during the experiment. 


H gauss 100 


o 0.72 kg/mm^ 
• 3.70 kg/mm®^ 


Fig. 3. The effect of tension on the descending branch of the 
hysteresis loop of nickel. 

DISGUS.SION OF RES.IJLTS ^ 

. .Fig. 3 shows how tension affects the magnetic , hysteresis loop. Thes,.e re-, 
suits: agree, in general, ,with previous work.'^ Figs. 4 .and 5 show' the., effect o,f 
tension on magnetostriction. A point of interest here is the fact that the 
curves for different tensions cross at large values of the magnetic field, H. 
,,In other, words,,..it:appears that, tension applied . to -a nickel wire , will decrease;' 
the magnetostriction in small fields and increase it in large fields. BidwelF 
has observed a similar phenomenon. The explanation, as will appear later, 
lies in the way. in which the intensity of magnetization varies with the field 
strength. 

A second point of interest in connection with these curves is the effect of 
strain for very small fields. When the wire is loaded with 6.82 kg/mm^ and 
saturated magnetically, the residual magnetostriction w'hen the field is 

^ M. Kersten, Zeits. f, PHysik 71, 553 (1931). 

® S. Bldwell, Proc. Roy. Soc. 47, 469 (1890). 
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brought to zero is too small to be detected. Furthermore, a reverse field of at 
least 20 gauss must be applied before the magnetostriction becomes large 
enough to measure. The conditions are quite otherwise when the wire carries 
only 0.72 kg/mm^ In this case the residual magnetostriction is quite large, 


o Tension 


Tension 


Figs. 4, 5* Fractional change of length, as a function of magnetic field, E. 
The short segments are extensions to large fields. 


and the reverse field, as it increases, causes the wire to elongate® till a field 
of about 6 gauss is reached. At this point the residual magnetization is re- 

® This elongation, of course, is really a diminution of contraction produced by a decrease of 
residual magnetization. Deitsch (reference 1) appears to consider it as actual positive magneto- 
striction of nickel. There seems to be little doubt, however, but that it may be accounted for in 
the work of Dietsch by incomplete demagnetization of his specimen. In such a case the origin 
of the magnetostriction curve is improperly located. 
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duced to zero and for further increase of field the wire contracts. As will be 
noted later, this difference of behavior of stretched and unstretched nickel 
is of special significance in relation to discontinuities of magnetization. 

In Fig. 6 the magnetostriction is represented as a function of the inten- 
sity of magnetization. The plotted points are values taken from the curves of 
Figs. 3, 4, and 5. The line drawn through the points and designated by A 
is the graph of the equation dL/L-=- P, It appears that for the 

two tensions, 3.70 and 6.82 kg/mm^, the one curve A represents the experi- 
mental I'esults with considerable accuracy. It is somewhat surprising that 
an increase of tension from 3.70 to 6.82, which produces such marked changes 
in the magnetic hysteresis loop and in the magnetostriction loop as plotted 
against the magnetic field H, should really have no effect on magnetostriction 
considered as a function of /. 


'T3 

I 


Fig. 6, Magnetostriction as a function of intensity of magnetization. 

^ For the smallest tension the plotted points^o somewhat irregularly 
distributed. The curve drawn through these points and designated by 5 is 
the graph of the equation dh/L^ —-1,30X10'"^® P, It represents to a fair 
approximation the experimental results. However, for small values of 1 the 
plotted points indicate the existence of appreciable hysteresis. The work of 
McKeehan and Cioffi, and of A. Schulze, seems to show that hysteresis is 
present in the dL/L — I curves for unstrained nickel, in agreement with the 
present work. From Fig. 6, curve A , the additional conclusion may be drawn 
that the application of sufficiently large strains makes this hysteresis effect 
negligibly small 

Recently some important theoretical work has been done on the subject 
of magnetostriction. The theories of Akulov^^ and of Becker, in which the 
eneigy of a strained dipole lattice is taken as the starting point, have been 
shown by Powell® to be consistent with each other. Powells equation for 

io The points for this curve are obtained on the assumption that dL/Z, -0 when 1=0. 

N. Akulov, Zeits. f. Physik 52, 389 (1928); 59, 254 (1930); 64, 817 (1930); 69, 78 (1931). 

^ R. Becker, Zeits. f. Physik 62, 253 (1930); 64, 660 (1930). 

F. C. Powell, Proc. Camb. Phil. Soc. 27, 561 (1931). 
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if !,/£ makes the effect proportional to P. Powell states that his equation need 
not necessarily apply to values of iL/L determined experimentally because 
of the possibility of micromagnetization of crystals which as a whole are un- 
magnetized. In spite of this limitation it appears that where tension is applied 
to nickel the theoretical law of variation of dL/L is verified experimentally 
to a considerable degree of accuracy. 

We may now consider why curve ^ of Fig. 6 represents equally well the 
data for the two large tensions. The obvious explanation is that either of the 
two large tensions is sufficient to produce a saturation effect. When tension 
is applied to nickel, current theories^^ agree in supposing that the atomic 
magnets are orientated across the axis of tension, or that the magnetization 
vectors, J, of small microscopic blocks into which the nickel is divided, are 
so orientated. For a sufficiently large tension there is complete transverse 
orientation. A longitudinal magnetic field, in order to magnetize the wire to 
saturation, must orientate all these atomic magnets along the axis of the 
wire, thus causing maximum magnetostriction. When no tension is applied 
the atomic magnets may be initially orientated at random and the magnetic 
field, in lining them up, cannot produce such a large net length change be- 
cause of the less favorable initial distribution of axes. 

It appears from the curves of Fig. 6 that tensions of 3.70 and 6.82 kg/mm^ 
are equally effective in producing complete transverse orientation of atomic 
magnets in nickel. This conclusion may be drawn because for both of these 
tensions we get the same magnetostriction produced by a given intensity of 
magnetization. On the other hand, for the tension 0.72 a considerably smaller 
magnetostriction is produced by this same intensity of magnetization. It is 
probable that the atomic magnets of the nickel under the tension 0.72 are dis- 
tributed more or less at random. There will not be completely random orienta- 
tion, however, even with this small tension. The quantitative working out of 
the theory indicates that the maximum magnetostriction under large strain 
should be 1.5 times the maximum magnetostriction under no strain. This 
ratio for tensions 6.82 and 0.72 is only 51.8/38.3, or 1.35. Apparently, there- 
fore, the small strain has produced an appreciable transverse orientating of 
atomic magnets. 

The Effect of Strains on Residual Magnetism 

The curves of Fig. 3 do not give a complete picture of the processes which 
may occur in the region of demagnetization. For example, from these curves, 
each obtained at constant tension, it might be concluded that compressing 
nickel in a demagnetizing field would increase the residual magnetism. How- 
ever, since shock and vibration are known to facilitate demagnetization there 
might be some doubt about the correctness of this conclusion. In order to se- 
cure more detailed information regarding the region of demagnetization the 
following experiment was performed. 

A wire of commercial nickel, 15 cm long and about 1 mm in diameter, was 
soldered to a strip of brass 15 cm long, 0.16 cm thick, and about 3 cm wide. 

L. W. McKeehan, reference 1; R. Becker and M. Kersten, Zeits. f. Physik64, 665 (1930). 
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The wire was soldered throughout its length to the brass and was parallel to 
the strip’s long dimension. The brass strip was then suspended in a vertical 
solenoid beside the magnetometer, a second solenoid being arranged to bal- 
ance the field of the first solenoid at the magnetometer. The effect of the mag- 
netized nickel on the magnetometer could also be balanced by a third small 
solenoid. By bending the plate in one direction the nickel wire was stretched, 
by bending it in the opposite direction it was compressed. Furthermore, by 
clamping the strip with an initial bend, adjusting the demagnetizing field 
to the proper value, and then altering slightly the amount of bend, the effect 
of this small change of strain on the value of I could be determined by observ- 
ing the direction of deflection of the magnetometer. 

Fig. 7 gives qualitatively the results of the various experiments. Curve A 
is representative of compressed nickel, curve B of stretched nickel. The 


;i 



Fig. 7. The effect of strain on the intensity of magnetization of 
nickel in a demagnetizing field. 


Stretched wire has a smaller residual magnetism and a larger coercive force 
than the compressed nickel. The dotted curves associated with ^ and 5 indi- 
cate the effect of increasing the compression in each case. 

The shaded areas represent regions where irreversible effects occur. In 
one case when the nickel was in a state of compression the point P was at 
about 8 gauss. For fields less than 8 gauss an increase of compression caused 
a reversible increase of residual magnetism. (However, as P was approached 
^ there was a decided tendency for irreversible decreases of magnetism to oc- 

i cur when the excess compression was removed.) For demagnetizing fields 

greater than that at P an increase of compression always caused an irreversi- 
ble decrease of I. On the basis of these results the dotted curve .4 ' was drawn 
as in Fig. 7. 

It was found that in demagnetizing fields greater than that at F a de- 
crease of compression produced an irreversible decrease of I. Hence the 
shaded area cannot be entered vertically starting from the dotted curve 4: '; 
any attempt to enter in this way results in a drop downwards. 

Very similar results were obtained with nickel when initially in a stretched 
condition, the curves B and F' being obtained. In one case the point g w^^^ 
at about 10 gauss. 







Discontinuities of Magnetization 
If a nickel wire is subjected to a bending torque its magnetization curve 
shows remarkably large discontinuities.^® For the production of these discon- 
tinuities it appears necessary that part of the wire be in a state of compression 
and part in a state of tension. If a wire with no internal strains is bent into the 
arc of a circle and the elastic limit not exceeded, we probably have the sim- 
plest conditions for producing these large discontinuities. In this case we may 

make a rough approximation and consider the wire as behaving like two 
wires fastened together laterally, one wire being stretched, the other com- 
pressed. The magnetic and magnetostrictive behavior of these separate wires 
is known from experiment, hence the behavior of the composite wire should 

be predictable, ^ ^ • ■ • ' ' ■ a 

Assume the composite wire magnetized to saturation in one direction and 
then subjected to a gradually increasing field in the opposite direction. Foi 
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From the foregoing it Ls clear that conditions are such as to produce in- 
stability. The decrease of magnetization of the compressed segment, pro- 
duced by a small increase of the demagnetizing, field, introduces strains which 
tend to increase the magnetization change which produced them. Discon- 
tinuities of magnetization of the composite wire will thus appear for demag- 
netizing fields beyond the point P. 

The large changes of magnetization produced by the above means would 
end when the strains produced by magnetostriction tend to inhibit the mag- 
netization changes which produce them. It appears that this condition is met 
with as soon as all the residual magnetism is removed and I begins increasing 
in the direction of the field. In other words, a discontinuity of I, initiated 
above the TI axis on the descending branch of the hysteresis loop, would not 
be expected to extend below the II axis. 

It is a fact that the large Forrer discontinuities may be initiated in the 
demagnetization section of the hysteresis loop and that they frequently do 
not cross the H axis. On the other hand, there are instances where almost the 
entire left side of the hysteresis loop consists of a single discontinuity. It 
would appear, therefore, that conditions of instability must be present in 
many cases, even after all residual magnetization has disappeared and the I 
vector is increasing in the direction of the field. 

Possibly it is not correct to assume, as we have done above, that nickel 
has its maximum length at the point where I passes through zero and begins 
increasing in the direction of the field. This assumption is not in agreement 
with the experimental work of Schulze, whose nickel begins to contract as 
soon as I is reduced below about 150. (It expands while J is being reduced 
from saturation to 150.) The curves of McKeehan and Cioffi, however, ap- 
pear to indicate that /== 0 when the slope of the dL/L curve is zero, in agree- 
ment with Fig. 6. Also from the standpoint of theories involving orientation 
of atomic magnets this assumption is the natural one to make. Schulze's 
curves, therefore, appear to require further experimental corroboration be- 
fore they can be accepted. 

The theory of the large discontinuities of magnetization given above may 
be applied to the much smaller Barkhausen discontinuities which usually 
require an amplifying device for their detection. Suppose that in a ferromag- 
netic substance there are small regions in a condition of strain similar to that 
assumed for the composite wire above. Then each of these small regions will 
contribute its own discontinuity to the magnetization curve. In this way the 
ordinary Barkhausen effect would be produced. The existence of these highly 
localized strains is not improbable. Recent experimental and theoretical 
work^® has demonstrated that a ferromagnetic crystal is made up of small 

We assume that the contraction begins as soon as / begins increasing. In this case an 
increment, AH, causing an increment, hi a, in the compressed segment, produces magneto- 
strictive strains which decrease the degree of compression of the compressed segment. A de- 
crease of compression would produce a decrease of J. The strains produced by magnetostriction 
thus tend to inhibit the magnetization changes which produce the strains. 

Zwicky, Phys. Rev. [2] 38, 1772 (1931); F. Bitter, Phys. Rev. [2] 37, 91 (1931); 
38, 1903 (1931). 



blocks which are more or less independent of each other in their magnetic be- 
havior. These blocks will be the seat of local strains because of the differences 
in their magnetic condition. Webster’s theory which accounts for magneto- 
striction in unsaturated states, assumes that small regions are magnetized 
to saturation in various directions, the crystal as a whole not necessarily 
showing any resultant magnetization. The small regions are supposed to 
possess natural directions of easy magnetization. 

A system of this kind would inevitably lead to a complicated pattern of 
internal strains associated with the blocks. An increasing magnetic field 
merely rotates the magnetization vector of each element without changing its 
magnitude. However, since each block expands transversely to its magnetiza- 
tion vector and contracts parallel thereto, it is evident that rotation of the 
separate vectors, either into or out of the condition of random orientation 
would set up strains of an elastic character between separate blocks. When- 
ever these strains produce magnetic instability a Barkhausen jump of mag- 
netization occurs. 

Experimental evidence has been obtained by Preisach^** that the Bark- 
hausen effect is fundamentally of the same nature as the large Forrer discon- 
tinuity. Stretching a wire of Fe-Ni alloy caused the small discontinuities to 
merge into a single large one ; we may therefore suppose them to arise from 
the same underlying cause. Although the large discontinuities sometimes 
obtained in alloys may not be as simply explained as in the case of pure nickel, 
it appears evident that no theory of the effect can be satisfactory unless it 
considers strains as of fundamental importance in the whole phenomenon. 


w W. L. Webster, Proc. Phys. Soc. 42, 431 (1930), 
si> F. Preisach, Ann. d, Physik [S] 3, 737 (1929). 
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The Variation of Dielectric Constant with Temperature. II. Electric 
Moments of the Ethylene Halides 

B3/ Ernest W. Geeene AND John Warren Williams 
Laboratory of Physical Chemistry, University of Wtsconsin 

(Received August 15, 1932) 

Both the free and hindered rotation of atoms or groups of atoms about single 
chemical linkages may be studied with the Debye relation between the molar polari- 
zation, P, and the reciprocal of the absolute temperature, l/P. The quantitative treat- 
ment by one of us for the simplest case of a free rotation has been compared with the 
more recent and more general expressions of Eyring and of Zahn. For the case in 
which the relation between P and 1/P is nonlinear the use of Meyeris equation has 
been suggested for the calculation of the electric moment of the molecule. An appa- 
ratus has been described for measuring the dielectric constant of a vapor as a function 
of temperature. This apparatus includes a comparatively cheap vapor condenser of 
Monel metal, a means of obtaining vapor at any desired pressure up to that charac- 
teristic of 100°C, and a method of measuring vapor pressure in an all-glass apparatus. 

An experimental procedure has been designed to minimize as far as possible the sys- 
tematic errors due to simplifying assumptions in the capacity equations of the meas- 
uring circuit. The results of dielectric constant and density measurements on ethylene 
chloride and ethylene bromide have been recorded. The experimental values for the 
total polarizations of these compounds have been plotted against the reciprocals of 
the absolute temperature. These results have been utilized for the calculation of the 
several electric moments by the usual methods based on the linear equation of Debye 
and by the application of Meyer’s equation. All of the methods for the calculation of 
electric moments were found to give results approaching each other at higher tem- 
peratures but tending to deviate more and more at lower temperatures. It has also 
been possible to calculate the characteristic moments of the C — Cl bond and the 
C — Br bond from the experimental data. The characteristic moments of the bonds 
were found to bear the same ratio to each other as the moments of the methyl com- 
pounds, It has been further shown that Meyer’s equation is applicable to the results 
for vapors and for solutions now existent in the literature. The indications are that 
the difference between the experimental results for vapors and for solutions may be 
due to changes in internal structure produced in the molecule by the solvent. 

Introduction 

D uring the last two decades dielectric theory has played an important 
role in the development of ideas concerning the electrical constitution of 
matter. Quantum theory has clarified the view of intra-atomic matter, while 
the older kinetic and thermodynamic theories have been concerned with inter- 
molecular action of comparatively large aggregates. In the field between, 
where the interest lies in the relative positions and interactions of atoms and 
groups of atoms within the molecule, dielectric theory has found important 
and unique application. 

The interpretation of the temperature effect on the mean electric moment 
m of a molecule in an external field F was presented by P. Debye in the year 
1912 through the familiar equation 

i Debye, Pliys. Zeits. 13, 97 (1912); See dXso Polar Molecules, Chemical Catalog Co., 
New York (1929). 
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OT = (a, + fiH^kT)F. (1) 

In this equation ao is the polarization due to deformation, /x is the per- 
manent moment of the molecule, ^ is the Boltzmann constant (1.37X10“*®), 
and r is the absolute temperature. 

The general formula for the polarizability is, therefore, 

a = «o + ix^/SkT . 

Experimental verification of this equation has followed its combination 
with the Clausius- Mosotti relation, written for the molar polarization P, as 
follows: 

€ - 1 M 4.xN 47rAY \ 

._=P= q; = a;o + ) (2) 


or P = /I + B/T. (2') 

Here 6 is the dielectric constant, M is the molecular weight, p is the density, 
N is the Avagadro constant (6.06X10^®), H=47riVQ'o/3 (molar polarization 
due to deformation), and B = iiirNtF/9k (molar polarization due to the per- 
manent moment of the molecule). The experimental determination of 6 and 
p for a compound over a series of temperatures permits the calculation of the 
relation between the total polarization P and l/P. This affords a direct check 
on the linearity of the Debye relationship. It also distinguishes between non- 
polar and polar molecules, and in the case of the latter, provides a means of 
calculating the permanent moment p from the constant B. Such experimental 
studies have amply verified the fundamental correctness of the above equa- 
tions. 

From such results the electric moment p has been obtained by one 
of the following methods: 

(1) The constant B, and thus p, can be obtained from the slope of the 
linear plot of P w. 1/P. 

(2) Multiplying Eq. (2 ') through by T gives : 

PT = AT + B. (2") 

The quantity P can now be obtained from the intercept, at T = 0, of the plot 
of PPa.5. T. This method does not differ essentially from the first. 

(3) In Eq. (2 ') the deformation polarization A can be approximated from 
refractivity data. Ten percent may be added to the molecular refractivity 
in order to allow for the contribution of the atoms. The ratio B/ T is then ob- 
tained as the difference between P and A. This method must be used when 
data at only one temperature are available. Its use, in conjunction with the 
value of B given above, depends as much upon the linear form of the Eq. 
(2 ') as does either of the other two methods. 

Intra-Molecular Rotation 

The possibility of rotation about some valence bonds has long been sus- 
pected. We will confine our attention in this article to what are probably the 
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simplest molecules in which this phenomenon is exemplified, namely, the 
ethylene halides. In these compounds rotation about the C-C bond would be 
expected from the purely chemical evidence that it has been impossible to 
separate cis and trans isomers. The fact that these molecules have finite di- 
pole moments has been established by numerous investigators. The most 
important results for ethylene chloride and ethylene bromide have been 
brought together in Table I. If the trans form alone were present there would 
result a zero moment. The finite moment found experimentally may be due to 
one of three possibilities: (1) Molecules of only the cis form may be present. 
(2) There may be a mixture of molecules of the cis and trans form. (3) The 
moment may represent an average of the moments of a number of molecules 



Fig. 1. 


having effectively different dissymmetries due to the relative rotation of the 
two polar groups about the C-C linkage. The first of these is excluded because 
the cis form is the one having the higher potential energy (due to repulsion 
between like polar groups) and would thus hardly be formed in preference to 
the trans form. There is also evidence against this possibility in the fact that 
the moments in Table I are much lower than those of the corresponding cis 
forms of the acetylene dihalides. The second possibility, and indeed the first 
as well, would be at variance with all the evidence, both chemical and physi- 
cal, for the rotation about such valence bonds. Evidence of a variation of 
moment with temperature further strengthens the supposition of such a ro- 
tation. 

Table I. Electric moments of ethylefie chloride and ethylene bromide. 


^ Meyer, Zeits. f. phys. Chem. B8, 27 (1930). 
s Gross, Phys. Zeits. 30, 504 (1929). 

* Williams, Zeits. f. phys. Chem. 138, 75 (1928). 

6 Smyth, J. Am. Chem. Soc. S3, 2988 (1931). 

« Smyth, J. Am. Chem. Soc. 53, 4242 (1931). 
r Ghosh, Mahanti and Sen Gupta, Zeits. f. Physik 54, 711 (1929). 
s Sanger, Phys. Zeits. 32, 21 (1931). 

9 Zahn, Phys. Rev. 38, 52 (1931). 

Zahn, Phys. Rev. 40, 291 (1932). 


Substance 

benzene 

juXlO^^ 

In solution in: 
hexane 
iuX10^5 

heptane 

juXlOis 

As 

vapor 

/xXlOis 

, Ethyiene 
chloride 

1.832 

1.863 

/. ■ ' 

1.26-1.422 

1.16-1.42' 

T..567 ' ■ 
l.Ols 

1 . 12 - 1.549 

Ethylene 

1.46-1.555 


0.79-1.05® 

0.94-1.10^9 

bromide, . 

1.4^ 
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In general tltere may be two types of rotation depending upon the energy 
state of the molecule. It will be recognized from the model in Fig. 1 that the 
cis configuration corresponds to a position of maximum potential energy 
of repulsion between the two moments, while the trans configuration corre- 
sponds to a position of minimum potential energy. In fact the resultant mo- 
ment for the whole molecule would be largest for the cis form and zero for the 
trans form. This has been confirmed in the cis and trans forms of rigid double 
bond linkages. Calculations of Eucken and Meyer^^ have shown that free rota- 
tion occurs when the potential energy between the two halves of the molecule 
does not exceed (1/I0)^r, However, if this potential energy exceeds {l/ld)kT 
there results a rotary oscillation about the position of minimum potential 
energy, which case we will call “hindered rotation” after the above authors. 
Obviously, in terms of the resultant moment of the molecule, there will be no 
sharp division between the two cases. When the rotation is hindered or oscilla- 
tory the amplitude of the oscillations will increase as the temperature is 
raised and the energy of the oscillations increases. The resultant moment of a 
molecule of this type will increase with the amplitude of the oscillations be- 
cause the time average of the relative positions of the two polar groups will be 
further and further from the trans position. This is the theoretical basis for 
expecting the moment of the molecule to vary with temperature and thus 
produce a nonlinear relation between the total polarization and the reciprocal 
of temperature. 

In the Debye theory the moment fx was assumed to be constant with re- 
spect to temperature. Consequently Eq. (2 ') cannot be applied to the general 
case of intra-molecular rotation. However, in the limiting case of free rotation 
the moment will be constant as the temperature varies as long as the rotation 
remains free and unhindered. This case has been treated vectorially by Wil- 
liams. The resultant mean moment for the molecule, which is the one that 
would be obtained experimentally from Eq. (2 ') if free rotation were actually 
the case, is given by : 

fx = 2^^Vi sin 6 (3) 

where jui is the characteristic moment of the polar linkage and 6 is the valence 
angle. 

In applying Eq. (3) to the ethylene halides, using characteristic moments 
of 2.0 for C-C1,I.86 for C-Br, and 1.65 for C~I, Williams^^ found values of 6 to 
be 38° for the chloride, 32° for the bromide, and 33° for the iodide. With 
tetrahedral carbon valences, the angle should be 180°”110° or 70°. We now 
know that the mutual repulsion of the two groups would not be likely to cause 
such a decrease in the angle, hence the natural conclusion is that the assump- 
tion of free rotation is not justified in these cases. 

Eyring,^^ using the matrix algebra, has developed a general equation for 
the average resultant moment of a molecule having free rotation about cer- 
tain bonds in terms of the individual permanent moments, the angles between 

Eucken and Meyer, Phys. Zeits. 30, 397 (1929). 

12 Williams, Zeits. f. phys. Chem. [A] 138, 75 (1928). 

13 Eyring, Phys, Rev. 39, 746 (1932). 
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the valence bonds, the rotation angles, and the energy. From this equation he 
has obtained several equations for simpler cases. Smyth,^^ in conjunction with 
Eyring, has applied these equations to a number of organic compounds, com- 
paring the calculated moments with the experimentally determined moments 
as a qualitative measure of the degree of freedom of the rotation. For the 
purpose of this discussion it will be sufficient to show that Eyring’s equation 
reduces to the Williams equation above if applied to the simple case of free 
rotation about one single valence bond. 

Eyring’s equation for a paraffin chain of w-1-1 carbon atoms, with a free 
rotation about each C-C linkage, is : 

IX = jui[2m + 2{n - 1) cos d •+ 2(w — 2) cos^ 6 + ■ ■ ■ + 2 cos""' 5]^'^ (4) 

where fii is the characteristic moment of the C-X linkage and 6 is the valence 
angle (110°). For the simplest molecules 1 =2, and the equation reduces 

IX = ixi[2 - 2 cosHY'K (5) 

Eq. (5) is identical with that used by Smyth for ethylene bromide and is also 
identical with the Williams Eq. (3), thus; 

^ == ^121/2(1 _ cos^0)i/2 

= ixi2^i‘^smd. 

Zahn^® has used similar methods in discussing a number of special cases. 

It has been pointed out above that the resultant moment m would be ex- 
pected to vary with temperature for the case of hindered rotation, and that 
consequently the polarization would no longer be a linear function of IjT. 
The theoretical treatment of this case thus requires a new derivation of the 
relation between P, m. and T, which takes the hindered rotation into con- 
sideration. Meyer^ was the first to do this quantitatively from the classical 
theoretical standpoint. Meyer’s equation is 

P = 47rX/3{«o + [2(/ii sine)V3fer](l - X)1 y 

a/kT + ^/{kT)l+y/ikTr+ ■ ■ • | ( 6 ) 

^ ~ m + n/kT+o/{kT)^ + p/{kTy+ ■ ■ ■ ) , 

where N is the Avagadro constant, k is the Boltzmann constant, ao is the 
molecular deformation polarization, ixi is the characteristic moment of the 
C-X linkage, P is the valence angle, T is the absolute temperature, and 
a,^,y,m,n,o,P constants associated with the structure of the molecule. 

Eq. (6) expresses the nonlinear relationship between P and l/P for the 
simple case of hindered rotation in the ethylene halides. Meyer pointed out 
that at high temperatures the term X becomes negligible and Eq. (6) reduces 

P = 47rX/3 (ao + [2(Mi sine) V3fer] } . (7) 

Smyth, J. Am. Chem. Soc. 54, 2261 (1932). 

Zahn, Phys. Zeits. 33, 400 (1932). 
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Comparing this with the Debye Eq. (2) it is seen that : 

ju = 2^/Vi sin ^ 


which is the equation for free rotation previously developed. Thus, at high 
temperatures Meyer’s Eq. (6) is in accord with theory for the case of free 
rotation. 

For the case of free rotation the resultant moment ju can be calculated 
from the experimental results by using the linear Debye equation in the three 
ways mentioned above. However, in order to calculate ju from experimental 
results when the rotation is hindered it is necessary to apply Eq. (6). This is 
a point which other experimenters either do not seem to have recognized or 
have thought unnecessary. At least we have been unable to find evidence of 
its use for the calculation in nonlinear cases. 

On dividing the denominator of the function X of Eq. (6) Into the numer- 
ator the function becomes : 


X = {a/m){kT) ^ + IWni — an ) + 
= C{l/T)+D(l/T)^+ * • • 


where 


C = a/mk] D == -- an)/ 

The expression for P in Eq. (6) then becomes: 


4tN . 47rA^ _ 

- c{i/Ty 

3 9 k 


D(i/r)3 


A + B'[(i/T) - c(i/r)2 - D(i/r)^ 


where 


A == (47rN/3)ao; P' = (Att N/ 9^) 2 (jui sin 0)K 


In Eq. (9) the difference F—A must be the polarization due to the result- 
ant moment /X of the molecule at any temperature T. It is reasonable to sup- 
pose that the same relation holds between the resultant moment and the 
polarization caused by it as holds in the ordinary case where there is no intra- 
molecular rotation. Then we can write from the ordinary Del)ye equation: 

‘P = + {4irNj9kT)iF 

= (9/er/4TiV)(P - A ) . 


Substituting for the value ofF—A in Eq, (9) we obtain the expression 

= (9/^2V47rA0P'[(l/P) -- C(l/P)2 - P(l/P)3 ]. 

Putting in the value of B ' and simplifying we find 

= 2(jui sin 0 ) 2 [l ~ C(l/P) - D(l/T)^- -•••]. 


For the actual calculation of ^ it is more convenient to retain the constant B \ 
thus: 

= (9V47rA^)P'[l ~ C(l/P) - Z)(l/r)2 - . . . j. (lOO 
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Now from the experimental plot of the total polarization P against 1/T 
the constants in Eq. (9) can be determined, and from these, substituted in Eq. 
(10 ') , the resultant moment /X can be calculated for any temperature. 

Experimental 

According to the results existent in the literature at the present time there 
is still some question as to whether or not ethylene chloride and ethylene 
bromide actually have nonlinear relationships between their total polariza- 
tions and the reciprocals of the temperature. Smyth,®-^ studying solutions in 
heptane, and Meyer, ^ working with solutions in hexane, obtain a curvature in 
their plots of P against 1/T. However, the results of these investigators for 
the corresponding solutions in benzene are inconclusive. It should be empha- 
sized that experiments with solutions alone can hardly be suflicient to decide 
a question of this sort because of ignorance of the effect of the solvent. The 
experiments of Zahn® on the vapor of ethylene chloride show a nonlinear re- 
lationship while Ghosh and his associates^ obtain a linear relation, and San- 
ger's results^ are inconclusive.* Very recently Zahn^^ has reported data for 
ethylene bromide vapor. It is difficult to draw any conclusion from these data 
of Zahn when his total polarizations are plotted against the reciprocals of tem- 
perature. In view of this situation it was decided to complete the work, begun 
early in 1930, with the ethylene chloride and ethylene bromide vapors. 

The object of the experimental part was, therefore, to obtain values of the 
total polarization P over as wide a temperature range as possible. The appa- 
ratus and method were designed for vapors having an appreciable vapor pres- 
sure in the neighborhood of 100°C. The determination of € requires capacity 
measurements on a condenser in a vacuum and in an atmosphere of the 
vapor. The density term in the Clausius-Mosotti relation requires a knowl- 
edge of the pressure of the vapor and the temperature. To satisfy these re- 
quirements the apparatus must contain : (a) A condenser in a chamber hold- 
ing the vapor; (b) apparatus for admitting and exhausting the vapor; (c) 
a means of determining the pressure of the vapor in the chamber ; (d) a means 
of controlling and measuring the temperature of the condenser chamber; (e) 
apparatus for measuring the capacity of the condenser. 

(a) The condenser was of the concentric cylinder type. Four cylinders of 
Monel metal (cold drawn, seamless, annealed tubing) were polished inside 
and outside and mounted concentrically as shown in Fig. 2. Four mica spacers 
were used in each end to keep the cylinders in position. The dimensions and 
spacings are listed below the figure. In cutting the outside cylinder to length 
three lugs were left on each end. These were shaped as indicated in the figure 
and used to support the condenser in a vertical position in a large Pyrex 
tube. Part of the Pyrex chamber is shown by dashed lines in the figure. Alter- 
nate cylinders were electrically connected through short lugs left projecting 
from their ends when they were cut to length. These lugs were simply spot- 
welded together. Leads to the outside were small tungsten wires, spot-welded 

* In a recent communication to us Sanger has stated that a redetermination of several of 
his experimental points has brought his results to a practical agreement with those of Zahn. 
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to the Monel lugs, passin out through gas tight Pyrex- tungsten seals. The 
lead from the outside and second inner cylinders was taken off at the bottom 
and grounded as indicated, while the lead from the first and third inner cyl- 
inders was taken off at the top and served to connect the condenser to the 
capacity measuring apparatus. 

(b) The condenser and chamber were mounted vertically as shown in Fig. 
3. The entrance tube was at the top and led out through the three-way stop- 
cock marked .d . One of the tubes from this stopcock led directly to the tube D 
containing the liquid under investigation. The third outlet from stopcock ^ 
led to the evacuating system through stopcocks 5 and C. Stopcock 3 led to 
a “Hi-Vac” oil pump and stopcock Cled through the trap shown, and a cal- 
cium chloride tube, to a water aspirator. 


l/apor 

Condenser 


\ 1 Side 

1 1 y/ew 

liii 

iii 

Hi) 

II i 

1 1 1 

lU 

5 1 1 

1 i 1 

L.-1.L L 



Cylinder 

Outside 
1st inner 
2nd inner 
3rd inner 


Outside Diam. 

4.76 cm 
4.13 
3.65 
3.18 


Spacing 

1.95 mm 

1.50 

1.50 


Sufficient liquid for a whole series of determinations was placed in the 
tube D before it was sealed to the apparatus. The liquid was then cooled to a 
point where it solidified and the tube D was sealed to the apparatus through 
the small connecting tube. While the liquid was still frozen the stopcocks were 
turned so as to connect tube D through stopcock B to a source of carbon 
dioxide and the vacuum pump. In this way the space above the material was 
thoroughly flushed out several times with dry carbon dioxide, the carbon 
dioxide entering through stopcock B from auxiliary tubes not shown in the 
figure. Tube D was finally evacuated and then closed by means of stopcock .4 . 
By surrounding tube D with hot water contained in the vacuum flask the 
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liquid could be heated to give any desired vapor pressure up to that charac- 
teristic of lOO'^C. 

In the meantime the rest of the apparatus was flushed out with dry carbon 
dioxide and evacuated. This was possible because the three-way stopcock .4 
was mounted in such a way that the condenser chamber could be connected 
to the vacuum system while tube D was closed. 

With the condenser chamber and connecting tubes evacuated stopcock B 
was closed and then stopcock A was turned to allow the vapor to flow from 
tube D into the condenser chamber until the desired pressure of vapor was 
obtained. Stopcock A was then set in an intermediate position so as to close 
both D and the condenser chamber. Condensation of vapor in the tube leading 
from stopcock A to the condenser chamber was prevented by means of the 



heating coil shown in the figure. Of course, the chamber itself was always kept 
at a temperature higher than that of the liquid in tube D. 

After the measurements of temperature, pressure, and capacity (to be 
described later) the system was evacuated, keeping tube D closed as before. 
In evacuating the vapor, as much as possible was pulled out by the aspirator 
pump through stopcock C. Stopcock C was then closed and the system finally 
evacuated by the oil pump through stopcock B, In actual determinations 
the condenser chamber was flushed out several times with the vapor itself 
before it was finally admitted for the measurements. For the vapors of ethy- 
lene chloride and ethylene bromide stopcock A was lubricated with a paste 
made of P 2 O 5 , Si02, and phosphoric acid. Stopcocks B and C were lubricated 
with ordinary vacuum stopcock lubricant of the rubberized type. 

(c) Pressure measurements were made by means of a null gauge of the 
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glass diaphragm type described by Daniels.^^ This gauge, with the glass dia- 
phragm and the platinum wires leading from it, is shown in Fig* 3. The vapor 
side of the gauge was connected directly with the large tube leading to the 
condenser chamber. Steam was passed around the gauge to prevent condensa- 
tion of vapor inside. The other side of the gauge was connected to a mercury 
manometer for reading the pressure. A system of stopcocks leading both to 
the atmosphere and to the vacuum system allowed adjustment of the pres- 
sure to the null point. 

A gauge of this type always has an additive correction factor which must 
be determined in order to convert manometer readings at the null point into 
actual pressures. This correction factor was obtained when there was no 
vapor in the apparatus by connecting the gauge and manometer system to 
the inside system through stopcock allowing carbon dioxide to flow into 
both systems to any desired pressure, (measured now on the manometer) 




and then closing stopcock B and adjusting the pressure in the gauge and 
manometer S 3 ^stem to the null point. The difference between the actual pres- 
sure and the pressure at the null point %vould then be the correction. The 
gauge was checked in this way after every two or three hours of operation. 
With a gauge of this t^'pe no vapors come into contact with the merciir\" 
manometer, the manometer can be operated at room temperature, and no 
mercury vapor enters the inside of the apparatus. 

(d) The condenser chamber was mounted inside a verticle tube electric 
furnace. The furnace tube was of iron and was about four inches in diameter 
and sixteen inches long. It was closed at the top and bottom with metal ends 
and was grounded, thus serving as a shield for the condenser. The heating 
elements were nichrome wire wound non-inductively. There were about six 
or seven inches of insulation surrounding the tube. The heating current was 
drawn from a 220 volt a.c. circuit and was controlled by several glow-coil 
resistances and two slide wire rheostats. Temperature control was obtained 
by merely setting the resistance in the circuit and allowing the temperature 
to become constant. 

Daniels, J. Am. Chem. Soc. SO, 1115 (1928). 
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Temperature measurements were made by means of two chromel-alumel 
thermocouples held against the outside of the condenser chamber at the points 
lettered T in Fig, 3. The cold junctions were kept in cracked ice and the volt- 
age readings were made by means of a Leeds and Northrup Type-K potenti- 
ometer using a wall galvanometer. 

(e) The dielectric constants were determined from capacity measurements 
made by the method of Pungs and Preuner.^'^ The electrical apparatus was 
the same as that used and described by Schwingel and Williams,^® and is 
shown in Fig. 4.' 

A rough control condenser Cg, a variable precision condenser Cs-, a fixed 
mica condenser Cy of comparatively large capacity, and the vapor condenser 
Cx form the capacity of circuit /. The control condenser Cg is used to adjust 
the capacity to any desired point on precision condenser scale, and is left 
fixed for any series of determinations. The total series capacity of the part 
of the circuit containing the vapor condenser Cx is given by: 

1/total capacity = 1/C:c + l/(C‘y + Cfi). (11) 

Let ISCx represent the change in the capacity of the vapor condenser Cx 
on the admission of a vapor and let AG represent the change in the reading 
on the precision condenser required to bring the circuit back to the original 
total capacity. Then, 

1/totaI capacity with vapor — 1/total capacity evacuated. 

From Eq. (11) : 


1 


Cx + AC. 
Solving for AC®: 

, ACx = 


+ 


1 


Cj, + Cg + ACg 
Cx^-AG 


1 ^ 1 


iCy + C.)2 + (Cy + C. + C.)AC, 


( 12 ) 


(13) 


In Eq. (13) any capacity in the leads from the vapor condenser will be in- 
cluded in Cx- As we shall consider Cx as the true capacity between the plates 
of the vapor condenser it will be necessary to replace C* in (13) by C= O+X, 
where X is the lead capacity. Eq. (13) then becomes: 

C^AC. 

AC^ = ^ ^ — . (13') 

(Cy -f + (Cy + Cx + C)AC, 

Dielectric constant values can now be obtained from the equation 

6-1=AC,/C.. (14) 

Combining Eqs. (13') and (14): 


6 - 1 = 


C2 


AC. 


(Cy + C.)=‘ + (C, -f C. -f- C)AC. C, 


( 15 ) 


I 


Pungs and Preuner, Phys. Zeits. 20, 543 (1919). 
Schwingel and Williams, Phys. Rev. 35, 855 (1930). 
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Assuming that (C^/Cx) = C, and taking the reciprocal of both sides of Eq. 
{15): 

I (c, + a)2 1 (c, + a) , ; 

— — rl- 

€ - 1 ' C . AC. C 

Let the constant coefficient, (Cy+Cs)^/ C = a^; 
then 

{Cy + Cs)/C = a/C^^K 

Therefore, 

i/(e ^l) ^ a^{l/AC;) + a/C^l^ + l, (16) 

where € is the dielectric constant, a is a constant of the circuit, C is the capac- 
ity of the vapor condenser and the leads, and AC. is the difference reading on 
the precision condenser. 

Absolute values of e — 1 can be determined from Eq. (15) if values of the 
capacities Ca;, A, Cy and C. are known. In this work it was thought preferable 
to determine the constant a from calibrations with carbon dioxide, using 
Stuart’s^® value of e — 1. Having determined a in this manner, e — 1 for a 
vapor is obtained directly from Eq. (16). 

The vapor condenser has been described in part a of this section. Its 
i capacity, including lead capacity, was found to be 530 mmf. The fixed con- 

denser Cy was found to be 2834 mmf. In this work condenser Cy was mounted 
inside a vacuum flask in order to decrease fluctuations due to changes in room 
temperature and humidity. 

The first step in the actual measurement of a dielectric constant is the 
determination of the constant < 2 . As has already been mentioned, carbon 
dioxide is admirably suited for this purpose. StuartV® value of (e— 1)10® for 
carbon dioxide is 987 at 273°K and one atmosphere. This value was converted 
to that corresponding to the pressure and temperature of the experiment by 
multiplying it by the density ratio. We then have, according to Eq. (16) : 

l/(p/po)(987)10-® = 

where p is the density under experimental conditions and po is the density 
under standard conditions. The quotient p/po was calculated from BertheloCs 
equation. 

The procedure followed was to make two or more determinations of the 
constant a in this manner at each temperature at wffiich vapor determinations 
were made. After the whole temperature range of the apparatus had been 
covered all of the a values were averaged and the average was used to cal- 
culate the dielectric constants of the vapor at the several temperatures by 
Eq. (16). The vapors of the ethylene halides were run in a manner similar to 
carbon dioxide, readings being taken first with the apparatus evacuated, then 
with the vapor in the apparatus at a desired pressure, and finally after re- 
evacuation. In this manner the quantity AC. could be determined for the 
several capacity balances. 




Stuart, Phys. Zeits. 47, 457 (1928). 
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The molar polarization P is calculated from the equation 

[(€- i)/3](ikr/p). 

The quantity (M/p) is obtained from Berthelot’s equation, 
M/p - C/T/p) + C, - C3(l/P). 

The constants of this equation are given below: 

Ci = 760P (if ^ is in mm) =62370 


C2 = 9PP/128^ = 

C3 = 54Pr//128^ = 

P = 82.07 cc. atmos./deg. 
(Crit. temp.) Pc* = 

(Crit. press.) = 


Ethylene chloride 

61.2 

11.60X107 

562. 2°K 
53.06 atmos. 


*From Nadejdine (1887) 


Pressure 


Sources of Error 


Ethylene bromide 

48.8 I 

9.8X107 

SSS.O'^K 
68.99 atmos. 

Vespignani (1903) 


For carbon dioxide the pressures were read directly on the mercury manom- 
eter because it was not necessary to use the null gauge with a noncondensing 
gas. Using a reading glass the manometer reading was accurate to ±0.2 mm. 
For vapor pressure readings the null gauge was necessary. However, as this 
could be set as closely as the manometer could be read, the accuracy here 
was also ± 0.2 mm. There should be no systematic errors in pressure readings 
because the null gauge was frequently checked. Of course, at both high and 
low temperature extremes such an error would develop, due to chemical 
change in the vapor in one case, and adsorption on the condenser cylinders 
in the other. In these cases the pressure would no longer be an indication 
of the amount of material between the condenser cylinders. 


Temperature 


Thermocouple readings on the potentiometer could be checked without 
difficulty to ±0.002 millivolts. This corresponds to ±0,05°K. The two 
thermocouples used were calibrated against a third chromel-alumel thermo- 
couple which had just been calibrated in steam, tin, cadmium, and zinc. The 
calibration points were sharp and probably as accurate as the temperature 
values given for them in the literature. Temperatures were reported to the 
nearest degree because this is within the limit of accuracy of the capacity 
readings. 


Capacity 

The pertinent reading wms ACs, the difference between the precision con- 
denser readings when the apparatus was evacuated and when it was filled 
with gas or vapor. The precision condenser could be read to ±0.1 of a scale 
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division. As ACs was reported in tenths of a scale division the reading ac- 
curacy was ± 1. There are no systematic errors in e — 1 due to the method of 
calculation, because Eq. (16) does not involve any simplifying assumptions. 
Of course the practice of calibration with carbon dioxide depends upon the 
dielectric constant of this gas remaining constant over the temperature range 
used. This has been attested to by numerous investigators. It is further sup- 
ported by the constancy of the a calculated from the determinations on car- 
bon dioxide. 

The accuracy of the total polarization P can be estimated by an analysis 
of the values of the constant obtained in a series of determinations on 
carbon dioxide. The least accurate of these series gave a mean absolute de- 
viation of 2 percent. 

Purification of Materials 

Carbon dioxide was taken from a commercial cylinder and passed through 
concentrated sulphuric acid and a PoOs tower. 

Table 11. Data on ethylene chloride. Run No. 1. 


Temp. ®K 

(i/r)xio» 

Press, (mm) 

AC. 

(e-l)X10« 

P (cc) 

297.5 


52.7 

314 

473 

55.5 

297.6 


55.3 

337 

507 

56.6 

297.6 


57.5 

348 

, 523 

56.1 

297.6 


54.8 

331 

498 

56.1 

297.7 


49.4 

292 

440 

55.0 

297.9 


47.0 

287 

432 

56.7 

297.9 


49.6 

302 

456 

56.8 

297.9 


52.4 

319 

488 

57.6 

297.8 


48.3 

293 

449 

57.5 

Av. 298 

3.36 




57.0 


t 
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Table III. 

Data on ethylene chloride. 

Run No .2. 


, 'Temp. "K 

(i/Dxw 

Press, (mm) 

aCs 

(€-l)X10« 

P (cc) 

588.6 


171.4 

522 

733 

52.3 

587.2 


161.0 

484 

681 

.. 51.5 

587.5 


164,0 

437 

617 

45.8 

> 

< 

Cn 

00 

00 

1.70 




49.9 

533.2 


192.8 

611 

854 

49.0 

532.2 


177.5 

583 

815 

50.7 

531.6 


171.1 

565 

791 

51.0 

Av. 532 

1.88 




50.2 

. 495 . 2 


171.7 

608 

850 

50.9 

495.5 


170.8 

606 

847 

50.9 

Av. 495 

2.02 




50.9 

392.9 


130.8 

590 

826 

51.4 

393.8 


128.6 

586 

814 

51.6 

Av. 393 

2.55 




51.5 


Table IV. 

Data on ethylene bromide. 

Run No. 1. 


Temp. °K 

(i/r)xi03 

Press, (mm) 

aCs 

(e-l)X10« 

P (cc) 

298.5 


11.1 

75 

114 

64 

298.6 


10.8 

75 

114 

66 

298.6 


11.0 

90 

137 

77 .. 

298.6 


10.0 

75 

114 

71 

298.7 


10.2 

78 

119 

72 

Av. 299 

3.35 




70 

346.6 


21.8 

92 

140 

45.4 

346.6 


20.4 

89 

137 

47.9 

346.7 


20.0 

84 

128 

46.2 

Av. 347 

2.88 




46.5 

401.0 


19.8 

74 

113 

47.6 

401.0 


54.5 

205 

310 

47.4 

Av. 401 

2.50 




47.5 

449.2 


121.4 

391 

■ 587' 

45.2 ■ 

449.3 


125.6 

406 

609 

45.2 

' Av. 449 , 

2.23 




45.2 

490.3 


87.7 

314 

: 472 

54.8 

490.4 ' 


93.9 

336 

505 

54.7 

Av. 490, 

2.04 




54.8 _ 



Eth^dene chloride (from the Eastman Kodak Company) was washed 
twice with normal NaOH and three times with water. It was then dried over 
fused CaCl 2 for several days and fractionally distilled. The vapor of the dis- 
tillate was kept in contact with P 2 OB for several days. The liquid was then 
distilled directly into the apparatus as described above. B.P. 82.3“82.6°C. 
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Ethylene bromide (from the Eastman Kodak Company) was treated ir 
the same way as the ethylene chloride except that the distillation was car- 
ried out under reduced pressure. 


Table V. Data on ethylene bromide. Run No. 2 


Calculations with Ethylene Chloride Data 
The Debye linear equation for the polarization as a function of the tem- 
perature is, P = 23.9-f^/r, where the value .4=23.9 for the deformation 
polarization is that obtained by Hitchcock-^’ for the solid substance and is, 

Table VL 


Temp, 

(i/r)xw 

Press, (mm) 

ACs 

(€-l)Xl0« 

P(cc) 

611.9 


130.1 

324 

510 

. 49.8 

613.2 


103.6 

254 

400 

■49.2 

Av. 612 

1.64 




,49.5 

562.2 


89.4 

410 

642 

84.0 

562.2 


61.7 

283 

447 

84.6 ' , 

Av. 562 

1.78 




84.3 

494.5 


109.3 

481 

750 

70.5 

494,9 


89.8 

391 

613 

70.2 

Av. 495 

2.02 




70.4 

454.0 


87.0 

285 

449 

47.3 

454.2 


80.1 

268 

422 

49.8 

Av. 454 

2.21 




48.6 

425.5 


80.5 

265 

419 

45.9 

425.2 


71.8 

238 

376 

46.3 

425.2 


65.2 

224 

354 

47,9 

Av. 425 

2.36 




46.7 

392,3 


67.1 

249 

392 

47.6 

392.0 


67.4 

248 

391 

47.3 

Av. 392 

2.55 




47.5 

363.5 


45.4 

196 

311 

51.7 

363.4 


46.5 

202 

320 

51.9 

Av. 363 

2.76 




51,8 


Hitchcock, Quoted by Smyth, J. Am. Chem. Soc. 53, 4242 (1931) 





VARIATION OP DIELECTRIC CONSTANT 135 

furthermore, in good agreement with estimates by the optical method. The 
constants 5 calculated from the experimental points, and the corresponding 
moments Ai are given in Table VI. 

The application of Meyer’s equation will now be described, again taking 
the deformation polarization to be 23.9. Eq. (9) then becomes 

P = 23.9 + B\\/T) + B'C{l/T)\ 

The constants in this equation can be obtained from two experimental points. 
These points were selected so as to give the best approximation to all the 
experimental results. 

Points selected. ^ 


1/T 


(i/T)^ 


P 


2.02X10-5 

2.55 


4.08X10-5 

6.50 


51.0 

51.5 


: The results of the calculation are 5' = 23.3X103 and .B'C = 4.89X 10^ so 

that the equation for the total polarization is 

I -P = 23.9 + 23, 300(l/r) - 4,890, 000(l/r)2. 

i The equation for the moment is, 

} = (9V4?riV) [23,300 - 4,890, 000(l/r)J. 

^ From this equation the values of m in Table VII are obtained. Assuming 

; Table VII. 


I „ ^ e.s.u . 

298 
346 
, 394 
448 
495 
532 
588 
(<«) 


3.36 

2.89 

2.54 

2.32 

2.02 

1.88 

1.70 

( 0 . 00 ) 


1.22 
1.33 
1.42 
1.48 
1.52 
, 1.56 

( 1 . 94) — for free rotation 


the valence angle 0 to be 70° the characteristic moment for C— Cl can 
i! , . be obtained from : 

. 5 '=: {A7tN/9k)2{jXl^ff)^, 

I . with the result that 

MC--C7 = 1.46 X e.s.u. 

^ Calculations with Ethylene Bromide Data 

The Debye linear equation in this case is, P = 29.7+5(l/r), where the 
deformation polarization is 29.7.*“ The individual experimental points, sub- 
r. stituted in this equation give the results of Table VIII. 




I 
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Table VIII. 


Temp.'K 

P (cc) 

■ ■■ B 

jaXlO^^ e.s.u. 

347 

46.5 

5830 

0.97 

392 

47.5 

6980 

1.05 

401 

47.5 

7130 

, :,i.07 : 

425 

46.7 

7220 

1.08 

449 

45.2 

6960 

1.04 


In applying Meyer’s equation to the ethylene bromide data it was found 
that the points for the higher temperatures cannot fall on a parabola whose 
constant A has the value 29.7 and which represents the more reliable data 
at the lower temperatures. For this reason, the Meyer equation was applied 
only to the points corresponding to the lower temperatures in the case of 
ethylene bromide. 

Points selected. 


2.SX10“3 

2.88 


6.25XiO~« 

8.29 


The equation for the total polarization is, 

P = 29.7 + 15600(l/r) - 3,390,000(1/P)2, 
and the equation for the moment becomes, 

^2 ^ (9 V47rif) [15600 - 3,390,000(1/7)] . 
From this equation the values of {y) in Table IX are obtained: 

Table IX. 


T ■ 

{i/T)W 

/iX10^®e.s.u. 

357 

2.8 

0.99 

385 

2.6 

1.05 

417 

2.4 

1.10 

, '455 ■ 

2.2 

. 1 . 15 

(^) 

(0.0) 

(1 . 59)-— for free rotation. 


Since S '= 1 5600 and 0 = 70®, 

= 1.20 X 10“^^ e.s.u. 

Discussion of Results 

The results of Zahn and Sanger for the vapors and the results of Smyth 
and Meyer for solutions are plotted, together with our results, in Fig. 5. 
The dashed curves represent the experimental curves of the various investi- 
gators while the full curves are the parabolas used in the calculation of our 
results. The circles represent results from vapor determinations and the 
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squares are results from solutions. The horizontal line separates the ethylene 
chloride points from those for ethylene bromide. Results for both compounds 
are plotted on the same axes and to the same scale. The low temperature 
values for the vapor and the high temperature values for the solutions are 
probably the least accurate. • 

For ethylene chloride our two points at the lowest temperatures undoubt- 
edly are high due to adsorption of vapor on the condenser cylinders. This was 
confirmed by purposely coating the condenser cylinders with some thermal 
decomposition products of the vapors by admitting vapor to the condenser 
chamber at 400 ®C. With the adsorptive properties of the surface increased 
in this manner the P values obtained at the low temperatures were consider- 
ably higher than those shown on the graph. The range of temperature avail- 



Fig. 5. 


able for the investigation of ethylene bromide was much less than that for 
ethylene chloride. The erratic effects at high and low temperatures are indi- 
cated by the high values of the polarization P in Tables IV and V. 

The dashed curves represent our interpretation of the experimental data 
reported by other investigators and by us. They support the theory that this 
type of compound should have a nonlinear relation between P and 1/P. 

For ethylene chloride the full curve on the graph, representing a parabolic 
relation between P and l/P and calculated from our data, is a fair approxi- 
mation to the experimental points. This theoretical curve has a greater curva- 
ture than the experimental curve and the maxima do not come at the same 
place. This is undoubtedly due to the particular selection of the deformation 
polarization in the calculation of the theoretical curve. A parabola could be 
drawn through three points on the experimental curve, and in this way the 
constant A in the equation could be evaluated directly from experiment. 
However, this procedure could hardly be expected to give an accurate meas- 
ure of the deformation polarization. 
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The characteristic moment of (1.46X10-^^) for the C— Cl bond, obtained 
from the constant B', compares well with the value of (1.5X10""^®), usually 
accepted. However, the figure (1.46X10”^^) is low compared to the experi- 
mental moment of methyl chloride, which is (1.86X10”^^) according to the 
tables of Smyth.^^ 

Although our experimental points for ethylene bromide fall on a smooth 
curve it will be noticed that there is a rather sharp change in curvature at the 
peak. This, together with the large slope of the curve to the left of the peak, 
indicates that the two points for the higher temperatures may be too low. 
Even a straight line through these two points would give an intercept too 
small for the deformation polarization. 

The constant B ' for the parabola chosen as the representation of the 
data gives a characteristic moment for the C-Br bond of (1.20 XlO""^®). This 
seems low compared to the value of (1.5 X10~^^) usually accepted. In this 
connection, however, the question arises as to why the bonds C-Cl and C-Br 
should both have characteristic moments of (1.5X10""^^) when the moments 
of the corresponding methyl compounds are (1.86 X10~^®) and (1.45X10”^®) , 
respectively.^^ It may be worth while to point out that the ratio of the char- 
acteristic moments obtained from ethylene chloride and ethylene bromide is 
very close to the ratio of the moments for the methyl compounds. Thus, 

(/xi for C - Bf)/(jui for C - C/) = 1 . 20/1 
(ixfotCH,Br)/(/j,iovCIlsCiy=lAS/l.S6=^ 

The Table X contains a comparison of our moments for ethylene 
chloride calculated by the optical method and by the parabolic equation, 
with those reported by Zahn® for the vapor. The moments of Zahn were ob- 
tained by graphical interpolation for the temperatures listed in our table. 
Zahn calculated his moments by means of Eq. (2"). Since his experimental 
curve for the polarization P agrees very well with ours his values for the 
moment can be used as a comparison of the method of calculation. The results 
of all three columns approach each other at the higher temperatures, while 
at lower temperatures the first and third columns deviate from the second 
and from each other. The optical method is definitely the least reliable. 


Table X. Values of {Ethylene chloride,) 


Temp. °K 

Optical method 

Parabolic equation 

Zahn , 

298 

1.27 

1.05 

1.10 

346 

1.28 

1.22 

1.25 

394 

1.32 

1.33 

1.36 

448 

1.41 

1.42 

1,44 

495 

1.48 

1.48 

1.49 

532 

1.52 

^ 1.52 

1.53 

588 

1.57 

1.56 


(«=) 


(1.94) 



Smyth, Dielectric Constant and Molecular Structure, Chemical Catalog Co. (1931). 
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The comparison of n values calculated for ethylene bromide vapor by the 
optical method, by the method of the parabola, and as reported by Zahn'® 
are given in Table XI. These results cannot be used for a study of the 
several methods of calculation because the different columns are not based 
upon the same experimental points. In view of this it is surprising how well 
they agree. 

Table XI. Values of i^X 10^^. {Ethylene bromide.') 


Temp. °K 

Optical method 

Parabolic equation 

■ Z; 

aim 

357 

G.99 

0.99 

0, 

.98 

385 

1.04 

1.05 

1. 

.01 

417 

1.08 

1.10 

1, 

,05 
,13 ?' 

455 

1.02? 

1.15 

1. 

(co) 


(1.59) 



The striking thing about the results for ethylene chloride, both in solution 
and as vapor, is that, with the exception of a few points in individual cases, 
they could all be represented as a family of parabolas having a common inter- 
cept. The parabola used by us would be a typical one for the family. The dif- 
ference in the various parabolas is to be found in the heights and positions 
of the maxima. The same thing could probably be said for the data on eth- 
ylene bromide. The difference between the results for vapor and solution ap- 
pears to be the same type of difference but of a larger order of magnitude. 
The horizontal position of the maximum is governed by the constant C in the 
equation. This can be seen at once by setting the derivative with respect to 
1/r equal to zero. It has been pointed out that the constant C is a function 
of structural constants of the molecule. Consequently the difference between 
the curves for the vapor and for solutions may be due to some structural 
change within the molecule when it is dissolved. The difference between the 
results with the vapor and with solutions for ethylene bromide is much less 
than in the case of ethylene chloride. This might be expected on the above 
basis due to the heavier bromine atoms resisting structural changes more 
strongly than the chlorine atoms. It is not meant to. suggest here that the 
discrepancies between different experiments with the vapor are due to struc- 
tural changes since these differences are of the order of the absolute experi- 
mental error. 

Conclusions 

(1) The results of the present experimental work are in accord with previ- 
ous work which shows both ethylene chloride and ethylene bromide to give 
a nonlinear relationship between the total polarization P and the reciprocal 
of the absolute temperature (l/T). 

(2) At the lowest temperatures adsorption on the condenser cylinders 
tends to give high values of the total polarization and thus tends to decrease 
or even reverse the curvature of the P vs. l/P relation. 

(3) At the highest temperatures ethylene bromide vapor gives abnormally 
high values for the total polarization, due, it is supposed, to the beginning of 
a thermal decomposition of the material. 
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(4) The relation between the total polarization ana tne recipruo<ti ux 
absolute temperature l/Tfor the ethylene halides can be represented by an 

equation of the form 

p ^ A +B\\/T) - B^C{l/T)K 

This equation should be applied to such systems in which the relationship 

between P and 1/r is nonlinear. ^ ^ . r 

(5) The differences between the P vs, l/P relationships for vapor and for 
solution can possibly be explained as due to changes in the internal struc- 
ture of the molecule in question, due to the influence of the solvent. 

(6) The theoretical ideas presented permit the calculation of the charac- 
teristic moments of the C-Cl and the C-Br bonds from the experimental data. 
In this computation it is assumed that the angle between the line joining the 
centers to the two carbon atoms and the direction of the carbon to halogen 
bond is that required by the normal undeformed tetrahedra used to represent 

the spatial configuration of the molecule. 
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LETTERS TO THE EDITOR 

Prompt publication of brief reports of important discoveries in physics may 
be secured by. addressing them to this departmenL Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 

Probabilities of K’-Electron Ionization of Silver by Cathode Rays 

The work reported here is an extension of a which the silver was deposited, we are now 

research described in previous papers^ on the using 0.025, a fair representative of the values 

probabilities of iC-electron ionization of silver found by Neher.^ These new data are all based 

by cathode rays, as measured by the intensi- on one film, about 500A thick. We therefore 

ties of the Ka lines. To make it possible to plan to make further measurements, for 

have all collisions producing x-rays for any greater accuracy and for certainty that there 
one measurement occur at the same cathode- was nothing radically wrong with that film, 
ray speed, we are using constant potentials, before publishing the results in detail, 

of course, and also targets thin enough to In the meantime, however, assuming for 

avoid serious retardation of the cathode rays the present that they are at least a good first 
while they are in the silver. approximation, we can make some statements 

The previous work extended only to 85 kv, about their relation to various theories. The 
or 3.3 Vk (where Vr is the A^-series excitation theories of Rosseland,® Thomas,^ Ochiai,® and 
voltage), but we are now working to IVr* Be- Bethe® are all based on the inverse-square law 
cause of the difficulty of exact absolute meas- of repulsion between the cathode ray and the 

urements of x-ray intensities, or even of the K electron, though with various differences in 

thicknesses of these very thin targets, we are other assumptions. Rosseland and Thomas 

reckoning all probabilities in terms of the used classical quantum mechanics, and there- 

most convenient arbitrary standard, the prob- fore were definite in their predictions. The 

ability at IVr- The ratio of the probability theories of Ochiai and Bethe, on the other 

at any other voltage to this standard, we call hand, are based on single-term approxima- 

where F/Fk:. tions by Born’s perturbation method, and are 

In these terms, j( ^^) is of course zero up to therefore restricted to values of IC8>L Whether 
1/-1, and there it begins its rise abruptly, this restriction keeps them from being applica- 
its graph starting upward from U—1 with a ble in the range 27^7 or not, we cannot say; 

finite slope. The graph is concave downward, nor can we be quite sure of what can be as- 

and reaches a very flat maximum, j(^0 re- sumed, under conditions straining the above 

maining with 2 percent of 1.21 from 27=3.5 restriction, as to possible variations in some 

to Z7=7. Aside from the standard, 7(2) = 1.00, quantities treated as constants. But if we in- 

some values at other points are as follows: terpret them correctly, all these inverse- 

j{l.2) =0.39,7(1*5) =0.72,7(2.5) = 1.11, 7(3) = square-law theories agree in predicting a nota- 

1.18. All these values confirm the earlier work ble decline in the ionization probability in the 

to within ±0.01, except at 27=3, where the region where we find our flat maximum, 

earlier value was lower by 0.025, probably be- 
cause of gas in the tube. The values of 7 given * H. V, Neher, Phys. Rev. 37, 655 (Mar.i, 

here are all corrected for cathode-ray diffu- 1931), (Letter to the Editor.) 
sion effects, as explained in the Physical .Re- s 3^ Rosseland, Phil. Mag. 45, 65 (1923). 

view paper cited above; but for the rediffu- * L. H. Thomas, Proc. Camb. Phil. Soc. 23, 

sion constant of beryllium, the material on g29 (1927). 

® K. Ochiai, Proc. Phys. -Math. Soc. of 
1 Phys. Rev. 37, 115 (Jan. 15, 1931) and Japan 11,43 (1929). 


Proc. Nat. Acad. Sci. 14, 769 (1928). « H. Bethe, Ann. d. Physik 5, 325 (1930). 
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The only other quantum theory of x-ray 
line intensities that we have seen is the oldest 
of them all, that of Davis,’' who assumed the 
collisions to be equivalent to those of hard 
spheres. This theory predicted a deviation 
from our data in the direction opposite to 
that of the inverse-square theories. 

To explain these deviations, several ideas 
present themselves. One is that the invwse- 
square law ought to be the best basic hypothe- 
sis, but that the deviations of these inverse- 
square theories from the data are caused by 
relativity effects, which might well be large 
at these voltages. Another idea is that the in- 
verse-square law may fail between electrons 
at distances less than cm, such as are 
demanded by these theories for the transfer 
of the large amounts of energy carried by our 
cathode rays. Still another idea is that the 
inverse-square law may fail for some other 
reason, connected with the dynamics of elec- 
trons within an atom, rather than with high 
energy. This last idea is the only one of these 
three, at least, that will explain observations 
on the inert gases by Hughes and Klein, ^ 
Compton and Van Voorhis,^ and Smith.^o 
Their data cover argon, neon and helium, and 
in all cases show the same sort of departure 
from the inverse-square theories that we find 
here. Helium may perhaps be the best for 
comparison with our data, since it contains 
only K electrons; and Smith’s data show- most 
clearly a very fiat maximum around 4.5 Tx, 
remarkably like that given by our silver K 
electrons. Here at least, at 110 volts, there is 
no relativity or high energy problem. 

^ B. Davis, Phys. Rev. 11, 433 (1918). 

® A. L. Hughes and E. Klein, Phys. Rev. 
23,450 (1924). 

^ K. T, Compton and C. C. \^aii Voorhis, 
ibid. 26, 436 (1925) and 27, 724 (1926). 

P. T. Smith, ibid. 36, 1293 (1930). 

Concerning the Production of Groups of 

The experiments with counters and cloud 
chambers have shown that the ionization at- 
tributed to the cosmic radiation is produced 
by ionizing corpuscular rays (capable of dis- 
charging a counter or of producing a cloud 
track) of energies ranging from 10® to 10^® ; 

electron volts. At least some of these corpuscu- 
lar rays are secondaries originating within the 
surrounding matter, but whether the primary 
radiation which ejects these secondaries itself 
consists of ionizing corpuscles or is of a non- < 


To test the possibilities of laws other than 
the inverse-square, therefore, we have tried 
an interpolation between it and Davis’s in- 
verse-infinity power. For this purpose we 
made all other assumptions exactly like those 
of Rosseland’s theory, the simplest of the in- 
verse-square theories, but substituted an in- 
verse-cube law for the inverse-square. The 
result is the equation 


^ \2cos-^ t7"-i/2/ J 

This equation fits our present experimental 
values oiJiU) to within ±0.01 for all values 
of U up to 3, though it is low by 0.04 at Z7==5 
and by 0.08 at Z7 = 7. Altogether, it fits far 
better than any of the other theories, unless 
possibly the changes with U in the param- 
eters of Bethe’s theory may make it fit bet- 
ter than it appears to. 

We must recognize, of course, that any 
theory such as this, based on the classical con- 
cept of force, with the introduction of quanta 
as extraneously imposed prohibitions, is at 
least antiquated. We must also remember 
that there is no basis for an inverse-cube hy- 
pothesis other than ad hoc. We therefore ofifer 
this hypothesis, not as one to be taken liter- 
ally, but as a suggestion on the direction in 
which it may prove wwth w±ile to change the 
potential energy functions used in better theo- 
ries. 

D. L. Webster 
W, W. Hansen 
F. B, Duveneck 


Stanford University, 

California, 

August 25, 1932. 

Secondaries by the Cosmic Radiation 

ionizing gamma-ray or neutron character has 
been an unansw^ered question. 

Experiments by Rossi^ and by the writers- 
have showm that there are frequent groups 
consisting of two or more divergent ionizing 
rays w±ich emerge simultaneously from a 

^ B. Rossi, Phys. Zeits. 33, 304 (1932); 
Rend. Lincei XV, 734 (1932). 

2 Johnson and Street, Phys. Rev. 40, 638 
(1932). 
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block of lead, and a similar grouping phe- 
nomenon has been observed by those who 
have worked with cloud chambers. These ob- 
servations could be explained by any one, or 
all of three postulates. 1. The primary may 
be an ionizing ray which in passing through 
matter produces other ionizing rays by close 
collisions with electrons or nuclei. II. The pri- 
mary may be a non-ionizing ray whose en- 
ergy is at once transferred by a single nuclear 
collision to a group of secondary ionizing rays. 



III. The primary may be a non-ionizing ray 
whose energy is degraded by the formation of 
a succession of ionizing rays along an extend- 
ed path. 

lo distinguish between these postulates we 
have made some experiments with the ar- 
rangement of three counters and the lead 
block shown in Fig. 1. If II is the correct 
hypothesis the presence of the lead block in the 
position indicated should have only an ab- 


sorbing effect on the triple coincidence count- 
ing rate whereas an increase due to the lead 
should be noticed if I or III is right. The re- 
sults in Table I show an increase due to the 
lead which is well above the statistical proba- 
ble error, proving that at least a part of the 
grouping phenomenon must be accounted for 
either by postulate I or by III or perhaps by 
both. 

To determine which of these two postulates 
applies, some experiments with the arrange- 



Fig. 2. Effective length of counter 12 cm. 

ment of counters and lead blocks shown in 
Fig. 2 have been carried out. In this case the 
circuits were arranged for counting the double 
coincidences between counters 1 and 3 simul- 
taneously with the triple coincidences. Counts 
were made both with the three lead blocks in 
position and with all of the lead removed. 
An explanation® of the transition effects dis- 

® T. H. Johnson, Phys. Rev. 41, 545 (1932). 
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Distance 


counting Total 

period counts 


Counts p( 
minute 


Difference 
due to lead 


with lead 2484 min. 

without lead 3971 


with lead 3069 

without lead 2512 


with lead 5795 

without lead 3886 


194 0.034 + 0,002 

63 0.016 + 0.001 


pendent of the condition above. However, 
most of the secondaries are sufficiently pene- 
trating to pass through all three counters in 
the absence of the lead. If E is the efficiency 
of counter 2, the ratio T/D of triple to double 
counts without the lead is E whereas, with the 
lead in place, this ratio is EP, where P is the 


unaccompanied by ionizing secondaries over 
such a large fraction of its path that P would 
be less than unity by an easily detectable 
amount. (If three were the average density of 
independently formed secondaries 20 percent 
of the path of the primary should be non- 
ionizing.) We are, therefore, left with the 


Spacing 


Total 

double 

counts 


Total 

triple 

counts 


between Thickness 
counters of lead 


counting 

period 


1228 min. 2289 


1913 0.84 ±0.01 with lead 

1954 0.82 +0.01 without lead 

1731 0.84+0.01 with lead 

1615 0 .81 ±0.01 without lead 


probability of any element of the path of the 
primary in lead being traversed by at least one 
ionizing ray (whether it be the primary itself 
or one of its secondaries). The results ob- 
tained are shown in Table II, from which it 
appears that there is no change in the ratio 
T/D due to the lead within the limits of error. 
Hence P is equal to unity. We must conclude, 
therefore, that the primary ray is either itself 
an ionizing ray or, if it is a non-ionizing ray, 
it is always accompanied by at least one of its 
secondary ionizing rays. This latter possibility 
must be excluded on other grounds. In the 
first place, the groups observed in the cloud 

*H. Schindler, Zeits. f. Physik 72, 625 
(1931). 


conclusion that all of the groups observed 
in the first experiment arise from an ionizing 
primary. This ray, of course, may itself have 
been produced by a non-ionizing gamma-ray 
or neutron and, furthermore, it is still possi- 
ble that a part of the groups observed by other 
arrangements of counters or in the cloud 
chamber may arise according to postulate 11. 

We are indebted to Dr. E. C. Stevenson 
for his help in arranging the circuits and in 
recording the data. 

J. C. Street 
Thomas H. Johnson 

The Bartol Research Foundation of The 
Franklin Institute, Swarthmore, Pa. 

August 29, 1932. 
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Structure of Atomic Nuclei. 11 


It seems to be possible to regard the lighter 
nuclei as if their only constituents were pro- 
trons and neutrons. The writeri -2 has sug- 
gested that closed shells exist, and that this 
may explain the presence of the ‘^clusters” of 
nuclei discovered by Barton.^ The center of 
the cluster seems to lie about where the shells 
would be half-completed, provided that the 
closed shells correspond to the masses 36, 64, 
100, 144, etc. On the simple model above, Zii 
64 would have 30 protons and 34 neutrons, 
and it is hard to attach any particular signifi- 
cance to this arrangement. Also, one is rather 
at a loss to explain just what the constitution 
of Cl 37 is, unless it is admitted that after a 
closed shell has once become filled, stability 
conditions may favor the existence of holes in 
the closed shell for certain heavier isotopes. 

To avoid these difficulties, one way is to 
adopt a tentative suggestion made to the 
writer by Prof, Dirac. This is that electrons 
may have a separate existence in certain nu- 
clei, since /?-type disintegrations exist. That 
is, that there are at least three types of pri- 
mary particles, namely proton, neutron, and 
electron. The neutron is not to be thought of 
as a combination of proton and electron, but 
simply as a fundamental building-stone. 
Finally, the total angular momentum of the 
nucleus is integral or half-integral according 
as the total number of such independent par- 
ticles is even or odd. This suggestion throws 
light on other phenomena and necessitates a 
revision of some earlier concepts. 

In the central field of A 36, which has 18 
protons and 18 neutrons, a neutron and an 
electron seem to be stabler than just a neu- 
tron. When they are added, Cl 37 is the result. 
One added proton gives A 38, and another 
proton K 39, where branching occurs. A neu- 
tron may be added, and an electron either 
added or taken away, resulting in the isobars 
A 40 and Ca 40, respectively. The existence 
of these isobars seems to support the hypothe- 
sis of nuclear electrons. 

If to Ca 40 a neutron and electron be added, 
there is obtained the nucleus K 41, which 
emits and 7 -rays. This nucleus contains 20 
protons, 21 neutrons, and one electron. It 

^ J. H. Bartlett, Jr., Nature 130, 165 (1932). 
2 J. H, Bartlett, Jr., Phys. Rev. 41, 370 
(1932). 

^ H. A. Barton, Phys. Rev. 35 , 408(1930). 


may be that the presence of this electron is 
partly responsible for the radioactivity of K 
41, and that Sc 45 (and possibly Cl 37) will 
also have similar properties. Nuclei up to A 36 
cannot disintegrate with emission of primary 
^-rays, owing to the absence of free electrons. 
The isotopes thus far reported for the mass 
range 36 <M^64 are Cl 37, K 39, Ca 40, A 
40, K 41, Ca 44, Sc 45, Ti 48, Cr 50, V 51, Cr 
52, Cr 53, Cr 54, Fe 54, Mn 55, Fe 56, Ni 58, 
Co 59, Ni 60, Cu 63, and Zn 64. It has already 
been noted^ that ^^isotopes only become nu- 
merous for atomic numbers >29.” A glance at 
the distribution of isotopes seems to show one 
that a new regularity begins at M=64, and 
this we associate with the hypothesis that a 
closed shell has been formed. That is, Zn 64 
is to consist of 32 protons, 32 neutrons, and 
two electrons. Though many points are miss- 
ing in this mass range, still there are certain 
regularities apparent. For instance, the group- 
ings Cr 50— V 51— Cr 52, Fe 54 — Mn 55— Fe 
56, and Ni 58 — Co 59 — Ni 60 are similar. It 
is probable that a fourth, Zn 62— Cu 63— 
Zn 64, exists. From Fe 54 , Mn 55 may be 
formed by the addition of a neutron and an 
electron, and Fe 56 by the further addition of 
a proton. The total angular momentum of the 
Mn 55 nucleus is half-integral, so that it must 
contain an even number of electrons, namely 
two, as one would also expect for Fe 56. The 
nuclei Cr 50, Fe 54, Ni 58, and Zn 62 should, 
on the above basis, contain one electron and 
have half-integral spin values. 

In addition to the isotopes A 38, Ca 42, 
Ti 46, K 43, and Sc 47 predicted by Beck,® we 
would suggest V 49 or Ti 49, Fe 57 and 58, 
Ni 61 and 62, and Zn 62 as rather probable. 

The isotopes which have been found for the 
mass range 64 < M ^ 100 are Cu 65, Zn 66 - 68 , 
and 70, Ga 69 and 71, Ge 70-77, As 75, Se 
74, 76-78, 80, and 82, Br 79 and 81, Kr 78, 
80, 82-84, and 86 , Rb 85 and 87, Sr 86-88 
Y 89, Zr 90, 92, and 94, Nb 93 , Mo 92, 94-98, 
and 100, and Ru 96, 98-102, and 104. For 
most elements of even atomic number in this 
range, the isotopes have a mass range of 
about eight, as is exemplified by Zn 64-70, Ge 
70-77, Se 74-82, Kr 78-86, Mo 92-100, ind 
Ru 96-104. Accordingly, it might be expected 

^ Rutherford, Chadwick, and Ellis, "Radio- 
active Substances,” p. 524. 

® G. Beck, Zeits. f. Physik 47, 407 (1928). 
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that strontium has isotopes between 84 and 
92, and zirconium isotopes between 88 and 
96. We note the groupings Zn 64— Cu 65— 
Zn 66, Ge 70—Ga 71— Ge 72, Se 74— As 75— 
Se 76, Kr 78— Br 79— Kr 80, Mo 92— Nb 93— 
Mo 94, and Ru 96 — (Ma 97) — Ru 98. 

In the mass range 100 < M ^ 144, the known 
isotopes are Ag 107 and 109, Cd 110-114, and 
116, In 115, Sn 112, 114-122, and 124, Sb 
121 and 123, Te 122-128 and 130, I 127, Xe 
124, 126, 128-132, 134, and 136, Cs 133; and 
Ba 135-138. Since Sn and Xe have isotopes 
covering a mass range of twelve, this is proba- 
bly true for other elements of even atomic 
number, and we should expect Te 118-130, 
Cd 106-118, Pd 100-112, and Ba 130-142. 

Finally, a determination of the spin value 
for each isotope would be invaluable in de- 
ciding what the makeup of the nucleus is. 
For instance, Cl 35 has supposedly 17 protons 


and 18 neutrons, so that the closed shell lacks 
oned-proton. The ground state should there- 
fore be an inverted i9-doublet, the lower level 
of which would have a total angular momen- 
tum J== 5/2, which is the value actually ob- 
served.® If Cl 37 does have an electron, then 
its spin should be either 2, 3, or 4. For this 
reason, it is not safe to assume, in unraveling 
a fine-structure pattern, that the nuclear spin 
for elements of odd atomic weight is capable 
of only half-integral values. At present, the 
information about nuclear spins is relatively 
meager, so that the rate of progress with nu- 
clear stability questions is thereby limited. 

James H. Bartlett, Jr. 

Quincy, Mass., 

August 30, 1932. 

® A. Elliott, Proc. Roy. Soc. 127, 638 
(1930). 
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Luminosity of Sodium Flkmes 










In a recent article by Bonner (Phys. Rev. 
40, 105, 1932) on the luminosity of sodium 
flames attention was called to the fact that 
the greater part of the absorption of the 
sodium light by such flames occurs at their 
surfaces. It follows from this that a sodium 
flame which does not have any cool surface, 
such as was used by Bonner, must show less 
absorption than those with which other ex- 
perimenters have worked. It is, therefore, sur- 
prising to find the opposite of this indicated 
by Bonner’s data for concentrated solutions 
of NaCl. 

That this difference is due neither to a 
difference in the apparatus used for measuring 
the light nor to the system of units employed 
is shown by the fact that Bonner found with 
dilute solutions less absorption than did 
either Locher (Phys. Rev. 31, 466, 1928) or 
myself (Phys. Rev. 38, 699, 1931). Similarly 
this difference can not be explained by any 
uncertainty in my measurements regarding 
the effective center of the flames, as was sug- 
gested by Bonner, since an error due to such a 
cause would have made my results different 
from his in the same way and to the same ex- 
tent with both dilute and concentrated solu- 
tions and such was not the case. 

Because Bonner’s data was so different from 
what one might expect, I repeated his ex- 
periments as nearly as I could with the ap- 
paratus which I had previously used. I found, 
however, that it was impossible to make ac- 


curate measurements of the length of the 
flame. Bonner had placed a non-luminous 
flame in front of the one into which salt was 
being sprayed, in order to keep the surface o 
the sodium flame hot. Due to diffusion of the 
sodium from one part into the other it was 
impossible to determine accurately the bound- 
ary between the two. If I measured the length 
of the sodium flame as if there were no 
diffusion from one part into the other, I ob- 
tained results which were much the same as 
those obtained by Bonner; but if I assumed 
that the sodium flame ended where it ap- 
peared to the eye to end, I obtained data simi- 
lar to those which others have obtained. Bon- 
ner apparently assumed that it makes no 
difference how much diffusion there is from 
one part to the other. This would be entirely 
allowable, if it had been proven that a given 
amount of sodium gives the same amount of 
light irrespective of the number of flames into 
which it may be sprayed, but this is the as- 
sumption which Bonner is attempting to 
prove by his experiments and should not be 
assumed in the proof. 

I believe, therefore, that one is justified in 
refusing to accept Bonner’s experiments as 
definite proof of his conclusion. 

. . . G. D.' Child 

.Colgate University, 

Hamilton, New York, 

September 8, 1932, 
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The Gyromagnetic Ratios for Nickel and Cobalt 


In a paper recently published by the 
American Academy of Arts and Sciences 
(Proceedings, voL 66, No. 8, pp. 273-348) I 
have given an account of an elaborate investi- 
gation of the rotation of permalloy and soft 
iron by magnetization. The gyromagnetic 
ratios for the two substances were found to 
be, respectively, l.QSXmJe and IMXm/e, 
with errors probably less than | percent. 

Many successful observations have now 
been made on the less tractable substances 
nickel and cobalt. Preliminary values for the 
gyromagnetic ratios for these substances are, 
respectively, l.Q6Xm/e and 1.07 Xw/e. The 
method, an alternating-current one, had to 
be modified to reduce the effects of certain 
sources of error, including magnetostriction, 
before any success was obtained with cobalt. 
Inasmuch as serious errors not suspected by 
other investigators have been eliminated in 
ail of this work, the results obtained are far 
more reliable than those obtained by others, 
who have always obtained 1 Xm/e within the 
limits of their supposed experimental errors 
(with the exception of Einstein and de Haas, 


who, in 1915, thought they had found 2 
Xmje), 

The gyromagnetic ratios obtained in this 
investigation agree with those published by 
L. J. H. Barnett and myself in 1925 {Pro- 
ceedings American Academy of Arts and Sci- 
ences, vol. 60, No. 2) as the result of an 
elaborate investigation of the magnetization 
of many ferromagnetic substances by rota- 
tion, the mean for all these being 1.06 A, 
with an error estimated as not greater than 
2 percent. They also agree with the results 
obtained by me for iron when the effect was 
discoi^ered in 1914, in view of the relatively 
large experimental error (some 10 or 15 per- 
cent) in these early observations. A complete 
account of this new work will be published 
later. 

S. J. Barnett 

The University of California at Los Angeles, 
and 

The California Institute of Technology 
September 12, 1932. 


Angular Distribution of Electrons Scattered in Mercury Vapor 


In a recent paper (Phys. Rev. 40, 731, 
1932) describing an investigation on the 
scattering of electrons in mercury vapor, Tate 
and Palmer conclude that Mott’s theor^^ is 
quite inadequate to account for the angular 
distribution of the electrons which are scat- 
tered elastically. Mott’s theory leads to a 
formula 

/ 0 \ 2 

(Z-F) cosec2 -».) 

^ 2mv^ 2 / 

where I(B, v) is the number of electrons having 
a velocity v and scattered through an angle 
B, Z the atomic number of the scattering 
atom, and F the atomic structure factor. Their 
conclusion is based on the fact that the ex- 
; perimental curve representing the number of 

electrons scattered as a function of the angle 
is far less steep than the curve representing 
cosec^ (0/2). This method of testing 
formula implicitly assumes that F is inde- 
pendent of 0, an assumption which is not cor- 
rect. F values are given by James and Brind- 
ley (Phil. Mag. 12, 81, 1931) for caesium 
(Z = 55), together with a formula which en- 


ables one to calculate the F values for any 
other heavy element from those listed for 
caesium. In this way a table of F values for 
mercury was constructed. On using these 
values in the formula given above, Mott’s 
function /(0, a) could be calculated. It was 
then found that there was a much better 
agreement between the theoretical curve and 
the experimental curve. The experimental 
curve is now somewhat steeper than the curve 
representing (Z-F)2 cosec^ (0/2), a result 
which is in accord with that obtained by 
Hughes, McMillen and Webb (Phys. Rev, 
41, 154, 1932) for the scattering of electrons 
by helium atoms over the same range (0° to 
about 60°). They found that, when the ex- 
perimental curves began to deviate from the 
Mott curves which is the case when electron 
energies less than about 400 volts are in- 
volved, the experimental curves are steeper 
than the theoretical curves. 

The F values used for mercur>^ are prob- 
ably to be regarded only as a fairly close ap- 
proximation. When such values are used to 
calculate a difference, (Z — F), it is evident 
that we cannot at present expect to construct 
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Lines conforming to width 
of image of efectron beam 


LL IVidfh of image 
~f of electron beam 


Lines extending beyond 
image of electron beam 


Fig. 1. A portion of the mercury spectrum illustrating the lengthening of lines beyond the 

image of electron beam. 

of the spectropaph perpendicular to the nent lines obtained which are classified into 
Cdgtli of the sht. It was found that some of two groups; extended lines and normal lines 
tne hues extended beyond the image of the Fig. 1 illustrates a typical spectrogram ob- 
electron beam, this being particularly true tained. In this particular case the electrons 
.or the resonance line 2537A. This result has 

, ^ ^ Lees, and Skinner, Proc. Rov Sor 1 ^7 A 

Maxwell, Phys. Rev. 32, 715 (1928). 186 (1932). • r 
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were accelerated to a velocity of 200 volts. 
A transverse electric field was applied for the 
purpose of drawing out the spark line 4797A 
as shown in Fig. 1. The shape of the lines was 
not particularly dependent upon the speed of 
the electrons. In genera! the lines having the 
levels 23Po, 2^Pi, as the final state are 
lengthened, whereas the lines terminating in 
the 2^Pi state do not show spreading beyond 
the image of the electron beam. An exception 
to this rule, however, occurs for the line 2 ^P 2 
■— 2‘\S'i (5461A) which does not show any 
appreciable elongation. The lines of the series 
2^P— #5o (4916A, 4108A) showed slight ex- 
tension beyond the image of the electron 
beam, but the line 3801A, 2^Pi~5hS'o showed 
practically no spreading. 

The lengthening of the resonance line 
(253 7 A) is obviously caused by absorption 
since it is very easily absorbed at the pressures 
of about 0.001 mm of Hg used in this case. 

Table I. Lines of the 

Lines extending beyond image 
of the electron beam 


F5n-~23Pi 

2^Pn-2^S, 

23Po-335i 

2»Po*~33Pi 

2^Pi-2^Si 
2^Pi~-3^Si 
23Pi-4='5i 
23Pi-2i5o 
23Pi-33P2, 3»Di 
2?Pi- 4^P2, 4^Di 
a^Pi-S^Ps, 5^Di 

2^P2~3^D, 

2^P2-3m, 


4358 

2893 

2576 

4077 

3125,3131 

2653 

2482 


He(»»P)+He(li5)-He(F5)4-He(?z3p^^ 

occurring outside the electron beam where 
the energy differences between the n^P and 
n^D states are of the order of the thermal 
energy. For mercury, similar atomic col- 
lisions resulting in a change from n^Pf.'to 
w^A. 2.3 states may be possible. Transitions of 
this kind to populate the 2^5i state from any 
of the n^Pi levels will be very unlikely on 
account of the large energy differences in- 
volved. 

Randall and Webb® have measured the 
mean life of the 2’^5i state of mercury by using 
the lines 2®P2-235i (5461A), 2'^Pi--2^St 
(4358A) and 2®Po-2A8i (4047A) and found 
that the lines 4358A and 4047A gave the 
mean life of 5.75X10“*^ sec. while the line 
5461A gave an entirely different value of 
2.37X10'"^ sec. In this connection it is very 
interesting to notice from Table I that the 
mercury arc spectrum. 

Lines conforming to the width 
of image of electron beam 

2iPi-4^A 4347 

2iPi-~5iA 3906 

2^Pi-6W2 3704 

2^Pi-7iA 3592 

2iPi-5i5o 3801 

2^P2-2^Si 5461 


It has been proposed^ that the lengthening of 
the other lines was caused by absorption of 
atoms in the 2^Po, 2^Pi and 2 ®P 2 state located 
in the vicinity of the electron beam. 

Similar lengthening or spreading of spec- 
trum lines has been found for helium^ and for 
the case of the lines l^P—n^D. Lees and Skin- 
ner suggested that it was caused by collisions 
of the type 

Maxwell, Phys. Rev. 31, 711 (1928); see 
also for instance, for absorption of excited 
states: Turner, and Compton, Phys. Rev. 
25, 606 (1925); Wood, Phil. Mag. 50, 774 
(1925); 4, 466 (1927). 

-‘Lees, Proc. Roy. Soc. 137 A, 173 (1932); 
Lees and Skinner, reference 2 ; Maxwell, Early 
issue of Jour. F ran k. Inst . 


line 5461A which gave the greater mean life 
shows no lengthening while on the other hand 
the other two lines 4358A and 4047A have 
prominent spreading. This shows that out- 
side of the electron beam there are atoms in 
the 2^S'i state which will give rise to transi- 
tions to the 2^Po and 2^Pi levels but with 
practically the exclusion of transitions to the 
2^p2 state. This undoubtedly means that the 
fine structure of the 2'Wi level plays an im- 
portant part in the radiation phenomena, in 
support of the conclusion arrived at by 
Randall and Webb to account for the dis- 

® Randalls and Webb, Phys. Rev. 35, 665. 
1161 (1930); see also Richter, Ann. d. Physik, i 
7,293i(t930). ... ^ 
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crepancies found for the mean life of this ments were not obtained, however the differ- 
state.® ence in shape of the line 5461 A in comparison 

There exists the possibility that the photo- with the other lines of this triplet appears too 
graph plate characteristics may vary for the great to be accounted for by errors of this 
triplet lines in such a manner as to weaken kind. 

the spread of the line 5461 A in comparison This work was done in the laboratory of the 
with the lines 4047A and 4358A, since the Bartol Research Foundation, 
green line is nearer to the less sensitive por- _ c 

tion of the plate. Exact intensity measure- Louis R. Maxwell 

® For further discussions see; Morozoroski, 

Zeits. f. Physik 68, 278 (1931); Frisch and 
Pringsheim, Zeits. f, Physik 67, 169 (1931). 

The Bisintegration of Lithium by Swiftly-Moving Protons 

We have recently carried through pre- the source of high-speed protons, we have 
liminary experiments on the disintegration of bombarded a crystal of lithium fluoride with 
lithium by swiftly-moving protons and have protons having energies of 360,000, 510,000, 
obtained results in confirmation of those of and 710,000 volts. Radiations emanating from 


5336-42nd St., N.W., 
Washington, D.G,, 
September 15, 1932, 


0 /oa Hoo 3oo ^60 Soo 6oo Tho 8m 
K//o¥olf^ 

Fig. 1. 

(Proc. Roy. Soc. A137, the crystal were detected by a Geiger point 
counter with a mica window (stopping power 
js of Lawrence and 2.2 cm of air) adjacent to the crystal, sub- 

\ 40, 19-35, 1932) as tending a solid angle of tt/IO, Counts were ob- 
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tained proportional to the bombarding proton 
current (about 10~9 amp.), there being for 
500,000 volt-protons about 95 counts per 
minute per milli-microampere. Fig. 1 is a 
plot of our observed number of counts per min- 
ute per milli-microampere for the three volt- 
ages and also the corresponding observations 
of Cockcroft and Walton adjusted to our 
curve at 500,000 volts. It is seen that our 
observed variation is in excellent agreement 
with theirs over the overlapping region and 
that our observation at 710,000 volts agrees 
with a linear extrapolation (dotted line) above 
their range of observation. In the above 


likely nearer the truth ; but it is interesting to 
note that they are in excellent accord with the 
predictions of Gamow’s theory. Professor 
J. R. Oppenheimer has kindly calculated for 
us, along the lines of Gamow’s theory, the 
probability that an alpha-particle will be 
liberated by a proton striking a lithium fluor- 
ide crystal, taking account of the range and 
velocities of the proton within the crystal. 
His calculation for 500,000 volt-protons in- 
dicates that there should be from one to ten 
alpha-particles liberated for every 10^ pro- 
tons, while we observed six alpha-particles 
per 10^ protons (assuming each count of the 
Geiger counter represents one disintegration 
alpha-particle). Dr. Oppenheimer also calcu- 
lated the variation with energy of the proton 
of the probability of disintegration, obtaining 
the relative values of 1.0, 2.6 and 5.2 for the 
voltages 360,000, 510,000, and 710,000, re- 
spectively. These values, as may be seen from 
the above figure, are also in splendid agree- 
ment with our observations. Thus, these cal- 
culations, though still rough and schematic, 
show that the simple extension of Gamow’s 
theory is fully able to account for the order of 
magnitude and voltage dependence given by 
observation. 

These experiments were begun by Dr. 
James A. Brady who was joined later by Drs. 
Donald Cooksey and F. N. D. Kurie. They 
were successful in detecting radiations from 
the bombarded lithium fluoride but unfortu- 
nately because of insufficient available time 
had to abandon the experiments which we 
have carried on. We are much indebted to 
them for their participation in the earlier 
stage of the work as w^ell as to Dr. Malcolm 
C. Henderson who has taken an active part 
in the work since their departure and is con- 
tinuing with the experiments. 

Ernest O. Lawrence 
M. Stanley Livingston 
Milton G. White 

Radiation Laboratory, 

Department of Physics, 

University of California. 

September IS, 1932. 
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i_ 1 ■ ^ , - lo vdiuauic: ana leaas 

to a better understanding of the subject. That the treatment is non-mathematical will appeal 

t 1 striking that nearly half of the book deals with developments since 1895, an era of very 
rapid growth and of many new ideas. Since much of this material has not yet won its way into 
rte usual general course in physics, this text makes an excellent supplement to such a course 

The subject matter is very well selected and the style is clear and interesting. The few slips are 
not serious, 

, Joseph Valasek 

University of Minnesota 

® discussion of intensity and wave-length in connection 
of thi. boundary between physics and psychology. However, several 

volv^ m vision. The present volume will be an inducement to others to follow in their steps. 

It differs^romTk ^ ^ existing knowledge on vision and color vision. 

in tt! .nH 1" performed many experiments 

the field and has some pertinent criticisms and suggestions to offer. However, many readers 

will disagree with some of his conclusions. In particular, the association of the two reticular and 
nuclear layers of the retina with the red-green and j'ellow-blue processes of Hering will require 
1 the aonal color characteristics of the human 


Joseph \^\lasek • 

University of Minnesota 
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The distribution of the intensity of scattering for angles ranging from 10 to 105 
degrees has been experimentally determined for various solids. For paraffin and 
occurred at an effective wave-length for the primary rays 
At wave-length was 0.19A. These wave-lengths were 

detei mined from absorption measurements in aluminum. The scattering from paraffin 
and aluminum was from thin plates by the transmission method, while that from 
copper and lead was from thick plates by reflection. The ratios of intensities at any 
gnen angles to those at 90 degrees were corrected for the different ionization effects 
a those_ angles, on account of the change of wave-length due to the Compton effect 
Comparison of the experimental results for paraffin with the predictions of the Breit- 
Uirac theory of scattering from free electrons shows distinct excess scattering. This 
part of the work has been performed with a precision of about 1 percent. In addition, 
(scattering per electron) were computed for the various materials 
from their experimental scattering functions, using the paraffin value at 90 degrees 
as predicted by the Dirac theory, as the basic measure. The 5-values from aluminum 
have a most probable error of less than 2 percent, while those from copper and lead 
eing based upon a not entirely satisfactory computation, are assigned less than 6 par- 
ent. Curves have been plotted of the 5-vaIues against [sin (<i,/2)]/\. The 5-values 
show a large increase with the atomic number of the scatterer for the smaller values 
of [sm (^/2) J/X, while for the larger values they tend to come together. 


I. 


Introduction 

unit of scattering of x-rays by matter is the electron. J. J. Thomson* 
was the first to calculate, on the basis of the electromagnetic theory the 
intensity scattering function for a free electron. His classical expression is 

/,> = /o(eV2»2Vri)(l -h cos^^) 


where represents the intensity of the scattered beam at an angle <p with the 
dmection of the primary beam, at a distance r from the scattering electron, 
the mass of which is w and charge e in e.s.u. The primary beam is assumed to 
e unpolarized and its intensity is Jo. c stands for the velocity of light. If we 
are dealing with an atom having Z orbital electrons, and if the distances 
between these electrons are so small as to be negligible in comparison with 
the wave-length of the mcident x-rays, then we may suppose that all these 
electrons act as a unit in the scattering process. Thomson’s formula shows 

^ J. J. Thomson, Conductiofi of Electricity through Gases p. 325, 2nd Ed. 


■1 
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that the scattering by the atom would then be times the intensity due to 
a single free electron. If, on the other hand, the electrons in the atom are 
separated by distances large compared with the wave-length of the x-rays, we 
may suppose them to scatter independently, in which case the intensity 
should be only Z times that due to a single free electron. Depending, then, 
upon the concentration of the electrons in the atom, the intensity of the 
x-rays scattered from it will vary by a factor of Z. If the electrons are at 
distances comparable with the wave-length of the x-rays, interference, con- 
structive as well as destructive, will take place between the x-rays scattered 
by the different electrons of the atom, and as a result the intensity scattered 
by the atom as a whole will then be between Z^ and Z times that due to a 
single free electron. Compton,^ Debye,® Schott* and others have calculated 
the intensity scattering function for various atomic models. 

The intensity of x-rays scattered by a number of atoms depends not only 
upon the configuration of the electrons within each atom but also upon the 
configuration of the atoms in the molecules, as well as upon any special 
orientation of the molecules themselves. In the particular case, where the 
atoms are grouped in a crystal lattice, we have the so-called Laue or Bragg 
Reflection 'which., therefore, is only a special case of scattering. In the case of 
liquids or amorphous solids, the phenomenon known as “excess scattering” 
is probably the result of the cooperation of the three factors just mentioned. 
Debye® has shown that the last two of these factors play no roll when perfect 
gases are used for scattering and hence excess scattering must in that case be 
ascribed solely to the configuration of the electrons within the atoms. On 
account of this simplification of the problem great progress has been made 
in the theories of scattering for monatomic gases. So far as the writer is 
aware, only Jauncey® has made an attempt to solve the problem for amor- 


2mhV (1 -|- O' vers <^)® 

where a = hv/mc~, h being Planck’s constant, v the frequencj" of the x-rays 
and the other symbols have the same significance as before. 


A. H. Compton, Washington University Studies 8, 99 (1921) 
P. Debye, Ann. d. Physik46, 809 (1915). 

G. A. Schott, Proc. Roy. Soc. Lon. A96, 395 (1920). 

P. Debye, Phys. Zeits. 28, 135 (1920). 

G. E. M. Jauncey, Phys. Rev. 37, 1193 (1931). 


X~RA Y DISPERSION 


155 



Breit^ was the first to suggest this formula on empirical grounds and 
reasoning from the correspondence principle. Dirac^ derived it theoretically 
with the help of the quantum dynamics of Heisenberg and Born, and Waller^ 
as well as Gordon^° did the same on the principles of the de Broglie-Schroe- 
diiiger wave theory. It is true, that more recently, Klein and Nishina,^^ on the 
hypothesis of the spinning electron using Dirac's relativistic quantum dynam- 
ics, have derived a scattering function which differs somewhat from the 
above. However, deviations of the two formulae are of the order of 
while the Breit-Dirac expression differs from the classical Thomson formula 
by quantities of the order of hv/mc^. In the x-ray region, where hv/ mc^ is small 
the deviations between the two quantum expressions are virtually negligible. 
Even for an a = 0.5, which corresponds to a wave-length of 0.05A the devia- 
tion amounts to only about 10 percent. 

The only experimental tests of the quantum formula for sufficiently hard 
rays, that have so far been published, are the indirect ones of Fricke and 
Glasser,^^ for effective wmve-Iengths of 0.18 and 0.115A, and those of Ishino,^^ 
and Ow^en, Fleming and Fage/^ for the 7 -rays from RaC. The first consisted 
in determining the ratios of the coefficients of photoelectric absorption to 
those of true absorption due to scattering in carbon, and in the latter two 
cases, in measuring the ratios for aluminum of the coefficients of true absorp- 
tion due to scattering to the total scattering coefficients. A direct test, by 
comparing with the experimental values of scattered intensities, is at- 
tended by considerable diifificulties. In the earlier technique of various au- 
thors,^® the wave-lengths used were too long to show appreciable deviations 
from the predictions of the classical theory. Where short wave-lengths were 
used the results are difficult to interpret on account of the comparatively 
large corrections that would have to be made in the ionization effects at 
different angles. This is due to the small absorption in the ionization cham- 
ber. 

The w^ork described in this paper was undertaken with a view of testing 
the scattering function given by the quantum theory. For hard x-rays and 
scattering materials of low atomic number, we may suppose, in view of the 
Compton effect, that the scattered rays are more or less completely modified. 
In that case the intensity of scattering should most nearly approximate that 
predicted by the quantum theory. Paraffin was selected as the light scatterer 
and in addition the scattering distribution curves were determined for alumi- 
num, copper and lead. ■ , 

G. Breit, Phys. Rev. 27, 362 (1926). 

® P. A. M. Dirac, Proc. Roy. Soc. Lond. Alil,422 (1926). 

^ Ivar Waller, Phil. Mag. 4, 1228 (1927). 

10 \y Qordon, Zeits. f. Physik 39, 117 (1926). 

Klein and Nishina, Zeits. f. Physik 52, 852 (1928). 

H. Fricke and O. Glasser, Zeits. f. Physik 29, 374 (1924). 

M. Ishino, Phil. Mag. 33, 140 (1917). 

E. A. Owen, N. Fleming, and W. E. Fage, Proc, Phys, Soc. 36, 355 (1924). 

IS For a summary see Compton's X-rays and Electrons p. 306, D. Van Nostrand Co. 
N.Y.C. (1926). 
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I L Apparatus AND Experimental Procedure 

A diagram of the apparatus is given in Fig. 1. A tungsten target x-ray tube 
was operated at 120 peak k.v. and 5 m.a. with half-wave rectification. The 


Fig. 1. Arrangement of apparatus, 

tube was water cooled and immersed in oil in a heavy lead box. In the front 
of the box was fitted a heavy lead glass plate having a thin celluloid window. 
This arrangement permitted the tube to be brought very near to the spectrom- 


, h.zisk ■ , 

Fig. 2. Spectrum of radiation transmitted through tungsten filter. 

eter with a consequent increase of intensity in spite of the absorption in 
the oil. 

An effort was made to work with homogeneous radiation. It was hoped, 
that by designing all component parts of the apparatus for maximum effi- 
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ciency, it would be possible to use crystal-reflected rays. Unfortunately, how- 
ever, the intensities obtained were too low for accurate measurements and the 
attempt had to be abandoned. Also, the balanced filter method could not be 
used as the two necessary elements for such filter, when using tungsten radia- 
tion, erbium and ytterbium, were not procurable anywhere in the United 
States. Finally, it was decided to use a tungsten filter, as shown at Fin Fig. 1. 
The specti um of the radiation transmitted through this filter, which con- 
sisted of two metallic tungsten foils each 0.065 mm thick, is given in Fig. 2. 
It is seen that the filtered band extends practically from about 0.15 to 0.315A. 

Sober collimators were used for both the primary and scattered beams. 
They are shown as Si and F 2 in Fig. 1. They were 10 cm long and the distance 
between adjacent lead spacers was 0.1 cm, so that a maximum angular di- 
vergence of a little over one degree was obtained in the horizontal plane. The 
width of the collimators could be varied by proper slits, the height of which 
was 1 cm. This made the scattering angle slightly largei* than recorded on tlie 
spectrometer circle, but the corrections w^ere too small to be taken account of. 

R in Fig. 1. represents the scattering substance mounted in the center of 
the spectrometei . In the case of paraffin and aluminum thin plates of these 
materials w^ere placed so that the normal to the plate always made an angle of 
0/2, where is the scattering angle. This so-called “Crowther position” has 
certain obvious advantages over other ways of mounting the scatterer. The 
copper and lead plates, for reasons of greater intensities, were mounted so 
that the angle between the face of the plate and the primary be^m was always 
one half the scattering angle. These plates were thick enough to absorb 
all of the primary radiation. 

The intensities weie measured with a Compton electrometer, mounted 
nver the axis of the spectrometer, having a sensitivity of 8900 divisions per 
volt on a scale 150 cm away. The ionization currents could be measured with 
a reproducibility of about 3 percent. 

At first an ionization chamber 1 cm long filled with xenon at two atmos- 
pheres pressure was used. Due to the insufficient absorption in this chamber 
and the large fluorescent yield of xenon certain corrections had to be made 
which, considering the nature of the experiment, were felt to be too large. 
Accordingly, another high pressure ionization chamber was constructed and 
filled with aigon at a pressure of 1000 lbs. per scj. in. It was made of cylindri- 
cal, seamless steel tubing, 40 cm long and 4.45 cm inside diameter. The win- 
dow was of 0.7 mm celluloid. The absorption in the window for the wave- 
lengths used was negligible and hence no corrections were made for it. The 
absorption in the chamber of a wave-length of 0.21A is 90 percent and the 
fluorescent yield for argon is, according to Auger,!® only 0.07. The corrections 
are discussed in more detail below. The potential across the electrodes of the 
ionization chamber was 135 volts, which was about twice the value needed 
for saturation. 

All parts of the apparatus were carefully shielded, Xhe electrorneter sys- 
tem , including the connections to the ionization chamber, was protected by 
Auger, Ann. de Physique 5, 183 (1926). 
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large lead baffles. Other lead baffles, suitably disposed, prevented all stray 
radiation from reaching the ionization chamber. 

The procedure consisted in a determination of the angular distribution of 
the intensities scattered from paraffin, aluminum, copper and lead. In the 
case of the last two, care was taken to exclude the characteristic radiations 
from entering the ionization chamber. This was accomplished by using an 
aluminum filter 0.65 mm thick for copper and one 1.3 mm thick for lead. 
Wave-lengths of the scattered rays at the different angles were determined 
by measuring the absorption in several sheets of aluminum. The final step 
was to make an accurate measurement of the scattered intensities at 90° from 
the different materials under experimental conditions as nearly alike as can 
be realized in actual practice. 

The constants of the scattering materials are as follows: paraffin, 0.276 
g per sq. cm; aluminum, 0.103 g per sq. cm; copper, 5.09 g per sq. cm; lead, 
3.80 g per sq. cm. 

The paraffin was from a block of commercial ^‘Parowax.” The aluminum 
and lead were from the usual rolled sheets of these materials. The copper 
was of electrolytic origin. An attempt to work with finely powdered aluminum 
failed because no good binding material was available. 


III. Experimental Results and Calculations 
The ratios of the ionization currents at any angle 0 to those at 90° are 
given in the second column of Tables I to IV for each of the four materials. 


Table I. Paraffi7i at XO^SA . 


Angle 

Exp. ratio of 
ionization 

Ratio from 
Crowther’s 
formula 

Corrected 

ratio 

P4>IPm 

Scattering per 
gram 
s/p 

5 

10 

3.23 

4.46 

4.9 

0.0432 

. 1.84 

20 

2.50 

3.42 

3.72 

0.0328 

1.46 

30 

2.10 

2.80 

3.04 

0.0268 

1.28 

40 

1.75 

2.28 

2.46 

0.0216 

1.14 

50 

1,53 

1.92 

2.01 

0.0177 

1.03 

60 

1.33 

1.59 

1.67 

0.0147 

0.99 

70 

1.18 

1.35 

1.39 

0.0122 

0.92 

80 

1.06 

1.15 

1.16 

0.0102 

0.83 

90 

1.0 

1.0 

1.0 

0.0088 

0.74 

105 

■1.15 

1.26 

1.24 

0.0109 

0.85 


Table II. Ahiminum at W,23A, 


Angle ^ 

Exp. ratio of 
ionization 

Ratio from 
Crowther’s 
formula 

Corrected 

ratio 

P^/Pm 

Scattering per 
gram 
s/p 

5 

10 

9.50 

12.60 

13.80 

0.1290 

. 5 .70 

20 

4.50 

6.20 

6.80 

0.0636 

2.95 ■ 

30 

3.00 

4.05 

4.40 

0.0410 

2.04 

40- 

2.20 

2.90 

3.13 

0.0293 

1.61 

50 

1.60 

2.03 

2.15 

0.0201 

:1.22 : . 

60 

1.30 

1.58 

1.65 

0.0154 

■ 1 08 

70 

1.20 

1.39 

1.43 

0.0134 

" : 1.05 . 

SO 

1.05 

1.13 

1.14 

0.0106 

0.905 

90 

1.0 

1.0 

1.0 

0.0093 

0.81 

105 

1.20 

1.33 

1.31 

0.0122 

1.0 
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Table III. Copper at \0J9A. 


Angle (f) 

Exp. ratio of ionization 

Scattering per gram 

■"5; 

10 . 

22 

0.2340 

11. 0 

20 

7.95 

0.0855 

4.20 

30 

4.75 

0.0510 

2.69 

40 

3.25 

0.0350 

2.04 

50 

2.30 

0.0247 

1.59 

60 

1.70 

0.0182 

1.35 

70 

1.40 

0.0150 

1.19 

80 

1.15 

0.0123 

1.10 

90 

1.0 

0.0107 

0.99 

105 

1.07 

0.0115 

1.0 




Table IV. Lead at X 0 J9A . 


Angle (jy 

Exp. ratio of ionization 

Scattering per gram 

■ s ■ ■ 

10 

22.0 

0.557 

30.0 

20 

11.20 

0.284 

16.05 

30 

5.00 

0.127 

7.73 

40 

3.13 

0.0792 

5.30 

50 

2.15 

0.0545 

4.02 

60 

1.65 

0.0418 

3.56 

70 

1.35 

0.0342 

3.26 

80 

1.12 

0.0284 

2.94 

90 

1.0 

0.0253 

2.70 

105 

1.0 

0.0253 

2.53 



These ratios were, of course, corrected for the leak in the electrometer system. 
The third column of Table I and II is derived from the second by evaluation 
from Crowther’s formula.^’ This formula for the intensity of x-rays scattered 
in a direction cj) from a thin plate of material of thickness i is, 

= Alts/ cos {4>/2) (1) 

where /* is the intensity scattered in a direction 4>, I is the intensity of the 
primary rays after penetrating the plate in the Crowther position, s is linear 
scattering coefficient per unit solid angle in a direction <j)j A is the area of the 
ionization chamber window, and R is the distance between the window and 
the plate. Also, I is given by 

where Jo is the intensity of the primary rays at the incident face of the scat- 
tering plate, and /r is the linear absorption coefficient of the primary rays in 
the plate. 

From Eq. (1) an expression may be set up giving the ratio of the scattering 
per gram per unit solid angle in any direction (j> relative to that at 90° with 
the primary beam, thus cancelling out Jo- 

Measurements of absorption in aluminum of the rays scattered from 
paraffin at 90° gave an absorption coefficient which by interpolation from the 
values given in Compton’s table^® corresponded to a wave-length of 0.25A. At 

V J. A. Crowther, Proc. Roy. Soc. A86, 478 (1912). 

Compton’s X-rays and Electrons y p. 184. 
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30° the result was 0.23 A. The values for aluminum were the same within the 
uncertainty of the measurement. Considering the hardness of these rays, the 
scattered radiation from paraffin may be assumed to be completely modified 
at 90° and that from aluminum is virtually so. Accordingly, for these two 
materials, the change in wave-length at the different scattering angles was 

computed from the formula for the Compton effect, 

AX = {h/mc){\ — cos^) 

where X = 0.25 at 90°. The wave-lengths so obtained were used in the correc- 
tion computations given below. 

When x-rays of different wave-lengths enter an ionization chamber, the 
ionic saturation currents which one measures, are not in general proportional 
to the intensities in the beams. Allison and Andrew^® give an expression which 

enables one to calculate the true intensities. This expression is 


where I is the measured ionic saturation current, P is the power of the beam 
of x-rays entering the chamber, F is the fraction of the primary energy ab- 
sorbed in the chamber, c is a constant for a given gas, which is inversely 
proportional to e, where e is the energy spent in producing a pair of ions, 
and R is given by 

^ (3) 

IX i U M 

where n is the absorption coefficient of the gas corresponding to frequency 
V for the ejection of photoelectrons from the i^-level, jx is the absorption coeffi- 
cient of the gas for the wave-length of the primary beam, oj/- is the fluores- 
cent yield for iT-series as defined by Auger, /i is the fractional part of the total 
number of quanta emitted, having the frequency vi of the 7?^' line of the iv- 
series, r,- is the fluorescent absorption coefficient of the gas for the line of 
its own iT-series, r is the effective path length of the radiation to the walls, 
a, is the true scattering coefficient, cr,. is the coefficient of absorption due to 
scattering or simply the recoil electron coefficient, and r is the absorption 
coefficient for the scattered rays. 

The last term of Eq. (3) has been added to Allison s original expression to 
take care of the Compton scattering. The is merely a in Allison's expression, 
the usual scattering coefficient. 

<Xs and (Tr were calculated from Compton’s expressions,^^ 

cr« = a-o(l +«)/(!- + 2a')‘^ 

(Tr = 0*0 «/(l + 2a)^ 

where (Tq is the classical linear scattering coefficient, and a has the same sig- 
nificance as before. 




S. K. Allison and V. J, Andrew, Phys. Rev. 38, 1424 (1931). 
Compton’s X-rays and Electrons, p. 312. 
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The second term of Eq. (3) is negligibly small, if we consider that the 

* -KT-series of argon is around 4A and hence strongly absorbed on its way to the 
walls; and also, that the fluorescent yield, as stated above, is only 0.07, It 
may be emphasized that the last term of Eq. (3) is based on the assumption 

* that the recoil electrons are completely absorbed in their journey to the walls. 
This assumption is permissible as a short calculation from Whiddiiigton s 

formula for the ^Teach” of a photoelectron will show.^ 

The constant c in Eq. 2 may be eliminated by taking the ratio between the 
ionization due to a given wave-length as compared with that due to any 
other. In this manner the corrected ratios given in column 4 of lables I and 
II were arrived at, using the wave-lengths at the different angles as deter- 
mined from the formula for the Compton effect, wdth the experimental deter- 
mination of wave-length at 90® serving as the basis. 

With a thick scattering plate, in which there is complete absorption of the 
primary rays, which are incident on it at a glancing angle of <^>/2, it can easily 
be shown that the ratio of the scattering per gram per unit solid angle in any 
direction qS to that at 90® with the primary beam, is given by 

(s/p)Jis/p)m == h/ho ( 4 ) 

where the symbols have the same significance as above. Hence in the case 
of copper and lead in Tables III and IV the experimental ratios are the true 
' ratios, if, for the moment, we leave aside possible corrections for the wave- 
lengths at different angles. ^ 

The absorption measurements in aluminum of the scattered rays from 
copper and lead gave almost identical wave-lengths. There was no difference, 
within experimental error, between the wave-lengths at different scattering 
angles. The effective wave-length, determined as above from Compton’s ta- 
ble, was 0.19A. 

It was thought desirable to place the ratios of the intensities of scattering 
upon an absolute basis by a comparison with paraffin, as Coven^i had.done. 

For unpolarized x-rays, the Breit-Dirac formula for the scattering per 
gram per unit solid angle in a direction may be written , 


(-)= 


N 


(1 + cos- 4>) 


W 2m^c^ {1 + a vers 


( 5 ) 


where iV is Avogadro’s constant, Z is the atomic number of the sca.tterer and 
IF its atomic weight, and where the other symbols have the same significance 

as above. ■ ■■ ■ ■ ■ . . ^ ■ ■ ■ , „ , ' 

This formula is, of course, strictly valid for free electrons only. But, con- 
sidering the low effective atomic number of paraffin and the haidness of the 
primary rays ill this experiment, we may assume as a first approximation that 
the value it gives for paraffin at 90° is the true value for paraffin. In that 
way we obtain a unit of measure. The average formula for paraffin is C 24 H 50 
which makes Z/W approximately equal to 0.5. Substituting this in Eq. (5), 


1 

'i 

! 

i 

! 

i 

.$ 

i 

■1 

I. 

\ 


“ A. W. Coven, Phys. Rev. 38, 1424 (1931). 
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which is then the actual value for paraffin. This value at 90° is 0.74. With the 
help of Eq. (5) and the experimentally determined values of {s/p), the 5- 
values at other angles and for the other materials were computed. 


IV. Discussion of Results 

In Fig. 3 the dots represent the experimental values of the ratios of scat- 
tering from paraffin at a given angle compared with that at 90°. For conven- 
ience of comparison with Dirac’s theory of scattering by free electrons, three 
curves have been drawn, evaluated from Eq. (5) for different values of ot. 
Curve 1 corresponds to an a of 0.05A, curve 2 to an a of 0.1 and curve 3 
to an a of 0.23A. The broken curve is plotted from Thomsons classical for- 
mula for the scattering from a free electron. It is interesting to note, altliough 


we get for tr/p at 90° the value of 0.0088, for a wave-length of 0.23A. With 
this basic value for paraffin at 90° and the corrected ratios for the other 
angles, the column in Table I giving the scattering per gram has been calcu- 
lated. 

Similar calculations for the other material were made by using the sepa- 
rately determined ratios at 90°. These were : 

paraffin/aluminum 2.43 by transmission 

copper/lead 1.12 by reflection. 

Also, the scattering from a 2 mm plate of aluminum, arranged for reflec- 
tion, was compared with that from copper and lead. The ratios were : 
aluminum/copper 2.02 by reflection 

aluminum/lead 2.26 by reflection. 

Since the 2 mm aluminum plate did not absorb all of the primary radia- 
tion, the latter ratios had to be divided by (l-e~'‘0 =0.37,where/isthemaxi- 
mum path of the x-rays in the aluminum plate. 

Correcting all ratios for the different effects in the ionization chamber 
due to the different wave-lengths, we finally get the following relations: 


(5 /p)A 10.23A = 1.06(s/p)Par. 0.23A 
(s/p)Cu0.19A = 1.22(5/p)Par. 0.23A 
(Vp)Pb 0.19A = 2.88(.<;/p)Par. 0.23A. 

The effective wave-length of the x-rays in the 2 mm aluminum plate was 
found to be 0.22A and in the above relations there is a small correction for the 
difference in the scattering power of aluminum at 0.23A and at 0.22A. 

Using these relations at 90° and the corrected experimental ratios at the 
other scattering angles, the columns for the scattering per gram in Tables II, 
III and IV for aluminum, copper and lead, respectively, were calculated. 

The 5-columns in the tables give the scattering per electron relative to the 
classical scattering from a free electron. They were calculated on the assump- 
tion that the rays scattered from paraffin are completely modified, in which 
case we have from Eq. (5) that, 


5 = (1 -f a vers 
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X~RAY DISPERSION loi 

the fact is probably entirely without significance, that the experimental 
values for angles between 30° and 90° lie almost exactly along curve 2, 
whereas, if the scattering from paraffin were equal to that from free electrons, 
we should expect thCvSe values to lie more nearly along curve 3, assuming 
Dirac’s theory to hold for paraffin also. For angles below 30° there is a radical 
departure of the experimental values even from curve 2, but this circum- 
stance can most probably be ascribed to line interferences, as, strictly speak- 
ing, none of the substances investigated can be entirely amorphous. In the 
backward direction also, there is excess scattering over what one would expect 
from the theory. Unfortunately, one could not go beyond 105®, as the lead 
box, containing the x-ray tube, was so close to the spectrometer, as to 
prevent its arm from swinging beyond that point. 



— »- 

Fig. 3. Scattering from paraffin. Experimental values are represented by dots. Curves 1 
2 and 3 are drawn from Dirac’s formula for values of X equal to O.OS, 0.1 and 0.23 A respectively, 

The broken curve is from Thomson’s classical formula. 

But this value at 105° must be given some weight, for it, like all the other 
experimental values, represents the mean of the values obtained from three 
distribution curves for paraffin, each point on the latter being in turn the 
mean of four ionization measurements. It is estimated that the probable eiror 

of the dots in Fig. 3 is less than 1 percent. 

There is some error introduced due to the use of Crowther’s formula for 
the hard x-rays of this experiment. As Jauncey and Williams^® point out, Eq. 
(1) was derived by Crowther when the Compton effect was still unknown. The 
scattered rays should be divided into coherent and incoherent rays and the 
simple Crowther formula should be replaced by 

cos (<#>/2)](5 i 4- s^T) (6) 

where Sx and are respectively the coherent and incoherent linear spatial 
scattering coefficients per unit solid angle in a direction (j>, and where T is a 
complicated expression involving the absorption coefficients of the coherent 

“ G. E. M. Jauncey and P. S. Williams, Phys. Rev. 41, 127 (1932). 
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and incoherent scattered rays in the plate, in the air between the plate and 

the window of the ionization chamber. 

Since we may consider the x-rays of wave-length 0.23A, scattered fiom 
parafhn at 90^ to be almost entirely modified and hence incoherent (unless, 
indeed, the modified ray is not entirely incoherent), Si in Eq. (6) becomes 
zero. A calculation for this particular case shows that the value of 52 would be 
less than 1 percent larger than the value of 5 calculated from Eq. (1). This, 
therefore, places an upper limit upon the error from this source, as for the 
smaller angles the discrepancy would be smaller. The difference between the 
errors for 90° and 105° is trifling. 

These results for paraffin are somewhat discordant with those obtained 
by Coven^t at an effective wave-length of 0.32A. He finds closer agreement 
with the Dirac theory for free electrons. There is, however, in his case a 
question as to the magnitude of the error in determining the effective wave- 
lengths. Also, no corrections were made for the different ionization effects at 
different angles. Jauncey and Harvey^® report good agreement between the 
scattering from paraffin and the Dirac theory at an effective experimental 
wave-length of about. G.30A. They measured the ratios of the scattering at 
97.5° and 120° as compared with that at 75°. Their corrections for the dif- 
ferent ionization effects are more difficult than in this experiment. They used 
methyl iodide and ethyl bromide in their ionization chamber which require 
comparatively large corrections for the fluorescent yield. 

It is difficult to see how the agreement with the theory from free electrons 
can be perfect, if we recall what has been said about interferences, unless, 
indeed, our conception of the mechanism of scattering should be modified. 

In Fig. 4 are plotted the 5- values against [sin(0/2)]/X for the different 
scattering materials. These curves show very clearly how the scatteiing per 
electron increases with the atomic number of the scatterer. For paraffin^ at 
the larger angles, the scattering is practically that from free electrons, which 
condition seems to be approached also for the other materials as [sin(^/ 2) J/X 
is increased. 

The largest errors involved in measuring the scattering per electron are 
probably those of comparing the scattering from one material with that^of 
another. The smallest of these is in the case of the comparison of the intensity 
of scattering from paraffin with that from aluminum. This is estimated to be 
of the order of 1 percent. Also, in the comparison of the intensity of scattering 
of lead to copper the error is of about the same magnitude. This is because 
in one case the transmission and in the other case the reflection method was 
used for the twm materials in question. But w’^hen we come to compare the 
scattering from paraffin with that from copper or lead w^e have to use the 
scattering from aluminum by the reflection method as a sort of connecting 
link. A little thought on the calculation involved wall show that it is not en- 
tirely satisfactory. This doubt is strengthened by the fact that an attempt 
to get the ratio of paraffin to copper, by scattering from a copper foil by the 
transmission method, gave a result which did not agree with the other within 

^ G. E. M. Jauncey and G. G. Harvey, Phys. Rev. 37, 1203 (1931). 
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experimental uncertainty, mere is a possiuiuty uidt lu uitxpic 0-1.0. .1x5 
ma}*^ have some bearing on this, and this point will be investigated in the near 

future. ' ■ ■ 

The possible error ol method involved in determining the S- values for 
copper and lead is estimated, in view of the above, to be of the order of 5 per- 
cent. On account of this large error it was thought inadvisable to attempt a 


Fig. 4. Experimental values for the scattering per electron with the classical scattering from a 

free electron taken as a unit. 

correction for the coherent and incoherent scattered radiations from copper 
and lead. Besides, this error is probably slight, as the radiation scattered 
from lead is almost entirely coherent and that from copper is mostly so. 

Considering all sources of error, the most probable error for the 5-values 
is estimated to be less than 2 percent for paraffin and aluminum, and less 
than 6 percent for copper and lead. Included in these calculations is the 
error involved in the determination of the effective wave-length. It must be 
emphasized that in experiments of this kind where one works with more or 
less heterogeneous radiation, the concept of “effective” wave-length is not 
a closely defined one, as one learns by reading the divergent opinions ex- 
pressed by different authors.^® 

J. W. M. Dumond, Phys. Rev. 36, 1685 (1930). 

25 See discussions under X-Rays, International Critical Tables, Vol. VI, 1928 Ed. 
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Jauncey,® in his theory of diffuse scattering of x-rays by solids, arrives 
at an expression given by 

s ^ 1 - {z - i){fyz^) + 

where 5 is the scattered intensity per electron, relative to the scattered 
intensity from a single electron, Z is the atomic number, F is the atomic 
structure factor which includes the effect of thermal agitation, / is related 
to/, the true atomic structure factor, N is the total number of atoms, and 
X is a complicated double summation. 

So far, the double summation X has been evaluated only for a simple cubic 
crystal consisting of atoms of one kind. It has not been determined for an 
amorphous solid and hence no comparison can as yet be made between 
Jauncey’s theory and the present experimental results. 

It is interesting, in connection with what has been said above about the 
excess scattering by paraffin at 105°, to note Chao’s experimental result.^^ 
Working with 7 -rays from ThC he finds at 135° an intensity of scattering 
by lead approximately three times that which one would expect from the 
formula of Klein-Nishina. This anomalous scattering he attributes to a 
cooperation of. the nuclear electrons in the process of scattering. 

In concluding, I wish to express my gratitude to Professor A. H. Compton 
for help in the course of this work. 


G. E. M. Jaimcey and G. G. Harvey, Phys. Rev. 37, 1203 (1931). 
27 C. Y. Chao, Phys. Rev. 36, 1519 (1930). 
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In §1, the calculation of the nondiagonal elements of electrostatic interaction is 
sketched. In §2, attention is called to the fact that the matrix elements of Lx (the 
x-component of orbital angular momentum), as calculated between spherical harmonic 
eigenfunctions taken with positive phase, are negative when mi is 4* and positive 
when mi is — . The calculation of eigenfunctions in LS coupling has always been done 
using only positive matrix elements of Lx. This amounts effectively to using a zero- 
order scheme in which one takes spherical harmonic eigenfunctions with negative 
phase for positive odd values of nn, and positive phase for all other values. In §3 
the calculation of first order energies for configurations which give more than one 
multiplet of a kind is considered, and explicit formulas given for the electrostatic 
energies and magnetic splitting of the two ^D's of P. The results are shown to compare 
satisfactorily with the observed data. The second W is predicted in general to be 
extremely high and inverted. 

TN THIS paper we wish to calculate the separate energies and intervals of 
A multiplets which occur more than once in a configuration. For this purpose 
we need the nondiagonal elements of the matrix of electrostatic interaction, 
which are given in §1. Since this matrix must be obtained algebraically, we 
discuss in §2 the interpretation, in terms of algebraic functions, of the eigen- 
functions in LS coupling which have been found by various investigators. 
This consideration is necessary because of a question of phase to which atten- 
tion has not hitherto been called. We then proceed in §3 to discuss the energy 
levels and separations, calculating in detail the two of d}, 

§1. Matrix Elements of Electrostatic Interaction^ 

We shall first sketch the calculation of the matrix of the electrostatic 
interaction 

N ^% N 

G = 23 — = Yugii, j) (1.1) 

ill the zero-order scheme. In this scheme the eigenfunction belonging to the 
state A =(ab • • • a^) will be the antisymmetric combination 

HA) = + Z(“- l)^Fth{a^)7H{a^) • • • (1.2) 

p 

where P represents a permutation of quantum numbers relative to electron 
indices, and p has the parity of P. Here the symbol Ui{a^) indicates the one- 

^ The contents of this section are not original, although they have never been published 
in detail. The reduction of the nondiagonal elements to the form (1.5) and the calculation of the 
table of c’s were done over a year ago by Slater and his students at Harvard and M.I.T., and 
by Condon and the writers at Princeton. This fact is noted by Inglis, Phys. Rev. 38, 862 (1931), 
footnote 7. 
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electron central field eigenfunction for electron i with the j“' set of quantum 
numbers 

Ui(a>) = (I- 3 ) 


The angle factors are given by the formulas 


— + 


-21 + 1 il - 1 mi \ )n i . 

. 2 (^+ m;l)!j 


^\mi\ 

P^(C0S Q), 

d{cos6)^^^^ 


^(mi) = + ( 2 t) 


These are given explicitly because their exact form will be essential in §2. The 
sign of the eigenfunction (1.2) is determined by the order of listing the quan- 
tum numbers, and we shall adopt for convenience the following standard 
order. 2 The individual sets will be listed first in increasing order of n values; 
sets with a particular n will be arranged in increasing order of I values ; those 
with a particular nl will be listed in decreasing order of the Wj values; and 
the set with +| will be listed before that with ni,= -J in case the two 
sets agree in regard to n, I, and mu 

In this scheme the diagonal elements of G have been given by Slater.^ 
The nondiagonal elements are easily obtained from formulas given by Con- 
don.^ Since G is diagonal with respect to = and = there will 
be no component between two states of the same configuration which differ 
in regard to just one individual set. If the two states differ in regard to two 
sets, 4 having the sets a, b, while A ' has the sets a\ this matrix element 
is given by 

(A\g\A^) = ± [// Uiia)u2{b)g{l, 2)ui{a^)u2{b^)dridr2 


J' f7i(a)u2(b)g(l, 2)ui{V)u2{a')dridr\ 


where the sign is to be chosen as in note 4. The general integral with four 
different quantum numbers which occurs here may be shown to be reducible 
to the form 


ui(a)uk(b)g(lf 2)ui{c)u2{d)dridT2 


= mf + mi^) (1.5) 

* nH^nV) 

k ' 

Used by Shortley, Phys. Rev. 40, 185 (1932). See esp. pp. 194, 195. 

3 Slater, Phys. Rev. 34, 1293 (1929). 

^ Condon, Phys. Rev. 36, 1121 (1930). These formulas must be supplemented by a de- 
termination of sign given in reference 2. The rule is as follows: To the matrix component be- 
tween two states, xp(A) and HA^), differing in regard to one or two individual sets, one pre- 
fixes 4“ or — according to the parity of the permutation which changes the set from its 
standard order to the order in which the equal elements in A and A' occupy the same places. 
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where 

cHlmi\ I' nil) = 

'2k + 


) l/2 p T 

/. 


mi — mi)%{lmi)Q{Vmi) sin Bdd (1.6) 


0 0 




Ri{:nH-)R2{n^l>)Ri{nH^)R^{n^^^^^ (1.7) 


Slater's a’s, &’s, F's and G's are special cases of these r’s and i?'s, namely 

G^‘{nH^; nH^) — R^{nH^nH^] . / 


( 1 . 8 ) 


( 1 . 9 ) 


Hence the r's may be obtained by taking the square roots of the &’s as 
given by Slater and Condon and Shortley® except for sign.® It is easily seen 
that the i?’s which will be obtained within a configuration will always reduce 
to F's and G's. 

§2. The Eigenfunctions for LS Coupling 

The direct method of finding eigenfunctions in LS coupling is to proceed 
according to the definition of this scheme as one in which X^ and either 
L^, Sz, or are diagonal. This method, which has been discussed by 

Johnson/ consists in finding the matrices of L^, (and L • S) in the zero-order 
scheme and diagonalizing them simultaneously. Gray and Wills® have given 
a method which depends essentially on the fact that the matrix of Jt,±iJy, 
where / is any angular momentum, has but one component in each row or 
column, so that component connecting the state ^(j, w/ with the state 
^(jj w/T 1). Wigner® has given a general formula for the states which result 

* Condon and Shortley, Phys. Rev. 37, 1025 (1931). 

® The signs are given by Inglis, Phys. Rev. 38, 862 (1931), footnote 7, for p, and i 
electrons. These are repeated below, together with the signs for/ electrons. To get d‘ the square 
root of 6*’ is to be taken wdth the positive sign except for the following values of (/“mP; k), 

for which it is to be taken negative: 


(1±1:2±2;3) 
(2 + 2; 3±2;3) 
(2±1; 3+3; S) 
(2 0;3±3; 3) 
(1±1; 3±2;4) 
( 2 ± 2 ; 2 ± 2 ; 2 ) 
(3+3; 3+3; 2) 
(3+3; 3 + 1; 6) 
(3 + 2; 3 0;2) 


(1±1;2 + 1;3) 
(2 + 2; 3 + 1; 1) 
(2 + 1; 3 + 2; 5) 
(2±2;3 + l;3) 
(1±1;3 + 1;4) 
(2 + 2; 2 + l;4) 
(3 ±3; 3 ±3; 6) 
(3 ±3; 3 0;4) 
(3±2;3 0;4) 


( 1 ± 1;2 0 ; 1 ) 
(2 + 2; 3±1; 5) 
(2 ii; 3 i 1 ; 5) 
(1 + 1 ; 1 + 1 ; 2 ) 
(1±1;3 0;2) 
( 2 ± 2;2 0 ; 2 ) 
(3±3;3±2;4) 
(3±2;3 + 2;4) 
(3±1; 3 + 1; 6) 


(2 + 2; 3 ±3; 3) 
(2 + 2;3 0;3) 
(2±1;3 0;1) 
(1 + 1;3±3;4) 
(1 + 1;3 + 1;2) 
(2 + 1;2±1;4) 
(3±3;3±1;2) 
(3±2;3 + l;6) 
(3 + 3 ; 3 + 1 ; 4) 


’ M. H. Johnson, Phys. Rev. 39, 197 (1932). 

® Gray and Wills, Phys. Rev. 38, 248 (1931). The sign of the imaginary i as we use it is 
reversed from that in Gray and Wills, in accordance with the more usual convention. 

” Wigner, Gruppentheorie, p. 206. 
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from the addition of any two angular momentum vectors, and the determina- 
tion of eigenfunctions using this formula has been discussed by Bartlettd" 

All of these methods depend in the last analysis on the values of the 
matrices of Z,*, Ly, L, and S^, Sy, Sz for one-electron eigenfunctions. If one 
calculates algebraically the matrix of L* using the functions (1.3), one finds“ 

u(nlmiTKi)LxW(nl, mi — 1, Ws) . , , ^ 

, ( + for TO; g 0 . , ^ 

= ± [{I + mi)il — mi + < ( 2 . 1 ) 

1 — for fni > 0. 

Now ever since they were first calculated by Born, Heisenberg, and Jordan^^ 
all matrix elements of the ic-component of an angular momentum vector have 
usually been taken as real and positive, in particular in references 7, 8, 9, 10. 
Of course, this is satisfactory as long as one uses matrix methods and is con- 
sistent in the determination of the matrices of other observables; but before 
one may calculate a matrix, such as that of the electrostatic interaction, 
purely algebraically, one must determine what this choice of positive sign 
implies in the phase of the eigenfunctions. Suppose we designate by vinlmms) 
the system of one-electron eigenfunctions for which the matrix of Lx is given 


v{nlmims)Lxv(til, mi — 1, ftis) = + [(^ + mi)(J — mi -| 

Then the v’s will be related to the u’s by the scheme 


(or this same scheme with signs reversed). Here the signs alternate for posi- 
tive values of mi, but are all positive for negative values. 

The matrix of Ly is given in terms of that of Lx, in any scheme by the 
relation 

(fni \ Lx \ m'i) . 


{nii\L 

The matrices of 5* and Sy are the same in the u scheme and the v scheme since 
they are diagonal with respect to mi. Hence the matrix of any function of 
L and S as calculated using positive angular momentum matrix components 
is correct for the V scheme. 

This means that all eigenfunctions in LS coupling heretofore published 
have been in terms of zero-order functions in the v scheme and not in the more 


“ Bartlett, Phys. Rev. 38, 1623 (1931). 

See, for instance, Brillouin, Jour, de Physique 8, 74 (1927). 
Born, Heisenberg, and Jordan, Zeits. f. Physik 35, .S57 (1925) 
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logical u scheme. This distinction is essential when one calculates the matrix 
of electrostatic interaction, for example; if one fails to note this one will 
obtain matrices of electrostatic interaction which are not at all diagonal in 
LS conpVmgP 

As an example we may take the case of as calculated by Johnson using 
positive matrix components. If we use a notation ,in which we write + 
for ms = + i, — for Ms == — J, the zero order states for = | are 


I (1-0+0") III (1+0+- 1") 

II (1+1- - l-)i4 IV (1+0- - 1+) 

V (1-0+ - 1+). 

Ill terms of these states the eigenfunction for {Mj = |) as given by John- 
son is 


2 D 5/2 = (l/5)^+T - (l/5)^+TI + (1/10)^/2111 ^ (4/10 )i/ 2IV + (l/10)^/2v. 

This state must be interpreted, if we leta^ represent the antisymmetrizing 
operator -{-(A* !)“^ 2p(— 1)^^ P which occurs in (1.2), as 

2A/2 = (l/5)l/2^^^(l~)^,(0+)„3(0-) ~ (l/5)l/2^Ui(l+)i;2(l-)l^3(~ 1") 

+ (l/10)i/2^in(l+)u2(0+)u3(~ 1-) - (4/10)'/2^y^(l+)^^(0-)u3(- 1+) 

+ (l/10)l/2cvfui(l“)u2(0+)u3(- 1+). 

In terms of the u scheme this becomes, according to (2.3) 

^A/2 = - (1/5)1/2^,,^(1~),,^(0+),^,3(0-^ ^ (l/S)l/2^,^,(l+),^2(l-')/^3(- 1“) 

- (l/10)i/^^^i(l+)z/2(0+)%(- 1-) + (4/10)1/2^, 1+) 

- (1/10)'/2^^^^(1~-)^^2(0+)^^^^ 

It is here, of course, not the sign of the whole expression, but the relative 
change of sign of the second term, which is significant. In the same way one 
must interpret all eigenfunctions which have been calculated using positive 
angular momentum matrices. 

If one wishes to calculate eigenfunctions directly in the u scheme, one 
must substitute the values (2.1) instead of (2.2) in the formulas given by 
Johnson for the matrices of and L • S. For the Gray- Wills’ method one must 
use the formulas 



{L^ - iLy)u(Jmi) , , x ^ 

^ i + for Ml S 0 

= ± [(^ + mi){l — mi + 1) ]!'%(;, mi — \) | 


for mi> a 

{Ls^ iLy)u(lmi) , , (2.4) 

= + [il - m.i){l + Wi + 1) ]»%(/, +1) { ’ 


■ + for mi < 0 
for 7ni ^ 0 


Failing to note this will in general affect the calculation of transition probabilities, but 
not in the particular case of transitions in which one electron jumps from p to as calculated 
by Ufford, Phys. Rev. 40, 974 (1932). 

This state is the negative of Johnson^s II because of the different order of listing the 
quantum numbers. 
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§3. First-Order Energies for Configurations Which Give More 
Than One Multiplet of a Kind 


“ This is Wigner’s coefficient formula (27) p. 206, Gruppentheorie. For example 

in Wigner’s table, page 208, the signs in the column v = X should be changed, when = 

. ■ . . . . ■ " . ■ ■ ' 


which have signs chosen in accordance with (2.1). When using Wigner’s 
formula for the addition of ani electron to an ion of resultant orbital momen- 
tum l\ the sign of the coefficient^^ {PIL Ml\ 1"1 mi) must be changed when 
+3, • ■ • . This is because an electronic function which is different 
in the u and u schemes is combined with an ionic function which is equivalent 
in the two schemes in the sense of (2.3). In adding L and S to obtain eigen- 
functions in the scheme, Wigner’s coefficients are used as given by his 

formula without change of sign, since the initial states are now independent 
of the scheme used in obtaining them. The changes given in this paragraph 
are required only when it is desired to calculate eigenfunctions directly using 
posith^e phases for all of the one-electron functions, the other alternative be- 
ing the calculation using u’s throughout. 


We shall now discuss the calculation of the first-order energies for con- 
figurations which give more than one multiplet characterized by the same 
values of i and S\ at the same time giving the detailed results for the con- 
figuration d®, which gives two ^P’s, and is the simplest and most completely 
analyzed configuration of this t^^pe. 

The electrostatic energy of any multiplet occurring only once in a con- 
figuration may be obtained very simply by the diagonal sum method outlined 
by Slater,® without having to calculate any eigenfunctions or to use nondiag- 
onal elements of electrostatic interaction in the zero-order scheme. When 
several multiplets of a kind occur, ho^wever, this method gives only the sum 
of the energies. In order to separate the energies, one must solve a secular 
equation connecting a group of eigenfunctions representing the multiplets of 
one kind. This is most easily explained by an illustration : the case of the two 
of J®. Consider the highest If l and ilf^; values which belong to a 
These are Ml — 2, Ms = h The zero-order states of f®, which are characterized 
by ilf I, = 2, If 5 = I are, in the notation of §2, 


A e^2^i(2+)^.^2(2”)^i3(- 2+) B c^i?q(2+)#2(i+)?^3(-“ 1"”) 

C e^«q(2+)«2(li?^3(- 1-^) D >f^^q(2")z^2(l+)?/’3(- 1+) 

E e/^2q(2+)f^2(0+^ F eyf#i(l+)i^2(l")'M3(0+^ 


In terms of these zero-order functions one must determine two orthogonal 
eigenfunctions for which will then be characterized by Ml = 2, M s — i- A 
convenient way of doing this is to find by any of the methods of §2 the eigen- 
functions for all the other multiplets which have states lfx = 2, = | 

(namely ^ 2 , 1 / 2 , ^C 2 ,i/ 2 , ^-^ 2 , 1/2 ^-^ 2 , 1 / 2 ) and then to choose two functions ortho- 
gonal to these and to each other. The following 'were obtained by this proce- 
dure: ; ■ 
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2 ,1/2 = 2 I 


A+ B - €■{■£] 


= (84)-!/^- SA - ZB - C + 4J9 - ZE - 2(6)'^¥'] . 

The matrix of electrostatic energy for these states becomes“ 

a h 

a 3Fo + 7^2 + 63^4 Z{2iyi%Ft - 5^ 
b Z{2\yi\Fi ~ ZFi) 3^0 + 37?2 - 57^4 

which has for its eigenvalues the energies 

€ - 3Fo + 5^2 + 3^4 ± (193^22 - 16504F2i^4 + (3.4) 

This formula then gives the electrostatic energies of the two multiplets. 
The eigenfunctions for these multiplets, for Ml~ 2 , — may now be ob- 
tained. If we write the eigenfunction for either of them as 1/2 4 - ^2,1/2, 

we fi nd 

r/3Fo + 7 F 2 + 63F4 - e\ 2 

L\ 3(21)i/3(F2 -- 5 F 4 ) / J 

(3.5) 

3Fo + 7 F 2 + 63F4 - e 

Ziliyi^Fi - ZFi) 

Now since this is the only state with Mj=^Sl 2 , this state is identical 
with the state ^1)5/2, Mj = 5 / 2 , The eigenfunctions for the other values of J 
and Mj may be obtained from this by the Gray-Wills’ procedure, and the 
whole matrix of magnetic interaction^^ calculated. This procedure leads, 
however, only to secular equations which are too complicated to be solved. 
In all the analyzed # configurations the magnetic interaction is very small 
compared to the electrostatic, so that one can consider it merely as a small 
perturbation on the electrostatic levels; hence it will suffice to calculate the 
diagonal elements of magnetic interaction in the LSJMj scheme. The use of 
the diagonal sum rule together with the Lande interval rule enables all of 
these elements to be readily calculated^® for multiplets which occur only once 
in a configuration; but for multiplets occurring more than once this method 
gives only the sums of the magnetic energies. For the state ( 3 . 5 ) one obtains 
by direct calculation the value 

5/2 1 ]D\ S/2) = [«V2 - (21)i/V/3 - /Sysjr 

= i[l + (59^2 - 435i?4)(193F2= - I 65 OF 2 F 4 + 832SF4^)-'/yf, (3.6) 

The notation is as in Condon and Shortley,^ ^4 = (1/144) 

where F2 and are as in (1.9), 

For the elements of this matrix see Johnson,^ p. 201, and Shortley3 §5. These elements 
are given with plus signs and must be so used only in the v scheme, as has been done by 
Johnson, ,■'/ 

Pauling and Goudsmit, Structure of Line Spectra j §39. The a of this section is our 





■ 
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where is the magnetic interaction S^(ri)Li'Si, and the radial factor 
{nd\i(r)\nd). The upper sign is to be taken with the upper sign in (3.4), and 
vice versa. From the Lande interval rule we know that the splitting is 5/2 
this quantity, while the other intervals are given in Table XIII of Pauling 
and Goudsmit. The sum rule says that the sum of (3.6) for the two ^D’s must 
be IG which is seen to be the case. 

We shall now see how these calculations compare with the experimental 
data. The first instance of d® is Russell’s^® 3d* in Ti II, which has been dis- 
cussed by Condon and Shortley,® who have also given the formulas for the 
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Fig'. 1. Energy levels of the configuration (P, The values for Ti II and Zr II are calculated 
from the constants given by Condon and Shortley;*^ in V III the constants are chosen to make 
^F, and -G fit exactly. 

electrostatic energies. They found that they could obtain a fairly good fit for 
this configuration with F 2 = 845, ^4 = 54 (3Fo = 17,750). If we put these values 
into (3.4) we find for the energies of the two *£>’s 12,820 and 31,450 cm"’-. The 
only *£> found by Russell is at 12,710 cm"’, which agrees excellently with our 
lower The position of the second is predicted 10,000 cm"’ higher than 
any other level of the configuration, which may account for its not being 
found. The intervals in this configuration are discussed in Pauling and Goud- 
smit, p. 163. Using, as they do, theW interval as standard, one calculates, 


Russell, Astrophys. J. 66, 283 (1927). 
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from (3.6) the lower interval as 142 cm“~S while the observed value is 
129.4. The interval for the higher is calculated as — 67.7 cm““h 

In the Sd} of V III White^® has found all the multiplets except and one 
The configuration # has the peculiarity that the calculated electrostatic 
energies for MT and are equal. In this instance these energies are not at all 
equal so that we cannot depend much on and ^P. However if we choose the 
P’s to make the other three multiplets, ^P, fit exactly, the ‘^// energy is 

fairly good (15,869 cm~^ calc., 16,906 cm"^ obs.) while that of the ^P is not 
(11,327 cm"“^ obs.). This is in accord with the observation of Condon and 
Shortley, who in two instances (Ti II and Zr II) found a reasonable fit for ‘^JJ, 
but not for ^P. The values of the constants w^hich are obtained in this way are 
P2=1171, P 4 = 83 (3Po = 23,891). These constants give for the values of the 
two ^P’s, 17,300 and 42,700 cm“b The first of these is agreeably close to the 
found by White at 16,317 cm~^; the second is predicted 25,800 cni“^ higher 
than any other level of the configuration, which has a spread of only 16,900 
cm“^ as analyzed ! Hence it is not surprising that this second was not found. ^ 

The intervals as usual agree only roughly. White has remarked that ^P fits | 

the interval rule fairly well, and if we use the f given by this level, (which is | 

about an average f for the configuration), the calculated ^P intervals are 248 | 

and “■ 1 10 cm ; the first of these is to be compared with the observed interval > | 

of 147 cm~k T 

For the 4# of Zr 11, in which Kiess and Kiess^^ report two ^P’s, Condon {j 

and Shortley obtain an approximate fit of all levels except ^P with P 2 = 683, |j 

P 4 = 36 (3Po = 16,000). With these values the calculated ^P’s lie at 11,750 
and 27,310 cm""^, with separations of 593 and “--309 cm“h respectively. These I 

separations are calculated using the ^JP, w^hich gives an average value for 
f, as standard. The observed ^P’s lie at 13,869 and 14,559 cm"^ with separa- 
tions of 734 and 435 cni~h Hence we must infer that, if these are correctly 
classified, one of them is very strongly perturbed. ■ 

These are all the instances of # which are sufficiently analyzed for com- | 

parison with the theory. In general we have seen that the lowc^r ^P corre- J 

sponds well with the one usually observed; the second ^P is predicted ex- j 

tremely high and inverted. 


20 White, Phys. Rev. 33, 672 (1929). 

2^ Kiess and Kiess, Bur. Standards J. Research 5, 1210 (1930). 
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Calculation of the Quantum Defect for Highly Excited 
S States of Para- and Orthohelium 

By Lloyd P. Smith* 

Department of Physics, Cornell University"^* 

(Received August 12, 1932) 

Experimental term values for the 5 states of para- and orthohelium for the case 
when one electron is in the ground state and the other is in a highly excited S state 
can be represented by the formula £ = —R/V {n Ai and A 2 being the quantum 

defects for the ortho and para systems, which have the respective numerical values, 
0.298 and 0.140. The object of the present paper is to calculate the values of Ai and 
A 2 by a convenient method quite different from that used by Hylleraas. Neglecting 
the polarization of the atom core, the results obtained for Ai and As are 0.289 and 
0.160, respectively, in contrast to the corresponding values 0.230 and 0.122 obtained 
by Hylleraas before he corrected for polarization. This difference is due to the more 
accurate wave functions obtained here and indicates that the effect of polarization 
is not as great as it would appear from the calculations of Hylleraas. 

H ylleraas^ has already calculated the values of the quantum defects 
Ai and Ag for the highly excited 5 states of ortho- and parahelium as- 
suming a solution of the wave equation in the form ^ = <i&i(ri)^„(?' 2 ) ±4>i{ri) 
<t>niri), but in the differential equations determining the 4>'s, certain assump- 
tions were made as to the field in which each electron moves, of such a form 
that the equations could be solved. Since this procedure does not lead to the 
closest approximation to the solution of the helium equation compatible with 
the chosen form of 4' it seemed desirable to obtain a better solution based 
on Fock’s^ method for determining the approximate eigenfunctions for the 
many electron problem and to calculate A, and A 2 by a different method. 
Fock assumes a solution of the wave equation for helium of the form 

'k = ^i(.'ri)i^2(-'r2) + (i) 

where the plus and minus signs refer to para- and orthohelium and x, and Xz 
refer to all the coordinates of electron 1 and 2, respectively. The solution (1) 
is substituted in the variational problem for which the wave equation for 
helium is just the Eulerian equation. In order to minimize the resulting 
integral it is found that ^1 and 4'i must satisfy the following simultaneous 
equations, when and 1^2 are assumed normalized ; 

H4i(x} +G22ix)4i(x) ±G2i(x)42ix) 

= (E - + HnMx) T (H - E)42(x) J 4'i(x)Mx)dx (2) 

+ Gu(x)Tp2(x:) ± Gi2(x)^i(^) 

= (E~ !In)M^) + T (H - E)4i(x) J Mx)4i(.v)dx (3) 

* National Research Fellow. 

** Temporarily at Institut f iir Theoretische Physik, Munchen. 

1 Zeits. f. Physik 66, 453 (1930). 

2 Zeits. f. Physik 61, 126 (1930). 
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where 

H = - + d^/dy^ + - zjr ' 

G„ = J [i^i{x')^k{x')/R^W _ 

Ha = J* 4'i(x)Hypk(x)dx 

and i?o is the distance between the two electrons. The space coordinates are 
expressed in atomic units, i.e., of length and the energy £ is in 

units of IRh] R being the Rydberg constant R^lTtHte^/W, When 4 /i and 
can be taken as orthogonal as well as normalized, the integral terms in Eqs. 
(2) and (3) drop out. The upper and lower signs refer to parahelium and ortho- 
helium, respectively. 

The method which will be used to compute the quantum defect for the 
case when electron 2, say, has a veiy small energy, requires a rather accurate 
determination of t/'2 at large distances from the nucleus. An accurate solution 
for is not required except insofar as it is needed to determine t/' 2. Due to the 
way in which enters in Eq. (3) it will be sufficient as a first approximation 
to assume to be the wave function associated with the helium ion in the 
ground state, i.e., a spherically symmetric function of the coordinates. By 
making this assumption, the possibility of taking polarization effects into 
account is precluded. Further, since we suppose that the energy of electron 
2 is practically zero, the term {E — Hu) in Eq. (3) (which is nearly the energy 
of electron 2) will be replaced by the small term e. As a result of these assump- 
tions, Eqs. (2) and (3) reduce to 

^ Ei^iix) (2a) 

+ Gnix)\p2i^) = + {Gi2(.^) + £’i2}^i(‘^) + ( 3a) 

the integral term in Eq. (3) dropping out because of Eq. (2a) assumed for \(/i. 
It is clearly seen that it is possible to find normalized solutions of Eq. (2a) 
and (3a). 

The normalized solution of Eq. (2a) for the ground state of the helium 
ion is ■ 







t 


^i(ri) = 2(2/7ry^^e 

Substituting this expression for ^i(fi) in the expressions (4), we have; 


S r 

Gn(r2)..-=- 

TT Jo Jo J 0 

[J.7.7. 

/. J. J. ‘■’n 


^12(^2) ,+ £12 =, .2 I ‘ 


2t 6 1 ( 1 ( 1 ) 1 ( 161 ( 1^1 

0 — 2rif2 cos 7)^^^ 

TT ^2jr ^~2ri^2(ri) fi^ siu 


\ TT 


1 i d 

2 ri^ dri 


0 C?"!® + — 2riri cos 

{ sin did(l>iddidri 

\ driJ n ) J 






t ^ 
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where 7 is the angle between the two electrons. The integrations over the 
angles can easily be carried out and in the case of Gnir^) also the integration 
over fh Carrying out these integrations and simplifying the notation by re- 
placing the radius of the first electron Vi by the integration variable s and 
replacing r 2 by r without subscript, the above expressions become, 

Gn{r) ^ \/r - e~^^{l/r + 2) 

G,^{r) + Hn = KVT^y'-\^Vr) 

+- r e'^^^tp2is)sds — 2 f e~'^^^2(s)s^ds . 

dr */ 0 - 

Substituting these expressions in Eq. (3a) and at the same time writing J 
— Eq. (3a) becomes: 


+ {2/r + 2e-^'(l/r + 2) + = + S{r) 


where 


^(r) = 64e ^''[" 2 ^ r €~^^^:^(s)sds -- f e~'^^^+{s)sds — r f e--‘'^+(s)ds 

L */ 0 *70 d r „ 

and and denote the solution for para- and orthohelium, respectively. 
5(r) contains only terms. 

For large values of r and negligibly small values of e, Eq. (5) reduces to 

+ (2/r)|^ = 0 (6) 

whose general solution is 

It = (Tr)^'yjrA{(8ry'^} + S+Fif ] (7) 

where /i(z) and F 2 (s) are the Bessel’s functions of the first and second kind, 
respectively, of order 1. The solution of Eq. (5) for all values of r and negligi- 
bly small € can be most conveniently obtained by solving it numerically by 
any of several well-known methods, over the domain from r==0 to a value of 
r such that Eq. (5) essentially reduces to Eq. (6), at which point the solution 
(7) is joined on, thus determining the arbitrary constants. Since only the 
ratio A/jB will actually be required, it may be easily calculated by means of 
the expression 

where ^ and are the values of ^ and its first derivative at the point r and the 
argument of the Bessel’s functions is (Sr)^^^ throughout. The domain over 
which the numerical integration must be carried out is not large, e.g., 0 
Since ^2 must be finite at f = 0, § must be placed equal to zero at 
f =0, from which can be determined by means of the differential equation 
thus determining the solution uniquely. The first approximation is obtained 
by placing S(r) —0 and then obtaining a second approximation by substituting 
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the first approximation in 5(r). Three approximations will usually give a solu- 
tion correct to four places. This method is not only convenient but is illumi- 
nating in that it shows very clearly the effect of the austausch terms on the 


Table I. Numerical solutions of Eq. (5) for small r. 


r 

o 

II 

Ortho 

^4- 

Para 

r 

5(r)=0 

Ortho 

Para 

0 

0 

0 

0 

2.00 

-0.1982 

-0.1609 

-0.2081 

0.10 

0.0819 

0.0817 

0.0822 

2.10 

-0.2203 

-0.1734 


0.20 

0.1339 

0.1326 

0.1359 

2.20 

-0.2402 

-0.1839 

-0.2667 

0.30 * 

I 0.1640 

0.1604 

0.1688 

2.30 

-0.2581 

-0.1923 


0.40 

0.1778 

0.1706 

0.1865 

2.40 

-0.2736 

-0.1988 

-0.3172 

0.50 

0.1794 

0.1681 

0.1928 

2.50 

-0.2870 

-0.2034 


0.60 

0.1721 

0.1563 

0.1901 

2.60 

-0.2982 

-0.2062 

-0.3583 

0.70 

0.1578 

0.1379 

0.1804 

2.70 

-0.3070 

-0.2071 


0.80 

0.1382 

0.1153 

0.1646 

2.80 

-0.3133 

-0.2064 

-0.3892 

0.90 

0.1149 

0.0898 

0 . 1439 

2.90 

-0.3175 

-0.2041 


1.00 

0.0885 

0.0629 

0.1193 

3.00 

-0.3195 

-0.2003 

-0.4097 

1.10 i 

0.0601 

0.0354 

0.0914 

3.10 

-0.3196 

-0.1950 


1.20 1 

0.0306 

0.0081 

0.0609 

3.20 

-0.3176 

-0.1884 

-0.4198 

1.30 

0.0004 

-0.0185 

0.0285 

3.30 

-0.3138 

-0.1805 


1.40 

-0.0299 

-0.0440 

-0.0052 

3.40 

-0.3080 

-0.1715 

-0.4198 

1.50 

-0.0609 

-0.0680 

-0.0397 

3.50 

-0.3007 

-0.1614 


1.60 

-0.0910 

-0.0904 

-0.0745 

3.60 

-0.2916 

-0.1504 

-0.4102 

1.70 

-0.1202 

-0.1109 

-0.1092 

3.70 

-0.2808 

-0.1385 


1.80 

-0.1479 

-0.1296 

-0.1432 

3.80 

-0.2687 

-0.1258 

-0.3917 

1.90 

-0.1740 

-0.1462 

-0.1763 

3.90 

-0.2551 

-0.1124 


2.00 

-0.1982 

”0.1609 

-0.2081 

4.00 

-0.2424 

-0.0985 

-0.3650 



= -0.779 



AJB. 

- -1.806 



solution. The results of the numerical solutions for together with the ratio 
A/ B of the corresponding constants needed to continue the solution for large 


r by means of Eq. (7) are given in Table 1. Graphs of these solutions together 
with the solution in which no austausch terms have been taken into account 
are shown in Fig, 1 . It is of interest to note the appreciable phase shift in these 
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solutions due to the austausch effect. This phase shift is used to compute the 
quantum defect. 

Calculation OF THE QuANTtTM Defect 

The method of calculating the quantum defects Ai or Aa consists of finding 
a solution of Eq. (5) for large values of r where the small but unknown energy 
term 2e^ is retained and comparing this solution with that given by Eq. (7) 
already determined in the limit e-^0. Retaining the term 2 6, Eq. (5) reduces, 
for large values of r to |"+(26+2A)? = 0. It is convenient to express the 
energy in units of Rh by writing 26= -l/(«-A)^ where « is a positive inte- 
ger and A is the quantum defect which we seek, in which case the above equa- 
tion becomes : 

-{- (2/>- - l/(» - A)2)^ = 0. (8) 

Wentzel, Kramers, and Brillouin® obtained approximate solutions of equa- 
tions of this type. These solutions become invalid in the neighborhood of the 
point where the coefficient of $ vanishes; the fundamental solution for the 
region where the coefficient of i is positive are oscillatory and go over into 
real exponentials when this coefficient is negative. It is important to know 
which oscillatory solution is the continuation of the increasing or decreasing 
exponential solution. These have been established by Kramers and Zwaan. 
For the case in hand it is necessary to use the oscillating solution which is a 
continuation of the exponential solution that decreases as r increases, m order 
<;n1,to-on of Ea. (8) will remain finite at r = . The appropriate solu- 


3 See for example; H. A. Kramers, Zeits, f. Physik 33, 828 (1926) 
^ A. Zwaan, Utrecht Dissertation, 1929. 
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This solution can be most easily compared with that given by Eq. (7) 
in the domain where r is so large that the Bessers functions appearing in 
Eq. (7) can be replaced by the first term in their asymptotic expansions, 
namely' 


J,{(Sryi^\ = [l/7ri/2(2f)iM]cos {(Sryi^ 
7,{(8r)i/2} [i^^x/2(2;.)i/4] sin {{Sryi^ 


^ 1 ( / ) L-/ " / j i / I 

Substituting these expressions in Eq. (7) it may be written, 
^ = C(r/2)i/4 cos {(8r)i/2 + 37r/4 + 


'7r/2 — t/ 4 I + ’ ■ 
7r/2 — 7r/4| + • • 


( 12 ) 


where S = tan“^.4/5. It is now evident that the two solutions (11) and (12) 
differ only in phase and since in the limit for large n the two solutions must 
be identical in phase, this serves to determine the unknown phase factor in 
Eq, (11). Equating the phases we have, A==w+| + 5. Since A denotes only the 
non-integer correction to n we may write A = 1+5, or remembering the two 
solutions for psya- and orthohelium and also the relation for 5 in terms of the 
constants ^ and we have, 

. ortho , 


Ai = i + (lA) tSirr^A+/B+ 


para 


Ag = 1 + (l/x) tan'"M_/-^- 


(13) 


The quantum defect may therefore be found by matching the phases of the 
two solutions (7) and (10) in the domain where they must be equal, namely for 

sufficiently large f and in the limit . 

Making use of the numerical values of the coefficients A and B given in 
Table I, the following results are obtained for Ai and A 2 , namely, Ai = 0.289, 
A2=-0.160.\, , ■ 


Discussion OF Results 

The corresponding values of Ai and A 2 calculated by Hylleraas; namely, 
for the case when the polarization of the atom core is neglected, are 0.230 and 
0.122, respectively, while the values needed in order to yield the term values 
obtained experimentally are 0.298 and 0.140. The fact that the values ob- 
tained here are in better agreement with the values found experimentally is 
doubtless due to the more accurate wave functions obtained here. By at-, 
tempting to take the polarization into account, Hylleraas obtained 0.29 and 
0.15 for Ai and As which are in good agreement with the experimental results. 
However, in the light of the results obtained here, it does not seem likely that 
the polarization of the atom core plays as great a role, as regards the values of 
Ai and A 2 , as that indicated by Hylleraas’ calculations. 

The writer is indebted to Dr. H. Bethe for suggesting this problem and for 
helpful discussions in connection with it, and to the National Research Coun- 
cil for the Fellowship under which this work was carried on. 
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Rotational Analysis of the First-Negative Bands of 
the CO+ Molecule 

By R. F. Schmid 

Ryerson Physical Laboratory, University of Chicago 
(Received August 19, 1932) 

By using the light of a graphite hollow cathode in a CO 2 atmosphere, the 
(first-negative) CO’*' bands at XX2299.7, 2325.2, 2419.4, 2445.8, 2474.2, 2504.5, 
2577.7, 2607.2, 2638.7 and 2672.3A ha\^ been photographed in the second and third 
order of a 21 foot Rowland grating. The analysis gives the rotational constants: 

= 1.778 cm“h a' =0.032 cm“"i and 5/' = l,954 cm“h a'' =0.019 cm"h The p-type 
doubling of both of the upper and lower states seems to be very small. Only lines 
with high rotational quantum numbers show broadenings and sometimes measurable 
doublings. Definite perturbations could not be observed. 

T he first attempt at a rotational analysis of the first-negative group of 
CO+ was made by Blackburn.^ He photographed the bands in the light 
of a helium discharge tube and measured mostly in the first order of a 21 foot 
grating. Since he did not publish his measurements and because the rotational 
constants given by him seem to be erroneous, new measurements seemed de- 
sirable. For that purpose a 1 X 1 X 1 inch graphite block with a cylindrical hol- 
low (3 mm width) was put in a bulb with a quartz window, and using a CO 2 
atmosphere at 0. 1 mm pressure a direct current of about 7 00 milliamperes was 
led through. A smaller piece of graphite served as anode. The cathode became 
red hot and the hollow gave a very bright blue colored light, which contained 
the whole CO+ spectrum in considerable intensity and also some CO and CO 2 
bands. In 50 hour exposures good second and third order pictures were ob- 
tained. 

Table I. \=2299.69A 0->l band. 


K 

P 

K 

R 

K 

P 

K 

R 



1 

43,456.0 

19 

43,319.0 

25 ■ 

43,434.4 

1 

43,445.6 

2 

458.6 

20 

309.1 

26 

429.3 

2 

441 .2 

3 

461.7 

21 

298,6 

27 

423.8 

3 

436.6 

4 

464.0 

22 

287.9 

28 

418.0 

4 

431.7 

5 

465.8 

23 

276.6 

29 ■ 

412.1 . 

5 

426.5 

6 

467.4 

r 24 

■ 265.1 

30 

405.5 

6 

421.0 

■ 7 ' 

468.5 

i 25 

253.2 

31 

398.3 

7 

415.1 



26 

241.2 " 

32 

391.1 

8 

409.0 

14 

468.5 

27 

228.7 

33 

383.6' 

9 

402.5 

15 

466.9 

28 

216.0 



10 

395.7 

16 

465.3 

29 

202.7 

^ 34 

[375. S 

11 

388.5 

17 

463.2 

30 

189.4 


\375.0 

12 

381.0 

18 

460.8 

31 

175.4 



13 

373.1 

19 

457.8 

32 

161.6 

35 

/367.7 

14 

365.0 

20 

455.1 

33 

147.0 


\366.8 

15 

356.6 

21 

451.6 

34 

131.9 



16 

347.7 

22 

447.8 



■36;. 

/3S9.3 

17 

338.5 

23 

443.7 




\358.4 

18 

329.0 

24 

439.2 



37'.'' 

349.7? 


1 C. M, Blackburn, Proc. Nat. Acad. 11, 28 (1925). 
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Table II. \=Z419.39A 0-^2 hand. 


X 

■ ^ , ' ' 

K 

R 

K 

P 

K 

R 

1 

41,292.4. 

1 

41,303.1 

18 

41,182.2 

27 

41,285.0 

2 

288.4 

2 

306.1 

19 

173.2 

28 

280.6 

3 

284.0 

3 

308.8 

20 

163.9 

29 

275.3 

4 

279.3 

4 

311.1 

21 

154.4 

30 

269.9 

5 

,274.2 

5 

313.3 

22 

144.1 

31 

264.1 

6 

268.7 

6 

314.9 

23 

134.0 

32 

257.9 

7 

263.0 

— 

— 

24 

123.4 

33 

251.1 

8 

257.3 

17 

315,9 

25 

112.5 



9 : 

251.1 

18 

314.2 

26 

101.3 



. 10 

244.6 

19 

312.2 

27 

89.8 



11 

237.9 

20 

309.8 

28 

78.4 



12, 

230.8 

21 

307.1 

29 

66.2 



13 

223.3 

22 

304.2 

30 

53.8 



14' 

215.6 

23 

301.0 

31 

41.3 



15 

207.9 

24 

297.5 

32 

28.3 



16 

199.8 

25 

293.7 

33 

15.0 



17 

191.2 

26 

289.4 

34 

1.4 




: 

- 








Table III. \^Z.^25.17A 1-^Z band-. 


K 

P 

K 

R 

K 

P 

R 

R 

4 

42,956.9 

12 

42,993.4 

21 

42,820.5 

29 

42,925.9 

5 

952.3 

13 

992.3 

22 

809.4 

30 

918.9 

6 

946.8 

14 

990.8 

23 

797.7 

31 

911.0 

7 

940.8 

15 

989.0 

24 

78S.7 

32 

903.0 

8 

934.5 

16 

986.9 

25 

773. S 

33 

894.5 

9 

927.7 

17 

984.3 

26 

760.6 



10 

920.7 

18 

981.6 

27 

747.8 

34 

r885.7 

11 

913.4 

19 

978.3 

28 

734.5 

\885.0 

12 

905.8 

20 

975.0 

29 

720.7 



13 . 

897.6 

21 

971.2 

30 

706.7 

35 

f878.2 

14 

889.2 

22 

966.9 



1876. 3 

15 

880.4 

23 

961.9 





16 

871.5 

24 

956.5 



36 

/868.0 

17 

861.8 

25 

951.0 



\867.1 

18 

.. ., 852.2 

26 

945.6 





19 

841.9 

27 

939.3 



37 

/858.5 

20 

831.5 

28 

932.6 



\875.6 


Table IV. \ =2445. 84A 1-^3 band. 


R 

P 

K 

R 

R 

P 

R 

R 

■ 1 

40,848.4 

0 

40,856.3 

16 

40,754.0 

23 

40.849.4 

"■ :,2 

844.3 

1 , 

859.3 

17 

744.9 

24 

845.3 

■3 

839.6 

2 . 

862.1 

18 

735.8 

25 

840.8 

4: 

835.0 

3 

864.6 

19 

726.2 

26 

836.0 

■ 5" 

829.8 

4 

866.8 

20 

716.4 

27 

830.8 

,6 

824.8 

■5 

868.7 

21 

706.5 

28 

825.5 

,' ., 7 

819.0 




22 

696.2 

29 

819.8 

■ '8 

812.9 

15 

870.5 

23 

685.1 

30 

813.3 

■■ ■•■9^ ■■ 

806.7 

16 

869.2 

24 

674.2 

31 

806.9 

;iO'^ 

799.9 

17 

867.5 

25 

663.2 

32 

800.1 

Ml 

792.9 

18 

865.4 

26 

651.3 



' ■' 12 ■ 

"':,785:.7 ■ 

19 

863.0 

27 

639.2 



13 

778.1 

20 

859.9 

28 

626.6 



14 

770.1 

21 

856.7 

29 

614.6 



15 

762.1 

22 

853.1 I 

30 

602.3 
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Table V. 2577 >68 A 1-^4 band. 


Table VL \-==^2474,21A 2-^4 band. 


463.6 

450.0 

436.1 

422.1 
407.8 
393.5 

378.1 

362.7 
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Table VII. X=^2607J6A 2-^5 Land, 


K 

P 

K 

R 

K 

P 

K 

, , R 

7 

38,290.4 



28 

38,105.9 

33 

38,270.6 

8 

284.6 

13 

38,343.9 

29 

93.6 

34 

263.6 

9 

278.5 

14 

343.3 

30 

81.4 

35 

256.3 

10 

272.0 

15 

342.1 

31 

68.6 

36 

248.5 

11 

265.3 

16 

340.9 

32 

55.5 

37 

240.7 

12 

258.4 

17 

339.2 

33 

42.3 

38 

232.3 

13 

251.1 

18 

337.3 

34 

28.4 

39 

223.5 

14 

243.5 

19 

335.0 

35 

14.4 

40 

214.5 

15 

235.5 

20 

332.5 

36 

0.2 

41 

205.1 

16 

227.4 

21 

329.8 

37 

37,985.5 

42 

195.5 

17 

218.9 

22 

326.6 

38 

970.7 


(double 

18 

210.1 

23 

. 323 . 1 

39 

955.4 


19 

201.1 

24 

319.1 





20 

191.7 

25 

315.1 

40 

/939.7 



21 

182.0 

26 

310.8 

1938.8 



22 

172.1 

27 

306.0 





23 

161.7 

28 

301.0 

41 

[923.9 



24 

151.4 

29 

295.6 

1922.7 



25 

140.4 

30 

289.9 




26 

129.1 

31 

283.7 

42 

907.3 



27 

117.8 

32 

277.3 

43 

[890.9 

1889.2 




Table VIII. 7^^2504,48 A 3 — >5 band. 


9 

39,852.0 

12 

39.914.6 

10 

845 . 1 

13 

'913.5 

11 

838.0 

14 

911.9 

12 

830.1 

15 

909.9 

13 

822.2 

16 

907.5 

14 

813.8 

17 

904.8 

15 

805.2 

18 

901.6 

16 

795.8 

19 

898.2 

17 

786.7 

20 

894.3 

18 

776.6 

21 

890.1 

19 

766.5 

22 

885.7 

20 

756.0 

23 

881.2 


■ ^ ^ 

Table IX. X = 

K 

P 

K 

R 

9 

37,821.6 

13 

37,844.5 


39,745.1 

733.9 


[725.7 

\724.4 


_ [39,876.5 

\ 875.4 


[870.7 

\869.2 


[865.1 

\863.3 

[858.8 

\857.0 


23 37,700.5 


27 37,839.2 


A 

I 



illl® 



limp 

"lif 

siiiii, 







;i: 

litj 

JiiPliiiiiiiiiiiliisi 'M$L , .. 

I ’ - 
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Table X. \^2672J1A 4-^7 hand. 


Table XL Upper state combinations, R{K) —P{K) 


K 

P 

■ K 

' ' R , 

17 

37,283.4 

23 

37,377.0 

18 

274.0 

24 

372.0 

19 

264.3 

25 

366.8 

20 

254.1 

26 

361.1 

21 

243.7 

27 

. 355.0 

22 

232.8 

28 

384.4 

23 

221.7 

29 

341.7 

24 

210.1 

30 

334.4 

25 

198.0 

31 

326.9 

26 

186.1 

32 

319.1 

27 

174.0 

33 

310.8 

28 

160.8 



29 

147.4 



30 

133.6 



31 

119.9 




K 






p 

mm 











K 
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Table XII. Lower state combinations, R{K—1)—P{KA'1)> 



0 

0 

1 

1 

1 

2 

2 

3 

3 

4 


1 , 

2 

2 

3 

4 

4 

5 

5 

6 

7 

K 











, 1 




12 . 0 ? 







2 

19.4 

19.0 


19 . 7 ? 

18.8 

18.6 





3 

26.8 

26.8 


27.1 

26.5 

26.6 




25.9 

4 

35.1 

34.6 


34.8 

33.8 

34.2 




33.2 

,5 

43.0 

42.4 


42.0 

41.7 

41.6 




40.2 

^ .,"6 

50.7 

50,3 


49.7 

49.2 

49.6 




48.2 

7 

58.4 

57.6 



56.6 






8 

66,1 




64.2 






13 



104.1 





100.8 



14 



111.9 



109.4 

108.4 

108.2 

107.5 

106.4 

15 

120.8 


119.3 



117.0 

115.9 

116.1 

114.6 

113.7 

16 

128.5 


127.1 

125.6 


124.5 

123.2 

123.2 

121.9 

120.8 

17 

136.3 


134.7 

133.4 


131.9 

130.7 

130.9 

129.1 

128.0 

18 

144.1 

142.7 

142.5 

141.3 1 

139.3 

139.2 

138.1 

138.3 

136.6 

135.3 

19 

151.7 

150.3 

150.1 

149.0 ' 

146.9 

147.3 

145.6 

145. 7 

144.1 

142.6 

20 

159.2 

: 157.8 

157.8 ! 

156.5 

154.5 

154.7 1 

153.0 

153.1 

151.5 

149.8 

21 

167.2 

165.7 

165.6 

163.7 

161.9 

162.1 

160.4 

160.4 

158.6 

157.2 

22 

175.0 

173.1 

173.5 

171.5 

169.3 

169.9 

168.1 


166.4 

164.2 

23 

182.7 

180.8 

181.2 

179.0 

176.6 

177.2 

175.2 


173.6 

171.3 

24 

190.5 

188.4 

188.3 

186.2 

185.6 

185.0 

182.7 


180.5 

179.0 

25 

198.0 

196.2 

195.9 

194.0 

191.8 

192.1 

190.0 


188.5 

185.9 

26 

205.6 

203.9 

203.2 

201.7 

198.9 

199.7 

197.2 


195.5 

192.8 

27 

213.3 

211.1 

211.2 

209,4 

206.1 

207.0 

204.9 


202.5 

200.3 

28 

221.1 

218.8 

218.7 

216.2 

213.8 

214.3 

212.4 


210.1 

207.6 

29 

228.6 

226.8 

225.9 

223.3 

221.0 

221.9 

219.6 


217.3 

214.8 

30 

236.6 

234.0 



228.3 

229.2 

227.0 


224.7 

221.8 

31 

243.9 

241.7 



236.1 


234.3 


231.8 


32 

251.3 

249.2 



243.3 


241.4 




33 

259.2 

256.5 



250.7 


248.9 




34 





257.8 


256.3 




35 





265.1 


263.4 




36 





272.8 - 


270.8 




37 





280.4 


277.8 




38 





288.2 


285.3 




39 





294.2 






40 





301.9 






41 





309.2 







The Tables I to X contain the measurements. The accuracy is ±0.1 cm"b 
Most of the band lines appear single (the bands are composed of F and R 
branches as is usual for the case Only lines with high rotational quan- 

tum numbers show an increasing broadening and in some cases also splittings 
could be observed. Unfortunately (but naturally) the broadening or splitting 
causes a more rapid decrease of the intensity and so only a few doublets 
could be measured. Besides that, the dispersion and resolution of the grating 
used in the region of these bands allows one to observe doublets only when 
the separation is larger than 0.5 cm~^ (in the third order) or 1 cm”^ (in the 
second oider). Considering these facts, not much can be said about the mag- 
nitude of the p-type doubling of the ^2) terms. It may be pointed out that 
while in most of the bands the doubling starts with rotational quantum num- 
bers about 30 to 34, in the l~->4 band (X = 2577.7A) no doublings were ob- 
served until rotational quantum numbers 40 to 42, while on the other^hand 





'! ? 
r'' i 
t-: I 


f' r 

'l';i i 
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in the 3-^5 band (X=2504.5A) the lines P(23) and P(24) already show rela- 
tively large doublings (1.3 cm-i width). Within the above stated and not very 
high observational accuracy no definite perturbations in the doublets could 
be observed, although the doublet widths increase not very regularly with the 
rotational quantum numbers. 

The K numbering of the lines is given by the combination-differences 
listed in Tables XI and XII on the basis of the formula: 

L,T'{K) = R{K) - P{K) = 4P'(X + 4) 

and ' 

A^r'CX) = R{K - 1) - P{K -f- l) = 4B"(X -f i) . 

For calculating the and ^ values only lines without observable splittings 
were used. The P' and B" constants vary in the usual way with the vibra- 
tional quantum numbers a ^ and We find: 


y ' S= 0 

1 

2 3 

4 


II 

1.73 

1.70 1.66 

1.63 

and 

v"= 1 

2 

3 4 

5 6 

7 

P" = 1.92 

1.91 

1.88 1.86 

1.84 1.83 

1.81 

In using these values, on the basis of the well-known formula Bv — Be ' 

-f 1) , and with the reduced mass 11.4X10" 

“24 grams for the CO molecule 

following constants were 

obtained: 




upper 

lower 

state 



*22 




Bo 

1.77 

1.94 

Xcm“^ 


Be 

1.778 

1.954 

Xcm~^ 


a 

0.032 

0.019 

Xcm”^ 


L 

15.56 

14.16 

Xl0""^°gcm^ 


r. 

1.168 

1.114 

Xl0“®cm. 



The writer wishes to express his thanks to Professor Robert S. Mulliken, 

who suggested the work above. 
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A Quantum Mechanics Treatment of the Water Molecule 

By Albert Sprague Coolidge 
Harvard University 

(Received August 8, 1932) 

The perturbation method of Heitler and London has been applied to study the 
interaction of the atoms in the water molecule. For a preliminary calculation an 
arbitrary internuclear distance has been assumed, and no ionic wave function has 
been considered. The calculated binding energy, 3.5 volts, is too small, as was to be 
expected. An analysis of the sources of this energy in various types of resonance or 
electron interchange is developed, and the results compared with Slater’s simplified 
model. Methods for the evaluation of electron reactions involving three centers are 
described, including a possible alternative for the customary Neumann method, ap- 
plicable to two-center problems. Formulas for products of bi-axial surface harmonics 
and their integrals are given. 

Introduction 

T he present work was undertaken in order to investigate by an actual 
calculation the extent to which the chemical binding in a triatomic mole- 
cule can be referred to the overlapping of particular electron orbits, and to 
see to what degree the energy is affected by the reactions of atoms which are 
adjacent but not in chemical combination according to current doctrines of 
valence. The calculation of the reactions between electrons associated with 
three atomic centers proved very laborious. In order to reduce within practi- 
cal limits the amount of computation, it has been necessary to confine the 
investigation to certain predetermined configurations of the nuclei. Assuming 
the oxygen atom at the center of a system of rectangular coordinates, the 
hydrogen atoms are supposed to He in the ATF plane, in approximately the 
directions of the X and F axes respectively, and at equal distances from the 
center. This distance has been taken as 2 an, in close agreement with Debye’s^ 
estimate, 1.07 X10~^ cm. The method of computation permitted variation in 
the distance between the hydrogen atoms without excessive labor, and three 
distances have been computed : 2.5, 2.828, and 3 u-h. The corresponding molec- 
ular angles (between the lines joining the oxygen to the two hydrogen nuclei) 
are 77°22', 90^, and 97*^11'. (It is assumed that these lines make equal angles 
with the X and F axes respectively.) In defining wave functions we require, 
in addition to the rectangular coordinates, the radial distances r, s, t, meas- 
ured respectively from the oxygen, the AT hydrogen, and the F hydrogen 
nucleus, ■, - 

The oxygen atom has been represented as a nucleus of charge 6, surrounded 
by six electrons of the L shell, two in orbits and four in p orbits. To each 
hydrogen atom a single electron has been assigned. Covalent bonds are sup- 
posed to result from the interaction of these electrons, in a manner depending 

1 Debye, Polar Molecules^ p. 73. 
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upon the various possible methods of assigning spins. A general discussion of 

a similar but simpler model has been given by Slater .V 

Choice OF Wave Functions 

Four stages in the working-up of an approximate molecular wave function 
exist, and may well be defined at the outset. First, elementary functions for 
single electrons are selected. Second, products of these are combined in the 
manner of a determinant to form simple functions for all the electrons. Third, 
certain intermediate linear combinations of these simple functions are formed 
for the purpose of facilitating the solution of the secular equation. Fourth 
and last, a final function is constructed as another linear combination of the 
simple functions, with such coefficients as will give the minimum energy . 
This last step cannot, of course, be taken until the secular equation has been 
set up and solved so as to determine the coefficients. The minimum energy, 
obtained from the final function, will be already known, since it comes out of 
the secular equation f nevertheless, it will be instructive to find the final func- 
tion and compute the energy over it, in order to see how the different electron 
reactions contribute to the total value. 

Zener® has given formulas for the best simple analytical elementary wave 
functions which can be used as a basis for a perturbation calculation of atom- 
ic energies. For 2s and 2p electrons, respectively, they may be written 

a,nd 

where 5o and Si represent surface harmonics of order 0 and 1. For oxygen, the 
best value of is 2, of 6, 2.24, while a is negligibly small. As has been shown 
by Pauling* and by Slater®’® it is advantageous in molecular problems to choose 
real surface harmonics, of which one has a maximum orientated along the line 
of each chemical bond. For the hydrogen electrons, the simple normal atomic 
orbits were assumed. The normalized elementary functions chosen for the 
computation are 


tf'j = = (l/Tr)*/®e *. 

It will be seen that they are all orthogonal except the following pairs : o^, orj, 
xk, yv> ^Vt xf], yk\ tfie last two pairs approach orthogonality as the molecular 
angle approaches 90°. For 5, the round value 9/4 was adopted. 

Following Slater, we select six simple functions for all the electrons, which 
have the same unperturbed energy, and which cannot combine with any 
other functions of the same energy when the molecular angle is just 90°. With 
other angles, combinations with other functions become possible ; but these 

5 J. C. Slater, Phys. Rev. 38, 1109 (1931). 

3 Clarence Zener, Phys. Rev. 36, 51 (1930). 

* Linus Pauling, J. Am. Chem. Soc. S3, 1367 (1931). 

3 J. C. Slater, Phys. Rev. 37, 481 (1931). 
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combinations become rapidly smaller as the angle approaches 90^, and are 
neglected here. Each simple function is the sum of 8! terms which may be 
derived by systematic permutations of the electrons among a definite set of 
orbits, and may be represented by the symbols characteristic of those orbits. 
The two possible spins may conveniently be designated by the presence or 
absence of an overline. Thus, we have 


i/1 = 0 z X y 0 z xj/^ 
i/B = 0 z x^o z yn] ^4 
i/B = 0 zl y 0 z XT}; xp^ 


dz l?! 0 z X y\ 
d z y Hj 0 z X 
dzx^oz^y. 


Slater shows that the lowest energy is to be found from some combination 
of two intermediate functions: A =| [i/'i + 1 ^ 2 +^ 5 +^ 6 ]; C = |[^i+t/' 2 +TA 3 +^ 4 ]. 
These do not combine with any of the other four possible independent linear 
combinations of the simple functions. The final function is ■pf==aA -jrcC, where 
a and c are to be chosen with regard to normalization, and so as to satisfy 
simultaneously the equations 


a(HAA 

x(Hac 


XAaa) + c{Hac 
\Aac) + c(Hcc 


Here Haa} etc., are the matrix components of the energy operator 
and of unity over the intermediate functions, and X is the lower solution of the 
secular equation 

I^AA ““ '^Aaa Sac XA^c q 

S[ac “ XA^(7 Hoc XAcc 

The values found for the quantities X, a, and c, may be anticipated : 
Molecular angle iTlV 90^ 97^11' 

a 1.106 1.082 1.074 

d: 0.076 0.083 0.087 

X >-18.4976 -18.5133 -18.5150 

The subsequent anal^^sis may be somewhat clarified by adopting a differ- 
ent representation of the intermediate and final wave functions. Each of the 
8 ! terms in a simple function can be expressed as the product of two factors, 
of which one contains only functions of space coordinates, and the other deter- 
mines the spin. In every one of the other five simple functions may be found a 
term with the same space factor, but a different spin factor. Any linear com- 
bination of simple functions can therefore be made up in the form of 81 terms 
derivable by permutation from a typical term in which the space factor is of 
the same simple form as in the simple functions, but the spin is specified by a 
more complicated factor, involving in general non-integral coefficients. 

Matrix Elements 

Let us examine the construction of the matrix elements of the total energy 
operator, or of unity, over a pair of functions (possibly identical) which may 


if^J li' 
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be either simple, intermediate, or final. As is well known, it is sufficient to con- 
sider only the 81 terms obtained by selecting a single typical term from one of 
the pair of functions involved, applying the appropriate operator, and multi- 
plying this in turn with each term of the other function. Since we do not 
consider the interaction between spin and orbital motion, we can separate 
each resulting term into a space factor and a spin factor. 

The space factors will be the same in all classes of matrix elements, and 
will be characterized by the types of orbit exchange involved. Since the orbits 
to which the electrons are assigned are always selected from the same list (in- 
sofar as the space parts are concerned), the two assignments involved are re- 
lated to each other by a certain scheme of permutation which we call an ex- 
change. Thus, suppOwse that the typical term of one wave function has the 
space factor, 0iZ2Xs^A0^^Zty77]sj (the subscripts referring to definite electrons), 
and that in the other wave function occurs a term with the assignment 
Then we may say that electrons 1, 4, and 3, respectively, make 
the transitions u—>^, and while the others are stationary; we shall 
represent this exchange by the symbol [o^x]. Similarly, an exchange system 
like o—^z, z-^Oy will be denoted by The contribution from 

each exchange will be called an exchange element. The great majority of the 
8! such elements in each matrix component will be found to vanish becamse of 
orthogonality between exchanging orbits, or for reasons of symmetry, and 
many of the surviving elements are equal in magnitude. Their computation 
will not be extensively discussed except in regard to certain features peculiar 
to the three-nucleus problem, to be taken up later. 

The exchange elements of unity will be called exchange factors. Thus the 
exchange [o^rj] produces the factor where (o§) = /J (S^) 

= fdVTp^\pr}- These integrals are w’^ell known. 

The exchange elements of the energy will be called exchange integrals, or 
gross exchange integrals when we wish to distinguish them from certain other 
quantities, to be discussed later, which arise from certain terms only in the 
operator, and correspond to what is ordinarily meant b}’^ the term exchange 
integral. In computing them, the total energy operator is used, including nu- 
clear repulsions, kinetic energy of electrons, and reactions between each elec- 
tron and all other electrons and nuclei. There wall be in general 63 terms in 
each exchange integral, and the formulas are too cumbersome to warrant re- 
production here. 

We must now consider the part played by the spin factors in the matrix 
elements. This is simplest in the case of elements over the simple functions, 
where each orbit is associated with a definite spin. When the typical term of 
one function is combined with any particular term of the other, the resulting 
spin factor will be unity in case the spin of each electron is the same in both 
terms; otherwise it will be zero. Upon grouping together those exchange ele- 
ments of identical value, we can represent the complete matrix element as a 
sum of typical exchange elements, each multiplied by an integral occurrence 
number, showing how many permutations produce an exchange of the given 
type with no changes of spin. (Of course, attention must be paid to the sign 
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with which each permutation occurs.) We shall see that it is convenient to 
represent the matrix elements over intermediate and final functions in a 
similar way, with the difference that the spin factors, and hence the occur- 
rence numbers, attached to each of the exchange elements, will no longer be 
integral. , 

In order to determine the occurrence numbers for the simple functions, 
the following scheme was adopted. It depends upon the fact that all exchange 
elements vanish for exchanges involving more than two transitions between 
orthogonal orbits. First, a systematic list was made of all the permutations of 
each simple function which do not involve any electron in a change of spin 
as compared with a selected typical term. This list consists of 24 permutations 
among the 4 electrons of one spin, any one of which may be combined with 
any one of the 24 permutations among the other 4 electrons. In constructing 
the exchange list for a given matrix element involving this function with a 
second, a typical term was selected from the second function such that when 
it was combined with the typical term of the first function, no orthogonal 
transitions occurred. The 23 remaining permutations among one spin group 
of the first function were now compared with the typical term of the second, 
and the exchange types noted. The process was repeated for the other spin 
group. Many of the exchanges could be thrown out as involving more than 
two orthogonal transitions; while the number involving less than two was 
quite small. It was now easy to see which pairs of permutations, one from 
each spin group, could occur simultaneously without producing more than 
two orthogonal transitions, and the corresponding exchanges were added to 
the list. Finally a catalog of all exchange types was drawn up, and in it was 
entered the number of times that an exchange of each type was found to occur 
in each simple matrix element. These numbers are evidently the occurrence 
numbers of the preceding paragraph. The intermediate and final matrix ele- 
ments are simple linear combinations of the simple elements. Upon making 
the corresponding linear combinations among the occurrence numbers for any 
particular exchange, we shall evidently get the occurrence number for that 
exchange in the intermediate or final matrix element. (Naturally, this cannot 
be done for the final function until the coefficients a and c are known.) 

The above may be illustrated by reproducing a portion of the table show- 
ing the values of the exchange elements and occurrence numbers for certain 
combinations of functions. (The values are for 91^ molecular angle.) 


Exchange 

Exchange 

Exchange 


occurrence number in 

combinations of 

type 

factor 

integral 




AA 

AC 

Mf 

[ ] 

1.000 

-17.7135 

1 

0 

1 

1 

0.5 

1.2554 

Ixy] 

0 

0.0475 

-3 

0 

-2 

-2.5 

-2 

-3.2791 


0.1072 

-1.9876 

0 

0 

-2 

2 

1 

2.4878 


0.0724 

-1.3514 

2 

0 

0 

1 

2 

1.5368 


0.0001 

-0.0009 

0 

-2 

0 

-1 

-2 

-1.5368 


The products of the exchange factors or integrals with their occurrence 
numbers will be called exchange contributions to the given matrix element. 
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■ Total and Binding Energy 

The matrix of the total energy operator over the final function gives, of 
course, the energy of the molecule referred not to separated normal atoms, 
but to atoms stripped of all electrons except the two in the if shell of oxygen. 
It will be enormously greater (absolutely) than the molecular binding energy , 
and the unavoidable errors in its calculation will make it useless to try to get 
the binding energy by subtracting the true energy of the separate atoms. The 
question arises whether we can automatically separate out some sort of con- 
stant atomic energy, and construct a perturbation operator which will give 
the binding energy directly. In the case of the simple hydrogen molecule, this 
is readily accomplished. The total operator, as applied to a single permuta- 
tion with electrons in designated orbits, can be represented as the sum of an 
atomic and a molecular part. Since the unperturbed functions are solutions of 
Schrodinger’s equation, the effect of the atomic part of the operator is simply 
to multiply by a constant, the atomic energy. If the final function is normal- 
ized, the sum of the corresponding terms in the exchange contributions must 
be just the atomic energy. Therefore, to find the binding energy, these terms 
need not even be calculated. The remaining terms in the operator can be 
considered as a perturbation operator, and their matrix element over the 
final function will be the required energy. 

In the present case, we are prevented from doing exactly this by two cir- 
cumstances. One is that we have not started with accurate solutions of 
Schrodinger’s equation, and the other is that not all the functions involved 
represent the normal state of the separated atoms. If we allow the nuclei to 
separate, we find that, of our original functions, xf/i and each produces one 
of the coincident levels of the lowest state of the oxygen atom, a state. 
The remaining four do not remain separate, but and 2“^(^4+^6) 

produce two more of the same levels, while 2 “'“(^ 3 — and 2 '"“(i^ 4 — give 
levels of a higher W state. Even if we had accurate atomic functions for 
the different levels, the atomic terms in the operator would not produce a 
constant. 

The difiiGulty can be partly overcome as follows. It will be readily seen 
that if we pay proper attention to normalization, we can find all the matrix 
elements equally well if, instead of choosing a single permutation of one of the 
functions with which to operate, we should choose any combination of per- 
mutations. Let us denote with iprn"" one single permutation from the function 
’ipm, and wfith the sum of all those permutations which assign, let us say, 
the first six electrons to one or another of the oxygen orbits, the 7th to the X 
hydrogen atom, and the 8th to the Y atom. Then a given matrix element can 
be found from Now we can write where 

includes all the terms in the operator which connect the first six electrons 
with the oxygen nucleus or with each other, and the 7th and 8th, respectively, 
with the X and Y hydrogen nuclei. We may call this the atomic operator, and 
the remainder, IIFf the molecular or perturbation operator. If now we may 
assume that the oxygen wave functions with which we started are true solu- 
tions of Schrodinger's equation, then the result of applying the atomic opera- 
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tor to these functions is just to multiply them by one of two constants which 
j* correspond to these two oxygen atom levels. Denoting with the ground 

energy, or mean of. the two levels, plus the normal energy of two hydrogen 
atoms, and with e the difference of either level from the mean, we may then 
write 

= E'V'i* + €1^1* 

if* W + >/'6*) = EYa* + JSV'5* + €^('3* + 

= £Y4* + EVe* + Y4* + e-As* 

- V'5*) = £Y3* - JSYs* - 6^3* + 
ir*'’Y4* - ^6*) = £Y4* - - Y4* + Ye* 

whence 

» F^Ya* = i:Ya* + e^^3* 

//,,Y5* = EYs* + Ys* 


F*Y6* = £Y6* + 6^4*. 



Upon adding these equations in suitable proportions to produce the final 
function, and applying the whole operator, we get 

= £Y/* + if*Y/* + Y/, 

where 

i^e — + ^2 + lAs + ^ 4 ) + + ^2 + '/'6 + ^e) = aC + C.4 . 

Hence 


J dV<Ps-E4^f* - I* = J dV4>E^H'^^Pf* + ^ JdFf/Y« 


The first integral on the right of this equation is the perturbation exchange 
integral corresponding to the group of exchanges represented by comparing 
the single permutation with the group of permutations Y*; they have all a 
^ single type of interatomic exchange, and differ only in permutations among 

* the oxygen electrons. 

Actually, we cannot expect the equation to hold exactly, because we have 
not accurate unperturbed wave functions. But if in place of the perturbation 
exchange integrals we introduce quantities which will satisfy the equation 
when the other integrals are actually calculated, then these quantities ought 
to be approximately equal to the perturbation exchange integrals : and upon 
adding the equations corresponding to all the permutations n, we see that the 
sum of these approximations must be equal to the difference between the 
'* molecular energy and the ground energy, except for the small term eA/„, 

which can be readily calculated. However, it is simpler and nearly as satis- 
factory to take simply the form JdV4>f'^H^f*—E° JdV4/f''\pf* as the “net e.x- 
change integral,” for these integrals must add directly to give the 
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perturbation energy of the molecule with reference to the “ground state,” or 
imaginary state characterized by the ground energy. To get the actual bind- 
ing energy we must subtract e, which we may regard as the perturbation 
energy of the free atoms referred to the same ground state. 

Upon analysis, it turns out that E° is just iTaa or Ha evaluated for the 
separated atoms, while e is the negative of the exchange integral [xy]. The 
values are — 18.3392 and —0.0475. The resulting binding energy for 97° 
molecular angle is 0.1282. It is very interesting to see how this is made up of 
contributions from the various exchanges. Table I shows both gross and net 


Table L Composition of molecular energy ^ 97^ 


Gross Net 

contribution contribution 


Exchange 

type 


Exchange 

type 


Gross Net 

contribution contribution 


o^v] 1 

,o^n‘xy] i 
1 

I 

x^nios] j 
[x^Tiiyz] I 
O^OTj] 1 

etc. f 
[o^oxrj] \ 
etc. f 

[c^:o77] 1 

etc. f 

\ 

etc. j 

1 

etc. / 
miscellaneous 
small terms 


Total 

Atomic energy 


Binding energy 


exchange contributions. In the interest of clarity, the number of entries is 
reduced by grouping together exchanges which involve the same interatomic 
transitions, differing only by transitions among the oxygen orbits; certain 
other exchanges producing small contributions are also grouped. We may try 
to correlate the net contributions with the familiar Coulomb and exchange 
integrals in Heitler and London’s treatment of the Ha molecule. The first 
value, — 0 . 2772 , is to be regarded as the Coulomb contribution, for it involves 
no interatomic electron transitions. The second value, 0 . 2937 , which nearly 
cancels the first, is the repulsion due to the exchange between the hydrogen 
and the oxygen 2s electrons. The third, — 0 . 2104 , which is roughly equal to 
the total molecular energy, because of cancellation among the other terms, is 
the expected binding energy between the hydrogen electrons and the 2p elec- 
trons of oxygen which are most favorably situated. The sixth term, 0 . 0833 , 
represents repulsion between the two hydrogen electrons, and is somewhat 
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more than offset by the next one, —0.1112, arising from a cyclical exchange 
among three electrons. It is interesting that this term is by no means negligi- 
ble. The remaining terms need not be discussed: they are small and cancel 
out extensively. . 

The fact that in order to produce the lowest molecular energy, we must 
take the simple functions in different proportions from those which give sta- 
ble separated atoms, may be interpreted as indicating that the oxygen orbits 
are distorted on combination with hydrogen. It is interesting to see what in- 
crease in the internal energy of the oxygen atom accompanies this distortion. 
For this purpose we have only to compute the perturbation energy for infinite 
separation, using the simple functions in the proportions found for the mo- 
lecular problem. This turns out to be just = —0.0290, The internal energy 
increase is, then, 1) ==0.0185. The difference is due entirely to the 

contributions from the [xy] exchange, which (for separate atoms) enters with 
an occurrence number —0.6122 as against —1 in the most stable state. 

Discussion 

Upon multiplying the calculated binding energy for 97*^, 0.1282, by the 
factor 27.08, we obtain in volts the result 3.5. The actual energy is about 10 
volts, so that the result, while of the right order of magnitude, is much too 
small. A part of the error may be attributed to the failure to select the most 
favorable interatomic distance, but the greater portion is doubtless due to the 
omission of any wave functions of an ionic character. Pauling® shows that the 
energy of the water molecule is considerably greater than that which would 
be expected to be produced by a nonpolar binding such as assumed in this 
calculation, so that the result is perhaps about what one would expect. It is 
hoped to attempt to improve the calculation by taking ionic states into 
account. 

Note added in proof: This expectation has been realized. The ionic func- 
tion used is /==|(^ 7 +^ 8 +\f' 9 +^iQ), where 

t/'T = ozxyozxrj ^ ozxrjozxy 

ipQ dzxyoz^y ^lo = dz^yozxy. 

This combines with the functions ^ and C, and with no other inter- 
mediate functions. For 97^^ molecular angle, the minimum energy is obtained 
from the final function (normalized) 0.7827.4 +0.0773C+0. 34031, and is 
— 18.5975. The corresponding binding energy is 5.7 volts. The effect of 
varying the molecular angle is approximately the same as before. 

A comparison of the results for the three angles indicates that, in agree- 
ment with the ideas of Slater, the hydrogen atoms are nearly at right angles, 
being forced slightly apart by mutual repulsion. The equilibrium angle is ap- 
partotly about 

It is interesting to compare the results of this calculation with Slater's 
analysis. The basis of comparison is rendered somewhat doubtful by his 


® Linus Pauling, Lectures at Massachusetts Institute of Technology (1932). 
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introduction of many simplifying assumptions. Slater neglects the presence 
of the 0 and z electrons entirely. We must therefore subtract out energy terms 
arising from their mutual influence, and must lump together their reactions 
on the hydrogen particles with those of the oxygen nucleus. This is taken care 
of in calculating the net exchange integrals by groups, as already explained. 
The next assumption is more difficult to deal with, for it seems in principle 
inconsistent. Slater assumes that all the elementary wave functions are oi- 
thogonal, so that normalization may be neglected, and the only exchange in- 
tegrals surviving will be those involving just two electrons. He states that 
these integrals will be of the nature of that occurring in the hydrogen mole- 
cule problem, and will be independent of the presence of electrons not 
involved in the transition. Now, it is precisely because the wave functions are 
not orthogonal that molecular exchange integrals are negative, and lead to 
binding in the case of wave functions whose symmetry brings them in with 
positive occurrence numbers. When the functions are not orthogonal, there 
arise terms expressing the reaction of the exchanging electrons on the other 
electrons and nuclei, and while in any neutral molecule these tend to cancel 
out, the cancellation is by no means exact. Thus, the net exchange integral 
from the transition [^^]) calculated for two hydrogen atoms at the distance 
2.8 in the absence of the oxygen atom, comes out - 1.3 volts. When the oxy- 
gen atom is introduced the value increases to 3.1 volts. A comparison of the 
exchange integrals as calculated for 90° molecular angle with the values 
assumed by Slater follows. 


Exchange 

[X7l 

x^] 

XT}] 


Slater 
1 volt 
-5 
-1 
- 0.8 


Coolidge 
1 . 3 volts 
- 2.3 
-i-0.6 
- 3.1 



I 



Slater’s \'alue for [x^] was chosen essentially tzt/ hoc^ in oider to get the 
right energy for the Oil molecule, w^hich is about half that of H 2 O. Now, this 
energy also is probably largely ionic in character, so that it is not to be ex- 
pected that a calculation of this kind should give more than a fraction of the 
observed value. Slater’s estimate is therefore wdthout doubt too high. It is 
certain that [xo?] should be positive, because of orthogonality. Finally, we 
may reasonably expect [^y]] to be larger than [x^] because the wave functions 
overlap more, as is shown by the fact that the factor (^rj) is greater than that 
(x^). This is due to partial cancellation between the parts of 4^-^ which have 
opposite sign. 

Slater predicts that the coefficient c will be much smaller than a, so that 
the wave function A alone will be a good approximation, and will give a better 
approximation for the energy. This prediction is seen to be verified. The 
energy over the normalized function .4 is — 18.5133. 

Method of Computation 

In computing the matrix elements, the only novel problem was the evalu- 
ation of those terms involving orbits or nuclei of all three atoms. These may 
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express the electrostatic attraction between a nucleus and an electron which 
makes a transition between orbits of the other two atoms, or the repulsion 
between two transition electrons. These terms may be symbolized as abJA 
miAab/cd, respectively, where small letters refer to orbits, capitals to nuclei, 
and the line / indicates electrostatic reaction. The case that a and b are $ and 
17 , and A the oxygen nucleus, was solved by setting up, with the aid of ellip- 
soidal harmonics, a general expression for the potential field of the transi- 
tion electron, and evaluating at the origin. In all other three-atom cases, it 
was necessary to express the orbits ^ and rf in the form of series, each term 
being the product of a radial function and a surface harmonic, the center be- 
ing the oxygen nucleus and the pole being the line of centers of the oxygen 
and the appropriate hydrogen nuclei. It was also found useful to have similar 
expansions for the products of the hydrogen orbits with the cosines of certain 
angles, namely, those which are characteristic of the 2p oxygen orbits. 

Now, in the above symbolic representations, let a always be an oxygen 
orbit, while &, c, and i, may be any orbits, a may contain a surface harmonic 
factor of order 0 or 1 , and the product ab may always be expressed as a radial 
function times a surface harmonic, or a series of such products. By means of 
the theory of harmonic potentials, the potential of this electric distribution 
may be calculated at any point, and will involve the same harmonic factor. 
The value at the position of the nucleus A gives at once the term abjA, and 
to find ab/cd the potential of ab must be multiplied by cd and integrated. 
For this purpose cd! can be expressed in terms each of which is a radial func- 
tion multiplied by an angle factor which may be a harmonic or a product of 
two harmonics. Where h is also an oxygen orbit, it was found convenient to 
absorb the cosine factors (if any) which are found in the potential of ab, 
into the product cd before expansion, thus avoiding products of three har- 
monics. 

Accordingly, the required terms are those giving the electrostatic action 
of two distributions of the form F{r)Sn and J{r)SaSb', This is given by the 
expression En{F, J) X fdcoSnSASA^ where the integration is over all angles, 

and . 


En{F,J) = [4V(2w + 


1)] r r Fr^+^dr+ f Jr^+’^dr f 

L t/o Jq Jo Jr 


FA'~^^dr 


The application of this formula is complicated by the fact that the radial fac- 
tors occurring in the harmonic expansions have different analytical expres- 
sions over different ranges of r. Generally one of the harmonics can be re- 
duced: to unity. ■ 

It will be noted that the two-atom ^‘Neumann” integrals which are so 
troublesome with unsymmetrical atoms may be evaluated by this method, 
and have been so done, since the radial functions required are the same as 
for the three-atom integrals. Thus, the integrals 0^/0^ and o^/orj differ only 
that in the former, we get products of coaxial harmonics, while in the latter 
the axes are different. In integrals of this class the series converges quite well. 
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Furry and Barletf' report using this method with success, in connection with 
the beryllium molecule. With other classes of integrals convergence is less 
rapid. Here a valuable aid was furnished by the fact that when the two hydro- 
gen nuclei coincide the integrals become easily calculable by ellipsoidal co- 
ordinates; the higher terms in the harmonic series can easily be estimated so 
that the result converges upon this known limit when the appropriate angle 
factors are introduced. 

Definite Integrals 

A number of definite integrals, which occur repeatedly in the course of 
the work, can well be defined and discussed together. In the following defini- 
tions, it is assumed that a and |3 are positive, and that R is positive except as 
otherwise noted. These restrictions are not always essential, they correspond 
to the cases actually occurring in the present work, and no attempt was made 
to find the most general conditions for the validity of the formulas used . 

We define 

a)= f (m ^ 0) 

Jo 

A„iR, a) = f X”e-“’'dX, (Either n or R, but not both, may be negative.) 

Jr 

X -FiS 

X”e-“''dX, (n^O) 

-R 

WnmiR- a, jS) = X’*e-“'Gm(X, j3)dX, ^ - 1, ^ 0, a or 1? may vanish.) 

= a) -t?„(X,«)]dX, 

Jo 

Unm{R- oi,^) = f X’*e-“’'d™(X,i3)dX = (ml/fi’”+^)G^(R, a) - a, ^), 

Jo 

a, /3) = I X”e-“M»(X, ^)dX, (-« <m<oo,-oo <«<oo, Rmay 

vanish.) 

' ' ' ' 

= I X”e-^^U„(i?,«) - A,.(X, a)]dX 

Jr 

Tnm{R: a, /8) = f X'‘e-“>G„(X, ^)dX = (ml/l3”‘+^)An(R, a) - a, ^). 

The last four integrals represent J e'~^^'^dxdy extended over various 
domains as indicated in Fig. 1. 


^ W. H. Furry and J. H. Barlett, Jr., Phys. Rev. 38, 210 (1932). 
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Recurrence relations are easily discovered by partial integration, and 
serve, with some special formulas, to calculate tables of the integrals. 


1 r ■, 

G,XR, a) = — [«G.„-i(R, a) - R-e-"®] (a > 0) (1) 

a 

^ V ly 

= V , (!') 

j>=0 tr~0 {n 4- cr + l)crl(^' *— cr) ! 

= [!/(«+ l)][aG„+i(i?,«)+R’*+ie-“^] (1") 

Go(R, a) = -[1 - (2) 

a 

+ (3) 

a 

1 r ^ (30 

= [c^.4n+i(i?, O') — 

^ + 1 " 

ce) = — ^ (4) 

a 

WnrniR-. a,p) = (l/a)[G„+„(R,« + d) - +nWn-i,r.iR:<x,p)] (5) 

= (l/p)[mWn.r,^i{R:a,0)-G^^UR,c^ + ^)] (m>0) (S') 

WUR-. a, p) = (1/13) [G„(R, a) - G„(R, a + /3) ] (6) 

IF_i, 0(^:0-,^) = l//3[log (a + ^) - log a + Eii~ aR) - Ei (-(a + p)R)] 0) 

WnUR:0,§) = Win + 1) ] [R«+>G.„(R, |3) - G«+„+i(R, |3) ] (n ^ 0) (8) 

JV-i,o(R: 0,/3) = (1/13) [log R + log l3 + G - 0R) ] (9) 

F„„(R:a,^) = (1/a) l3) - A„+.(R,a + 0) + «F„_i,„(i2:a,d)](10) 

= [!/(«+ l)][^,„+„+i(R,a + i8) 

- Rn+i,-««^„(i?, ^) +aF„H.i,„(R:a,^)] (10') 

= (l/i3) [A„WR, a + /3)+ mF„.„_i(i?: a, ^)] , (10") 


= [- l/(m + 1)][A„+^WR, « + /3) - fiV^.«^+l(R■ (10'") 

To get (10) we put = and expand in powers of jR—X. 
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Formula (7) is obtained by writing 
TF_i,o(i?:«,i3) = lim (a'-> 0) J X-ie-“^Go(X, d)dX 

= lim(l/j3)[£i( — (a-l-/3)(r)-£i(— cca)— -Es(— (a+/3)i2)+£i(— ai?)] 
Ei{— aa-) = C + log [ acr [ — aa + Katr)^ - • • • 

C = 0.57721. 

A similar reduction gives (9). 

In calculating, we first prepared tables of G, taking the first values from 
(2) and applying (1) to advance n. Successive application of (1) leads at 
first to an increase in the nurhber of significant figures in the result; but as w 
increases, the accuracy of the result degenerates, owing to increasing cancella- 
tion in the subtraction, and the higher values are unreliable. However, Eq. 
(10 converges rapidly for sufficiently large n, and when it has been used to 
calculate one value of G, (I'O can be used to compute successively lower 
values of n with increasing accuracy. From the G table, the W table can be 
readily prepared, noting the special formula (6) required when w = 0. 

The B table can be constructed directly from (4). For the A table, (3) 
works successfully for zero or positive n, and (30 for negative w when once 
the value for m= -1 is known. Now, A_i(i?, a) = -F:i(-o'i?); but the series 
for the integral logarithm converges very slowly, the application of (30 for 
the first few negative values of n leads to serious degeneration of accuracy, 
and a sufficiently good value of Ei{—aR) is very laborious to compute. A 
more rapid and at the same time self-proving method is as follows : When the 
positive part of the table is computed and ratios of successive pairs of ^’s 
compared, they are found to change slowly and regularly. It is therefore easy 
to make an e.xtrapolation downwards and estimate the values of A for the 
first two or three negative n’s. From the estimates, (3') is used to continue 
down to the lowest n required, or to an n so low that the use of (3') for still 
lower n's will not compromise the accuracy. When now the ratios are com- 
pared, it will generally be found that they no longer proceed regularly, but 
show fluctuations increasing in violence as the lowest n is approached. From 
the character of these fluctuations, it is simple to estimate the error in the 
lowest A, caused partly by the extrapolation and partly by the application of 
the recurrence relation. After a few trials, a value of the lowest 4 can be 
constructed such that when the table is built up from it by (3), (which gives 
increasing accuracy when used in this direction) the ratio differences are per- 
fectly regular. These values may be confidently accepted, as the method is 
remarkably sensitive. 

A similar method has been used in computing the F table. A value of V 
for the lowest required n and m was found by trial and error, aided by extrap- 
olation, such that the rest of the table could be constructed by advancing 
w and m with the aid of (10) and (10'0> with regularly increasing ratios in 
both cases. Evidently this provides a method of evaluating integrals of the 
iormP^’'Ei(—aX)e~^^d\ which are commonly found by graphical methods. 
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SuKFACE Harmonics 

We need two systems of harmonics with their poles lying respectively in 
the directions of the two hydrogen atoms. We may define them in terms of 
the angles Bx, (l>x, and associated with the two axes, 6 as usual being 

the polar angle and the azimuth, its zero lying in the direction of the Z-axis 
in each case. Let 

= Pn(cOS^a,), Y = P„(cOS^^), 

XrJ = Fn^icosBx) sm <l>x, == ■— F J{cos By) m\ <i)y^ 

AV = Fn^(cOSBx) cos (l)x, IV = FnK<^OSdy) cos (l>y. 

We need to know the integral over all angles of certain products of two 
or three of these harmonics. With two harmonics the integral vanishes unless 
both are of the same order. In this case the only ones which do not vanish are 

J = j dccYn^Y^y = 4T/(2n + 1) (11) 

J doiXn'^Xn^ = J dcoAVX/ = J di^Yn^^Y^- 


doIYn^Yn^ = 


2n{n + l) 7 r 

(2#Tir 


^ dwX^-Yj = {4i,/(l7i+\)]PM) (13) 

J dwX^Y^ = [V(2«+l)[(P„"(a)-a(^f/<fa)(aPn'(«))](14) 
J ^icoX/F„^ = [V(2»+ l)]P/(a) (15) 

JcfcoAVF„*= J<f<oX„^F„^= [4V(2»s + l)]PJ(a). (16) 

Here a is the cosine of the molecular angle, 7 . Pn'(«) and P/(a) are de- 
rivatives of Pn(oQ with respect to a. These formulas may all be derived from 
the equation^ 

F = (l/4x)S„(2w + 1) J do:FP„(ix) . (17) 

Here P is a function of position on the surface of unit sphere, ix is the 
cosine of polar angles with reference to an arbitrary pole, and P is the 
average value of P taken around a small circle enclosing the pole, which will 
be equal to P at the pole if P is continuous there. If P=5n, any surface har- 


WXfiWP: 


Jeans, Electricity and Magnetism^ Ch. VIII Eq. (146). 
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monic of degree n, the summation reduces to the single .^he 

integral product formulas, (11) and (12) are well known, while (13) and (16) 
result directly from (17) on substituting or for F and taking the 
X-axis as pole. For (14) and (15), it is necessary to have an equation analogous 
to (17) involving the associated harmonics. This may be found by means o 

a partial integration thus: 


2 »+ 1 


P 2w “hi r 

I dccS.PnKp) COS <t> = J dwSnPM cos <j> 

cos <;> sin6Pm'(M) 

— r du cos 4>Pm{p) — {Sn sm Q) 

At J dp. 


2in + 1 


= — ^^r^ld/dpjiS^'^rid) = cos <l){Sn/d + dSn/ 99) , 
since in the neighborhood of the pole, cos 6 = 1 and sin 6 = 6. We shall be 

able to express 5„ near the pole in the form 

5» = -4 d- P6 cos ^ . (19) 

Upon multiplication with cos and averaging around a small circle, the 

constant term vanishes, and there remains 

cos4>{Sn/9 At dS„/d6) = B. ■ 

To derive (15), we take 5„ equal to F„h select the X-axis as pole, and note 
that near the X-axis 

F„^ = cos (^>^ sin 6iP„'(cos (y - 6x sin (j>x)) = cos <t>x9xPn{oi) 

plus higher powers of 9x- This in connection with (18) and (20) gives 
To derive (14), we must replace cos by sin 4> throughout (18), (19), and 
(20). It is convenient to take 5^= F„®= — sin 4>v'^mWm sm ni9y. Near the A- 
axis this becomes equal to 

' S«IF„ sin m{y - Bx sin <^x) = 2:,„IF„,(sin my - w6, sin 4>x cos my ) . 

Application of (18) and (20) gives [(27i-i-l)/47r]/dcoF.,»"’X„!'= -S„.mlFm cos 
my. In order to show that this is identical with (14), it is only necessary to 
write P/(o!) = (l/sin 7 )S»IF„. sin wy and perform the indicated differentia- 

tions. . r u 1 . 

Where products of three harmonics must be integrated, two of the har- 
monics will necessarily have a common pole. The product of these two can 
always be expressed as a sum of single harmonics, and the preceding formulas 
then used to integrate the product of this sum with the third harmonic. Form- 
ulas for the products of two coaxial harmonics are given below. Their deriva- 
tion is tedious but not difficult, and may be omitted. 

PiPn = [n/i2n 4- l)]P,»-i + [(w + l)/(2« + l)lFn+i 
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3n{n -- 1) ^ ^ n{n 1) ^ ^ 3(n + l){n 2) ^ 

2(2»- 1)(2«4-1) "-2 + _ _j_ 3)'^’* + 2(2»+l)(2« + 3r’‘'^' 

Sf# — 2)ftr'~" ^ 3f» — !)#(« + l)Pn-i 

2(2« - 3)(2« - 1)(2« + l)'^2(2?J - 3)(2« + 1)(2« + 3) 

3?^(« + 1)(« + 2)P„+i 5(w+ l)(w + 2)(» + 3)P„+ 3 

2(2» - 1)(2« + 1)(2» + 5) ^ 2(2?i + 1)(2» + 3)(2 m + 5) 

35(n - 3)(m - 2)(?z - 1)?!P„_4 , 5(?i! - 2)(-« - !)«(» + 1)P„_2 

8(2w - 5)(2« - 3)(2?f - \){2n+ 1)'*'2(2« - 5)(2» - 1)(2m + 1)(2» + 3) 
9(« — + l)(w + 2)P„ ^ Sn{n + 1)(« + 2)(w + 3)P „-^2 

4(2w-3)(2w-1)(2m+3)(2w+5) '^2(2w- 1)(2»+ 1)(2»+-3)(2« + 7) 
35(w + 1 )(m + 2)(w + 3)(m + 4)P„4.4 
8(2'M + 1)(2« + 3)(2 m + 5)(2m + 7) 

63(w — 4)(« — 3)(w — 2)(« — 1)«P„_6 
8(2« - 7)(2w - S)(2 m - 3)(2m - 1)(2« +1) 

35(w - 3)(« - 2)(» - 1 )m(« + 1)P„_3 
8(2w - 7)(2« - 3)(2« - l)(2w + 1)(2 m + 3) 

15(w - 2)(« - 1 )m(» + l)(w + 2)P„-i 
4(2« - 5)(2« - 3)(2» + 1)(2« + 3)(2w + 5) 

15(« - 1)«(m + l)(w + 2){n + 3)P„.n 
4(2 m - 3)(2« - 1)(2« + \){2n + 5)(2w + 7) 

35w(« + 1)0^ + 2)(w + 3 )(m -t- 4)P„t3 
8(2 m - 1)(2» + 1)(2» + 3)(2« + 5)(2« + 9) _ 

63(m + 1)(» + 2)(« + 3)(m + 4)(« + 5)P„+6 
8(2?j + 1)(2» + 3)(2« + 5)(2w + 7)(2« + 9) ' 

P‘„+i/(2» + 1) - P^-i/(2« +1) 

3{n + l)P\+^ 3PJ 3wP^,_a 

(2« + 1)(2m + 3) (2w - 1)(2» + 3) (2« - 1)(2 m + 1) 

15(w +!)(« + 2)Pt„^3 3<w + 7)PWi 

2(2n + 1)(2« + 3)(2fj + 5} 2(2« - 1)(2« + l)(2n + 5) 

_ 3{n - 6)(» + l)pi„-i 15(w - l)wP ^„ _3 

2(2« - 3)(2w + 1)(2« + 3) 2{2n - 3)(2w - lK2w + I) 

35(« + \){n + 2)(« + 3)P«n+4 
2(2w -|- l)(2w ”1- 3}(2n 5)(2m -j- 7) 

5»(« + l)(2n + 13)P‘ n+2 ■ ■ .. ■ 

2(2m - 1)(2# + 1)(2« + 3)(2» + 7) 


+ 1 ) 










mi 
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1)(« + 2)PJ 

2(2» - 3)(2« 

- 1)(277 + 3)(277 + 5) 

5(277 - 

11)m(J 7 + l)P*n-2 

2(2n - 5)(2» 

- 1)(2m + 1)(277 + 3) 

35(77 — 

2){n — l)nP^n-i 

2(2m - 5) (2# 

— 3){2n — \)i2n + 1) 


ConibiiiEtions of two co3.xi3.1 associated harmonics aic not needed. 

Upon multiplying one of the preceding products by any other harmonic 
and integrating, the only term, if any, contributing to the result is that 
of order m. It will be seen that, in general, & vanishes unless 

j a _ 6 j = n, w — 2, w — 4, • • • . 

Harmonic Expansions of Hydrogen Orbits 

In working out the formulas for these expansions, a screening constant k 
was introduced into the hydrogen wave function with the idea that it might 
later be wished to investigate the effects of varying this constant. In all the 
numerical work, k was taken equal to unity. 

We first seek a representation of 6““ as a function of r and M> where 

ju = cos 0i=.r//'. Let 

=^nKn{r)Pn{y). 

Upon multiplying this equation by [( 27 z + l)/2 ]P» and integrating with 

respect to /x, we obtain 

/* 

~ [(2^x “h l)/2] J ^ • 

Substitute = b = K{2Rr)\ c = (J?2+P)/2Pr, v={c-ix)K d,x= -2vdv. 

Further, let 

T, = r v’e-’>^dv = A\,{{c - 1)''^ 6) - A.iic + b) {v always odd) . 


^ 2[c’'Ti - + [n{n - l)/2!]c’‘--r6 - • • ■ 

Since the surface harmonics are power series in /x, we readily find 
Wo = Tx 

Kx = 2.{cTx -Tz) 

W2 = (5/2)(3c2ri - her, + 3n - Tx) 

K, = (7/2)(5c='ri - iSc^Tz + IScTz -ST-,- 3cTx + 3Tz) 
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Ki = (9/8)(35c*Ti - WOcSJa +2100^1^ - U0cT^ + SSTg - SOc^fi + eOcfs 

- 3or5 + 3ri) 

Ki, = (ll/8)(63c®rx - 315c^r3 + mc^Ti - 630c=T 7 + 315cr9 - 62,Tn 

- IQc^Ti + 210c2r3 - 2\0cTi + IQT-, + IScTi - ISTs) . 


When r<Rvfe find b{c±l)^ = K{R±r) 


0+1) li 


When these values are substituted we find expressions for Z'n(r) 
over the range 0 <r <J?, of the general form 


[S(j' even)iirvn sinh (/cr)(Kr) 


— S(j' odd)irro cosh (Kr)(Kr)‘“’‘“‘] 

in which the are constants, for which the general formulas were not de- 
veloped. In the particular case that R = 2, k= 1, their values were found by 
substituting the appropriate values for Rr, to find Ty numerically. The ex- 
pressions proved awkward for computation, because they involve negative 
powers of r which become infinite at the origin, and while it can be shown 
that the differences always remain finite, the integrals required in the later 
stages of the calculation come out as small differences between huge numbers. 
It proved much more practicable to throw the into the form of infinite 
series in positive powers of r, by expressing sinh r and cosh r in the ordinary 
power series, substituting in (21), and collecting the coefficients. All powers 
of r smaller than the wth were then found to cancel out, and also alternate 
powers above the Mth, leaving 


where the k," exist only for even positive or zero values of j-n. As expres- 
sions of this type will repeatedly occur, it will be convenient to omit the ex- 
pression of the limits of summation, and understand that it extends over all 
existing values of the coefficients. It should be noted that k,” has no connec- 
tion w-ith the former screening constant k, which has been dropped out, and 
that the superscript n is not the index of a power, but shows the order of 
the surface harmonic in whose coefficient it occurs. A table of the first few 
values found for k,” will serve to show the rapidity of convergence: 


I 

I 











n==0 

1.000000 


0.000000 

-0.008333 

-0.000397 
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. n—\ w=2 

0 

0.333333 
lO 0 . 100000 

-0.016667 

S -0.008333 

-0.002381 

-0.000661 


0.030952 

-0.003373 


For values of r greater than R, we must take &(c + 1)*= K(r±R), giving 

0—Kr V 

T, = — — — yjprv{K.ry 

( 2 K 2 J ? r )('+»/2 “ 


y-~T . 

Prv == 

^==0 r\[y 




Numerical values of prv Site readily found by observing that prv^O 
kR), where Q represents a binomial coefficient. With the 
Tv so evaluated, we obtain for Kn{r) expressions, valid over the range 
j^<r<oo, of the form 

Kn{r) ^ {2n+\)e-^I.kTr-^ ( 23 ) 

where the coefficients kj^ exist for all values of j between 0 and w + l.For 
R==2, /c = 1 , the following values were found : 


J 

n = 0 

M = 1 

n = 2 

w = 3 

0 

1.81343 

0.97438 

0.35186 

0.09474 

1 

-1.94876 

-0.70371 

0.16237 

0.24371 

2 

3 

4 


-0.70371 

-0.56845 

-0.56845 

0.04114 

-0.60771 

-0.60771 


The factor l 7 i-y\ was left in explicitly, because it cancels out in most 
of the later integrations. 

No special proof of the convergence of this representation of as a 
series of harmonic terms was attempted. The electron reaction terms calcu- 
lated by its use were compared, in certain two-nuclei cases, with the values 
obtained by ordinary methods, and found in complete agreement, which was 
regarded as sufficient proof of the validity of the method. 

In addition to the fundamental expansion of it was found useful 
to have similar expansions for cos and sin These were readily 

found as follows. 

Let cos = 'EnLn{r)Pn(fJ ‘) ; 

then, as before, Ln= [(2w+l)/2 
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now, = [1/(2 m+ 1) ](raP„_i(M) + (w+l)P„+i(M)) ; 

hence, = [m/( 2»- 1) ]if n_i+ [(n+l)/(2«+3) 

By comparing coefficients of corresponding powers of r, we obtain 
Ln(f) = (2# + for 0 < f < jR and 


{2n + i)Xi” = + (n + (2n + + {n + 

For sin we get a simple expansion in terms of associated functions 

Assume sin 

On multipling by PwKm) and integrating, we find 


Substituting (1 —ix)^PiKp) — (f —iP){d/dii)Pn{y) 
we obtain 

1 r2^^ + i . .1 1 


{2n + 1)mP = /cp~b- /cp+i; (2n + l)wp = 

The coefficients x/’", were computed for values of n up to 4, permitting 
the calculation of X/"", //”, and My'') tip to w = 3, 

I wish to express sincere thanks to Professors E. C. Kemble and J. C. 
Slater, under whose advice and encouragement this work was carried out, 
and to Mr. H. M. James for painstaking verification of formulas and com- 
putations. 
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On the Vibrations of Polyatomic Molecules 
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An exact solution of the wave equation is found for a form of one-dimensional 
potential energy which may be of use in discussing polyatomic molecular vibrational 

energies. An example of its use is given in an analysis of the vibration of the nitrogen 

in the ammonia molecule. The potential energy for this atom has two minima a dis- 
tance Ixm apart, separated by a “hill” of height II. The values of Xm and E are not 
known directly from band spectral data, and are needed for a full analysis of the 
spectrum. By joining two potential curves of the sort dealt with in the first part of 
this paper in a symmetric manner, a curve simulating that for the nitrogen atom^ in 
ammonia was formed. It was found that for certain values of the constants fixing 
this curve, the allowed vibrational energies w^ere the same as the experimentally detei- 
miiied values for ammonia. The corresponding value of Xm was 0.38A, and that of if 
was I electron-volt. These values are probably near the correct values of Xm and H for 
ammonia. 

I N THE course of the study of polyatomic molecules one encounters poten- 
tial functions of a form considerably different from those used in atomic 
or diatomic molecular problems. A perturbation method using any of the 
usual exact solutions of the SchrSdinger equation would usually involve per- 
turbation energies too large to give good results. ^ 

One method of obviating this difficulty is the use of the Wentzel-Kramers- 
Brillouin method. Another is to develop new exact solutions of the wave 
equation for potential fields more nearly like those usually encountered in 
polyatomic molecular problems. 

One such exact solution, fora potential field with two minima,^ has already 
been developed. Another solution, for a different form of potential field is 
described in this paper, and an example of its application to the vibi ational 
states of NHs is given. 

The Exact Solution 

The potential field^ which is amenable of exact solution is 

F(.t) = B tanh (.r/d) — C sech ®(.r/d) . (1) 

If \B I <2C this potential has a minimum value at xo= — tanh“H^/2 C) . The 

second derivative at this point is 

(dW/dx%^.,= {l/8d^CWC^-B^)^ ( 2 ) 


F(a-o) = - (iC^ + B^-)/4C. 

1 Morse and Stueckelberg, Helv. Phys. Acta 4, 337 (1931). 

2 The continuous energy spectrum for a potential field somewhat like this has been dis- 
cussed by Eckart, Phys. Rev. 35, 1303 (1930). 


210 



VIBRATIONS OF POLYATOMIC MOLECULES III 

The wave equation for such a potential is 

(— e — jS tanh z + 7 sech^ z)i/ = 0 (3) 

where and (e, jS, y) =>{STr^Mdyh^)i — E, B, C), E is the allowed 

energy of the system. Now set i/' = 6®^-cosh“~^s- F(s). The equation becomes 

F" + 2(<i — 5 tanh s)F' + [7 — h{h + 1)] sech^s-F = 0 

and ^/F is finite in the range ““ CO ^ CO , if 

a = - 1[(6 + /3)i/= - (€ - and b = |[(e + + (e - (4) 

where both square roots are taken as positive quantities. 

Now let w = 1(1 +tanfe s). The equation for F in terms of is 

m(1 - m)F" + [a + 5 + 1 - 2(6 + 1 )m]F' + [7 - 6(6 + 1)]F = 0. (5) 

The solution of this equation which remains finite at u = 0 is the hypergeo- 

metric function 

F = f(^[6 + I - (t + J)''-], 6 + i -h (7 + iVy a + b + l-,uy 

This series approaches infinity’ in the same manner as exp[2(6— <i)a] as 7i 
approaches unity, unless 6-f J- (7 + 1/4) is a negative integer. In this case 
the function is a Jacobi polynomial. Therefore ^ will not be finite everywhere 
unless 

b = (y + zy^ — n —y. (6a) 

Referring to Eq. (4) we see that the other constant a becomes 

o =-|3/[(47 + !)»«- 2 »- 1 )J. (fib) 

The allowed values of the energy £ are 
- £„ = (6V87r’Md’)(a’ + 6’) 

= i[(4C + .?’)''' - £i2n + 1)]’ + FV[(4C + g’)i'2 - g(2» + 1)]’. (6c) 

The quantum number n can be zero or any positive integer less than or equal 
to (7 + 1/4)^''’ — (/S/2)^''^”"l/2- The constant = 

Therefore the solution of the wave Eq. (2) is the wave function 

in = cosh~’(r/d)F (— n, (47 + 1)^'^ — n; 

a + 6 + 1; §[l + tanh (x/d) M (7) 

where the values of a and 6 are given in Eqs. (6a) and (6b). The normalizing 
factor is obtained from the following equation 

Nn = l/2>’[d-Gia + 6 + 1, 6 - a - 1, 2(7 + \y\ a + 6 + 1; «)]'/’ 

« Whittaker and Watson, Modern Analysis, page 299. 




i_L iii 


N. ROSEN AND P, M, MORSE 


where 


where the limits of the summation over t are fixed by the factorials. 

The allowed energy levels for a typical form of Eq. (1) are given in Fig. 1 


Fig. 1. Allowed energy levels for a potential function of form corresponding to Eq. (1). 

When 7 is much larger than unity then the allowed values of the energy be- 
come 

£n = + }m{:n + i) - + 1)^ + • * * (8) 

for small values of n. Here a?o is the classical frequency of oscillation about 
the minimum point, x==x,n. 

wo = (4C2 - i52)/47r(f(2MC^)^/2. 

Appugation to the Ammonia Molecule Problem 

An example of the use of these wave functions can be taken from the 
treatment of the vibrations of the ammonia molecule. 

The equilibrium configuration of the ammonia molecule^ has a pyramidal 
structure with the three hydrogen atoms at the vertices of an equilateral 
triangle for the base, and the nitrogen atom along a perpendicular line 
through the center of the base. Due to the symmetry of the molecule there 
will be two equivalent positions of equilibrium for the nitrogen, at equal dis- 
tances above and below the plane of the hydrogens. This equivalence of the 

^ See the discussion and references given in the article of Dennison and Hardy, Phys. Rev. 
39, 938 (1932). 
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two minima makes every vibrational level a doublet, a result which is found 
experinientally» 

To analyze the vibrational behavior we first separate off the coordinates 
of the center of gravity of the molecule and the Eulerian angles fixing its 
orientation in space, and deal only with the coordinates fixing the relative 
positions of the atoms. One of these coordinates is x, the distance of the nitro- 
gen atom from the plane of the hydrogens. The other five coordinates, Si, 

Zs, ^4, 25, can be chosen that the positions of the two equilibrium configura- 
tions are at Si== • • • =S5 = 0, The potential function F(^, 21, ^2, 2s, 

24, 25) therefore has its two minima at these two points. 

Classically, the problem of small vibrations about either of these minima 
would be straightforward. The potential F near each minima has six mu- 
tually orthogonal principal axes, such that the kinetic energy becomes a sum 
of squares of velocities and the potential energy becomes a sum of squares 
of coordinates. These coordinates, which we can call yo, • • * , make up a 
so-called normal set of coordinates: by their means we can separate the prob- 
lem and find the six fundamental modes of vibration. For ammonia, x al- 
most coincides with one of the normal coordinate axes. Classically therefore x 
can be used as one of the normal coordinates with fair accuracy for small 
vibrations. 

This analysis is valid for a classical consideration of small amplitude 
vibrations, but for large amplitudes the concept of normal coordinates is not 
valid ; in general the energy equation cannot be separated. Quantum me- 
chanically, the use of normal coordinates for the arnmonia problem is never 
valid, for we can never have the equivalent of small vibrations (i.e., have the 
wave function all concentrated near one point) since there must be as much 
of the wave function about one minimum as about the other. 

Flovrever, we can justify our use of x as a “normal’’ coordinate (i.e., our 
approximate splitting off from the general six-dimensional problem a one- 
dimensional problem in x alone) by the following method. 

The general, vibrational equation, in six coordinates, will not be separable ; 
but we can say a few things about the wave functions which satisfy it. From 
considerations of symmetry we know that all the wave functions will either 
be symmetric or antisymmetric about the nodal hypersurface x = 0. The func- 
tion for the lowest state will be symmetric, having no nodes at all, and having 
two maxima near the two points x-^Xm, H—- ■ * * =25 = 0. The function for 
the next lowest state will be antisymmetric, its only nodal surface being the 
hypersurface x = 0 . In fact all the wave functions can be separated into pairs, 
one function in each pair being similar to the other except for the addition of a 
nodal surface at x = 0. 

The wave functions for the higher states will have other nodal surfaces 
as well. These surfaces will have quite complicated forms in general, and can- 
not be separated into clear-cut families of surfaces, as can be done in a separa- 
ble problem. Nevertheless we will find that some of our wave functions will 
fall into an easily classified family. These functions will represent states where 
one type of oscillation is excited and the others are not; the nodal surfaces of 
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this family will be a one-parameter set of surfaces which will be orthogonal to 
the axis. This family of wave functions is the set we wish to study. They will 
only be large near the x axis. Therefore, for these wave functions, we will 
not introduce much error if we consider their variation along the x axis to 
satisfy a one-dimensional wave equation, using for potential field F(x, 0, 0, 0, 
0, 0) (called hereafter F(x) for short), and their corresponding energies to 
be given by the allowed energies of this one-dimensional problem. 

Perhaps we could find other ^^normal coordinates” in a similar manner. 
In the other cases they might be curvilinear lines joining the two minimum 
points and they would each be tangent to one of the classical normal coordi- 
nates at these points. However, the reasoning is not as clear cut for these 
other cases, and since we do not need them for our problem, we will not digress 
further. 

The problem of the vibrations along the x axis is clear cut and the be- 
havior of the wave functions along the x axis and the corresponding energy 
values can be obtained by solving the wave equation 

d^iP/dx^ + (8rW//22)(lF - V(x))^p = 0. (9) 

From the discussion above we know that F must have two minima sym- 
metrically placed at x = ±Xw, separated by a potential "hill.” As |x | becomes 
large, F approaches some asymptotic value whose height above the minima 
gives the energy of dissociation of ammonia for this type of vibration. 

In studying the behavior of ammonia it would be very useful to know 
the value of x^, the height II of the hill between the minima and the general 
shape of the potential curve. The data for determining these quantities are 
obtained from the analysis of the molecule's infrared spectrum. Presumably 
by analyzing the rotational structure of the bands one could obtain values of 
the moments of inertia of the molecule about its major axes, and thence ob- 
tain the value of Xm. The moment of inertia about the x axis has been ob- 
tained^ in this manner, but this alone cannot give us any of the properties of 
V(x), It seems that the best way to determine these properties is to assume a 
form of the potential field and then see whether the values of the vibrational 
energies computed for this field check with the experimentally determined 
levels. This method will not give us a unique answer, particularly since we 
know the values of only a few of the lowest vibrational energies. In general, 
a whole family of curves could be devised whose energy levels check with the 
observed levels. However, we are helped out of this difficulty by our knowl- 
edge of the general shape of F, and so we can rule out many potential forms 
as being unreasonable. From the results to appear later in this paper it seems 
probable that all those potential forms which appear reasonable and which 
check the data differ very little in their essential properties, and all give about 
the same value of Xm and II. If this is actually the case, then the values of x^ 
and H which are obtained in this paper are fairly close to the correct values. 

A form of potential field which would satisfy our preconceptions of its 
form would be made by joining two potential fields F(x) of the form given in 
Eq. (1) in a symmetric manner. 
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( B imh{x/d - k) — Cstch^ {x/d — k),x^Q ^ 

V(r'\ = < 

■ ' I— 5 tanli (.r/i/ + fe) — Csech“ (x/(f + ^),« g 0. 

This would make the half distance between minima, Xm = M — tanh~i(5/2C). 
The height of the intermediate hill, H, can also be found. 

It can be shown^ that as long as the energy level considered is below the 
top of the intermediate hill the difference between the level for the single 
minimum problem (such as for Eq. (1)), and that for the corresponding 
double minimum problem (such as for Eq. (10)), can be fairly accurately 
given by a perturbation calculation. 

The wave functions for the double minimum problem become 

— dk) ± — dk)] (11a) 

where the are given in Eq. (7). The constant K is a normalization con- 
stant. The energies become 


This shows that for each level of the one minimum problem there is a pair of 
levels for the double minimum case. 

The actual shift of the center of gravity of the levels, given by the first 
integral, is not particularly important, since its value is small compared to 
the distance between levels, for different values of n. But the second integral 
is of importance since twice its value gives the separation between the levels 
in a pair. This separation is small compared to the energy difference between 
different pairs as long as the levels are below the top of the intermediate hill. 

The integral 


giving the inter-doublet separation can be computed since we know the func- 
tions ^n- . . 

From Eq. (6c) the separation between the lower two pairs is 

. g(4C + ... 

Ei~ Eo = 2g(C -f g^''4)l/^ - 2g~ — B-/4r - • -a 


The inter-pair separations turn out to be 

4r(26)c“^“* r2C tanh k ill 

” r(6 ■+• a)T{b — c)(2 cosh k)'^ L & + 1 b j 

2r(26 +_2) 

1 = - a)(2 cosh-i)“'' [(2a^ + b)ib + 1)^ + 
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where from Eqs. (6a) and (6b) w^e have 


The value of for (12b) is zero and that for (12c) is unity. 

The data by w^hich we seek to obtain values for the constants in Eq. (10), 
representing a possible form for the potential field in ammonia are obtained 
from the paper by Dennison and Hardy.® They are the separations between 
the two lowest pairs of levels, Ei—Eo = 950 cm~^ and the inter-pair separa- 
tions A 1^0= 0.8 cm~"b A TTi= 33 cm^h 

One difficulty is at once apparent, for there are four constants to deter- 
mine in Eq. (10) , B, C, d and k, and only three experimental values available 


Fig. 2. Energy levels and potential function for the nitrogen atom 
in the ammonia molecule. 


® Dennison and Uhlenbeck, Phys. Rev, 41, 313 (1932), obtain, by different methods, a 
result in exact agreement with this. 
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between 1950 and 2100 cni“b One of the potential curves for an intermediate 
set of values of the constants is shown in Fig. 2, with its corresponding energy 

levels. ^ ^ 

The fact that all possible forms of potential of the form of Eq. (10) giving 
energy levels which fit the data give values of Xm and H which differ at most 
by eight percent, makes it seem probable that any form of V which would fit 
the data and have a reasonable form would give values of Xm near 0.38A and 
of H near 2050 cm-i (a quarter volt) . This seems likely, for the value of Ex - Eo 
will more or less fix the curvature upward about the two minima, while the 
values of ATFo and AWi will more or less fix the curvature downward about 
the central hill and the height of this hill, while the joining of the curves 
about the minima and the curve about the hill will more or less fix ^ 

The value of the dissociation energy F(a>) = F(xm), however, is not 
closely fixed by our data, for it varies from 2200 to 4000 cm“^. This is to be 
expected, since the energy levels we have used to fix our curves are very 
little effected by a change in the form of V for large values of x. In fact a 
potential curve of the form given by the dotted line in Fig. 2 would have very 
nearly the same values of allowed energies as the curve given by the solid 
line for Eq. (10). For this reason our analysis can tell us nothing about the 
value of the dissociation energy for this type of vibration (except that it can- 
not be less than 2200 cm~^!). 

However the value of Xm is the important value to be fixed, for a complete 
analysis of the ammonia spectrum requires a knowledge of its value. It seems 
likely that its value should be about 0.38A, which makes the moment of 
inertia about the axis of symmetry 4.41 • 10 gm-cm^. ® The range of possible 
values of Xm introduces in this last result an uncertainty of only about 1 per- 
cent. 
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The beam system used in this experiment is similar to one previously 
described^ but it has been enlarged to permit greater pumping speed. Fig. 1 
shows the arrangement of the crystal and detector in the beam system and 
the important dimensions. A special vertical slit 1X0.5 mm placed in the 
experimental chamber near the crystal greatly reduces the size of the penum- 
bra of the beam. 

The pressures in the various parts of the beam system are of the same 
order of magnitude as those previously described^ except that the pressure 
behind the first opening is necessarily somewhat higher because a channel 
is used where a hole in a thin wall had been used in the previous system. The 
pressure in this portion of the apparatus is normally about 6 mm of mercury 
for helium, 2.5 mm for argon and 1.5 mm for neon. 

^ Esterman and Stern, Zeits. f. Physik 61, 95 (1930). 

- Esterman, Frisch, and Stern, Zeits. f. Physik 73, 348 (1931). 

“ T. H. Johnson, Phys. Rev. 37, 847 (1931). 

A. Ellett and R. M, Zabel, Phys. Rev. 37, 1112 (1931). 


The wave nature of helium, neon, and argon has been investigated by the re- 
flection of beams of these gases from a freshly cleaved surface of sodium chloride. 
Evidence of diffraction was obtained in all cases, it being most pronounced in helium 
and least in argon. Both natural and laboratory growm crystals w^ere used. The 
laboratory grown crystals were cleaved in moist air, dry air, and dry hydrogen. 
Laboratory grown crystals cleaved in dry air or dry hydrogen reflected a greater 
percentage of the incident molecules in the specular and diffracted beams than natural 
crystals or laboratory grown crystals exposed to moist air. The diffraction pattern 
obtained from crystals which had not been exposed to water vapor was produced by 
the spacing between rows of sodium and chlorine ions (1.99A). Crystals which had 
been exposed to water vapor showed evidence of a spacing twice as long as those which 
had not been exposed. 

Introduction 

I T HAS been established for some time that quantum mechanics correctly 
describes the motion of free atoms and molecules. The recent experiments 
of Esterman and Stern^'^ with hydrogen molecules and helium atoms and of 
Johnson^ with hydrogen atoms have shown that both atoms and molecules 
exhibit properties of a wave motion of wave-length \ — when reflected 
from the surface of a crystal. 

The present investigation was undertaken first to study the effect of the 
treatment of the surface of the sodium chloride crystal upon the reflection 
obtained and second to study the reflection of neon and argon from sodium 
chloride. 

Apparatus 
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Fig. 2 shows two views of the apparatus which controls the position of 
the detector and crystal. The detector nozzle rotates about the crystal on a 
horizontal axis A perpendicular to the direction of the beam. Its position 
is indicated by the scale B. The crystal holder may be rotated about the beam 
as an axis. The method of producing this rotation is evident by a comparison 
of the two views since the one is taken with a considerably different setting 
than the other. Rotation of the crystal is also possible about the axis CD 
perpendicular to the beam so that the normal to the crystal may be pointed 
in any desired direction. The position of the crystal is indicated by the scales 
E and F. The combined motion of the crystal and gauge makes possible the 
complete study (except for the region between the incident beam and the 


7b pumps 


Channel l.2xOAm' 


lonUaTion gauge 


Crystal 


Vertical slit 

I >0.5mm 


To pumps 


1 To pumps I I 70 pumps I 

Fig. 1. The beam system. 

crystal) of the reflection from a crystal with any desired angle of incidence. 
The crystal holder may also be lowered to permit measurement of the in- 
tensity of the incident beam. The four controls described above are operated 
magnetically by short bars on the end of four concentric tubes G. 

An ionization gauge is used to detect the beam. A diagrammatic sketch 
of the gauge and its connections is shown in Fig. 3. In spite of the small 
size of the gauge, the plate is highly insulated by supporting it entirely from 
its tungsten lead. The Pyrex wall of the gauge is protected from evaporation 
of the filament by the plate itself. The grid is composed of the least number 
of turns which permit the gauge to be operated under normal conditions free 
from Barkhausen oscillations. The gauge is normally operated at 10 m.a. 



Fig. 2. Two views of detector and crystal rotating mechanism 
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(corresponding to a pressure of the order of 10“® mm of mercury) and is in- 
creased from 20 to 50 percent when the beam is in operation. The percentage 
increase in current due to the beam depends, of course, upon the kind of gas 

forming the beam and upon the beam intensity. 

Since no attempt is made to compensate for general pressure changes in 
the experimental chamber one might expect considerable difficulty in main- 
taining a steady zero of the galvanometer. Such is not the case, however. 
The zero is checked before and after each reading and the two values nor- 
mally agree within a few percent of the reading. The use of a compensating 
gauge might make the use of a more sensitive current measuring instrument 

feasible. . 

The gas used in forming the beam is exhausted by the various pumps 
operating directly on the beam system into a common chamber which is in 
turn pumped out by a set of special diffusion pumps capable of pumping 



and incident beam. 


rapidly against high pressure. This set of pumps exhausts into another cham- 
ber which is connected to the first slit of the beam system so that the gas 
used in forming the beam may be continually circulated. The gas is purified 
as it circulates by passing it through a liquid air trap and a hot cathode misch 
metal arc. A hot cathode is used in the arc because the pressure is frequently 
too low for the satisf actory operation of an ordinary arc. _ 

The crystals used in these reflection experiments were grown in this 
laboratory by Dr. R. Hancox and the author by the method recently de- 
veloped by Strong.® 

The treatment of the crystal surface after cleaving seems to have a very 
marked influence on the resulting reflection, hence it is discussed in some 
detail. The normal procedure in making a run is to evacuate the system for 
several days, fill it with dry hydrogen or dry air, cleave the crystal man 
atmosphere of dry hydrogen, dry air, or moist air as desired and place it in 
the apparatus without exposure to any gas except that in which it was 
cleaved. When the crystal is cleaved in a dry atmosphere, the hydrogen or 
air used to fill the apparatus and the chamber in which the crystal is cleaved 
is passed through a long tube filled with P 2 O, in order to dry it thoroughly. 
A continuous stream of this dry hydrogen or air flows through the cleaving 
chamber in order to carry away any moisture which might accumulate. The 


® John Strong, Phys. Rev. 36, 1663 (1930). 
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cleaYing process is carried on in a large tin box with two holes in the sides to 
permit entrance of the hands and a third hole through which to place the 
crystal into the apparatus. These holes were made gas tight by the use of 
rubber sheeting. Perspiration from the operator’s hands was avoided by 
covering them with rubber gloves during the cleaving process. After cleaving 
the crystal its thickness is measured, a metal sheet is chosen to place under 
the crystal to give the surface the proper height and the crystal and metal 
sheet are mounted on the crystal holder under molybdenum springs. The 
crystal holder is then placed in a beveled groove (see Fig. 2) in the apparatus 
through a ground joint by the aid of a long tweezer. The ground joint is 
sealed by glycolphthalic anhydride resin.® An electric heater warms the 
joint so that it may be sealed merely by placing the parts together. Evacua- 
tion is started about thirty seconds after the crystal is cleaved and is complete 
in about fifteen minutes. The crystal is immediately heated to 35G''C where 
it is maintained for several hours after which it is cooled to 100° or 150°C 
and is maintained at that temperature while readings are taken. 

Diffraction Patterns 

Assuming that the ions in the surface layer of the crystal act as scattering 
points of a grating, the resulting diffraction pattern should be governed b 3 " 
the equations 

cos a — cos a!o = (1) 

cos ^ — cos i^o = h^/d (2) 

where a and /3 are the angles measured from the principal axes (rows of like 
ions) in the crystal surface. 

Fig. 4 shows the normal position of the crystal with respect to the beam, 
the plane of incidence being parallel and perpendicular to the principal axes 
of the crystal. Eq. (2) then reduces to 




The spectra investigated are given by (1) and (3) when hi = ±1 and /?2 = 0 
and when = 0 and = ± 1. The first type is found in the plane of incidence. 
The second is found by moving the detector along the intersection of the cone 
making a constant angle ao about the axis (Fig. 4) and a cone making a 
variable angle ^ about the y axis or by moving the crystal and detector to ob- 
tain the same resultant motion. 

In order to determine the position of the detector so that it will be on the 
diffraction cone and the relation between the angle/? of Eq. (3) and the angle 
6 (taken from the apparatus) through which the crystal is rotated about the 
beam, consider Fig. 5. The axes x and y are parallel to the principal axes in 
the surface of the crystal and s is the crystal normal. The x' and x axes coin- 
cide, the y' axis coincides with the incident beam and the axis completes 
the primed system. With the crystal in this position the specular beam 

® Sager and Kennedy, Physics 1, 352 (1931). 
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Fig. 5. Relations of angle taken from apparatus to /3 of Eq. (3). 

the incident beam and the detector. Its projection in this plane is the line 
indicated as e. The angle which e makes with the negative y' axis is given y 
the equation 

S = tan"^ (tan ao cos 0). 

Twice 5 is then the angle, computed for any value of 0, above the negative 
y' axis at which the detector must be placed in order to be on the cone making 
an angle ao with the negative y" axis. A relation between JS and 8 may be 

derived from part II of Fig. 5 as follows: 

cos p = b/c, sine = h/a, sin 28 - a/c. 

From the above equations cos j8 = sin 28 sin 8. For convenience the angle <j> 

will be used hereafter where =90 Hence 

^ = sin-1 (sin 25 sin e) . (5) 

Diffraction in Helium 

Fig. 6 shows the results obtained in the reflection of helium from three 
distinct crystal surfaces. The curves have been plotted in ternis of the ang e 
4, where <j> is determined from 8, the rotation of the crystal, by the aid ot 
Eqs. (4) and (5). The crystals were cleaved in an atmosphere of dry hydro- 
o-en. There is an increase in the intensity of the specular and diffracted beam 





Fig. 7 shows the effect of water vapor on the surface of a crystal. Crystal 
(4) was cleaved in dry hydrogen and curve a was obtained. The crystal was 
then exposed to dry air at a pressure of 10 cm of mercury for several minutes 
after which curve b was obtained. There is no marked difference between the 
two curves. Crystal (5) was cleaved in dry air and its characteristics are as 
good as an ordinary crystal cleaved in dry hydrogen. Crystals (6) and (7) 
were cleaved in wet air (relative humidity 65 percent at 31°C) and both gave 
a very poor specular beam and diffraction pattern. 

Crystal (8) of Fig. 7 was the most satisfactory surface which could be 
found in a large group of natural crystals as judged by the perfection of its 
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- Fig. 6. Reflection of helium from sodium Fig. 7. Effect of water vapor on the ^‘re- 

chloride crystals. Notations such as "3000 fleeting power” of a crystal surface, 

cm” etc., give the intensity of the incident 
beam. The numbers in parentheses identify 
individual crystals. 

optical reflection. Even this carefully selected crystal was, however, not as 
satisfactory as the laboratory grown crystals either in its reflection of light 
waves or particle waves. 

The present status of the investigation indicates that there is a close 
correlation between the reflection of light waves and particle waves from the 
surface of a crystal. Crystals, either natural or laboratory grown, which give 
the most perfect optical reflection normally give the most intense specular 
beams and diffraction patterns. 

W the slits specified in Fig. 1 the specular beam, if perfectly reflected, 
should reduce to zero at three degrees on either side of the peak. There is 
obviously some diffuseness in the reflection even In the most satisfactory 
crystals. 
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Fig. 8. Spectra from rows containing 
both sodium and chlorine ions. 


of incidence. Any spectra found in this position would be due to rows wiiicJi 
contain sodium and chlorine ions alternately. Obviously spectra do not arise 
from these rows. 

Wave-Length Distribution 

The distribution in velocity of the molecules in the beam is given by 
Maxwell’s law as 

( 6 ) 

if the mean free path behind the first opening of the beam system is long 
tr. til ft diameter of the opening and if collisions along the path of 
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dlld4>= idl/d\)id\/dd>). 

Substituting from (7), (9) and (10) in (11) one obtains, 

A" exp [— sin^ d>] cos 4> 

dl/d<j> = ■ — ^ — : 

sin® 


Fig. 9 compares the intensity distribution obtained experimentally with that 
obtained from Eq. (12) for curves taken at angles of incidence of 20° and 30°. 
It will be noted that at 20° incidence the peak of the diffraction curve is at 
a smaller angle and the intensity of the diffracted beam falls off more rapidly 
with large values of 0 than Eq. (12) predicts. This may be expected from 
geometrical consideration since the diffraction cones are nearing the angle 
(20°) where they will no longer intersect. In spite of this disadvantage 20° 
was used as the angle of incidence in almost all the curves because it gave a 
more intense specular beam and diffraction pattern than 30°. 

The experimental and theoretical curves for 30° incidence are in satis- 
factory agreement in view of the fact that the first opening of the beam 
system was a channel and that the mean free path behind the channel was 
short compared to the diameter of the channel. Both the channel and the 
short mean free path might be expected to distort the wave-length distribu- 
tion curve. 

The grating spacing which produces the observed diffraction pattern may 
be determined by differentiating the right side of Eq. (12) setting the result 
equal to zero and solving for d which gives 


cos <^o 


sin 4>q (sin^ <^o + 5 cos^ 


where is the value of <f) at the maximum of the diffraction curve and Xo 
is 0.888A as determined from Eq. (8) when T = 300°K. Table I gives the 
spacings calculated from Eq. (13) for the various crystals used. 


Table I. Spacings computed from the crystals investigated. 


CryvStal 

number 


Spacing 
in A ■ 


Exposed to water vapor 


Before exposure 
After exposure 
30° incidence 
Cleaved in dry air 
Cleaved in wet air 
Cleaved in wet air 
Natural crystal 


The possible spacings are the distance between rows of like ions (3,98A) 
or the distance between rows of unlike ions (1.99A). It is evident from the 
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above table that the shorter spacing or second order spectra from the longer 
spacing is predominant in these crystals. The fact that the computed spacmgs 
at 20° incidence are longer than they should be has been explained in t e 
nrevious discussion. 

Table I shows that crystal surfaces which have been exposed to water 
vapor have a longer spacing than those which have not. Because of the 
width of the velocity distribution in the incident beam two peaks arising 
from spacings of 1.99A and 3.98A would not be resolved. Hence the change 
in spacing may be interpreted as being due to the fact that a portion o the 
crystal surface reflects with a spacing of 3. 98 A after the ciystal has been 
exposed to water vapor. This suggests that on the portion of the surface 
which acquires the new spacing one molecule of water may be collected by 
each sodium ion (union with sodium is assumed because of the afflnity of 
sodium for water vapor) in such a way that the water molecules form a 
grating with a periodicity equal to the distance between rows of sodium 
ions On the other hand, one may assume that heating the crystal removes 
the water vapor and that each molecule of water carries with it some^of the 
ions in the crystal surface in a manner analogous to the removal of the sur- 
face when a salt crystal is dissolved in water. The gaps in the crystal sui face 
caused by the removal of these ions would produce the observed increase in 

^ The latter hypothesis appears more reasonable than the first ^iw _of 
the fact a crystal once exposed to water vapor can be heated to 700 C for 
some time without improving its “reflecting power.” In either case the de- 
creased intensity of the specular beam and diffraction pattern could be ac- 
counted for by the increased roughness of the surface. ^ . 

The observed spacing of the natural crystal is also longer than the spacing 
of laboratory grown crystals. Since the best natural crystals which could be 
obtained still showed considerable evidence of strain it is possible that the 
strained condition causes the crystal to cleave imperfectly so that gaps are 
left in the surface. These gaps might give rise to a variety of spacmgs all 
longer than the fundamental spacing observed in the more perfect sm faces 
so Hiat the tendency would be to shift the curve in the direction of longer 
spacings. This is in agreement with the results of experiment. 

Diffraction IN Neon AND Argon 

Fig 10 shows the evidence of diffraction obtained in the case of neon and 
argon It will be noted that the crystals used have been used Previously with 
helium. The reflection is much more diffuse and the specular and diffracted 
beams much less pronounced than in the case of helium. The grating spacing 
corresponding to the maximum of the neon curve is 2.05A and to the maxi- 
mum of the argon curve 3 A. The diffraction peak of the argon curve has prob- 
ably been moved toward smaller angles by the rapid decrease in mtensity 
of the diffuse specular beam upon which the diffraction peak is supenmpose . 

As previously indicated the slits in the apparatus were changed between 
the study of crystal (3) and crystal (4) so that the argon and neon curves are 



not comparable insofar as the relative intensity of the incident and specular 
beams is concerned. 

Spectra in the Plane of Incidence 

Fig. 11 shows the reflection found in the plane of incidence. The angle 
{a of Eq. (1)) is measured from the plane of the crystal so that the specular 
beam should occur at 20° in each case. The maximum in the case of neon 
and argon is shifted by a considerable amount from the expected position of 
the specular beam. Conclusive evidence of diffraction appears only in the 
case of helium. There is probably, however, a very interesting relation be- 
tween the fact that the diffraction peak in the helium curve appears only on 
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Fig, 10. Diffraction in neon and argon. Fig. 11. Curves taken in the plane of incidence. 

the large angle side of the specular beam and the fact that the argon and 
neon curves have a maximum at larger angles than the expected position of 
the specular beam. 

Another point of interest in this connection is the similarity between the 
argon curve of Fig. 11 and curves obtained in the reflection of mercury from 
sodium chloride. Zahl and Ellett^ found in mercury a diffuse directed beam 
which for small angles of incidence has its maximum closer to the normal 
than the expected position of the specular beam. The similarity of the argon 
and mercury curves suggests that they have a common explanation. 

In conclusion the writer wishes to express his appreciation to Professor 
A. Ellett for many helpful suggestions in connection with this investigation. 
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^ H, A, Zahl and A. Ellett, Phys. Rev.'^SS, 977 (1931). 
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^ The Magnitudes of the L Absorption Discontinuities of Gold 

By Fred M. Uber and C. G. Patten 
Department of Physics, University of California 

(Received July 16, 1932) 

Uniform evaporated films of gold have been used in obtaining values for the 
magnitudes of the L absorption discontinuities and the variations of the absorption 
coefficients with wave-length. The magnitudes of the discontinuities, where the 
scattering is considered as negligible, are 5x,i = 1.16, 5i,n=1.39, Blui — IAS, These are 
in good agreement with the values obtained for mercury by one of the authors. Several 
comparisons are made with the data of other observers. 

Introduction AND Apparatus 

T he results of recent measurements on the L absorption discontinuities of 
mercury by one of us^ have suggested the advisability of carrying out 
similar measurements on gold. Improvements over the work of earlier investi- 
gators were sought in the uniformity of the absorbing screens and in the de- 
gree of homogeneity of the x-ray beam. 

The absorbing screens were prepared by the evaporation of gold in the 
following manner. The gold was contained in a V-shaped trough of thin tung- 
sten foil (0.005 cm thick) through which an electric current could be passed. 

Above this trough at a distance of 10 cm, and parallel with it, was a support 
which held several thin microscope cover glasses (22X22 mm). After the 
glasses were thoroughly cleaned, the whole ensemble was placed in a vessel 
to be evacuated. The vacuum was obtained with a diffusion pump and a liq- 
uid air trap. Gold films 0.001 mm thick could be made by this process in 
about two hours. They were free from imperfections and fogging. The glass 
was removed from the gold over an area of 4 X15 mm by etching with hydro- 
fluoric acid. The part of the gold film to be used as an absorbing screen, now 
without any glass backing, remained firmly supported and without wrinkles 
on its glass framework. Two such films were sufficient to absorb from one third 
to two thirds of the x-ray beam in the wave-length region investigated. The 
mechanical mounting was such as to allow the same part of the film to be ; 

reintroduced into the path of the beam as often as desired. 1 

The slits (each 0.15X10 mm) defining the x-ray beam were placed at a 
separation of 35 cm, thus giving an angular width to the beam of 3' of arc. 

This corresponds to slightly more than 5 x.u. or to a wave-length spread of 
one half of one percent in the center of the group of wave-lengths measured. 

The position of the calcite crystal could be read to 10'' of arc. The ionization 
chamber, source of high potential, etc., are described in a previous paper. ^ 

The ionization currents were measured with a (FP 54 Pliotron) vacuum tube 
amplifier, using the rate of deflection method. As a source of radiation, a line- 

1 Fred M. Uber, Phys. Rev. 38, 217 (1931). 
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focus metal x-ray tube with a tungsten target was employed. The operating 
voltages were below the excitation potentials of wave-lengths which would 
reflect in the second order. In making a few of the observations at long wave- 
lengths, tungsten Z radiation was used. 

Method and Results 

Rates of deflection, alternately with and without the absorber, were meas- 
ured several times for each position of the crystal. The averages of these gave 
values /o and I for each wave-length. The final values used for obtaining the 
points which are plotted in Fig. 1 are the averages for three different films. 


Fig. 1. The log log h/I, log X curve for a given thickness of the absorber. From left to right 
the three discontinuities are Li, Ln, and Lm, 

The films were all made at the same time and no detectable difference in their 
thiekness was found. A few of the points on the long wave-length side of the 
I/iii discontinuity are for one film only. 

From the two well-known equations for x-ray absorption, — and 
/ = /o exp(~'px), we obtain, where A" is a constant, log> = Iog (log Jo//) + 
constant and log log /o// — constant log X. Plotting log log Jo// against 
log X, we secure straight lines whose slopes give us the values for c. Following 
the customary nomenclature, we refer to that part of the curve which lies on 
the short wave-length side of the Li discontinuity as the ii branch. Similarly, 
the segment of the curve between the £i and Ln discontinuities is designated 
as the Lii branch, the segment between the Ln and Lni discontinuities as the 
Liu branch, and the part of the curve on the long wave-length side of the 
Lin discontinuity as the iUi branch. The slopes of these branches are given 
in Table I along with some data of Backhurst^ and Uber^ for comparison. 
Due to the small wave-length separation between the Li and Ln discontinui- 
ties, the slope of the Ln branch cannot be determined with the same precision 
as the others. We consider our value too high for this particular slope. 
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Table I. Values of c for several elements. 


..Element 


Branch of absorption curve 

Ml 

Observer 


Lr 

I'll 

Till 


Platinum (78) 

2.6 

2.6 

2.6 

2.64 

Backhurst^. 

Gold (79) 

2.91 

2.91 

2.64 

2.61 


2.55 

2.94 

2.64 

2.78 

The authors 

Mercury (80) 

2.56 

2.56 

2.59 

2.66 

Uber^ 


The magnitude, S, of an absorption discontinuity, where the scattered 
radiation is considered as negligible, is defined as the ratio of /x on the short 
and long wave-length sides of an absorption edge. Hence, since x is a constant, 
we havC' 

log hi = log (log log (log h/I)\>\L- 

These values are readily taken from the figure by extrapolating the straight 
lines to the absorption edges. The wave-lengths for the L edges have been 
taken from Sandstrom.^ In this manner, we find 

log5Lx== 0.066 dit = 1.164 

log 0.144 5Ln= 1.393 

log aini = 0.3945 5r^ = 2,480 

loadL== 0.6045 di = 4.02. 

In Table II, we compare these results with other published data. Our value 
of Sli is definitely lower than that of Backhurst. The magnitudes accredited 
to Klistner have been interpolated from his graph, since no numerical data 
have been published as yet. His values for Sli for a number of elements are 
practically the same. 


Table II. Magnitudes of the L absorption discontinuities for several elements. 


Element 

bit 


^Lm 


Observer 

Platinum 

1.25 

1.37 

2.47 

4.26 

Backhurst*^ 

Gold 

1.26 

1.36 

2.53 

4.25 



1.24 

1.39 

2.48 

4.20 

Dauvillier^ 


1.16 

1.39 

2.48 

4.02 

The authors 


(1.15) 

(1.35) 

(2.45) 

(3.85) 

Kustner® 

Mercury 

1.18 

1.39 

2.45 

4.02 

Uber^ 


Calculating the thickness of our absorption screen from the absorption 
coefficients of Backhurst^ for gold, we found it to be 0.00024 cm. Proceeding 
with this value of x, we figured the increases in the mass absorption coeffi- 
cient, /x/p, in crossing the absorption edges. They are compared with other 
data in Table III. 

From our data, the absorption per Li electron is seen to be slightly more 
than one half the absorption per Ln electron. This is in better agreement with 

® Arne Sandstrom, Zeits. f. Physik 65, 632 (1930). 






A. Dauvillier, C. R. 178, 476 (1924). 

H. Kiistner, Phys. Zeits. 33, 46 (1932). 

M. Stobbe, Ann. d. Physik (5) 7, 661 (1930) 


Element 


Observer 


the recent theoretical treatment of Stobbe,® who finds the ratio of the true 
absorption coefficient of the Li electrons to the sum of the true absorption 
coefficients of the in and im electrons to be 2/11 in the vicinity of the L 
absorption edges. 


50.0 

48.2 

53.9 

47.4 


115.0 

118.7 

118.9 

105.5 


Backburst^ 

u 

The authors 
Uber^ 


Platinum (78) 
Gold (79) 

Mercury (80) 


41.0 

41.6 

27.5 

27.5 
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The first spark spectrum of antimony has been analyzed by using the radiation 

from three sources, the hollow cathode in He and in Ne, and the vacuum spark. 1 he 
spectrum extends from the infrared to the extreme ultraviolet with strong lines 
scattered throughout most of the entire range. Many important lines lie in the visible 
and near ultraviolet and the spectrum is weakest in the 2000A region where the strong 
lines of the arc spectrum fall. The multiplets arising from the combination of the 
deepest terms with the next most important configuration {s^ps) ^P'F 

occur between X1300 and X2000. Two members of the singlet series P*"* P and two 
members of the singlet series 'P — 'S of the above configurations give an approximate 
value for the deepest term of 150,000 cm“i and an ionization potential of about 18 
volts. Some 50 energy levels are located based upon the classification of nearly 200 
lines. Tables of term values and wave-lengths are given. 

T he spectrum of antimony excited in various ways has been photographed 
and carefully measured from about 7000A to about 600A. The chief 
methods of excitation used were, the hollow cathode in an atmosphere of 
helium and sometimes of neon, the spark in hydrogen and the vacuum spark. 
In the case of the hollow cathode a cylinder of carbon was used to hold the 
metal in a thin layer around the inside wall of the tube. A current of from 
three to five milliamperes was used at a pressure of 800 or 1600 volts. In the 
use of neon as an atmosphere a stable condition was reached at a somewhat 
less current density but the metal lines were excited with much gi eater in- 
tensity than in the presence of helium. The tube containing the hollow 
cathode was made of fused quartz and was watercooled. For the investigation 
of the extreme ultraviolet the tube was connected directly to the vacuum 
spectrograph by means of a ground joint so that only the veiy nairow slit 
separated the hollow cathode tube from the main body of the spectrogiaph. 
In a few cases a fluorite window was placed over the slit. These photographs 
taken through fluorite served the very useful purpose of eliminating any 
second order lines from the list of wave-lengths. Two vacuum spectrographs 
were employed, one having a speculum grating of one meter radius and 
15,000 lines per inch and the other two meters and 30,000 lines ruled ori glass. 

For the photography of the regions of longer wave-length several instru- 
ments have been employed. Much of the work was done on a concave grating 
of 1.5 meters radius having 15,000 lines per Inch. Another grating which has 
the same type of ruling but a radius of 2 meters was used and some photo- 
graphs which had been taken on prism spectrographs by Mr. Badami were 
very kindly loaned to one of us. Some very good photographs were also 
loaned to us by Mr. Smith of this laboratory. 

Considerable time was spent in an effort to get a consistent set of meas- 
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urcnicnts of WcivG-Icngth throughout th6 GxitirG spectrum bused upon the 
international standards of neon, helium and iron. The second order of the 1.5 
meter grating at the Physikalisch-Technische Reichsanstalt at Berlin was 
employed for this purpose down as far as 2200A, and below this we used the 
second order of the two-meter vacuum spectrograph at Edmonton employing 
a glass grating of 30,000 lines per inch at nearly normal incidence. Both of 
these gratings give very fine spectra; the latter especially gives very sharp 
lines and seems to be entirely free from ghosts. 

The lines of neon and helium which occurred on the plates taken by using 
the hollow cathode were employed as standards to reduce the plates, using 
as far as possible the international values of these lines and supplementing 
these by the measurements of neon given by Paschen.i However, between 
X2200 and X4000 it was found that these standards were not nearly numerous 
enough for the purpose and it became necessary to supplement these plates 
with some taken of the spark in nitrogen or hydrogen on the two-meter grat- 
ing in Edmonton, using one electrode of iron and one of antimony. In some 
cases the antimony lines came out diffuse and unsuitable for accui ate meas- 
urement but enough standards were thus obtained to get fairly accurate 
measurements of the plates. In the region between X2300 and X3000 the inter- 
ferometer measurements of iron made by Jackson^ were employed in some 
cases. 

The once-ionized antimony atom contains 50 electrons of which all but 
four are in completed groups and do not enter into the production of the 
spectrum discussed here. These four electrons give the configuration (5 
resulting in the set of deepest terms ^P^D^S. The next most important con- 
figuration is {s^p-sYP'‘-P and these terms being odd will combine with the 
deepest (even) terms above. The resulting lines have been located extending 
from X1300 to about X2000. They are given in the upper right-hand section of 
Table I. Of the fourteen lines expected, thirteen have been found, and the 
missing intercombination line ^Pi — ^Pi is much weaker than expected in Sn P 
and in As IP. The intensities of the lines given are taken from plates of the 
hollow cathode in helium. There seems little doubt but that these combina- 
tions are correctly assigned. The corresponding ones in Te III have also been 
found and an analysis of this spectrum now in progress will be reported upon 
separately. 

The second members of the deepest terms together with the ^D^S^P terms 
no longer excluded by the Pauli principle should combine with the (s^psyP'-P 
terms giving lines in the visible region. It seems likely that we have dis- 
covered most of these combinations but it does not seem possible to identify 
the individual levels with the theoretical terms expected except in a tenta- 
tive way. In the lower part of Table I on the right are shown the combina- 
tions between the (s^ps^P^P terms and what appear to be the S and D terms 

^ Paschen, Ann. d. Physik 60, 405 (1919). 

® Jackson, Proc. Roy. Soc. A130, 395 (1931). 

® Green and Loring, Phys. Rev. 30, 574 (1927). 

^ A. S. Rao, Proc. Phy. Soc. London 243, 343 (1932). 
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of the (s^p • p) configuration, while in the upper left the conibinations of these 
latter terms with the {sp^YD terms are given. The assignment of the ''^5 and 
terms were suggested to one of us by Mr. J. S. Badami on the basis of some 
fine structure measurements and the two terms 11 and 36 were discovered 
by him. Dr. J. B. Green also kindly sent us some preliminary results of the 
Zeeman effect for some of these lines. The correspondence between the as- 
signment of terms as given in Table I and these measurements of fine struc- 
ture and Zeeman effect is quite good. Some ten lines in the table were in- 
cluded in the Zeeman measurements and all of these except X4140 may be 
considered as supporting the scheme. The Zeeman effect for the above line 
suggests rather the combination — The nature of term number 40 
could not be decided for certain. No Zeeman effect for X6005 was obtained 
but that for X4344 gives Aj = 0 which means that term 40 ought to have j — 1 . 
The fine structure results give about the same result. The fcict that X6005 is 
the strongest line in the spectrum surely fixes term 40 as a singlet. The only 
other singlet expected from the configuration (s^pp) is a P. term but there 
should be present, in that case, several more intercombination lines. It may 
be possible that the term is not real since it gives very few combinations; 
certainly far too few for a singlet P term. 

It is possible to calculate approximate term values for term 48 is the 
second member of 8 and 48a is the second member of 10. The nature of term 
8 (singlet D) is confirmed by the fine structure measurements so we may use 
the two lines whose wave numbers are 63,106.6 and 17,954.4 to calculate 
the value of the term (s'^psyPi. The approximate value obtained is ^Pi 
= 74,500 giving for the deepest term (5y)^Po a value of about 150,000. The 
ionization potential is therefore in the neighborhood of 18 volts. Since this 
term value rests upon but two members of a series it will be only very ap- 
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multiplets shown in Table L The intensity of the line X3964 in the ^DD 
multiplet may be misleading as it occurred always as a blend with a line of 
helium even when taken in neon since there was always a trace of helium 
in the neon. The presence of the antimony line was confirmed by the vacuum 
spark plates. The absence of the combination — is not explained. It 
was thought that the term marked zero on this account could not be the 
deepest term (®Po) and a determined effort was made to find another term but 
without success. 


Table II. Term values in Sb II. 


Even terms 

Number 

j value 

Number of 
combina- 
tions 

Odd terms 

Number 

J value 

Number of 
combina- ■ 
tions , 

0 

2 

0 

7 

58633 

7 

3 

4 

3055 

4 

1 

17 

66291 

9 

1 

5 

5659 

6 

2 

15 

66501 

11 

2 

10 

12791 

8 

2 

14 

67887 

13 

3 

1 

23906 

10 

0 

7 

68409 

15 

3 

7 

82221 

12 

1 or 2 

5 

69134 

17 

0 

7 

84814 

14 

1 

4 

69534 

19 

1 

16 

87830 

16 

1 

4 

70158 

23 

lor 2 

3 

89560 

20 

2 

8 

72384 

25 

2 

7 

89626 

22 

2 

7 . 

73141 

29 

,,, 2 ■ 

4,' 

90353 

26 

1 

4 

7S273 

31 

2 

10 

90607 

28 

1 

5 

75896 

33 

' 1 , ' 

■ 12 

90645 

30 

1 

16 

76690 

35 

2 

7 

90893 

32 

lor 2 

4 

77138 

37 

1 

7 

91581 

36 

3 

7 

78390 

39 

2 

4 , ' 

91716 

38 

2 

19 

90321 

43 

1 

4 

92543 

40 

Oorl 

4 

91359 

45 

1 

3 

92935 

42 

1 

2 

97637 

47 

1 

4 

92999 

44 

1 

14 

104725 

49 

2 

3 

93851 

48 

2 

12 

105916 

51 

2 or 3 

6 

95209 

48a 

0 

7 

107463 

53 

. 1 

6 

95462 

50 

1 

9 

107829 

' 55 

2 

3 

105266 

■ '52 . 

2 or 1 

8 

110852 

59 

lor 2 

4 





111578 

61 

1 or 2 

5 





111624 

63 

lor 2 

6 . 





111668 

65 

1 or 2 

S'„ 





112355 

69 

2 

, 9. . 





112402 

71 

1 . 

■7:' ■■■.: 





112730 

73 

2 

■■■; 5 





113201 

75 : 

1 

7''' ' 





114048 

77 

Oorl 

' ■ ■4..' ' 





128514 

79 

1 

6 


In Table II the energy levels are given together with the numbers as- 
signed and the j values of each, so far as these could be determined The even 
terms have been assigned even numbers and the odd terms odd numbers. 
The fourth column gives the number of combinations on which each term 
value rests. It seems certain that while over fifty levels have been found these 
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do not represent a complete analysis of this spectrum because there are more 
terms for which j = 0 and j = 3 expected than have been found and because 
many more lines which appear to belong to Sb II remain unclassified. How- 
ever, we are gratified that we were able to include so many of the very in- 
tense lines which occur in the visible and near ultraviolet in the scheme. 

In Table III we give a list of the lines which are thought to belong to 
Sb II. In the columns headed a and b we give the intensities of the lines as 
measured in the hollow cathode in neon and helium, respectively. No meas- 
urements were made in helium beyond the fluorite limit. The results of the 
measurements made in the vacuum spark, while very useful in the analysis 
of the spectrum, are not included, following a suggestion of the editors, In 
the last column headed c we give the last two digits of the wave number cal- 
culated from the term values in Table II for comparison with the actual 
wave numbers of the lines. In very few cases above X2000 does the discrep- 
ancy exceed one unit and these have been indicated by an interrogation 
mark. Below X2000 somewhat greater tolerance is allowed but in nearly all 
cases the agreement is very good. There may be some arc lines still present 
in the table but we have omitted, we think, most of those which are known to 
belong to the arc spectrum. 

Table III. Hollow cathode of antimony, 


b Wave-length 
(vac.) 

691.20 

764.43 
814.85 
849.39 
855.08 
861.62 

876.84 

888.44 

896.75 
907.36 

914.91 
921.07 
922.60 
930,55 

932.32 
937.17 

943.74 

950.91 
957.78 
972.22 

978.76 
983.57 

984.85 
997.42 

loot . 13 
1009.43 
1015.38 

1024.19 
1043.05 

1052.21 
1056.27 

1057.32 
1073.81 

1076.85 

1087.22 
1089.67 
1094,63 
1132.45 
1145.92 

1175.19 
1181.14 

1196.74 
1200.35 
1218.96 
1230.30 

1 1272.75 


Classifica- 

tion 


144676 

130816 

122722 

117731 

116948 

116060 

114045.8 

112556.8 

111513.8 

110209.8 

109300.4 

108569.3 

108389.3 

107463.3 

107259.5 

106704.3 

105961.4 

105162.4 

104408.1 

102857.4 

102170.1 

101670.4 
101538.3 

100258.6 

99887 . 1 
99065.8 
98485.3 

97638.1 

95872.7 

95037.2 

94672.8 

94578.7 

93126.3 

92863.4 

91977.7 

91770.9 

91355.1 

88304.1 

87266.1 
85092.6 

84663.9 
83560.3 

83308.9 

82037.1 

81280.9 
78570.0 


2o~77i 48 


4i-69!i(?) 04 
4 i-632 69 

62-77i 89 

2o~53i 63 

62 -692 06 

62-632(?) 65 

4i~S3i 08 
4i-51iH?60 


62-492 66 

2a-47i 37 

82-552 38 

82-53, 72 

4,-47, (?) 82 
82-51, 25 

62-47, (?) 82 


4, -45, 04 

4, —43, 66 

2o~392(?) 93 
62-43, 62 

10o-53,(?) 57 


82-45, 68 


5 

2 4 
20 8 


1274.98 
1289.82 
1296.41 
1317.56 
1327.401 
1336.72 
1349.834 
1356.289 
1.358.039 
1372.843 
1374.938 
1384.700 
1404.095 
1407.827 
1436.488 
1438.151 
1467.75 
1482.539 
1504.230 
1505.667 
1513.271 
1524.380 
1532.88 
1543.87 
1554.029 
1565,512 
1576.114 
1581 .363 
1584.620 
1600.460 
1606.980 
1643.57 
1649.32 
1655.54 
1657.036 
1702.40 
1725.298 
1736.43 
1762,312 
‘ 1788.46 
1810.60 
1814.971 

1832.23 
1836.48 

1839.23 
1861.81 


Wave Classifica- 

number tion 

c 

78432.6 

77530.2 

8'2 —43, 

30 

77136.1 

2«— 35, 

38 

75897.9 

2o-33i 

96 

75335.2 

4,-39* 

35 

74809.9 

74083.2 

4,-37, 

83 

73730.5 

10t.-47i 

31 

73635.6 

4i-35i 

35 

72841.5 

4, -33j 

41 

72730.5 

62-39* 

31 

72217.8 

4,-31* 

18 

71220.2 

71031.5 

6* -35, 

31 

69614.2 

62 —31* 

14 

69533 . 7 

2o-19i 

34 

68131.5 

67451.8 

10o-45i 

53 

66479.2 

4,-19i 

79 

66415.7 

IO0-43, 

15 

66082.0 

4,~17o( 

?) 79 

65600.4 

82-39* 

99 

65236.7 

64772.3 

64348.9 

8*-37, 

47 

63876.8 

62-19, 

75 

63447.2 

4,-11* 

46 

63236.8 

4,-9 

36 

63106.6 

8* -33, 

05 

62482.0 

82-31* 

82 

62228.5 

6* -13* 

28 

60843 . 1 

62-11* 

42 

60631.1 

6*-9, 

31 

60403.2 

60348,7 

8*~29*(?) SO 

58740.6 
57961 .0 
57589.4 
.56743.6 

8* -19, 

43 

55914.0 

55230.2 

5.5097.3 

8*-13i 

i 96 

54578.3 

54452.0 

54370.6 

53711.2 

83-11 

2 10 
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a 

b ' 

Wave-length 

(vac.) 

Wave 

number 

Classifica- 

tion 

c 

5 

10 

1869.131 

53500.8 

82 ~9i 

00 

2 

2 

1874.82 

53338.4 



2 

5 

1878.538 

53232.9 

10o-37i 

32 

3 

3 

1891.27 

52874.5 

62-7 

74 


5 

1923.388 

51991.6 

lOo -33 1(?) 

90 

1 

1 

1956.47 

51112.5 



6 

6 

1990.60 

50236.1 





Wave-length (in air) 



3 

2 

2014.75 

49617.8 



3 . 

4 

2024.06 

49389.6 



5 

2 

2036.21 

49095.0 



3 

8 

2063,34 

48449.5 



3 

3 

2073 .39 

48214.7 



1 

1 

2117.35 

47213.8 



1 

5 

2118.51 

47188.0 



10 

IS 

2141.80 

46674.9 



2 

2 

2159.09 

46301.2 



6 

12 

2179.25 

45872.9 




0 

2190.92 

45628.6 

10o-i9i 

28 

5 

7 

2201.36 

45412,2 



6 

10 

2208.50 

45265.4 



6 

7 

2225.15 

44926.8 



5 

4 

2288.97 

43674.3 



0 

1 

2295.80 

43544.4 



1 

1 

2315.83 

43167.8 



1 

1 

2360.98 

42343.3 



0 

4 

2422.91 

41260.2 



8 

2 

2480.46 

40302.9 



15 

15 

2528.535 

39536.7 

16i~79i 

37 

10 

8 

2567.754 

38932.8 



2 


2578,91 

38764.5 

112-52 

65 

1 


2619.681 

38161.2 

26i-79i 

61 

12 

3 

2656.55 

37631.6 



4 


2674.48 

37379.4 

133-522 

78 


7 

2716.72 

36798.2 

38,-79i 

98 

2 

1 

2741.00 

36472.3 



8 

5 

2764.62 

36159.7 



10 

8 

2788.87 

35846.3 




7 

2793.52 

35786.6 

85 -363 

86 

10 

8 

2797.70 

35733.1 

191-522 

34 

4 

4 

2818.98 

35463.4 



3 

1 

2847.13 

35112.8 



12 

12 

2851.09 

35064.0 



8 

4 

2858.03 

34978.8 




3 

2884.07 

34663.1 

482-791 

63 

10 

10 

2891.214 

34577.4 



' 5 , 

3 

2911.86 

34332.3 



12 

15 

2966.10 

33704.5 



15 

12 

2980-962 

33536.5 



8 


3001 . 70 

33304.8 

48a -79i 

05 

8 

12 

3021.89 

33082.3 

7-382 

83 

12 

6 

3034.01 

32950.1 

7 - 36 z (?) 

48 

12 

20 

3040.669 

32877.96 

252-523 

78 

8 

8 

3141.08 

31827.0 

12-77i 

27 

6 

12 

3168,417 

31552.40 




3 

3171.45 

31522.5 



8 

3 

3196.96 

31270.7 



3 

10 

3210,113 

31142 .59 




15 

3232,537 

30926.56 

7 ~20» 

27 

20 

IS 

3241.280 

20843.14 



3 

6 

3287.13 

30412.9 



10 

10 

3303.90 

30258.6 




8 

3317.52 

30134.3 

12-693 

34 

8 

8 

3333.20 

29992.6 

3I3-522 

93 


5 

3336.88 

29959.5 




8 

3366.84 

29692.9 



12 

12 

3383.09 

29550.3 



3 

12 

3399.92 

29404.0 

12x-63i 

03 

2 

2 

3403.80 

29370. S 

33x -523 

70 


3 

3405.27 

29357.8 

12i-61 

57 

4 

8 

3425.47 

29184.7 



, 7 

7 

3459.26 

28899.7 



9 

12 

3473.50 

28781 .2 



15 

15 

3498.46 

28575.9 

3Sx -523 

76 

12 

5 

3520.474 

28397.2 




5 

3521.75 

28386.9 

14i-75x 

87 

6 

4 

3559,24 

28087.9 



10 

20 

3596.96 

27793.3 




3 

3627.40 

27560.1 

9i-483 

60 

8 

12 

3629.92 

27541.0 

14i-693 

41 

25 

IS 

3637.80 

27481.3 



2 

5 

3655,26 

27350.1 

11? -483 

50 


8 

3683.27 

27142.1 



8 

8 

3719.63 

26876.8 

392-523 

76 

20 

8 

3722.78 

26854.0 

14i-65 

54 

4 

2 

3772.78 

26498.1 

11? -443 

98 

4 

2 

3797.02 

26328.9 

158-S0x(?) 28 


Table III {Continued} 


20 20 
8 


2 12 
6 

8 10 
4 6 

20 IS 


8 IS 
10 6 
3 2 

6 

6 5 

20 20 


8 

8 

4 

6 2 
30 20 

20 20 
15 4 

10 3 

5 

30 10 


3 

40 20 

12 12 
20 20 


10 4 

1 

20 15 


Wave-length Wave 
(vac.) number 

Classifica- 

tion 

c 

3850.22 

25965.2 

13?-48? 

64 

3893.75 

25674.94 

19 -48a 

75 

3907.736 

25583,0 



3929.23 

25443.1 

153-48? 

42 

3931.79 

25426.5 

9,1-38? 

25 

3960.53 

25242.0 

i2x-53i 

42 

3964.75 

25215.1 

11?-382 

15 

3980.98 

25112.3 

133-44? 

12 

3985.98 

25080.9 

11? — 363 

80 

4033.56 

24785.0 



4040.54 

24742.2 



4065.32 

24591.4 

153-44? 

90 

4104.68 

24355.9 

9i-30x 

54 

4111.24 

24316.7 

191-48? 

16 

4133.63 

24185.0 



4140.54 

24144.6 

li?-30i 

■ 44 

4195.17 

23830.2 

133-38? 

29 

4200.49 

23800.1 

17o-42 ' 

01 

4209.67 

23748.2 

6I-I61 

48 

4219,07 

23695.2 

133-363 

94 

4260.55 

23464.6 

191-44? 

65 

4271.54 

23404.2 

30i-77i 

03 

4283.88 

23336.8 

9-22? 

35 

4289.30 

23307.3 

153-38? 

07 

4304.12 

23227.0 



4314.32 

23172.1 

15 s -36s 

72 

4332.64 

23074.2 

253-SOi 

74 

4335.34 

23059.8 

lls-20s 

59 

4344.83 

23009.4 

19i-40 

09 

4376.85 

22841.1 

2O2-7I1 

42 

4411.42 

22662.1 



4427.25 

22581.1 

17o -38?(?) 82 

4431.87 

22557.5 

30i~7Si 

56 

4446.48 

22483.4 

15s -32 

84 

4506.92 

22181.9 

19i -38? 

82 

4514.50 

22144,7 



4526.04 

22088.2 



4577.95 

21837.7 

32 -73? 

37 

4586.84 

21795.4 

281-7I1 

95 

4594.21 

21760.4 

17o-32 

59 

4594.93 

21757.0 

3O1-7I1 

•57 

4596.90 

21747.7 

28i-69? 

48 

4599.09 

21737.4 

133-22?(?) 39 

4604.77 

21710.5 

30i-69? 

10 

4612.92 

21672.2 

13,-20? 

73 

4637.31 

21558.2 

23-38? 

58 

4647.316 

21511.79 

17o-30i 

11 

4647.919 

21509.00 

32-7I1 

09 

4648.49 

21506.3 

40-77i 

05 

4653.32 

21484.1 

38?-75i 

85 

4656.35 

21470.6 

17o-28i(?) 73 

4657.95 

21462.7 

252-48? 

63 

4675.745 

21381.0 



4694.95 

21293.5 

20? -59 

92 

4711.26 

21219.8 

17o-26 

19 

4735.44 

21111.5 

19i-30i 

11 

4757.81 

21012.2 

38?-73?(?) 14 

4765.36 

20978.9 

30i-63 

79 

4766.91 

20971.1 

28i-61 

71 

4784.03 

20897.2 



3802.01 

20818.9 

19i-26i 

19 

4821.29 

20735.5 

23-32 

35 

4832.82 

20686.1 

38-7li 

86 

4838.27 

20662.8 

153-20? 

63 

4843.74 

20639.5 

382-69?' ■ 

39 

4850.50 

20610.7 

25? -44? 

11 

4877.24 

20497.9 

26i~59(?) 

^■99 .. 

4880.01 

20486.1 

. 23-30i, 

■•■87 

4947.40 

20207.0 

30i-S9 

07 

4948.52 

20202.5 

442-75i: ' 

02, 

4975.71 

20092.1 

19i-22? 

92 

4988.41 

20040.9 

65 -,36,s(?) 43 

4991.66 

20027.8 

■ 19i-20?, 

,26^ 

5010.42 

19952.8 

38?-6S 

52 

5021.68 

19908.1 

. 382-63 

08 

5033.03 

19863.2 

. 38?~61 

62 

5044.56 

19817.7 



5066.99 

19730.1 

■; 44?-,73„2" 

31 

5109.71 

19565.2 

33i,-50i 

66 

5152.30 

19403.4 

442-711 

03 

5164.72 

19356.8 

44?— 69? 

.56 

5166,32 

19350.8 

48?-75, 

50 

5172.46 

19327.8 

25?-38i 

28 

5176.55 

19312.52 

33 -48ao 

13 

5208.80 

19192.9 



5238.94 

19082.5 

40 -63 

81 

5354.24 

18671.6 

443 -65(?) 

69 
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Table III. {Continued), 


a 

b 

Wave-length. 

(vac.) 

Wave 

number 

Classifica- 

tion 

c 

a 

b 

Wave-length 

(vac.) 

Wave 

number 

Classifica- 

tion 

c 

10 

12 

5381.20 

18578.1 

OC 

1 

78 

20 

7 

6154.945 

16242.61 



IS 

15 

5464.08 

18296.3 

19i~16i 

96 

3 


6186.00 

16161.1 

SOi —63 

62 


6' 

5471.95 

18269.9 

20a -55* 

69 


12 

6203.20 

16116.2 

50i-61 

16 , 

2' 

5 

5475.77 

18257.2 

25i-30i 

57 


2 

6284.44 

15908.0 




1 

5531.73 

18072.5 

37i -“48ao 

71 

12 

12 

6302.764 

15861 .68 

37i -44a 

61 

1 

1 

5555.993 

17993.6 

48ao— 75i 

92 

5 

7 

6319.76 

15819.0 

33i —38a 

20 

15 

20 

5568.13 

17954.4 

33i-48a 

55 

3 

1 

6376.11 

15679.2 

17o-14i 

80 





(Sb in?) 


3 

6396.21 

15629.9 



3 

1 

5599.73 

17853.1 

44a -59 

S3 


3 

6406.08 

15605.9 



10 

2 

5631.89 

17751.1 

29a -32 

52 


5 

6474.43 

15441.1 

25a — l6i 

42 

10 


5635.18 

17740.7 

50i-75i 

39 

6 

7 

6503.26 

15372.7 

3la — 30i 

72 

30 

IS 

5639.75 

17726.4 

31a -44a 

26 

5 

5 

6511.13 

15354.1 



4 

3 

5660.46 

17661.5 

31a -42 

62 

2 

8 

6529.88 

15309.9 

28i —SI I 

09 


8 

5705.50 

17522.1 


21 

1 

3 

6546.86 

15270.3 

30i —51 2 

70 

1 

10 

5789.52 

17267.9 

50i-738(?) 68 

2 


6621.28 

15098.6 

22* —492 

99 

■. 5 

■■ 3 

5825,50 

17161.2 

35 -48a 

61 


1 

6629.48 

15080.0 

31 J — 26i 

SO 

6 

8 

5845.65 

17102.0 

33 1-442 

03 

30 


6647.44 

15039.2 



15 

? 

5895.09 

16958.6 



15 

3 

6688.01 

14948.0 



2 


5901.20 

16941.0 

50i-71i 

40 

3 

4 

6713.60 

14891.0 

35* —36a 

91 

3 


5917.77 

16893.6 

50i-692 

93 

2 

6 

6778.75 

14749.5 

33i — 30i 

49 

1 

8 

5981.42 

16713.8 

37i-48a 

13 

6 

4 

6806.67 

14687.5 

292-161(0 89 

100 

100 

6005.210 

16647.60 

33i-40 

47 

4 

1 

6842.98 

14609.5 




10 

6006.105 

16645.13 



4 


6915.58 

14456.1 

33 J — 26i 

57 

20 

20 

6053.411 

16515.05 



4 


7051,26 

14178.0 




1 

6064.13 

16485.9 

292 -22a 

85 

2 


7075.11 

14130.3 




4 

6073.932 

16459.2 

48ao —65 

59 

2 


7145.48 

13990.3 


55 

30 

30 

6079.797 

16443.38 

312-38* 

43 

2 


7163.50 

13955.8 

3Sa — 30i 

50 

80 

6130.043 

16308.59 

312-368 

08 



7279.6 

13731. 

33i -22a 

30 


1 

6137.30 

16289.3 

222-51* 

90 



7343.4 

13613. 

48*— S3i 

12 


(a), Intensity in hollow cathode in neon; (b), Intensity in hollow cathode in helium; (c), Wave numbers 
calculated from terms in Table 11. 


Note on Sb III 

While the work on Sb II was in progress occasion was taken to reinvesti- 
gate briefly the spectrum of Sb III using the more accurate wave-lengths 
in the vacuum spark now available. We find that the following terms which 

* were previously given by one of us® are real and satisfactorily identified: 

{spyp, i6pYP, (6s)®5, Osys, (sdyD, i6d)^D, (sfyp, (SgyG, {SfyuMtth&t 

the terms called {Af^F, (p^YS, {p^fP^P, and {6gyG are not correct and should 

* be discarded. It would appear that the states represented by quartet terms 
are not excited in the sources employed. There are several pairs of lines 
having exactly the separation of the deepest 5P terms throughout the e:^ 
treme ultraviolet and doubtless some of them represent the so called PP 
combination. An attempt is now in progress to excite some more of these 
higher states in the arc spectrum of indium so that a consistent set of terms 
may be found in this isoelectronic sequence. 

In conclusion we desire to state that a considerable part of the experi- 
mental work was done by one of us (R. J. L.) at the Physikalisch-Technische 
Reichsanstalt in Berlin and his appreciation and thanks are hereby tendered 
to Dr. Paschen for his kindly interest in the work and for the use of the facili- 
ties of his laboratory, and also to the members of his staff for their patient 
cooperation and courtesy. He wishes also to thank Dr. K. R. Rao and Mr. 

J. S. Badami for helpful discussions on this and allied spectra and especially 
the latter for the loan of very useful photographs of the spectrum of anti- 
■ * mony. We wish also to thank Dr. Green for sending us the results of the Zee- 

man analysis prior to publication and Mr. Smith of this laboratory for the 
loan of some good plates of the vacuum spark spectrum. Finally we acknowl- 
edge a grant from the National Research Council of Canada which has en- 
abled us to carry on this work. | 

« R. J. Lang, Phya. Rev. 35, 445 (1930). | 
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The molecular spectrum extending from 4100A to 6600A has been photo- 

graphed with prism spectrographs with a d.c. potassium arc in hydrogen as source. In 
absorption spectrographs, also attempted, the bands were masked by alkali bands 
except in a short region, 4600A to 4800A. The spectrum is of the many-lined type. 
Analysis disclosed 29 bands falling into five v' progressions. Each band consists of P 
and i? branches only. The rotational and vibrational constants (Table III), which 
fall into line with the corresponding values for LiH and NaH, are surprisingly dif- 
ferent in the two states. Bv and co/ show an anomaly, rising with increasing v' for 
low values of then decreasing. Extrapolation of the vibrational levels indicates 
that the products of dissociation in the two states differ by the energy of the resonance 
lines of K(1.60 volts). Heats of dissociation of 1.25 and 2.06 volts are obtained for 
the excited and ground states, respectively. From potential energy curves a Franck- 
Condon diagram of intensity is drawn and is in good agreement with observed in* 
tensities. 

T he molecular spectra of two of the diatomic hydrides have already been 
analyzed and reported; Nakamura^ examined the spectrum of LiH as 
obtained in absorption while HorP has made an extensive study of NaH in 
both absorption and emission. Most of the LiH spectrum falls between 
3000A and 4S00A, that of NaH between 3500A and 5000A. The two spectra, 
which are of the many-lined type, are much alike and have been assigned in 
each case to a transition. Extrapolation of the vibrational levels of 

the two states of an alkali hydride indicated as the products of dissociation 
a normal hydrogen atom and a normal alkali atom from the lower state and 
a normal hydrogen and an excited alkali atom from the upper state. In 
this paper the analysis of the corresponding system of KH, obtained 

in emission and extending from 4100A to 6600A, is discussed. 

A point of interest in the alkali hydrides is the anomalous behavior of 
, the vibrational interval in the upper state. Instead of decreasing steadily 
with increasing v' in the usual way, it rises, attains a maximum at about 
z/^ = 9, and then falls. This peculiar behavior is found in KH, as well as in 
LiH and NaH. 


Experimental Procedure 


The source of the KH spectrum was a d.c. potassium arc operating in 
hydrogen. The arc was contained in a brass chamber, cooled by water circu- 
lating in a lead tube coiled about it. The electrodes, also water-cooled, were 
fixed into the removable top and bottom plates. The lower electrode vras a 
hollow iron cylinder of about 1 cm internal diameter, with an iron cap having 
a 4 mm hole in its center. In the cylinder was a piston with a threaded shaft 


^ G. Nakamura, Zeits. f. Physik 59, 218 (1930); Japanese Journal of Physics 7, 31 (1931). 
2 T. Hori, Zeits. f. Physik 62, 352 (1930); 71, 478 (1931). 
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such that the piston could be advanced from outside the arc chamber. Thus 
potassium, contained in the cylinder, could be gradually extruded through 
the cap to keep a supply in the burning arc. A section of pressure tubing sur- 
rounded the piston shaft and its sleeve, soldered to the arc chamber, to pre- 
vent entrance of air. The shaft could be turned in the tubing. The upper 
electrode was of nickel or iron. Its shaft also entered the chamber through a 
sleeve, shaft and sleeve being surrounded by a section of tubing. The arc was 
struck by pressing the upper electrode against a coil spring. 

Tank hydrogen was supplied continuously through a capillary tube. A 
pressure of about 20 cm of Hg was maintained, although the pressure did 
not seem to be a very critical factor in determining the intensity of the bands. 

Potential was supplied by a 500-volt d.c. generator and the current in the 
arc was held to about 3 amperes with series resistance. A single filling of 
potassium (about an ounce) could be made to last 3 or 4 hours. Exposuies 
up to ten hours were taken. 

Most of the analysis was made from photographs taken with an E-1 
Hilger glass prism spectrograph. When the analysis was nearly completed a 
prism spectrograph fitted with a glass optical train (Hilger) consisting of a 
60° prism, a 30° prism, and an achromatic lens of 3 meters focal length, in 
Littrow mounting, became available. This instrument was used to extend 
the spectrum above 5900A where the dispersion of the E-1 was insufficient 
to give satisfactory measurements. The larger instrument had a dispersion 
of lOA per mm at 6600A, equal to the dispersion of the E-1 at 5000A. 

An attempt was made to photograph the KH spectrum in absorption. 

Potassium was heated, with hydrogen, in a length of iron tube, placed in a 
gas combustion furnace. The absorption spectrum was obtained but it was 
largely masked by other spectra. Below 4600A the spectrum of Ka was promi- 
nent. Above 4800A the blue-green system of Naa (present as an impurity) 
extended up to the NaK bands falling just below the D lines of Na. Above 
the D lines the red system of Naa appeared. Between 4600A and 4800A, 
however, the spectrum of KH, corresponding exactly with the emission spec- 
trum, could be observed. 

Analysis OF Band System 

The KH spectrum is of the many-lined type ; no heads or other regularities 
of structure are apparent on casual inspection. This is due to the fact that the 
heads of the bands almost coincide with the origins and to the overlapping 
of the bands. It is, therefore, not possible to make a vibrational analysis 
without first completing the rotational analysis, thus locating the band 

origins. . . 

To carry out a rotational analysis, a beginning was made by picking out ■; 

a branch of one of the stronger bands using the criterion that the second dif- 
ferences of the frequencies should be constant. This branch, being a strong 
one, could be followed through the origin and its character (P or P), as well 
as the rotational quantum numbers, determined. The combination differ- 
ences, 
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A2rr== R(K" - 1) - + 1), 

were calculated for this band. Then bands in the same progression could 
be identified since they have the same value of A^T", while bands in the same 
progression yielded identical values of A 2 T^ Once the vibrational intervals 
were approximately determined the analysis proceeded rapidly. Often when 
the hunt for the correct combination differences did not give results 
promptly, a new start in the proper region with second differences disclosed 
the next band in a progression. 

In this way 29 bands were located. The frequencies with quantum as- 
signments are listed in Table VI at the end of this paper. Since about 85 
percent of the lines appearing on the plates were assigned and since the re- 
maining lines were mostly of very low intensity it is quite certain that the 
bands are of the simple two-branch type originating from a transition. 

The system thus corresponds to the similar systems found for NaH and LiH, 
assigned to Peri'S— transitions. 

Calculation of Molecular Constants 
The next step was the calculation of the rotational constants and the 
band origins. The combination differences were tabulated (Tables IV and V) 
and mean values taken where more than one value was obtained for a par- 
ticular pair of rotational levels. Since the rotational energy of a molecule in a 
.state is . , ' ■ 

T = B,K{K + 1) + D,KKK + l)^ + F^K^K + ^)^ 

the combination differences can be expressed, 

A2r = r(z + i) ~ 0 . 2 ) 

= + I) + 

where terms small in comparison with Fv{K+l/2y are dropped. Bu depends 
upon a according to the relation, 

== jBe — + I) + (3) 

in which. Bei = h/8T^Iec) is the extrapolated value corresponding to the non- 
vibrating molecule. Theoretically and Fv also depend on v but the accuracy 
of the present data did not warrant the calculation of this variation. Hence 
was set equal to De and Fv equal to Fe. 

A method of successive approximation was used to obtain First, the 
D and F terms of Eq. (2), which are relatively small, were neglected and 
approximate values of obtained, using the measured combination differ- 
ences from Tables IV and V. Then approximate values of De and F^ were 
calculated from the theoretical relations, 

F. = (Z},V5e)(2 - 

0 )^ was approximately known from the separations of corresponding lines 
in successive bands in a progression, ae was assumed to be zero in this ap- 
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proximation. These values of D, and F. were then used in Eq. (2) to obtain 
the second approximation for the mean for several values o ^ eing 
taken. The origins of the bands were then calculated from the equation, 

V = .0 + (F/ + BJ')M + (F/ - F " + D: - DJ')M^ 

in which is the origin. For the R branch M=K" + l,ior the P branch 
M= —K". Here the Fe terms are omitted because they are inappreciable lor 
the values of if (<15) used. From these calculated origins the vibrational 
intervals, were determined and extrapolated to give co.. Then improved 
values of P. and F. were calculated from Eqs. (4) and the process described 
repeated to give a third approximation. This approximation was found to be 
sufficient, considering the accuracy of the data. 

Table I. Band origins with values of <dv interpolated. 


A 

0 

■ .■ . ■: 1 

2 


3 


4 

Mean 

(d'v 






16386.0 

868.3 

15517.7 







259.5 


259.5 

259.5 






16645.5 

868.3 

15777.2 


i 





266.5 


266.6 

266.6 

2 



17809.5 

897.5 

16912.0 

868.2 

16043.8 





272.7 


271.8 



272.2 

3 


19009.9 927.7 

18082.2 

898.4 

17183.8 



97 R 7 


20527.4 956.9 

287.8 

20815.2 955.8 
29.0.5 

21105.7 (952.5) 

291.5 

21397.2 

293.8 

21691.0 

293.0 

21984.0 

292.8 
22276. S 

291.6 

22568.4 

290.0 

22858.4 955.1 


277.3 

19287.2 

283.3 
19570.5 

288.9 

19859.4 

(293.8) 

20153.2 


925.8 

927.0 


279.2 

18361-4 

282.1 

18643.5 


10 

11 
12 

13 

14 

15 

16 
Mean 


21903.3 
288.0 

22191.3 

284.4 
22475.7 

281.5 
22757.2 


282.7 


288.3 


290.5 


291.5 


293.8 


293,0 


292.8 


291.6 


290.0 


288.0 


284.4 


281,5 


955.9 


926.8 


898.0 


868.3 
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In Table I the band origins are listed in square array with assignments of 
and a". The values of v" are certainly correct but there is some doubt 
about The correctness of the assignment of these quantum numbers will 
be discussed in the last section of the paper. The values of a/ and also 
appear in Table I. In Fig. 1, w/ is plotted against v\ together with corre- 
sponding graphs for NaH and LiH, showing the anomalous increase in 
with v' for low v'. cov" follows a normal course, decreasing linearly with in- 
creasing v". The values of have been fitted with a power series in (w-|- 1/ 2) 


Fig. 1. Anomalous behavior of co/ in excited ^2 states of LiH, NaH, and KH. 

by a least-squares calculation, with deviations, except one, less than 1 cm“L 
The result is incorporated in the following equation for the band origins, 

V = 19525.2 -h [254.51(0' -f i) -f- 3 . 26 ( 0 ' + 1)^ -f- 0.00725(0' -f §)» 

~ 0.0105(0' -f 1)^ -t- 0.000273(0' -f i)5] - [984.3(0" + I) 

- 14.5(0" + i)2]. 

The calculated values of J5„' and are listed in Table II. parallels 
Wv in its anomalous behavior. It increases until 0 ' = 6 and then decreases. 


Table II, 


V 



V 

B'. 

B'\ 

V 



0 

1.359 

3.373 

6 

1.437 


12 

1.376 


1 

1.385 

3.292 

7 

1.432 


13 

1.360 


2 

1.405 

3.209 

8 

1.431 


14 

1.334 


3 

1.422 

3.122 

9 

1.416 


15 

1.323 


4 

1.432 

3.041 

10 

1.405 


16 

1.307 


5 

1.438 


11 

1.391 
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decreases linearly with increasing v". The rotational and vibrational 
constants together with those of LiH and NaH, obtained respectively frorn 

Nakamura’s and Hori’s papers, are collected in Table III. 


Tx-vele III. Pfincipal rotation and vibration constants. 


Constant 

LiH 

NaH 

KH 

/"e 

3.7X10-" 

s.esxio-^o 

8 , 10 X 10 -'*® (gcm^) 


1.6X10-* 

1.88X10-8 

2. 24X10-® (cm) 

B". 

7.38 

4.896 

3.415 

a!' e 

— 

0.13 

0.083 

D"e 


-3.3X10-* 

-1.6SX10-* 

F'e 


1.3X10-* 

1.SX10-* 

Oi" e 

1395 

1170.8 

984.3 

x"03"e 

22.7 

18.9 

14.5 

Pe 

9.3X10-^° 

u.eexio-^o 

20.6X10-^“ (gcms) 

r'e 

2.5X10-« 

3.03X10-* 

3.58X10-8 (cm) 

B'e 

3.00 

1.887 

1.344 

a'e 

— 

-0.028 

-0.030 

D\ 



-1. 85X10-* 

-1.44X10“^ 

F\ 



~0.8X10-» 

3.8X10-8 

Os'e 

272 

335.24 

254.5 

X'w'e 

-9.61 

-4.416 

-3.26 

Heat of f D' 

1.14 

1.47 

1.25 (volts) 

dissoc. \d" 

2.56 

2.24 

2.06 (volts) 


A satisfactory explanation of the peculiar behavior of the upper state has 
not been given. Following Nakamura’s account of it in LiH, WeizeF at- 
tempted to explain the anomaly as due to an uncoupling, as the rotation 
increases, of the orbital angular momentum I of the pa electron of the excited 
molecule. Such an effect would result in a calculated value of B. less than the 
“true” the depression being greater for slower vibrations. Such an ex- 
planation is inadequate to account for the behavior of co»'. The positions of 
the origins should be independent of rotational uncoupling effects. It might be 
argued that since the origins were calculated from rotational data, the calcu- 
lated positions of the origins does depend upon the uncoupling. If, however, 
one uses for w.' the frequency intervals between corresponding lines of suc- 
cessive bands— lines for which K” is so small, say 2, that the rotation could 
scarcely affect it — one obtains a series of values of w/ inappreciably different 
from those obtained from the calculated origins. That is to say, the anomaly, 
at least for co/, seems to be independent of any rotational uncoupling that 
may be present, 

® W. Weizel, Zeits. f. Physik 60, 599 (1930). 
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Potential Energy Curves and Heat of Dissociation 

Potential energy curves, based on the Kratzer form, are shown in Fig. 2. 
In the form used, the potential energy does not involve coefficients in the 
vibrational energy beyond the second (xoic) nor coefficients in the expression 
for (Eq. (3)) beyond a^. Though ordinarily positive xoie and a, are negative 
in the upper state of KH. This change tends to steepen the potential energy 
curve for r>re and flatten it for r<re. For the ground state the potential 
energy curve was obtained from the Kratzer expression for r near re, while in 
the neighborhood of dissociation the Morse form was used. 

The heat of dissociation of the lower state was calculated from the ex- 
pression I> = coeV (4a:«e) since the vibrational energy in this state is accurately 
represented by r® = We(u+|) — xwc(z;-|- 5 )^ with «e = 984.3 and xwe = 14:.5. D is 
thus 2.06 volts. 


30000 


WOvolti 


20000 


late rnucleor distance Ccmif 10*) 


Fig. 2. Potential energy of normal and excited states of KH, 


On account of the peculiar behavior of o)/ the heat of dissociation of the 
upper state was determined by making use of the energy of the dissociated 
products. Rough extrapolation of the vibrational levels of the upper state 
indicated a heat of dissociation of about 1.5 volts. This requires that the 
atomic energy of the products of dissociation in the upper state be 1.8 volts 
greater than that of the products of the ground state. The resonance lines 
of potassium correspond to an excitation of 1.60 volts. Hence the products 
of dissociation in the upper state are normal hydrogen and potassium in the 
first excited state PP). This atomic energy was added to D'' (2,06) volts) 
and the electronic energy of the excited molecular state iv^) subtracted from 
the sum to give 1.25 volts for D', the heat of dissociation in the upper state. 
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curve, the observed bands by small circles. The discrepancy at high frequen- 
cies is not surprising since the steep, uncertain, part of the energy curve ol 

the upper state is involved. 

Assignment of and Isotope Effect 

The assignment of p" is certainly correct since a thorough search on 

emission and, more important, on absorption photographs disclosed no bands 
of a lower progression than the one for which v" was set equal to zero. As 
to the upper state we suggested in a preliminary report^ that the bands now 
marked w' = 4 belonged to the state for which d' = 0. Improvements in tech- 
nique enabled us to extend the spectrum to the red four vibrational intervals 
of the upper state. In the progression for which we now put t;' = 0, there are 
only two bands. (0, 3) and (0, 4). The evidence for the present assignment is 





Fig. 3. Intensity diagram for KH. Circles are observed band origins. 

Curve is theoreticaMocus of maximum intensity. 

first, that no bands assignable to a lower v' could be found even though the ^ 

bands in this region (6100A-6500A) were well developed in the long expo- 
sures and, second, that the assignment fits well with the Franck-Condon 
curve, which is most reliable in this region. Additional evidence was sought 
through the isotope effect. The heavier isotope of potassium, of mass 41, is || 

present in the ratio of about 1 to 20. No lines of K«H could be found in the • ■■ 

emission photographs. In the absorption photographs, limited to the_ region | 

4600-4800A, faint lines accompanied the intense lines in about the estimate | 

positions. Measurements of the isotope shifts (about 1-2 cm 0 made on two ^ 

plates, were not sufficiently accurate to fix with certainty the v' assignment. , | 

Averages of calculated and measured values indicate that the assignment is | 

about right, but may still be too high by one. Such a change would ma e | 

little difference in any of the molecular constants listed. 1 

^ F. W, Loomis and R. E. Nusbaum, Phys. Rev. 38, 1447 (1931). I 

s G. M. Almy and C. D. Hause, Phys. Rev. 39, 178 (1932). I 
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Table IV. — — (Values in parentheses omitted in taking mean.) 
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Table V. {Continued). R{K)-P{K)^r{K^\) -r{K~\)^^.T’{K). 
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Far Infrared Spectra of Gases 

B3? John Strong* AND S. C. Woo 
California Institute of Technology 

(Received August 9, 1932) 

The envelope of absorption in the far infrared is determined for 14 gases by the 
reststrahlen technique. The pure rotation envelopes of HCl and NHs are compared 
with the envelopes of the B-branch of their oscillation-rotation bands. The formula 

Ijivlh, - rot.) const. 

liirot.) 

is used to modify the shape of the R-branch for comparison with the pure rotation 
envelopes. A thermopile is described for use when the receiver area is square. The novel 
feature of this thermopile lies in the use of only one receiver for four junctions. Also 
the cold junctions stay at the temperature of the receiver for all temperature fluctua- 
tions which require a time greater than one minute. Drifting is consequently greatly 
reduced. Absorption cells are described which are useful for wave-lengths greater 
than 20ju. The windows for these cells are made from Ifi lacquer films covered with a 
50 m layer of Kahlbaum paraffin. Interference effects are reduced to a minimum by the 
use of copper ribs across the windows, a device to prevent pressure changes in the cell 
so the windows will not bulge and mechanically accurate mounting of the cells. In- 
terference effects are also reduced because the beam passing through the cells has a 
large angular divergence. 


Introduction 


# 


I' 

I 


M any interesting characteristics of the band spectra of polyatomic mole- 
cules can be determined with spectroscopic equipment which is incapa- 
ble of resolving the individual bands. We are indebted to Coblentz^ for much 
of the pioneer work of this character for the near Infrared bands. No systema- 
tic work of this character has been carried out, however, in the fai infrared 
region where the pure rotation bands are found. Recently one of the authors^ 
has applied the reststrahlen technique to spectroscopic studies in this region 
of the spectrum. The results obtained compare favorably, as regards the re- 
solving power, with the prism studies of gases in the near infrarcd region. It is 
the purpose of this paper to report investigations of gases in this spectral 
region. ; 

Apparatus 


The description of the reststrahlen apparatus can be found in earlier 
papers.2 However, a new thermopile not previously described was developed 
for this apparatus by one of the authors.^ A description of this and of the 
absorption cells is presented below. 


* National Research Fellow. 

^ W. W. Coblentz, Investigations of Infrared Spectra. 

2 John Strong, Phys. Rev. 37, 1565 (1931). 

3 John Strong. 


11 T 
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New thermopile with one receiver 

The image of radiation which the thermopile is to intercept for the rest- 
strahlen apparatus is a square. A single receiver is less awkward to construct 
for this image than an array of separate receivers. For the thin rectangular 
image in a spectrometer this is not necessarily true. Fig. 1 shows the method 
of construction adopted for the reststrahlen thermopile. Each thermocouple 
consists of a pair of wires, each 1.5 mm long, soldered together at P. One wire, 
r, is a bismuth-tin alloy (95 percent Bi+5 percent Sn) and the other wire, A , 
is an antimony-bismuth alloy (97 percent Bi+3 percent Sb). The receiver, i?, 
is made of silver foil and is 3 mm on an edge. One side is blackened (as de- 
scribed elsewhere^) with Welschbach mantle material. The other side is 
painted with a thinned lacquer. A scrap of high-melting parajffi,n attaches the 
hot junction to the receiver mechanically and thermally but not electrically 
because of the insulation afforded by the lacquer. Paraffin is better than other 
waxes for this purpose on account of its high heat conductivity. The cold 
junctions, C, are small pieces of No. 22 copper wire. These pieces take about 


TO GALVANOMETER 


larger mass and specific heat. As a consequence of its being connected ther- 
mally to the receiver and taking a time of about one minute to come to 
thermal equilibrium with the receiver, the thermopile is not sensitive to a 
difference in temperature of the surroundings and consequently much objec- 
tionable drifting is avoided. On the other hand, the cold junctions do not 
change their temperature materially during the time required to make an 
observation. 

It is easy to show by calculation that the difficulty of making more than 
4 couples is not justified by the increased deflection. The data given below 
are calculated for a square receiver 3 mm on an edge. Values are given of the 
deflection of a thermopile for various numbers of junctions. In each case the 
total resistance of the thermopile is taken as 25 ohms, the critical damping re- 
sistance of the galvanometer used. It will be noted that four junctions give 88 
percent of the deflection given by six junctions. 

For a description of how these calculations were made and for further re- 
marks on the technique of making thermopiles, reference may be made to an 
article on this subject by one of the authors.^ 

^ John Strong, R.S.I. 3 , 65 (1932). 
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Table I 


ively placed in the radiation path so that the raaiation irom tne 
passed twice through the cell, once as it passed upwards to a concave mirror 
and again as it was reflected downwards by this mirror to a focus on the en- 
trance aperture of the reststrahlen apparatus. This apparatus has been de- 
scribed in an earlier paper. « The mirror, source and entrance aperture were 
placed so close to the cell windows that the total length of radiation path or 
which the air was not dried with P.O 5 was only about 3 inches. The four cells 
were soldered to a wheel which could be rotated about a vertical axis. By 
rotation of this wheel through 90° one cell could be removed from the radia- 
tion path and another moved into the path. The wheel was so mounted that 
the position taken by the cells in the radiation path was accurately reproduc- 

A 1m lacquer film was attached to each end of the absorption cells. The 
transmission of these films is great for wave-lengths greater t an ^ 1 ,^+ 

the lacquer windows were dry the window was brought in contact with hot 
molten paraffin (Kahlbaum 68-70°C, No. 3094). Kellner has found that this 
material is transparent for wave-lengths greater than f 
throughout the far infrared has also been measured by Barnes. When the 
paraffin coating on the lacquer film has cooled, the resulting window is uni- 
form and of about 50m thickness. , . 

_ _.iT and their transmission measurea 


Number of junctions 

1 

2 

3 

4 

5 

6 

Deflection with iV junctions 

0.28 

0.52 

0.72 

0.88 

0.95 

1.00 

Deflection with 6 junctions 
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cells were initially filled with dry air (P 2 O& towers) and the reststrahlen ener- 
gies transmitted by all these cells was measured. The Globar source was 
heated by a current from a 110 volt storage battery and an ammeter was 
used to test the constancy of this current. Two of the absorption cells were 
then filled with the gas to be studied. This gas was dry and prepared by a 
procedure which wdll be described later. Then the reststrahlen energies trans- 
mitted by the cells were again measured. The two cells containing dry air were 
used to free the results from dependence on the amount of moisture in the 
room air, from gradual decrease in emission of the source due to the batteries 
running down, and from possible variations in the reststrahlen apparatus 
which might arise from variations in the position of the crystal mirrors and 
filters. The ratio of the reststrahlen energy transmitted by the gas cell to that 
transmitted by the dry air cell was divided into the same ratio taken when 
both cells were filled with dry air to get the transmission of the gas alone. By 
using two gas cells the results could be checked as an insurance against mis- 
take. 

The materials used for this investigation were obtained as follows: acety- 
lene, ethylene, propane, nitrous oxide, ammonia, sulphur dioxide, and hydro- 
gen sulphide, all of high purity, were obtained from gas cylinders. Saturated 
vapors of water, chloroform, acetaldehyde and methyl iodide were obtained 
from the respective pure liquids by bubbling dry air through them. Hydrogen 
chloride was prepared from sulphuric acid and sodium chloride, cyanogen 
from copper sulphate and potassium cyanide, and nitrogen peroxide from 
copper and concentrated nitric acid. In the latter case, the gas was first con- 
densed out in a tube immersed in a salt and ice bath and then evaporated into 
the absorption cell. Nitric oxide was prepared by the action of nitric acid 
upon arsenious oxide, the peroxide was frozen out with freezing mixture and 
the purified gas was then passed into the absorption cell. The air in the drying 
towers and absorption cells was displaced with nitrous oxide which was found 
to be transparent in the entire region we investigated. The gas thus obtained 
was still a little contaminated (a slightly yellowish tint) by the formation 
of nitrogen peroxide and trioxide with the traces of air in the apparatus. 

All the gases except water and ammonia were dried through phos- 
phorus pentoxide and concentrated sulphuric acid before they were intro- 
duced into the absorption cells. 

Experimental Results and Discussions 

In this investigation, the absorption of fourteen gases has been studied. 
The results of twelve gases are represented in the following curves Figs. 2 to 
11 where the percentages of absorption are plotted against wave number. The 
circles, crosses and solid dots, denote results of different experiments. It 
can be seen that the error in the observations is probably less than 5 percent, 
although in some cases it is greater as will be pointed out in the individual 
descriptions. 

In this region of the spectrum the absorption bands are pure rotation, 
vibration, or possibly torsion-oscillation or rotation about a chemical bond. 
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In the case of symmetrical molecules, such as C 2 H 2 , C 2 H 4 , (CN) 2 , there should 
be no pure rotation bands, because these molecules do not possess a per- 
manent electric moment. But, on the other hand, they may have vibration 
bands in this region. The experimental results for each gas is discussed below. 

Acetylene 

The experiment on acetylene was carried out without the calibration of 
the empty cell. The results obtained were not plotted here but it is certain 
that acetylene does not have an absorption throughout this region more than 
5 percent for a path length of 12 inches. This result is to be expected. The 
existence of a pure rotation band is excluded by its 2 ero electric moment. 
The vibration bands have been investigated by Mecke.® Although Mecke s 
designation does not seem to be quite correct,® it is certain that all the active 
fundamental bands are in a region of wave-length shorter than 20 /i. 


Ethylene 

Fig 2 shows the absorption of ethylene. We can see that it has no absorp- 
tion greater than 5 percent. Theoretically, ethylene is expected to have no 
pure rotation band, for it has no permanent electric moment. But on the 



Fig. 2. 

other hand, it is not possible to fit all of the twelve fundamental frequencies 
of the normal vibrations of ethylene to the already discovered spectral data. 
Consequently some active fundamental bands may possibly be in our region. 
It is possible, however, that these bands may be very weak or so narrow that 
they fall between our reststrahlen and hence escape detection An example of 
how this may happen is seen in the case of the fundamental band of ^2 at 
396.8 cm-i, whose maxima lie at wave-lengths between those of the rest- 
strahlen of CaF 2 (23/i) and calcite (27.3^i). 

8 R. Mecke, Zeits. f. Physik 64, 173 (1930). 

8 Olson and Kramers, J, Am. Chem. Soc. 54, 136 (1932). 
m D. M. Dennison and Wright, Phys. Rev. 38, 2077 (1931). 
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CyanogeE 

Fig. 3 gives the absorption of cyanogen. It possesses two maxima, one 
near 52fji and the other 94^. The former band has been predicted by Woo and 
Badger^^ from investigations of the ultraviolet absorption and identified by 


Fig. 3. 

them as the fundamental band of the active deformation oscillation. The 
interpretation of the band at 94ju is unknown. The structure of cyanogen in 
the normal electronic state is probably linear and symmetrical and it has zero 
electric moment. These facts preclude the existence of pure rotation bands, 
but, on the other hand the vibration bands have all been located on the shorter 
wave side.^^ 

Nitrous oxide 

The experimental results for nitrous oxide are given in Fig. 2. It has no 
absorption. Although the structure of this molecule is believed to be asym- 
metrical NNO/^ its pure rotation band, if any, must be extremely weak on 
account of its exceedingly small electric moment. Even this weak absorption 
might, on account of the large moment of inertia of this molecule (1=65.95 
X 10”^® g cm^ appear at longer wave-lengths outside the region we investi- 
gated. 

Propane ■ ' 

Propane (see Fig. 2) also does not show any absorption. The non-existence 
of pure rotation band is supported by its zero electric moment. 

Hydrogen chloride 

Our experimental results on the absorption of hydrogen chloride are given 
as circles in Fig. 4, where the crosses represent the data of Rubens and von 
Wartenberg.^^ A is a smooth curve representing these results. It is the ab- 
sorption of hydrogen chloride resulting from the pure rotation of the mole- 
cule. This band and also the vibration-rotation band of hydrogen chloride 
have been carefully investigated by other investigators. A very simple but 
definite relation between these two types of bands is derived from the follow- 
ing considerations. The intensity of the spectral line of frequency 

vj = vq + jhlAr^A = z/Q + vri 7 = 1, 2, 3, • • • 


S. C. Woo and R. M. Badger, Phys. Rev. 39, 932 (1932) and also paper to appear, 
12 E. K. Plyler and E. F. Barker, Phys. Rev. 38, 1827 (1931). 

The value of Plyler and Barker’s paper was misprinted as 59.4X10~‘^®. 

H. Rubens and H. von Wartenberg, Verh. d. Phys. Ges. 13, 796 (1911). 
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the i?-branch of a vibration-rotation band of a diatomic molecule is 


where g, and V(v", v') are respectively the quantum weight and the change 
of electric moment due to vibration. At a given temperature and for a given 
band we have ^2(^2 _ jf)-j 

J,(vib.-rot.) = const. X J exp |^ - • 

The constant arises because of the fact that the frequency of the rotational 
line, Vr, is negligible in comparison with the vibration frequency, Vo- 
The intensity of the rotational line of frequency 

p^ ■= jh/A'ir'^A 

in a pure rotation band is 

Slt^VrN - j 

- const. X c,(l - exp [7 ^ 

Now when we compare the intensities of the lines in the JR-branch of a v^ra 
tion band with those of the corresponding lines in the pure rotation band we 

obtain the following simple relation : 

/.fvib.-rot. V const. 
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Consequently, the relative intensities of the rotational lines in the i?-brancli 
of a certain vibration band can be used to calculate the relative intensities of 
the pure rotation lines. We have carried out this calculation to get the shape 
of the pure rotation band for hydrogen chloride. In Fig. 4 curve C represents 
the intensity distribution plotted against the rotational frequency in the R- 
branch of the vibration band of hydrogen chloride. Curve B was calculated 
from curve C by the above simple relation. The agreement between B and our 
experimental curve A is very good. 

Ammonia 

The absorption of ammonia is given in Fig. 5. The strong absorption shows 
the pure rotation band whose fine structure has been carefully investigated by 
Badger and Cartwright.^® The results of intensity distribution among the 
rotational lines by those authors agree very well with the envelope we have 
obtained for the band ; for example, the maximum of absorption in both cases 


Fig. 5. ^ 

appears at Vr^llS cm~^. Considerations, as in the case of hydrogen 
chloride, of the relation between the intensity distribution in the -R-branch 
of a vibration band and that in the pure rotation band can be applied here 
with certain modifications. These modifications are necessary because the 
ammonia molecule has a more complicated structure. Ammonia can be re- 
garded as a symmetrical top which possesses two different moments of inertia. 
Two types of vibration bands, parallel and perpendicular, can be distin- 
guished depending upon whether the change of electric moment during the 
absorption of radiation is along or perpendicular to the axis of symmetry. The 
structure of the parallel bands alone would be similar to the pure rotation 
band because the permanent electric moment which gives rise to the pure 
rotation band is along the axis of symmetry. By applying the same formula 
developed above for hydrogen chloride, we can obtain the pure rotation ab- 
sorption envelope from the i?-branch of a parallel vibration band. In Fig. 5 A 

R. M. Badger and C. H. Cartwright, Phys. Rev. 33, 692 (1929), 

D. M. Dennison, Rev. Mod. Phys. 3, 280 (1931). 
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is our experimental curve and B represents the envelope of the i?--branch of a 
parallel band modified by the above Eq. (1). We cannot say what interpreta- 
tion is to be placed on the absorption between 23 m and 32.8ft. 

Nitric oxide 

In Fig. 6 are given the results of the absorption of NO. The circles, crosses 
and solid dots represent data of three separate series of experiments. On 
account of the difficulty of preparing pure nitric oxide absolutely free from 
traces of air in the absorption cells, the results of the three series of experi- 


ments do not agree very well. The band beginning at nowever, is cer- 
tainly pure rotation band of nitric oxide and agrees very well with the 
calculated band with the maximum of absorption at about 50 cm b The fun- 
damental band of nitric oxide has been located at 5.30M"_and hence the bands 
at 29 . 4 m and at 23 m ^re probably bands of nitrogen trioxide or of other higher 
oxides of nitrogen. 

Nitrogen peroxide 

Nitrogen peroxide seems to show two maxima of absorption (see Fig. 6). 
Not so much is known about the structure of this molecule and, further, the 
matter is complicated by the presence of nitrogen tetroxide. 
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Chloroform . . 

This compound has absorption bands with maxima near 52/x and 94jci 
(Fig, 7). This band is probably one of the vibration bands of chloroform, be- 


CHCL 


Fig. 7, 

cause this compound should have the structure of a symmetrical top with so 
large a moment of inertia I a that its pure rotation band would fall outside of 
the region we investigated. 

Water 

Fig. 8 gives the results of two series of experiments. There appear two 
maxima of absorption, one at 94/x and the other 52ju. In this case, the cells 
were filled with air saturated with water vapor at 19® C. 


Fig..8. ■ . _ 

Hydrogen sulphide 

The experiment with hydrogen sulphide was carried out without calibra- 
tion of the empty cell (Fig. 9). 
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Sulphur dioxide 

This compound has very strong absorption bands in the region of the 
spectrum investigated. In Fig. 10 the results of three series of experiments are 
shown. The circles represent the data obtained at the earlier period of our m- 


Z 3i.z ' Zr-3 23 


CH-aCHO 


460 CM 


Fig. 11. 


maxima and minima of absorption. The approximately parade displace- 
ments of these curves show different values of the abso ute percentage of ab- 
sorption, which resulted from the different conditions obtained in the absorp- 

tion cells. 


Fig. 10. 


vestigation, when the ^mpty cells were not calibrated, while the crosses and 
solid dots give the results of the experiments carried out with the calibration 
of the empty cells. Except for two points of the first series of experiments, all 
the data fall on the smooth curves which have the same positions of e 


27a 23 /M' 


400 CM 
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Discussion OF THE Reststrahlen Technique 

Fig. 12 gives the absorption of a eell filled with CS 2 vapor. This result is in 
agreement with a previous investigation for a 4-inch rather than a 12-inch 
radiation path. The absorption of CS 2 is given by the one point at 23fx. The 
absorption at other wave-lengths is due to the paraffin on the cell windows. 
This result, if we interpret the data as indicating a band for CS 2 at 23/x, is not 
in very good agreement with the grating data of Dennison and Wright.® They 
find three maxima midway between the 23 and 27. 3/j. reststrahlen. Also their 
absorption is strong while that observed by the reststrahlen method is rela- 
tively weak. 

This weakness of the reststrahlen technique, namely, that a band may 
occur between two of the points and be badly represented or possibly missed 


entirely, is only serious where the moment of inertia is large and conse- 
quently the absorption bands are narrow or where the spacing between the 
reststrahlen wave-lengths is large. Both conditions apply to CS 2 as it has a 
large moment of inertia and the gap between 23 and 27.3/x is the largest 
gap in the region investigated. 

Because the prism technique (using KBr and KI prisms) may now be 
applied to 40^, the usefulness of the reststrahlen technique will probably 
be confined to wmve-lengths greater than 40ju. Between 40 and 152/i there are 
20 reststrahlen bands available as compared with the 7 which were actually 
used in this investigation. When these are used together with the two bands 
at 218 and 343/1 which are obtainable by the method of focal isolation, it can 
be said that the results are approaching the limit obtainable by other than 
the grating technique. There is, however, the possibility of applying the 
reflection characteristics of very rough surfaces to the isolation of wave- 
lengths greater than 343/x. 
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The Infrared Spectrum of H^Cl 

By J. D. Hardy,* E. F. Barker and D. M. Dennison 
University of Michigan 

(Received August 29, 1932) 

The fundamental absorption band due to HCl molecules involving the heavier 

isotope of hydrogen has been observed, using a cell 700 cm long with gas at atnios- 
pheric pressure. It lies in the region of 4.8^. Both ordinary HCl and samples enriched 
in H'' were examined. Nineteen lines have been measured m the band of H Cf, and 
seventeen in the band of H^CF. The estimated abundance of IV relative to H is 1 to 

A satisfactory equation has been developed for the positions of these lines on the 
basis of measurements by Meyer andLevin upon the bands of HCl, assuming 'dentica 
dimensions and force fields for both molecules. The parameter p of this equation 
representing the ratio of the reduced masses for HCl and HCl, has been adjuste 
to give the best agreement with the observed frequencies, and is found to be 
n=0 514430+0.000004. Sources of error other than those involved in the obser\a- 
tions are discussed, and an attempt is made to evaluate them. When ttese are taken 
into account, the values indicated for the mass of H^ (on the 

the mass defect are: mass H 2 = 2.01367 ±0.00010, mass defect = 0.00189 ±0.00010. 

These values are compared with the results obtained by Bambridge with the mass 
spectrograph. 

§1 

T he existence of a heavier isotope of hydrogen, recently discovered by 
Urey, Brickwedde and Murphy^ suggests the search for band spectra due 
to molecules containing hydrogen nuclei, since the very large relative dif- 
ference in mass between and must result in isotope displacements of 
correspondingly large frequency. Naturally the first substance to be chosen 
for such a study is HCl, both because of the simple character and accessible 
position of its fundamental band, and because its spectrum has dready been 
investigated so thoroughly. A comparison of the bands due to H Cl and H 
should yield a very reliable estimate of the relative abundance of the two 
species of hydrogen, and also provide a precise determination of the ratio be- 

tween their masses. 

§2 

From the first reports of relative abundance it appeared that there should 
be little difficulty in locating the H==C1 fundamental band without essential 
changes in the apparatus already in use. However, a careful examination of 
the region in which the band was expected, showed no trace of absorption 
lines in radiation which had traversed 30 cm of gas at atmospheric pressure. 
According to the data of Meyer and Levin this is more than 3000 times the 
minimum path length necessary for measurements upon the H Cl band a 

* National Research Fellow. i -d An i 

1 H. C. Urey, F. G. Brickwedde and G. M. Murphy, Phys. Rev. 40, 1 {1961). 
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3.46/i. The path length in HCl was then increased to seven meters, which 
would ensure the detection of the band even if H^Cl should be present only 
to the extent of one part in 10^ of H^Gl. This was the maximum length which 
could be conveniently fitted into the room, an^ proved to be quite adequate 
for the purpose. 

A plan of the optical system is shown in Fig. 1. The cell was constructed 
of galvanized iron tubing eight inches in diameter, and coated heavily inside 
with paraffin. The windows were of heavy mica, firmly cemented and clamped 
so as to withstand variations of pressure up to 40 mm of mercury. This was 
necessary to allow for changes of atmospheric pressure outside, and of gas 
pressure within the cell. Since it was not feasible to move this long cell into 
and out of the beam, measurements have been made only by comparing 
curves obtained with the cell filled with dry air and then with HCL This 
procedure gives satisfactory results whenever the background is fairly clear, 
and fortunately the atmospheric absorption between 4.6/x and 5.1/x consists 
only of scattered narrow lines due to H 2 O and possibly CO 2 . The HCl gas was 


-700cm- 


GRATING SPECTROMETER 


Fig. 1. Plan of spectrometer, fore prism and absorption cell 


at first obtained in the usual manner from sodium chloride and sulphuric 
acid, and allowed to flow directly from the generator into the cell, slowly dis- 
placing the air. In the samples thus prepared the first indications of a mole- 
cule of H^Cl were found. However the impurities in the salt developed a trace 
of CO which has a very strong absorption band in this same region, so that 
many of the H^Cl lines were completely hidden. This difficulty was eliminated 
by generating the HCl from distilled water which was dropped slowly upon 
pure phosphorus pentachloride. As the gas evolved it was frozen out in a large 
trap cooled in liquid air, and then slowly evaporated into the cell, a small 
residue being discarded so that moisture and other impurities were effectively 
avoided. The air displaced from the cell was passed through a second trap 
immersed in liquid air to prevent the escape of HCL After some hours the 
contents of this trap were distilled back into the cell by transferring the liquid 
air to the first trap. A number of repetitions of this process made it possible to 
bring the concentration of HCl in the tube up to about 96 percent. The gas 
pressure inside the cell w^as kept about 10 mm above that of the atmosphere 
because HCl slowly disappears due to chlorinization of the paraffin. A test 
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for purity was made each day before taking observations. This consisted in 
the removal of a small amount of gas from the tube into a flask which had 
first been evacuated. The flask was then immersed in liquid air to freeze out 
the HCl, and the concentration determined from the resulting change in 
pressure. 

Professor Urey suggested to us that a somewhat enriched source of the 
heavier hydrogen could be obtained from the electrolytic residue taken from 
cells in which commercial hydrogen is made. A sample of this residue was 
very kindly sent to us by Dr, Rohrer of the Ohio Chemical Company. It was 
distilled in order to eliminate the rather large amount of alkali contained in 
it, and then used to generate the gas with which most of our observations were 
made. The resulting increase in intensity of absorption made the measure- 
ments both easier and more precise. 

The source of radiation for this experiment was a Nernst glower which 
was mounted directly in front of the cell window and exactly at the focal 
point of a concave mirror of 15 cm aperture and one meter radius. Placing the 
source in this position caused a minimum of distortion of the image and a I '; 

minimum loss of energy due to divergence of the beam as it passed through 
the cell. At the spectrometer end of the tube the radiation fell upon a second ^ 

concave mirror and was brought to a focus on the slit of the fore-prism 
spectrometer. From this slit it was collimated, sent through a large rocksalt 
prism, and finally brought to a focus upon the first slit of the grating instru- ' 

ment. The salt prism satisfactorily separated the first order of 4.8^ from the 

second order of 2,4/x. As a test of the separation, readings were made by ad- 
justing the prism with the grating set at 4.8iu for maximum deflection and 
at 2.4/x for minimum deflection. These measurements showed the spectrum 
at 4.8/i to be contaminated with about 18 percent of second and third order 
impurity. The amount of impurity in the spectrum is of importance only in 
determining the intensities of the lines. 

The grating spectrometer was built by one of us and has been described 
in previous papers. The grating had 4800 lines to the inch and a ruled surface 
of 4X5 inches, and was designed for concentration of the energy in the region 
around 5/x; its figure was found to be good and the lines it produced were very 
sharp. The calibration was carried out by means of the helium line at 
10,830.32A, in the third, fourth and fifth orders. These lines were very strong 
and sharp and their positions could be determined to half a second of arc. 

The temperature of the room during the entire experiment was kept constant 
to within a degree centigrade and no correction was needed for change in 
grating constant due to temperature. 

Slit widths varying from 0.15 mm to 0.25 mm were used, most of the 
measurements being made with 0.2 mm slits. The spectral range across the 
slit was then 9A or 0.4 cm“h The corresponding deflections were about 60 cm 
with the seven meter cell. The steadiness of the detecting system was such 
that readings could usually be repeated to within one percent. The detecting 
device consisted of a single junction thermocouple connected to a Leeds and 
Northrup H.S. galvanometer, which in turn actuated a Pfund amplifier, so 
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that the final deflections were about seven hundred times as large as would 
have been observed upon the first galvanometer at one meter. 

In order to estimate the effectiveness of the instrument with the long 
cell, the lines of the band due to H‘C1 were observed as far out as possible 
on the negative branch. The faintest line that could be measured was the 
weaker component of -16. The ratio between its intensity and that of the 
strongest line ( + 3) is appro.ximately 1:270,000. The positions of the major 
components of lines —14 and —15 were determined carefully, and found to 



Fig. 3. Six lines of the positive branch in detail. Divisions on the horizontal scale are minutes, 
and correspond approximately to wave numbers. 


be 2544.10 cm“i and 2516.07 cm“^ respectively, while the corresponding 
values, computed by extrapolating the series of Meyer and Levin, are 2544.1 1 
and 2516.03. This agreement is particularly gratifying since their observa- 
tions were made upon a different instrument, with a different grating, and 
calibrated in terms of the Hg line X1.014. 

A survey of the background was made with dry air in the cell, to deter- 
mine the positions and intensities of the atmospheric absorption lines, and 
this was followed by a similar set of observations upon HCl, other conditions 
being kept as nearly the same as possible. The absorption lines due to 
were unmistakable. Nineteen lines of easily measurable intensity were found 
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in which no serious distortion due to background appeared. In most cases 
the weaker component due to could also be observed. Fig. 2 is a plot 

of the entire band as measured with the seven meter cell filled with gas from 
the electrolytic residue. Galvanometer deflections are plotted against wave- 
lengths, and atmospheric absorption lines have been omitted. A few of the 
weaker component lines on the negative side are absent because they were 
hidden or so badly distorted that their positions could not be determined 
satisfactorily. 

After these lines had been located each one was remeasured with care, its 
contour being determined by at least five or six points taken at fifteen-second 
intervals on the circle. A few of the lines were measured several times as a 
test of consistency and it was found that their positions could be reproduced 
to within about two seconds of arc, which corresponds to ±0.02 cm*"^. It 
seems safe to- assume an experimental accuracy of about ±0.05 cm"^ across 
the whole band. In Fig. 3 are shown several lines of the positive branch 
plotted in detail. To arrive at an estimate of the percent absorption the undis- 
turbed background was assumed to be completely transparent, and all the 
other readings on a line reduced to the same scale. Corrections were made for 
spectrum impurities due to slight overlapping of higher orders. 

The absorption curves for the unenriched sample provide a means of de- 
termining the relative abundance of and Hh Since the absorption per- 
centages are not very large, and the resolution is high, there is no considerable 
error in assuming that the area under any line is proportional to the integral 
of the absorption coefficient over the line. Thus the relative path lengths 
necessary for equal intensities of absorption may be determined for any pair 
of lines. The differences in transition probabilities must be taken into account, 
and also the differences in population of the various rotation states, since both 
the amplitude of vibration and the Boltzmann factor depend upon the re- 
duced mass. Computations upon this basis indicate that H^Cl is present in 
the ordinary gas in a concentration of about one part in 35,000 of H^Cl and 
that the enriched sample has a concentration about ten times as great. 

In determining the frequencies of the various lines it is necessary to cor- 
rect for the index of refraction of air, the values of which were obtained from 
the work of M. Rusch.^ His data indicate that n — l= 28.9 X 10~^ is probably 
a satisfactory value for both the 3.5^ and 5/x regions. This correction is 
slightly different from the one used by Meyer and Levin, but the difference 
has been taken into account in comparing our results with theirs. Table I 
shows the observed frequencies reduced to vacuum for the nineteen lines in 
the H‘^CF band. These are compared with a set of computed values, and the 
differences, column 4, lie for the most part within the limit of observational 
error. Instead of listing the frequencies of the minor components due to ab- 
sorption by the table indicates in column 5 their displacements from 

the corresponding major components. These displacements have also been 
calculated, and the differences are shown in column 7. The formulae by 
which the calculated values were derived is discussed in §3. A few of the 

2 M. Rusch, Ann. d. Physik 70, 373 (1923). 
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residuals in column 8 are larger than the error in observation, and these, as 
well as the larger ones in column 4, are probably due to displacements re- 
sulting from blends with weak atmospheric lines. The measurements on the 
minor components are probably also somewhat less accurate. 


The first step in comparing the infrared bands of H^Cl and H^Cl, and 
eventually in obtaining the ratio of the masses of and is to assume that 
the force fields and dimensions of the two molecules are identical. This as- 
sumption appears to be fully justified both on theoretical and experimental 
grounds. From the theoretical side, the principal difference which might 
occur would be caused by a difference in the spins of the two hydrogen nuclei. 
The normal electronic state of HCl is a S state and consequently the nuclear 
spin of the hydrogen would be coupled with the nuclear spin of the chlorine 
and with the field produced by the rotation of the molecule. In either case 
the coupling energy is so extremely minute that the change in the energy 
states or in the force field would be quite too small to be measurable by 
spectroscopic means. From the experimental side the assumption is justified 
by the fact that all the band spectrum measurements on molecules containing 
isotope nuclei may be consistently correlated when the force fields in the 
molecules are taken to be identical. 

The second step in the analysis is to show how the bands of H^Cl and 
H^Cl are to be related. To do this we use the equation developed by Fues® 

^ E. Fues, Ann. d. Physik 80, 367 (1926). 


Line 

Frequencies 

Obs. Calc. 

Dif. 

Isotope separations 
Obs. Calc. 

"Dif. .'v 


1986.07 

1986.11 

+0.04 

2.76 

2.68 

-0.08 

-8 

1998.53 

1998.56 

+0.03 




-7 

2010.76 

2010.82 

+0.06 

3.04 

2.76 

-0.28 . 

,, -6 

2022.85 

2022.87 

+0.02 

2.91 

2.79 

-0.12 

-5 

2034.73 

2034.72 

-0.01 

2.88 

2.83 

-0.05' 


2046.38 

2046.36 

-0.02 




-3 

2057.79 

2057.78 

-0.01 

2.93 

2.91 

-0.02 

—2 

2068.95 

2069.00 

+0.05 

3 . 13 

2.94 

-0.07 

“1 

2079.98 

2080.00 

+0.02 

3.04 

2.97 

-0.07 

+ 1 

2101.28 

2101.33 

+0.05 

3.04 

3.03 

-0.01 

+2 

2111.69 

2111.65 

-0.04 

3.06 

3.06 

0.00 

+3 

2121.81 

2121.75 

-0.06 

3.10 

3.09 

-0.01 

+4 

2131.62 

2131.62 

0.00 

3.12 

3.11 

-0.01 

+5 

2141.29 

2141.24 

-0.05 

3.15 

3.15 

0.00 

+6 

2150.64 

2150.63 

-0.01 

3.19 

3.17 

-0.02 

+7 

2159.81 

2159.78 

-0.03 

3.22 

3.20 

-0.02 

+8 

2168.66 

2168.67 

+0.01 

3.29 

3.22 

-0.07 

+9 

2177.34 

2177.32 

-0.02 

3.19 

3.24 

+0.05 

+ 10 

2185.74 

2185.72 

-0.02 

3.24 

3.26 

+0.02 
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for the energy levels of a rotating dipole. The frequencies of the lines of the 
fundamental band are given by the expression, 

V = (I'D — hCfAitH — v^BjA) 

+ (V4t2/ - - hky?>irn)J (1) 

- - hmyiirn. 

The constant va varies as I as juh ¥ as and vaB as where ju is 
the reduced mass of the system. The constant C is independent of ju. 

These constants which determine the positions of the infrared lines have 
been very accurately deduced by Colby^ from the measurements by Meyer 
and Levin.6 Their values, slightly modified on account of the difference in the 
factor used for reduction of the wave-lengths to vacuum are as follows: 
j/o = 2989.24 cm-i; j'o.B = 0.3030; h/i7rU = 2iA678, hk^/ir^I = 0.00106; 
hC/iTr^I= 103.40. 

If the ratio of the reduced mass of H^Cl to the reduced mass of H^Cl is 
is called p, the equation for the lines of the fundamental band of H^Cl may 
be written, 

= (2989. 24pi/2 -~ 103. 40p 0.^ 

+ (21.1678p - 0.6060p3/2 _ O.OOOSp^)/ (2) 

- 0.3030p3/2/2 - 0.0020p2/^ 

One of two courses may now be followed. The observed lines of H^Cl may 
be expressed by means of an equation of the above type using a least squares 
solution, and the coefficients of J^j J, and equated to their corresponding 
theoretical values. Four independent values for p would thus be obtained, 
which should of course be consistent. However, the value determined from 
the constant term would be about ten times more accurate than that found 
from the coefficient of J, and the values obtained from the and P terms 
would be still far less reliable. 

A second procedure, and the one which was actually followed, is to choose 
a value of p and compute the corresponding positions of the lines. The posi- 
tions so determined may then be compared with the frequencies of the nine- 
teen observed lines. The differences between the observed and theoretical 
frequencies serve to fix a first order correction to p. Thus after a few approxi- 
mations a value of p is obtained for which the sum of the residuals is zero. 
If all the residuals are within the experimental error and furthermore show 
no systematic trend, it is certain that a consistent method has been found 
for comparing the two bands. 

The final equation (theoretical) which we obtain for the lines of the H^Cl 
band is, 

= 2090.78 + 10.666/ - 0.1118/2 - 0.00056/®. (3) 

This corresponds to a value of p = 0.514430. 

1 he agreement between the observed and computed frequencies is 
shown in Table I and is very good indeed. The residuals are all very small, 

Vv. F. Colby, Phys. Rev. 34, S3 (1929). 

^ C. F. Meyer and A. A. Levin, Phys. Rev. 34, 44 (1929). 
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of the order of the experimental error and show no appreciable trend. The 
average value of these residuals divided by the square root of the number of 
observations is a measure of the probable error in fitting the theoretical equa- 
tion: This again may be used to obtain the probable error in p. We find that 
p,= 0.514430 ±0.000004. 

The method of deriving the mass of the nucleus from p requires an ad- 
ditional assumption concerning the nature of the vibratory motion of the 
HCI molecule, (The validity of this assumption will be discussed in §4.) The 
reduced massp is in first approximation equal to mM/{M+m) where m and M] 
are the masses of the two nuclei. In higher order of approximation the motion 
of the electrons during the vibration must also be accounted for, p might still 
be set equal to w jf/ilff+m where m and M now represent effective masses 
of the nuclei. The magnitude of the permanent electric moment of HCI 
shows that the electrons may be thought of as having a distribution such 
that the electronic charge about the H nucleus is on the average f of an elec- 
tron and that about the Cl nucleus is 17+i electrons. The intensity of the 
fundamental band shows that the effective moving charge to be associated 
with the vibrating dipole is that of f electron.® 

From these two data it seems natural to assume that the effective masses 
m and ilf should be set equal to the mass of a hydrogen atom minus one-fifth 
of an electron and the mass of a chlorine atom plus one-fifth of an electron. 

Let Ml and W 2 be the effective moving masses of and respectively, 
and let M be the effective mass of Cl. Then 

p = Pi/P2 = + M) ]/ [{mi + M)m2M ] 

or 

nh = fni/[p — {mi/M){l — p)]. 

In mass units the mass of an atom is 1.00778 and that of an electron 
is 0.00055. Thus 

1.00778 - 0.00011 = 1,00767 
l/ = 34.983 + 0.00011 == 34.983. 

On substituting these values, together with the observed value of p we ob- 
tain, OT 2 = 2.01356 ±0.00002. 

The mass of an atom referred to is therefore electron or, 

= 2.01367 ±0.00002. 

The mass of an FP nucleus is, H2+ = 2.01312 ±0.00002, and the mass 
defect is (H^ + Hi+) = —0.00189 ±0.00002. 

Before proceeding to a discussion of the errors involved in our determina- 
tion of the mass of the atom, it will be remarked that the satellite lines 
shown in Figs. 2 and 3 may be attributed to the molecule H^CPh The spacing 
of these satellites from the parent lines may be derived theoretically in a 
manner entirely similar to that used in finding the positions of the H^CF 
lines themselves. This difference may be expressed as a function of the line 
number J and has the following form (the contribution of the term cubic in 
/ is here negligible), (ffCps) - (ffCF) =3.00+0.0311 J-0.00049P. 

® D. M. Dennison, Phys. Rev. 31, 503 (1928). 
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Table I contains a comparison of the measured and observed values of 
these displacements, and it is seen that the agreement is very satisfactory 
indeed. The residuals are somewhat larger than those of the lines of 
which is not surprising since the lines of are weaker and their positions 

are not as accurately determined. 

■ ' .§4 ' 

A probable error has been appended to the values for the mass of but 
this error represents merely the exactness of the agreement between the ob- 
served lines and positions computed from our formula. There are however 
other possible sources of error (systematic errors, errors in assumptions) 
which we will now discuss. 

Our measurements are related to the constants derived by Colby from 
the data of Meyer and Levin. These observations were made on a different 
spectrometer using a different grating and the question of their accuracy 
becomes of great importance. Aside from the fact of the self-consistanc}'" of 
Meyer and Levinas data (i.e., the small residuals between the observed posi- 
tions of the lines and the positions predicted by Colby's formula) we have 
one independent test of their accuracy. As mentioned earlier, two of the 
outer lines, — 14 and —15, of the fundamental band of H^CP® were measured 
on our spectrometer. These positions agree with the positions derived from 
Colby's equation to within the experimental error. This check insures that 
the calibration of both instruments was alike and furnishes a strong verifica- 
tion of the correctness of Colby’s constants. The error which might be intro- 
duced from this source is therefore about equal to the probable error which 
we have given above. 

A second possible source of error which must be investigated involves the 
range of validity of the Fues equation giving the energy of a rotating vibrator. 
An examination of this equation shows that the only term which might in- 
troduce an appreciable error is the constant term. The quantity pq represents 
the zeroth order contribution to the frequency. The anharmonic part of the 
force function produces no effect in first approximation but in second ap- 
proximation gives rise to the term —hC/AT^I. It is to be expected that a 
fourth order perturbation would introduce a term, say 3D, of which no ac- 
count is taken in the Fues equation. Thus the energy of vibration could be 
written as a function of the vibrational quantum number v as follows; 

W,/h = A + Pov - hCvySw^H + Dv^, 

This new term would be important in the present investigation since, 
while vq transforms as and hClSir^I as p , D would transform as p^^^. Since 
Po is of the order 3000, and hClSir^I of the order 50 we might expect D to be 
perhaps as large as 1. If this were the case the error in our determination of 
the mass of would be about 20 times as large as the probable error indi- 
cated. There are very good grounds for believing that this is not the case, 
however, and that D is much smaller than 1. In the first place the residuals 
shown in Table I are of the order of the experimental error and show no ap- 
preciable trend. This latter feature, the absence of trend, shows that the 
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constant and linear terms of Eq. (3) are consistent, or in other words that 
the constant and linear terms transform in the manner indicated in Eq. (2), 
Thus the general consistency of our results shows that D must be consider- 
ably, smaller than 1. 

It would be possible to determine the value of D if a sufficient number of 
the overtone bands of HCl were known experimentally. This is unfortunately 
not the case but such series are known for many diatomic molecules and it 
is found that D is always extremely small and in most cases may be set equal 
to zero. The success of the Morseb potential function is largely due to this 
fact. In conclusion we estimate that the error introduced into the mass of 
from this cause cannot be of a larger order of magnitude than the probable 
error we have given. 

Finally the assumption as to the magnitude of the effective moving masses 
ni and M which enter the expression for /x must be considered. The effective 
inertia of the system depends not only upon the nuclear masses but aiso upon 
the masses of the electrons. The intensity of the fundamental band of HCl is 
consistent with the supposition that on the average f of an electron moves 


with the H nucleus and 17i electrons move with the Cl nucleus. It seems 


reasonable therefore to assume that the effective moving mass w is equal to 


the mass of a hydrogen atom minus | electron. In higher approximation this 


would be somewhat altered, perhaps by an amount of the order of | the cor- 
rection already introduced. This would mean that the error introduced 
would be about 0.00002 mass units, i.e., the same order as the probable error. 

It has been shown that in addition to the probable error derived from the 
residuals of Table 1, there are three independent sources of possible error, 
all of this same order of magnitude. These possible errors cannot be evaluated 
in detail but we estimate that their combined effect would be very liberally 
covered by a factor of ±0.00010. 

Our final values for the mass of an atom and of the mass defect in mass 
units (0 — 16) are therefore, 

IP - 2.01367 + 0.00010 
Mass defect = 0.00189 ± 0.00010. 


These values agree quite satisfactorily with the results obtained by Bain- 
bridge^ using the mass spectrograph. He gives H2 = 2.01353 ±0.00006 and 
mass defect = 0.00203 ±0.00006. 

Note added in proofs September 26, 1932: It should perhaps be remarked 
that we have expressed our results relatiye to the mass of H^= 1.00778. If 
this value is in error by an amount e, our value for would be in error by 
2e. However, in first order the mass defect is independent of any small error 
in the mass of Hb In a similar manner the result obtained by Bainbridge for 
the mass of hP is given relative to the mass of Hb Dr. Bainbridge has informed 
us that his probable error of 0.00006 must be increased to 0.00018 if his value 
of H" is referred to 0 = 16 rather than to H^ = 1.00778. 


^ P. Morse, Phys. Rev. 34, 57 (1929). 

8 K. T. Bainbridge, Phys. Rev. 41, 115 (1932); 42, 1 (1932). 
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A Self-Recording Cosmic-Ray Electrometer 
and Depth-Ionization Cmve 

By J. M. Benade 

Forman Christian College, Lahore, India 
(Received August 30, 1932) 

A self-contained automatic recording electrometer connected to a collecting rod 
in a thin steel-walled ionization chamber was used to measure intensity of cosmic 
rays at various depths in Konsar Nag, Kashmir. The lake is about 280 ft. deep. Its 
surface is about 11,600 ft. above sea-level and its water is practically free from radio- 
active matter. The electrometer consists of two short parallel phosphor-bronze 
ribbons attached at one end only. Their divergence is recorded photographically at 
eight minute intervals, and at the end of each hour the fibers are automatically re- 
charged. The temperature, depth, and position of the instrument with respect to the 
vertical, are also recorded along with electrometer deflections. The curve obtained 
corresponds to those of Millikan and Cameron to a depth of 50 meters but at greater 
depths it more closely parallels that of Regener. The slopes of these curves at any 
particular depth seem to depend upon the type of ionization chamber as well as upon 
the intensity of the cosmic radiation at that depth. 

Introduction 

TN ANY ionization chamber used to determine the intensity of penetrating 
radiation, at considerable depths under water, a relatively large amount 
of ionization must take place when the instrument is near the surface while 
being lowered or raised. If the electrometer is of a type in which the deflec- 
tions must be read directly while the instrument is at the surface of the water, 
a considerable correction will have to be made in order to obtain the actual 
rates of ionization at any particular depth. The relative magnitude of this 
correction is independent of the sensitivity of the electrometer, if the natural 
leak, be negligible. These corrections can of course be made but a considerable 
amount of labor is involved which can be avoided by using a self-recording 
instrument. 

In 1928-29 a completely automatic self-recording electrometer was de- 
signed and constructed; but unfortunately before any useful data were ob- 
tained the instrument was lost at the bottom of a deep mountain lake in 
Kashmir, A new instrument was, however, constructed with which, in the 
summer of 1931, the data for the curves shown in Fig. 4 were obtained. 

Apparatus 

Fig. 1, drawn approximately to scale, shows the construction of this in- 
strument. The ionization chamber is at one end of a thin-walled steel cylinder 
of which the volume is 7330 cc. This chamber contained air at a pressure of 
11.94 atmospheres when at a temperature of 0°C. Into the center of this 
chamber projects the collecting wire, supported by an amber insulator. This 
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collecting wire together with the electrometer ribbons has an electrical ca- 
pacity of 1.86 e.s.u. On the end of this collecting wire are fixed by means of 
very small clamps two parallel pieces of phosphor-bronze ribbon each about 
8 mm in length. When uncharged the free ends of these ribbons stand about 
0.1 mm apart and when charged to 125 volts they separate to a distance of 
nearly 1mm. This corresponds to distances between the shadows on the pho- 
tographic film of from 3 to 20 mm. It may be noted incidentally that phos- 
phor-bronze ribbon or other fine metallic ribbon serves very nicely the pur- 
poses of the ordinary gold leaf electroscope, especially when used with a 
projection lantern, or with a reading microscope in which case it may be 
made very small. Such an electroscope has several advantages. It is easily 
made, may have very small capacity (only a fraction of a cm), can be 
mounted in any position, is quite rugged, and is portable. 




Fig. 1. Self-recording cosmic-ray electrometer. While in use the instrument floats under water 
with the ionization chamber upward. 


On one side of the tips of the electrometer ribbons is mounted a small 2.5 
volt lamp with condensing lenses and on the opposite side af in. microscope 
objective which together with two 90^^ prisms produces a well-defined shadow 
of the ribbons on a photographic film above. The film (6 cm in diameter) is 
mounted on a disk which in turn is mounted on a clock and makes one rota- 
tion in 12 hours. The photographic film rotates behind a narrow radial slit 
through which light enters for each exposure. By means of three separate 
circuits each controlled by the clock the electrometer is connected for an 
instant to a high potential battery through a protecting resistance at the 
beginning of every hour. The lamp lights up for about 2 seconds at eight 
minute intervals. At the end of an hour the electrometer is short circuited for 
a zero deflection record. The charging and discharging are done by means of 
electromagnetic devices mounted in a brass box which contains the electrome- 


fe" ter ribbons and optical system as well as two large calcium chloride con- 
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tainers which open into the ionization chamber. In the next compartment 
are the batteries packed about a central brass tube through which the beam 
of light passes to the recording film. The upper end of the case is closed by a 
heavy steel plate bolted to a thick steel ring with a tongue and groove joint. 
To this ring is riveted the thin steel case. Above the cover plate are mounted 
the clock, pressure gauge, bimetallic thermometer, level and battery ter- 
minals. These are covered by a large cap which fits into a groove with a rub- 
ber gasket and is held in place by five bolts with knurled thumb-nuts. This 
cover is removed when an exposed film is to to be removed and a fresh one 
inserted. There was never once any trace of leakage of water through this 
joint; and since the air pressure in the instrument was throughout much 
greater than the maximum water pressure outside there was no possibility 
of water leaking into the apparatus. In order to reduce the danger of insula- 
tion leakage a guard-ring was used with connecting wire leading into the clock 
chamber where it could be connected to the instrument case or to the H.T. 
battery at any one of three points so that it could be kept at zero potential, 
at 95 volts, 110 volts or 125 volts as desired. The charging device was so ar- 
ranged that the collecting rod and electrometer fibers could be charged to 
any one of these three potentials, so that the guard-ring could if desired be 
kept at a potential higher than the initial potential on the electrometer. It was 
found that the rate of discharge of the electrometer at any particular depth 
was independent of the potential of the guard-ring indicating that the in- 
sulation leakage was negligible. The guard-ring was however normally kept 
at a potential of 110 volts. In order to measure the electrostatic capacity of 
the electrometer an adaptation of Millikan’s method was used. For this pur- 
pose two cylindrical condensers exactly similar, except for length, were 
mounted symmetrically on opposite sides of the collecting wire near the 
insulator, so that by means of an external battery and the same electromag- 
netic devices used to charge and discharge the instrument, either one or the 
'other of the condensers could be connected with the collecting rod. With a 
constant rate of ionization due to cosmic rays or a bit of radioactive material 
'the time rates of discharge of the electrometer alone, and then when con- 
nected with the first condenser, and again when connected with the second 
condenser, enable one to calculate at once the capacity of the instrument 
provided of course the difference between the capacities of the condensers is 
known, and the connections are perfectly symmetrical. The capacity may be 
measured at any time without opening the case or in any way disturbing the 
instrument, the clock cover only being removed in order to connect the ex- 
ternal battery to the terminals provided inside. 

Fig. 2. shows typical films. At the outer end of each exposure will be seen 
the shadow of a small ball mounted on the end of a twisted piece of bronze 
ribbon and suspended so that while the instrument is in a vertical position 
the shadow will be in the center of a circular ring; whereas it falls to one side 
when the axis of the instrument is not vertical. The second film in Fig. 2. 
j shows that a number of exposures were made while the instrument was not 
•vertical. In about the middle of each exposure will be seen the two shadows 
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of the bimetallic thermometer, the distance between these shadows being a 
measure of the temperature. In Konsar Nag this thermometer was unneces- 
sary for the temperature of the water was practically constant, there being 
large quantities of floating ice in the lake. In any case the temperature coef- 
ficient of the instrument used is known to be negligibly small. At the inner 
end of each exposure will be noticed two shadows, the separation between 
which is a measure of the depth of the instrument below the surface of water 
when the exposure was made. This proved to be very useful. The depth- 
gauge consists of the flattened curved tube of an ordinary' steam-gauge 
mounted near the film so that a shadow of a thin wire attached to the fi'ee 
end of this tube falls on the photographic film. This tube communicates with 
the water (or air) outside the instrument and so as the instrument is sub- 
merged the increasing hydrostatic pressure causes the index-wire to move. 
Less distinct are the shadows of the electrometer ribbons; but they are suffi- 
ciently clear for accurate measurements of their separation by means of an 
especially mounted travelling microscope. All measurements of the developed 
films are made with this instrument. It was found in practice that small devi- 
ations of the axis of the instrument from the vertical do not introduce ap- 
preciable errors. However all records were obtained with the axis vertical, 
the ionization chamber being uppermost. 

Calibration curves show that the electrometer deflections are very nearly 
proportional to the potential for a range of from 30 to 125 volts, the maxi- 
mum used. As is to be expected the depth-gauge curve is also very nearly a 
straight line. 

Data 


While in use the instrument was anchored to a sinker by a short bit of rope 
attached to the center of the clock cover. At the center of the other end was 
attached a small wooden float which helped to support the instrument in a 
vertical position with the ionization chamber uppermost at about 130 cm 
above the bottom of the lake. It was found that in one or two cases when the 
instrument was allowed to rest on the bottom of the lake the rate of ionization 
was appreciably increased presumably by gamma-radiation from the mud 
and locks. Konsar Nag, the lake in which the instrument was used, is one of 
the largei high lakes of the Pir Panjal Range in Southern Kashmir. It is fed 
by snow and rain and has a number of large underground outlets so that it 
contains very little radioactive material. The lake is about one and a half 
miles long and about half as broad. Its bottom slopes steeply^ from the wider 
end to a depth of about 280 ft. As is usually found to be the case a large part 
of the bottom is nearly level. The maximum depth we found to be 285 ft. 
though the surface level varies considerably. During the ten day^s of our stay 
on Its shore the level dropped about five feet and on the shore were clear 
indications that within the past few years the surface has risen to a level at 
least 25 ft. higher than that at the time of our visits in August 1929 and as-ain 
in 1931. 

^ In getting the desired data the electrometer was anchored at various 
depths ranging from a few inches to the ma.ximum. A light wire chain, 
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Fig. 3. 


constant. This constant depends upon the electrostatic capacity of the col- 
lecting rod and electrometer fibers, sensitivity, quantity of air in the ioniza- 
tion chamber, the scale on which the curves are plotted and of course the 
charge on an ion. 

It was feared that due to the rather large diameter of the ionization cham- 
ber and the low voltages to be used there might be .a considerable amount of 
recombination. The fact that the ionization curves are for voltages higher 
than about 60 practically straight lines shows however that there is very 
little recombination taking place unless this occurs only immediately after 
ionization so that it is practically independent of the ionic drift velocities. 
If this be the case, as Millikan’s results indicate that it is, then the fraction 
of ions lost by recombination should be independent of the number present 


mai ked off in ten-foot lengths, was attached to the sinker and served to give 
data for the calibration of the depth-gauge as well as to move the instrument 
from depth to depth and raise it to the boa.t in order to replace the exposed 
films The electrometer was usually allowed to remain for three hours during 
the day-time in one position, and for longer periods during the cold nights for 
obvious reasons. This gave data for several curves at each depth, the mean 
of the slopes being taken as a measure of the rate of ionization for the corre- 
sponding depth. Since all ionization curves are plotted to the same scale, in 
order to get the number of ion pairs produced per cc of air at 0°C per atmos- 
phere per second, it is only necessary to multiply the slope of the curve by a 
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pel cc at any instant. This is clearly indicated by the longer range curve ob- 
tained with the same instrument in other work to be reported later. Since all 
data used in the depth ionization curve correspond to electrometer potentials 
of 100 volts or more we can assume without appreciable error that we have 
complete saturation currents in the ionization chamber. 

The residual ionization in the electrometer at a pressure of 11.94 atmos- 
pheres at O^C is, as indicated by the lower end of the depth ionization curve, 
less than 0,18 ions per cc per second per atmosphere. 

Results 

The result of the Konsar Nag work is shown in the heavy curve of Fig, 4 
together with similar curves plotted to the same scale from data published 
by Regener and by Millikan and Cameron. It will be noticed that the curves 
are not exactly the same in form though they are similar in type. The data 
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Fig. 4. Depth-ionization curve. Dashed curve with circles, Millikan and Cameron 193 1- 
dashed curve with crosses. Millikan and Cameron, 1928; dashed curve with dots in circles’ 
Regener, 1930; curve with black dots, Benade, 1931. ’ 

for Millikan’s and Cameron’s two curves were obtained by electroscopes of 
similar type, the only difference being in the ionization chamber pressures. 
The ionization chamber used by the present writer has very much thinner 
steel walls (0.8 mm) but much larger volume and moderately low pressure 
(about 12 atmospheres of air). On the other hand Regener who used a larger 
heavy steel ionization chamber filled with CO 2 at a pressure of about 30 at- 

^ different slope in the upper portion. 

of the curve depends upon the 
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type of apparatus used in obtaining the data for the curve. ' 
prising in view of recent ideas about the cause of ionization 
ments. 

The Konsar Nag curve agrees very closely with that of 
depths of sixty to ninty- three meters. 

In conclusion the writer wishes gratefully to acknowledg 
the University of the Punjab to cover necessary travelline: exD< 
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A High Voltage Direct Current Generator 

33? Richard E. VoLLRATH 
University of Southern California, Los Angeles 

(Received August 19, 1932) 

When powdered materials are blown through metal tubes by means of compressed 
air considerable quantities of electricity are produced by contact electrification. It 
was found that 6X10“'' coulombs could be produced per gram of diatornaceous earth, 
a form of silica, blown through a short length of copper tube. A generator of extremely 
high voltage is proposed, and a small scale model of such a generator is described, 
by means of which currents of 8 X 10“^ amperes at 260 kilovolts were generated. 

'' I 'HIS work was undertaken to provide numerical data to serve as the basis 
for the design of a high voltage generator capable of generating a milli- 
ampere at voltages above a million. 

The Proposed Generator 

The discussion to follow will be simplified by a consideration of Fig. 1 
which is a diagrammatic representation of the proposed high voltage genera- 
tor. The small scale model constructed will be described later on. 

Ij^Insulgfing Suspension 


Metal Sphere 


yCopper Tubes 



Glass Pipe 


Canvas Cover 'i 


Powdered Maleriql 1 1 


Compressed /I ir 

Fig. 1. Proposed high voltage generator. 


^ A blast of compressed air is blown from a nozzle A into a suitably designed 
injector B. A powdered material C is sucked into the air stream by the action 
of the injector and carried along through glass or Bakelite pipe. The air laden 
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with the powdered material passes through a number of metal tubes D ar- 
ranged in parallel within a large spherical conductor and electrically con- 
nected with it. The particles of powder become electrified by contact with the 
walls of the metal tubes. The charged particles are carried away from the 
sphere and returned to an earthed reservoir C, The potential of the sphere 
will rise until limited by corona discharge from its surface. 

In order that one milliampere can be drawn from the sphere, enough 
powder must be blown per second to produce a charge of 10"® coulombs or 
3X10^’ e.s.u. per second. It was the main purpose of this work to find out if 
such charges can be obtained from reasonably small quantities of powder. 
From an engineering standpoint quantities up to about 305 grams per second 
should be feasible since sand blast machines have been constructed capable 
of blowing this quantity of sand. 

Previous Work 

It has been known for a long time that considerable charges are developed 
when particles of solids are blown over the surfaces of metals and other sub- 
stances. Most of the work recorded in the literature gives no information as to 
the quantity of electricity produced in this manner by a given amount of 
material. However, the following brief resume of the more pertinent articles 
showed that the charges obtainable were large enough to warrant further 
work along these lines. 

According to Rudge^ a few centigrams of flour blown into a large room 
produced a charged dust cloud whose potential as measured by a radium 
coated collector, or probe, was 200 volts. He pointed out that this and other 
results of a similar nature obtained by him accounted for potential gradients 
of 10,000 volts per meter observed during dust storms, and for lightening 
flashes occurring during the eruption of ashes from volcanoes. 

Petri observed that a steel telegraph wire 5 kilometers long became elec- 
trically charged during a violent snowstorm. A continuous stream of sparks 
several millimeters long could be drawn from the wire; and Petri estimated 
the electrical power generated to be 1.2 horsepower. The effect has been at- 
tributed by Ebert and Hoffmann^ to contact electrification of the snow blown 
over the wire by the wind. 

A similar observation is recorded by Stager® who exposed a wire 9 meters 
in length to the driving snow during a snowstorm. There was a distinct corona 
discharge around the wire and a current of 17 to 20 milliamperes could be 
drawn from it. In this case the power generated was estimated to be 3 watts. 
Stager in the same article gave the charge carried away by hoarfrost blown 
from a surface of ice. Under particularly favorable circumstances it amounted 
to 1000 e.s.u. per gram of hoarfrost. He also mentions the appearance of a 
corona discharge 10 cm long during the production of carbon dioxide snow by 
rapid evaporation of liquid carbon dioxide escaping from a tank. 

^ W. A. Douglas Rudge, Proc. Roy. Soc. London A90, 256 (1914). 

2 Ebert and Hoffman, Meteor. Zeits. 317 (1900). 

3 A. Stager, Ann. d. Physik 77, 230 (1925). 



It is quite likely that the tremendous voltages produced in the Alps, and 
lately used in attempts to operate large x-ray tubes are generated by the elec- 
trification of snow blown over the ice covered peaks. 


Theoretical Limitations 

In pursuing this work the writer adopted the views of Helmholtz on fric- 
tional electricity. According to these, so-called frictional electricity is devel- 
oped whenever two dissimilar surfaces are brought into contact and then 
separated. A double layer of charges, whose magnitude is determined by the 
contact difference of potential between the two surfaces, forms at the surface 
of contact— one charge residing on one surface and an opposite charge on the 
other. When the two surfaces are separated the charges of the double layer 
aie torn apart, and a charge remains attached to one surface while the other 
cai ries with it a like charge but of opposite sign. A contact of very short dura- 
tion of two insulators followed by their separation suffices to produce con- 
siderable charges, which indicates that the double layer does not penetrate 
vei y far into the body of the insulators in contact. The thickness of such dou- 
ble layers has been estimated to be of the order of 10~« to 10”^ cm. From this 
it is evident that in order to produce large charges by contact electrification 
large surfaces of contact are the main consideration. This immediately sug- 
gests that at least one of the two substances brought into contact should be in 
a finely divided state so as to present a large surface. In this case the charges 
are produced by blowing the finely divided material over a metal surface ; for 
example, the powder is blown through a metal tube. When the particles strike 
the metal surface and leave it they acquire a charge which they carry with 
them as they move along with the air stream. An opposite charge remains on 
the nietal which, if insulated, rises in potential as long as the powdered 
material is blown over it. 

Leaving out of consideration corona discharges from the conductor, the 
ultimate potential which can be reached depends upon the mobility, of the 
charged particles leaving the conductor and the potential gradient, Z, at the 
point wheie they leave. The charged particles to escape must be impelled by 
the air stream with a velocity greater than The electrical image force 
between the particle and the conductor is considered negligible owing to the 
smallness of the particles under consideration. It can easily be shown that the 
above requirement imposes no serious limitation upon the potentials attain- 
able, even though the particles should have to overcome the maximum gradi- 
ent possible in air, about 30,000 volts per cm. 

A charged particle of radius r in air will have a maximum mobility when 
It IS carrying the maximum charge q permitted by the limiting gradient at its 
smface^, that is, 2 /?-^ = 30,000 or 2 = 100 e.s.u. For particles of radius 10~^ 
q — 10®. Consider 1 cc of material broken into approximately spherical parti- 
cles 10 ^ m radius, each charged with the maximum 10“® e.s.u. The total 
charge carried by all the particles is 
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According to this only 12 cc of material would be necessary per second to 
carry a milliampere. The same calculation for particles of radius 10”^ cm 
gives 10"V4 e.s.u. per cc. However, owing to the fact that air in very thin 
films has a higher breakdown strength, the gradient at the surface can be 
higher allowing it to carry a larger charge. 

It now remains to show that a particle charged to the above calculated 
maximum can be driven against a gradient of 30,000 volts per cm. This can 
be done by making use of some data obtained by Deutsch^ on the motion of 
charged particles in electric fields in connection with a study of the Cottrell 
process of precipitating dust from gases. 

He found that particles of radius r = 10”"^, after having picked up a charge 
of 376 electrons = 1.8X10“"’^ e.s.u. in a corona discharge moved with a velocity 
of 0.56 cm/sec. in a field of 300 volts/ cm. Pai'ticles of v == 10“*^ cm picked up a 
charge of 5 X 10”^ and moved with a velocity of 0.42 cm/sec. in the same field. 
If we assume that the mobility varies linearly with the charge on a particle, 
we can use these results to determine the velocity of a particle of r == 10~^ cm 
and carrying the maximum charge (10“^ e.s.u.) in a field of 300 volts /cm. The 
velocity will be == (0.56X 10“V(1.8X10--^) -3 cm per sec. For the case of 
particles of radius 10“^ the velocity is less than 0.42 because the calculated 
maximum charge turns out to be less than that observed by Deutsch. With 
the above velocity of 3 cm/sec. in a field of 300 volts/cm, a particle of r = ^0“^ 
carrying a charge of 10~® placed in a field of 30,000 volts/cm would move with 
a velocity of 300 cm/ sec. Now a particle of this size can easily be blown with a 
velocity ten times as great. Apparently there is no difficulty to be expected 
in blowing the charged particles away from a highly charged conductor. 


Experimental 


The following experimental method was used to find the powder most 
suitable for the purpose in view. Fig. 2 shows the experimental arrangement. 


/•Brass Plate 

\ p 



Fig. 2. Experimental arrangement for investigating powers for charges. 


An insulated brass plate P was connected to one pair of quadrants of a Dole- 
zalek electrometer and to a condenser as shown. One milligram of the pow- 
dered material to be investigated was placed on the brass plate, which was 
earthed and insulated before blowing off the powder with a puff of air. The 
magnitude of the charge produced was determined from the deflection of the 
electrometer and the capacity of the system. The powders were prepared 
by grinding various solids and sifting them through a a 300-mesh sieve. This 
could not be done very well with metals which were used as obtained in the 
form of considerably coarser powders. The materials studied were mercuric 


^ Deutsch, Ann. d. Physik 4, 824 (19vS0). 
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sulfide, mercuric Iodide, sulfur, rosin, iron powder, antimony powder, clay, 
and diatomaceous earth, which is a form of silica occurring naturally in a 
very finely divided form. ' 

The most promising materials were the metal powders and the diatomace- 
ous earth. The metal powders could not be further investigated by the next 
method to be described because, owing to their great density, they could not 
readily be blown by the compressed air available. The diatomaceous earth 
turned out to be ideal for the purpose, not only because it gave such large 


)CoppcrTube 


Insulation 

fig, 3. Experimental arrangement for measuring charge obtainable from diatomaceous earth. 

charges, but also because it is very light and easily blown. It consists of parti- 
cles 10“^ cm in diameter and smaller, and it can be obtained commercially at 
50 dollars a ton. 

The diatomaceous earth was used in larger quantities in such a manner as 
to permit the charges produced to be measured on a galvanometer. It was 
placed in a metal cylinder A, Fig. 3, 12 cm diameter and 30 cm high from 
which it was blown by means of compressed air introduced tangentially at B- 
The air laden with the powder passed through a piece of copper tubing C hav- 
ing an inside diameter of 0.5 cm and a length of 20 cm. The cylinder, insulated 
by standing on blocks of paraffin, was connected to ground through a cali- 


Time in 
min. 

Current in 
amp.XlO® 

Charge in 
coulombs X 10® 

Time in 
min. 
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amp. X 10® 

Charge in 
coulombs X 10® 

0.5 

137.5 

4125 

8.0 

16.5 

495 

1.0 

96.3 

2889 

8.5 

13.8 

414 

1.5 

68.8 

2064 

9.0 

10.5 

315 

2.0 

55.0 

1650 

9.5 

8.3 

249 

'2.5 

41.3 

1239 

10.0 

5.5 

165 

3,0 

41.3 

1239 

10.5 

4.7 

141 

3.5 

41.3 

1239 

11.0 

3.9 

117 

4.0 

57.8 

1734 

11.5 

3.0 

90 

4.5 

82.5 

2475 

12.0 

2.8 

84 

5.0 

82.5 

2475 1 

12.5 

2.2 

66 

■5.5 

68.8 

2064 

13.0 

1.9 

57 

6.0 

63.3 

1899 

13.5 

1,9 

57 

6.5 

46.8 

1404 

14.0 

1.4 

42 

7.0 

35.8 

1074 

14.5 

0.8 

24 

7.5 

27.5 

825 

Total 30,696X10“® coulombs 
or 6.1X10“® coulombs /gram 
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grams of the powder in the cylinder and blowing it out with air flowing at the 
rate of one liter per second. The current is read on the galvanometer until 
all the powder is gone. The current is a maximum at the beginning of a run 
and decreases gradually as the amount of powder blown out per second de- 
creases during the progress of the run. Since the current fluctuated somewhat, 
an average current was estimated during each half minute interval. These 
averages are listed in the second column of Table I which gives the result of a 
typical run. It should be noted that the average current recorded for the first 
interval is really too low because the initial swinging of the galvanometer 
prevents the current from being read at all during the first 15 seconds, duri 
which time the current is considerably higher. A small current could still be 
read after the air had passed for 15 minutes. This is due to the fact that 
small amount of the powder clung to the inner surface of the cylinder from 
which it was gradually dislodged and blown out by the air. The charge 
obtained per gram of powder is for these reasons somewhat higher than that 
given at the end of the table. The total charge in couiombs obtained from 5 
grams of powder was found by adding together the product of current in am- 
peres and time in seconds for all the half minute intervals. The charge on the 
powder is negative. 

The copper tube C in Fig. 3 was at first straight, and it was found that the 
total charge obtained increased about 25 percent by bending it as shown. This 
is probably caused by an increased number of particles striking the wall of the 
tube due to centrifugal force on them. No further charge was obtained by 
either lengthening or shortening the tube. 

The charge given by 5 grams of powder reaches the surprising value of 
3.07X10""'^ coulombs or 6, 14 X 10”® coulombs per gram. According to this 
value only 16 grams would have to be blown per second to get a current of 1 
milliampere. Altogether 20 such runs were made, giving results which devi- 
ated at the most 11 percent from those given in Table I. None of the vagaries, 
such as reversal of sign, usually associated with frictional electricity were 
ever observed. A few runs made with lower air velocities gave much lower 
results, ranging from 3.02 X 10“® coulombs per gram for the lowest air velocity 
capable of carrying the dust out of the cylinder and up. This is believed to be 
due to the cohering of the particles of the powder. The individual particles are 
approximately 10”^ cm in diameter and smaller, but they cling together form- 
ing larger aggregates which are blown apart by the air stream, the mo 
completely the higher the velocity. It seems likely that larger charges per 
gram might be obtained by using higher air velocities, but this point could 
not be proved because the air pressure available was limited to two at- 
mospheres. 

The diatomaceous earth used to obtain the above results contained 12 per- 
cent of adsorbed water. No difference resulted by using the powder dried at 
300'^C for 1 hour, 

A small scale model of a high voltage generator using diatomaceous earth 
blown by air was constructed as shown in Fig, 4. In this figure, A represen 
an insulated sphere of spun copper 20 cm in diameter, within which 8 copper 
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tubes S', 0,5 cm inside diameter, were mounted. Compressed air introduced at 
C carried along with it diatomaceous earth introduced by a small screw 
conveyor S from a reservoir and blew it through the copper tubes. The 
charged powder left through a short length of glass tube and escaped into the 
air, , 

The potential of the sphere was estimated from the distance between it 
and a similar grounded sphere placed at such a distance from it that a thin 
spark jumped the air gap between them. The maximum potential reached 

^scfew 

j 1^ .conveyor 


Fig. 4. Experimental high voltage generator. 

seemed to be limited by a corona discharge from the sharp edges around the 
two openings in the sphere. The potential was estimated to be 260 kilovolts. 
A current of 8 X lO"® amperes could be drawn from the sphere at this voltage 
by connecting it to ground through a glass tube filled with water and in series 
with a microammeter. The amount of powder introduced per second by the 
screw conveyor was 1.5 grams per sec. 

In conclusion the writer wishes to thank Professor Millikan for very 
kindly placing the facilities of the California Institute of Technology at his 
disposal. 
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Magneto-Optic Rotation by Condenser Discharge^ ' 

By Francis G. Slack and William M. Breazeale 
DepaTtment of Physics, Vanderbilt University 

(Received June 30, 1932) 

The rotation of the plane of polarization of light produced by a condenser dis- 
charge across a spark gap has been measured when the condenser discharges through 
a coil surrounding various media of comparatively high Verdet constants. The set-up 
IS similar to that used by Dr. Fred Allison except that a Lippich double field polar- 
imeter leplaces the crossed Nicols. The rotations have also been computed from, the 
constants of the circuit, and curves show the agreement between calculated and experi- 
mental rotations to be good. Conclusions are drawn in regard to the relation of these 
measurements to the experiments of Allison. 

leccnt experiments of Dr. Fred Allison and his collaborators^ have 
atti acted wide attention. The experiments here described were performed 
in an effort to throw more light on the physical phenomena involved in Alli- 
son s Magneto-optic Method of Chemical Analysis, The results to date appear 
to give some insight into the nature of the rotations involved. No attempt 
has been made to check the results reported by Allison, and except for some 
preliminary work in which definite "minima” were obtained for the "zero” 
reading of Allison s scale (CS 2 in both cells), the Nicol prisms were discarded 
in favor of a Lippich polarimeter in order that the net rotations caused by the 
alternating field might be observed in both magnitude and direction. 

Description of Apparatus 

Except for minor changes and the substitution of the half-shade polari- 
meter for the crossed Nicols the set-up is similar to that described by Allison.® 
Fig. 1 is a schematic diagram of connections. T is a Thordarson resonant 
spark transformer rated at 1 k.v.a., 25,000 volts maximum output at 110 
volts primary. Current from the high side of this transformer is rectified by 
the G. E. Type KP-2 ken etron and charges the condenser Ceach sixtieth of a 
second. The condenser upon acquiring sufficient potential to break down the 
spark gap S, discharges through the coil L or V and the resistance R and the 
inductance Light from the spark passes through the filter Fand into the 
Lippich half-shade polarizer N 1 N 2 , then traverses a path of about 10 cm in a 
material surrounded by the coil L, and thence to the analyzer ATg. During such 
time as a current flows through the coil L a magnetic field is impressed on the 
material inside the coil and rotation of the plane of polarization of the light 
beam results (Faraday Effect). The average or net rotation may be measured 

^ F. G. Slack and W. M. Breazeale, Pliys. Rev. 40, 1052A (1932). 

2 Fred Allison, Phys. Rev. 30, 66 (1927). Fred Allison and E. J. Murphy, J.A.C.S. 52, 3796 
(1930). Fred Allison, Ind. and Eng. Chem. 4, 9 (1932)* Fred Allison, Edna R. Bishop, Anna 
L. Sommer and J. H. Christensen, J.A.C.S. 54, 613 (1932). Fred Allison, Edna R. Bishop and 
Anna L. Sommer, J.A.C.S. 54, 616 (1932). Fred Allison, J. H. Christensen and George V. 
Waldo, Phys. Rev. 40, 1052 A (1932). 
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by means of the analyzing Nicol iVa. V is a dummy coil provided to offer a 
path of equal impedance when L is cut out of the circuit for the purpose of 
taking* zero settings on the pdlarimeter. L" is ordinarily out of the circuit 
but is used when it is desired to obtain a variation in impedance by induc- 


Fig. 1. Diagram of apparatus. 

tance change. R is used to vary the resistance of the oscillating circuit and 
is also normally out of the circuit. 

Occasionally it was desired to measure net rotations due to two coils op- 
erating in series or in parallel and with their fields acting on separate speci- 
mens to produce opposing or aiding rotations. Fig. 2 is a diagram of the par- 


To Co»> denser. 

Fig. 2. Connections for two coils. 


allel connections for this set-up. Two resistance trolleys R are then usedj one 
in series with each coil. The rest of the apparatus is the same as shown in 


Some of the constants of the apparatus are as follows: For Fig. 1 the coils 
L and U have 59 turns of No. 16 D.C.C. copper wire, are 12 cm long by 4.5 
cm in diameter and measure 0.045 millihenries. The inductance coil T" is 
wound with 325 turns of No. 18 D.C.C. wire and measures 0.66 mh. It is 
tapped at several points. The condenser C consists of 20 plates of glass 0.3 cm 



thick covered with 25 cm squares of tin foil, giving a total capacity of 0.022 
mfd. The capacity is varied by removal of the condenser plates. The resist- 
ance consists of two straight wires stretched overhead and about 20 cm 
apart. The resistance is varied by a trolley which slides along on these wires. 
The wires are No. 25 chromel (6.85 co/meter) and have a total length of 
about 16 meters, though somewhat longer ones have been used in obtaining 
some of the lesults reported herein. The material under test when a liquid 
(CS 2 normally) is contained in a glass cell 11.2 cm long and 2.5 cm in diame- 
ter, with diin cover glass ends sealed on with water glass. This cell is centered 
inside coil L. The spark gap, horizontally placed, has | inch magnesium 
electrodes spaced from 0.25 to 0.30 cm apart. The filter T' consists of Jena 
glass BGi plus GGz (each 2 mm) filters. These transmit principally the mag- 
nesium spark line 4481 A and a small amount of the lines at 4703, 4391, and 
3835A. Investigation by more complete filtering has shown that these faint 
lines do not affect the rotations. The polarimeter is a Schmidt and Haensch 
instrument with the Lippich half-shade polarizer giving a double field. The 
vernier may be read to 0.01 degree. 

When the set-up in Fig. 2 is used it is necessary, due to the construction 
of the polaiimeter, to use smaller coils and cells. In this case the active and 
dummy coils had 37 turns of No. 16 wire, measured 0.025 mh, and were 8 cm 
long by 4.5 cm in diameter. The glass cells used with these cpils were 8 cm 
long and 2.5 cm in diameter. The rest of the apparatus was not changed. 

In making all readings the procedure was first to make a zero setting on 
the polarimeter analyzer with the dumm}^ coil L' in the circuit, then with 
coil L thrown into the circuit the oscillatory discharge of the condenser passes 
thiough the coil and produces a magnetic field which acts on the material 
in the cell. The plane of polarization of the light is rotated in accord with 
this field and a brightening of both polarimeter fields is observed, the bright- 
ening of one field being more pronounced. The analyzer is set to bring the 
two fields to equal brightness and the net rotation read from the scale. As 
recorded under Results’’ such observations have been made for various circuit 
constants. The spark gap length and transformer primary voltage have been 
held approximately constant for the data given, the latter being about 60 
volts, controlled by a series rheostat. 


Theory 

Oscillations will normally exist in the discharge circuit, the frequency and 
damping depending on the constants of the circuit. Normally the oscillations 
are damped out after a few cycles. Examination of the spark in a rotating 
mirror, mounted on the shaft of a synchronous raotor, .shows that there 
one or more trains of waves per cycle, the number depending on the primary 
voltage, the spark gap, and (to a lesser extent) on the circuit constants, 
periment shows the number of trains per cycle to have little or no effect 
the rotations observed. 

A relationship between the circuit constants and the rotations was de- 
rived as follows: First, the current-time curves for the oscillating circuit were 
plotted using the equation for damped sinusoidal oscillations; 


307 


MAGNETO-OPTIC ROTA TION 







f:g, slack and w. m. breazeale 


i = [Ee~'^^^^^/L(i/LC - R^AL^yi^] sin (l/LC - R^/4L^m (1) 

where « is the current at any time /, and £ is the initial voltage to which 
the condenser is charged. This assumes exponential damping which assump- 
tion was verified by cathode-ray oscilloscope observations. 

The rotation was found to be proportional to the difference between 
the first and second current peaks (positive and negative, respectively). Fig, 
3 shows the rotations due to the first peak, (positive), to the second peak 
% (negative), and the net rotation, proportional to ii— 4, obtained by sub- 
tracting the lower from the upper curve as the resistance i? is varied. In 
calculating these curves the peak currents were computed assuming £ == 8000 
volts. A rheostat in the transformer primary reduced the secondary voltage 
to about this value, although the nature of the spark gap controls the break 
down potential. 

The maximum value of the magnetic field is given by: 

H = OAirni ( 2 ) 

where w = No. turns per cm of the coil and i = peak current In amperes from 
Eq. (1). The rotation in degrees is equal to the field strength multiplied by 
Verdet’s constant F and by the length of the cell, I: % = HVl==QATrnilV . 

Above about 90 w the circuit ceases to oscillate and hence the second peak 
does not exist. Here in calculating the currents Eq. (1) no longer holds and 
the following is used: 

. £C(r . R/2L 1 


\~RJ2L+{mjW-l!LC)Unt 


, [-22 / 2 ( 22 2 / 4 L2- 1 / L C ) l/sn 


Since, in order to obtain agreement between calculated and observed 
curves of rotations as the resistance R is varied, it is necessary to shift the 
calculated curve approximately 2. 5co along the resistance axis, this value has 
been taken in all calculations as the resistance of the spark gap and circuit 
exclusive of the added resistance £. 

The mechanical process causing the rotations appears to be as follows: 
Suppose the first half cycle of the current wave causes a clockwise rotation 
which causes a maximum brightness of the right-hand polarimeter field pro- 
portional to the first current peak. The second peak causes a counterclockwise 
rotation which brightens the left-hand field, but as the second peak is less 
than the first the increase in brightness of the left field is not so great as that 
of the right-hand field. Persistence of vision causes subsequent changes of the 
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field due to the rest of the wave train to pass unnoticed. This cycle repeats 

Itself sixty times a second. Hence the first two peak currents determine the 
character of the observed fields. The net rotation is measured by setting the 
analyzer to bring the two fields to equal brightness. 

Results 

Curves similar to the solid curve of Fig. 3 were computed for various cir- 
cuit constants and compared with the experimentally-determined points. 
The experimental points are plotted as circles and Fig. 3 (curve 3) shows the 
agieement between calculated and measured rotations as i? is varied Fig 4 
shows the rotations as calculated (smooth curve) and as measured (plotted 
points) as a function of capacity change, R and L being held constant. Curves 



10 20 30 40 50 60 70 60 90 ino ' tin b 

RESISTANCE (OHMS) iOO 110 

Fig. 3. Rotation-resistance curve. Curves 1 and 2, respectively, are calculated rotations 
00000 ° "'®* “ P®“ks. Smooth curves is difference between curve 1 and curve2. 

00000 experimental points, (i =0.045 mh; C=0.022 mfd.) 

are shown for two different values of trolley resistance R, viz., R — 0 and 
i? — 7.5 w. Fig. 5 shows the relations for these same values of R when C is 
held constant and L varied. The disagreement for the larger values of L in 
the curve for i? = 0 is probably due to a slight change in resistance of the spark 
gap at lower frequencies. It was necessary to correct for skin effect in the coil 
to obtain agreement at the high-frequency end of the curve. The agreement 
in the curve for = 7.5 w is better since small changes in gap resistance do 
not have so much effect with a larger value of R. 

As may be seen from the curves the experimental points show very fair 
agreement with the computed smooth curves. This indicates that the as- 
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sumption that the rotation is proportional to the difference betw 
two peaks (positive and negative) is valid 
When two different materials are used 
posite field directions cancellation of the 


occur with equal 


CAPACITY fmPXIO=l> 

0.045 mh; i? = 7.5 « and J?=0<o. Smooth curves calculated 


Fig, 4. Rotation-capacity curves. L 


(MILLIHENRIES) 

Fig. 5. Rotation-inductance curves. C=: 0.022 mfd; R 
Smooth curves calculated. 

resistances in each trolley. However, for any setting of 
the other may be found for which the net rotation is ; 
dependent of the direction of the fields of the two c 
different materials compared to the same 
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lation of the rotations as above, considering the parallel circuits and proper 
Verdet constants, would account for these readings and further work on this 

is contemplated. 

No rotations could be observed when the light source was constant except 
when a synchronous rotating disk cut off the light while no discharge current 
was passing through the coil. Apparently the rotated part of the light was 
too small to be observable except in this case. 

The cause of the asymmetrical rotations reported previously’ has been 
found due to the unequal intensity of the two light beams after passage 
through the prisms of the Lippich polarizer. This difference does not affect 
readings when the rotation is constant but calculations show that it produces 
a difference of the order of magnitude of that found in the case of the oscillat- 
ing rotations.® The curves shown herein have not been corrected for this 
error since it would not appreciably affect the agreement between calculated 
and measured rotations. 

Conclusion 

The results of these experiments indicate that a polarimeter may be used 
to measure the magneto-optic rotations produced by a condenser discharge 
when the spark gap of the discharge circuit is used as light source. These rota- 
tions may also be calculated from the constants of the circuit so that fair 
agreement results. 

In the case of different materials used in two cells zero readings were ob- 
tained by proper adjustment of trolley resistance. These readings could not 
be correlated with the time lags given by Allison^ though this was hardly 
expected considering the high-resistance trolley here used. Change in length 
of a low-resistance trolley had no observable effect on the rotations measured. 
This leads to the conclusion that the polarimeter, in spite of its ability to 
measure the magnitude and direction of the rotations, is not so sensitive to 
time effects (change in length of wire path) as the crossed Nicols. With the 
Nicols any rotation of the plane of polarization of the light produces the same 
effect, that is a brightening of the single field. If two opposing fields are used 
it is thus necessary that they cancel each other at every instant in order to 
produce a minimum of light. For this to be the case the resultant time con- 
stants of the parallel paths of the discharge currents would need to be identi- 
cal. These include the dielectric effect, Faraday effect time lag, Verdet con- 
stant, etc., for the materials. This would require the very sharp accurate 
settings for minima obtained by Allison, and as found by him would depend 
upon the properties of the material in the cells. 

In conclusion, the authors wish to express thanks to Dr. Fred Allison for 
his kindness in demonstrating his apparatus upon several occasions and for 
supplying the details of his circuits. Thanks are also due to Mr. Wilson W. 
Woodcock, Jr. for assistance in the early stages of this work. 

® Thanks are due to Professor E. 0. Lawrence and members of the Physics Department 
of the University of California for opportunity to check this work with a triple-field polarim- 
eter resulting in the discovery of this difficulty. Especial thanks are due Dr. Harold Washburn 
for his assistance and suggestions. 
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Internuciear distance Internuclear distance — »■ 


Fig. 2. Fig. 3. 

Fig. 2. Hypothetical band structure. 4 C, molecular band; FG, atomic line. 
Fig. 3. Radiation during collision, tIC; FG, atomic line. 


ERRATA 


Evidence of Space Quantization of Atoms upon Impact 


By H. Kuhn and O. Oldenberg 
Zweites Fhysikalisches histikit, Goettmgen, and Physical 
Research Laboratory, Harvard University 
(Phys. Rev. 41, 72, 1932) 


Figs. 2, 3 and 4 in the above article are in the wrong order. The correct 
arrangement of these figures follows: 


Internuclear distance-^ 

Fig. 4. Potential curves for the mercury and rare gas collision. A C, BD, diffuse maxima on 
the short wave-length side; AQ, BP, limits of the spectrum; KL, MN, band structure on the 
long wave-length side; FG, atomic line. 


On the Relative Abundances of the Nitrogen and Oxygen Isotopes 


By George M. Murphy and Harold C. Urey 
Columbia University 
(Phys. Rev. 41, 141, 1932) 


On pages 141, 147 and 148 of the above paper on the relative abundances 
of the nitrogen and oxygen isotopes, the figures that we have given refer to 
the ratio and not to the inverse of this as we have stated. 


thermdl energy 
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Pi (max) 
(cm“^) 

Pi (max) 
(cm'"i) 

(max) 

(cm“^) 

Vi (max)--?'i (max) 
(cni "0 

C 2 H 2 I 2 

34900 

40600 

45200 

5700 

CsHbI 

37600 

43500 


5900 

_ n-QH7l 

39800 

45900 


6100 

iso-CsHTl 

39700 

47400 


7700 

n-C4H9l 

39800 

45400 


5600 

tert-C4H 9 I 

37600 

45400 


7800 

iso-C 4 H 9 I 

39700 

46900 


7200 

iso-CsHiiI 

39700 

47200 


7500 


region were further in the ultraviolet than 
could be reached by the quartz spectrograph. 
Since the absorption regions shade off rather 
gradually on the long wave side and on the 
other side as well, where it can be observed, 
and since the apparent long wave limit shifts 
towards the red when the vapor pressure is 
increased, it is not possible to give any defi- 
nite long wave absorption limit. So that, 
perforce, we must use in their stead either 
the observed limits of the pertinent absorp- 
tion regions or, more conveniently in the 
present instance, the positions of the ab- 
sorption maxima. The positions (p) of the 
absorption maxima are given in Table I. 


given by him, the possibility of states of 
excitation of the resultant iodine atoms 
higher than this nietastable state may not 
be considered at the present moment. There- 
fore the excess energy may be ascribed to the 
alkyl residues. Details will be published in 
the Science Reports of the Tohoku Imperial 
University, Japan, 21 (1932). 

Y. Hukumoto 

The Physical Institute, 

Imperial University, Sendai, Japan, 
September 7, 1932. 

^ S. F. Evans, Roy, Soc. Proc. Ai33, 417 
(1931). 


Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are\ for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 

On the Continuous Absorption Spectrum of Alkyl Iodides 


A continuous absorption spectrum, with- 
out a neighboring band spectrum and a con- 
vergence limit, of a number (about forty) 
of alkyl halides was investigated in the 
region of the ultraviolet. The absorption 
spectra of these alkyl halides are entirely 
similar except that in the order chlorine, 
bromine and iodine compound the absorption 
regions are displaced tow^ards the long wave- 
length side. 

In the iodine compounds two or three ab- 
sorption regions were found, in the other 
compounds only one region, undoubtedly for 
the reason that the analogous second or third 


The long wave absorption of the iodine 
compounds corresponds to the decomposition 
into a normal alkyl residue and an iodine 
atom excited in the metastable state {T^Pm). 
The second or third absorption region may 
correspond to the photochemical dissociation 
of the halides into a normal alkyl and a 
halogen atom excited higher than the metas- 
table state, or into a slightly excited alkyl 
and an excited halogen atom {l^Pn^i), Each 
difference z' 2 (max) — ?^i(max) for various iodine 
compounds are given in the Table I. S. F. 
Evans^ has recently analyzed the arc spec- 
trum of iodine. According to the term scheme 


Table I 
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Emission Probability for a Colliding Atom 

They find that Ja{v)dv is reduced slightly in 
the presence of the foreign gas (about 20 
percent reduction for 50 atmospheres of 
argon). This means that the total probability 
of emission must also be reduced by col- 
lisions with the foreign gas. 

This fact does not imply that an increase 
in the probability of emission at one stage 
of the collision process is impossible. It does 
require, however, that if such an increase 
exists there must be a larger decrease in the 
probability of emission at some other stage 
(or stages) of the collision process, so that 
the total probability for a colliding atom is 
less than for a completely free atom. The 
above rests, of course, on the assumption 
that the absorption experiments do really 
measure the complete Ja{v)dv, 

R. W. Ditchburn 
Trinity College, Dublin, 

September 9, 1932. 


When mercury atoms are excited in the 
presence of a ra.re gas in addition to the 
resonance line a diffuse “band” with maxima 
is obtained in fluoresence. In order to ex- 
plain the strong maxima it has been sug- 
gested^*^ that the collision process may lead 
to an “instantaneous” (i.e., short temporary) 
increase in the probability of emission. Now 
the probability of emission is connected with 
the line absorption by the equation Ja{p)dp 
^hv' B ii/At where Bn is the Einstein co- 
efficient for emission and a{v) is the atomic 
absorption coefficient for radiation of fre- 
quency V, The effect on the absorption of 
2536 produced by argon has been investi- 
gated by Ftichtbauer, Joos and Dinckelacker.*^ 

^ Kuhn and Oldenberg, Phys. Rev. 41, 
72 (1932). 

® Samson, Phys. Rev. 40, 957 (1932). 

^ Fiichtbauer, Joos and Dinckelacker, Ann. 
d. Physik7l,204 (1923). 


Airplane Cosmic-Ray Intensity Measurements 

preliminary report on can be maintained at a constant value while 

itude-intensity meas- the measurement is being made. Over the 

the use of airplanes. mountain-top work it seems superior since 

une of this year, was troublesome corrections for local radiation 

do not have to be made. Not only can higher 
altitudes be reached but these can be at- 
tained much more quickly and conveniently 
than by scaling mountain peaks. 

The measuring instrument is a Wulf-type 
closed electroscope patterned after those used 
by Millikan,^ a type which seems best suited 
for use in airplanes. Its volume is 500 cc and 
it contains argon^ at 75 atmospheres pres- 
sure. The case is made of steel and is about 
1.3 cm in thickness. The volume was made 
small in order to allow lead shielding without 
excessive weight. Three shields were pro- 
vided, the first two of thickness 1.3 cm each 
and a third outer shield of thickness 2.2 cm. 
It was found that over a suitable range of 
scale readings the rate of discharge was 
essentially linear with the time so that con- 
siderable gain in accuracy could be obtained 
by taking several (usually about eight) read- 
ings during one discharge. Most of the read- 
ings were taken visually though a few of the 
observations were made with . a semi-auto- 
matic recording device. 

The values which have been obtained up 


^ Millikan and Cameron, Phys. Rev. 37, 
235 (1931). 

2 We are indebted to Professor A. H. Comp- 
ton for the information that considerable gain 
in sensitivity can be obtained by the use of 
argon instead of air or nitrogen. 
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to the present are shown in Fig. 1. Curve 1 believed that the probable error of the in- 
shows the rates of discharge with the electro- dividual points is about 3 percent. The values 

scope unshielded; curve 2, with 1.3 cm of have been corrected for the “zero” of the 
lead shielding; curve 3, with 2.6 cm and electroscope. This was obtained by measuring 
curve 4 with 4.8 cm. The intensity has as yet the rate of discharge with the various shield- 

only been obtained In arbitrary units on ac- ings in a salt mine* 700 feet underground, 

count of the difficulty of reducing our ob- The “zero,” or rate of discharge in absence 
served ionization in argon at 75 atmospheres of all radiation except that coming from the 
to air at normal pressure. The intensity is electroscope itself, was thus found to be 3.5 

J AlfiMe, Feet 


O Obaervec/ l/atuei 


Mi/hkan and Cameron, /9SO Curye 


+ Ca/caloi/ed, /i a oso per mehtr oi wafer 


Almospherfc Pressure, Mm of Mercary 

Fig. 1. Cosmic-ray altitude-intensity curve. Curve 1, electroscope unshielded; curve 2, elec- 
t [troscope inside 1.3 cm of lead; curve 3, with 2.6 cm lead; curve 4, with 4.8 cm lead, 

referred to the rate of discharge produced on the scale of the curves. In addition a cor- 
by a small quantity of radium which could 

be accurately located at a distance of about ® We wish to thank Mr. J. E, Hanes, Super- 
10 cm from the instrument. It was, however, intendent of the Kleer Mine of the Morton 
found that the sensitivity remained practi- Salt Company at Grand Saline, Texas, for the 
cally the same for all the observations. It is opportunity of making these measurements. 
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rection of 1.2 has been made for the radio- 
activity of the airplane. That this correction 
is the above practically negligible value is 
due to the fact that all radioactive material 
(luminous paint) was carefully removed from 
the instruments. Had this not been done the 
necessary correction would have amounted to 
about 15 units and would have caused a seri- 
ous loss of accuracy since we have found that 
it cannot be accurately determined. 

For purpose of comparison the observations 
of Millikan and Cameron^ have been indi- 
cated on the figure. Their values have been 
fitted to ours by putting one of their points 
(at 8,25 meters below the top of the at- 
mosphere) on the curve. Our values are in 
good agreement with theirs taken in water 
below 8.25 meters but are somewhat above 
their values obtained with lead shielding the 
local radiation. This discrepancy may be due 
to difficulties involved in estimating the frac- 
tion of the cosmic rays getting through their 
shields. Evidence in favor of this view’^ is ob- 
tained directly from the curves which show 
that our 4.8 cm shield, at the elevation of 
Millikan and Cameron’s highest point, al- 
lowed the passage of 47 percent while for 
their 7.6 cm shield they found a transmission 
of 61 percent. This discrepancy seems to in- 
dicate that there are difficulties in making 
accurate measurements with the use of shields 
to correct for the local radiation. If one is 
satisfied with the value of the intensity in- 
side the shields it seems possible to make 


fairly reliable measurements since it is then 
not necessary to know accurately the fraction 
of the cosmic radiation removed by these 
shields. 

By the use of Gold’s^ table it is found that 
the upper part of the shielded curve is ap- 
proximately fitted by assuming an absorption 
coefficient of 0.50 per meter of water. Extra- 
polating Millikan and Cameron’s synthetic 
curve, which is dominated by a coefficient of 
0.80 per meter of water at these elevations, 
it is found that it calls for a value of the in- 
tensity about double that found by us at 
25,000 feet. This result may be accounted for 
by assuming that the radiation has not 
reached equilibrium with its secondaries at 
these elevations though the authors favor the 
view that the present results indicate that if 
a banded structure exists the values chosen 
for the constants of the components will have 
to be modified. 

More complete discussion of these points 
will be given in a detailed account of this 
work to be published as soon as certain ad- 
ditional measurements now in progress are 
completed. 

L. M. Mott-Smith 
L. G. Howell* 

The Rice Institute, 

September 23, 1932. 

^ E. Gold, Proc. Roy. Soc. A82, 43 (1908). 

* Geophysics Department, Humble Oil and 
Refining Company. 


Unitary Theory, Pure Number Ratios and the Masses of Atomic Nuclei 


There are six universal dimensional physi- 
cal constants: M, w, e, k and c. G is the 

gravitational constant, M the mass of the pro- 
ton, and m the mass of the electron. All the 
other symbols are standard. The relations be- 
tween these constants yield the three pure 
number ratios, a, jS and 7, where 


We will also introduce a quantity where 


As L. L. Whyte^ has pointed out, a unitary 
theory must provide a derivation of a, ^ and 
7 (or 70- Conversely, if we can find significant 

^ L. L. Whyte, Critique of Physics, W. W. 
Norton &Co., 1931, 


numerical formulas fora, iS and y, it may help 
us to construct this unitary theory just as the 
Baimer formula paved the ’way for Bohr. 

The writer has found certain numerical 
formulas for o:, <3, 7 and 7V which are all of 
the same type, and represent these numbers 
to a remarkable degree of accuracy. 

These formulas may or may not be signifi- 
cant, but they are, I think, interesting. They 
are: . 

M /7\6 / 7\® 

(cf. E. E. Witmer, Nature 124 , 180, 1929.) 

1 he 16/7V 

— = ^~ = —( — ) = 137.2 
a 2ire^ 5 \ 2 / 

e / 7 

= 2.04515 X 1021. 


1 

'I ! . 



Furthermore 


-■>({)* 


The values of these universal constants ob- 
tained from the values in Birge’s paper^ are: 

^ ~ M/m — 1838.26 ± 1. (spectroscopic value) 
l/o: = 137.294 ± 0.11 

7''/" = -™= 2.0452 X m ■ ^ 

Qmpi 

Comparison between the observed and com' 
puted values shows that the agreement in the 
cases of /? and 7' is quite astounding, and 
in the case of 1 /a is good. 

Another possibility for l/o! is 

Concerning the significance of these for- 
mulas, if any, it does not seem possible to do 
more than speculate at the present time. 
Nevertheless I would venture to suggest that 
the three-dimensional character of space 
should find expression in the formulas of a 
unitary theory. Our formulas are character- 
ized by the universal appearance of the num- 
bers 2 and 7, especially 7/2, and most es- 
pecially powers of (7/2)'l We suggest the 
following interpretation of these formulas as a 
possibility. 

Let = 3 == number of dimensions of space. 
Then 7 = 2i+1, and 


^ + 1/2)®'^ 

7'"^^ - [(2d + 1)2 + 22](df + l/2)<2'i) 

yin == [(2d -f 1)2 4- 22](d + l/2)2<^(2d-.l). 

Having obtained these formulas the writer 
turned his attention to the masses of the 
atomic nuclei, using the data of Aston.® This 
investigation led to the following formula for 
the masses. Let W(A, Z) be mass of the 
nucleus of the atom with atomic mass A in 
the nearest integers and atomic number Z, 
Then 

where ^ and n are integers. It must be em- 
phasized that the present data are not suffi- 
ciently accurate to test this formula ade- 
quately and that therefore the formula may 
be entirely wrong. We note that this formula 
is of the same type as those for a, /3, 7 and 7'. 

For H2 we take Iz — l and w = 
for the mass of the nucleus 2.01356, if 
ilf = 1.00724. The wmiter intends to publish 
a more extensive article on this subject in the 
near future. 

Enos E. Witmer 

Randal Morgan Laboratory, 

University of Pennsylvania, 

Philadelphia, Pa., 

September 28, 1932. 


2 R. T. Birge, Physical Review Supple- ® F. W. Aston, Proc. Roy. Soc. AllS, 
mentl,l (1929). (1927). 


Solar Component of Cosmic Rays 

The experimental results of some observers are capable of actuating a Geiger-Muller 


indicate a diurnal variation in cosmic-ray 
intensity of the order of 1 percent. As a pos- 
sible explanation, it has been suggested that 
roughly 1 percent of the rays have their 
origin in the sun. ■ '■/ 

In this case it can be easily shown, on the 
assumption that the rays are photons, that 
the intensity of radiation from the part of 
the sky covered by the sun would be roughly 
1000 tinies as great as the average over the 
remainder of the sky. ■ 

If we assume: (1) That the cosmic rays are 
photons; (2) that by Compton encounters 
they produce secondary electrons moving in 
the same direction as the primary rays (very 
nearly); (3) that these secondary electrons 


counter; then we may test the relative in- 
tensity of the cosmic rays from the sun and 
other parts of the sky. We made the com- 
parison by means of a pair of G.-M. counters 
arranged to record coincidental responses 
mounted on a telescope at Chamberlin Ob- 
servatory, University of Denver. The dis- 
tance between counters was adjusted, so that 
when their common axis intersected the cen- 
ter of the sun, only those rays from the 
would pass through both counters. 

The telescope was then so oriented that 
common axis pointed at the center of the sun 
continuously for two hours. Next, the tubes 
were aimed at an area 
sun by 


LETTERS TO THE EDITOR 





LETTERS TO THE EDITOR 


the declination of the telescope. These read- 
ings were continued for seven days. One day 
the instrument was trained on the sun from 
1.0 to 12 A.M., and on a neighboring region 

Table 1. Number of coincidences 
with cotmters aimed. 


vertical and horizontal positions. The results 
are given in Table I. The test for adjustment 
with the tubes at 5 cm apart gave 92 and 86 
coincidences in two hours on Aug. 8 and Aug. 
17, respectively. 

If the initial assumptions be allowed, it 
seems certain the sun does not contribute any 
appreciable amount of the total cosmic radia- 
tion. The above results indicate it may act 
as an absorber, but we do not believe the 
data justify this conclusion. Experiments on 
the moon are in progress to test this point. 
Funds granted by the Rumford Gommittee 
and American Association for the Advance- 
ment of Science were used to purchase the 
equipment. 

J. C. Stearns 
Wilcox P. Overbeck 

University of Denver 
Ralph D. Bennett 

Mass. Inst, of Tech. 

September 30, 1932. 


At the Near the At the At the 
Date sun sun zenith horizon 


Total 11 


from 12 to 2 p.m. The following day the pro- 
cedure was reversed. To test the instrument, 
coincidences were taken with the telescope in 
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Etalons Pliotonietriques. Pierre Fleury. Volume 2 of the third Section del’EncyclopMie 
Photomitrique. Pp. 122+x, Figs, 41. Revue d’Optique, 1932. Price 25F. 

At the present time, when the interest of physicists in the field of photometry is so strongly 
centered upon the need for a satisfactory reproducible standard of light to maintain the con- 
stancy of the present units as well as for the establishment of an accepted method of heterochro- 

matic photometry, the appearance of this excellent treatise is most opportune. 

A study of Professor Fleury’s book makes one realize that perhaps in no other branch of 
physical measurements has the search for an adequate standard entailed a greater amount of 
effort or resulted in a greater variety of proposed standards than in the field of photometry. 

Slightly more than half the book is devoted to a very comprehensive account of this search. 

In describing the numerous devices that have at some time or other been adopted somewhere 
as standards of light as well as those devices which have been merely proposed as such, good 

judgment has been used in stressing the essential details. 

Recognizing that some form of block-body radiator gives the greatest promise, at present, 
of providing a satisfactory reproducible light standard, the author devotes the last 40 percent 
of his book to a study of this question. His manner of treating the experimental work done and 
the problems involved reveals the touch of one who has been an active worker in this field. 

The material in this book is very well selected and has been ably and interestingly pre- 
sented. It wdll prove indispensable to all physicists working in the field of photometry and is 

recommended to all who are interested in the modern developments in this field. 

H. T. Wensel ' ' \ 

Bureau of Standards ' 

IQeiner Leitfaden der Praktischen Physik. Friedrich Kohlrausch. 5th edition revised 
by Friedrich Kruger. Pp. 498-hxxviii, Figs. 379. B. G. Teubner, Leipzig and Berlin, 1932. Price I 

14 Mark 80. ' . , I 


This fifth edition of the ‘‘introduction” or “Kleiner Kohlrausch” is the first to appear under 
the editorship of Professor Kruger. It is, as he says in the preface, intended not only for the 
instruction of beginners in experimental work in physics, but also as a laboratory manual of 
physics for workers in neighboring fields, insofar as they need physical methods; therefore it 
does not describe methods of highest precision and does not attempt a complete enumeration, 
leaving these to the “Grosser Kohlrausch.” Nevertheless, the book has grown considerably; it 
is two-thirds of the size of the larger book in the 1 1th edition of 1910. 

The new edition has kept the main features inaugurated by Kohlrausch. Each chapter 
starts with a short statement of the principal laws governing the field treated, units, numerical 
constants and so on. Then follows an enumeration of the laboratory methods of measurement, 
the principle of each method, its particular advantage and accuracy are given, the place where 
instruments might be purchased (in Germany) is often mentioned, then there is often a remark 
concerning possible mistakes to be avoided or experimental tricks to be applied. 

The book starts with a general introduction on measuring and units and a much needed 
discussion on accuracy of single measurements, their influence on complicated calculations, 
probable errors, methods of interpolation. 

Then follows a description of general appliances (like pumps) and laboratory methods, the 
measurement of intervals of length and time, weighing. 

The next five chapters are devoted to mechanics and mechanical properties, namely, the 
determination of density, of the constant of gravity, of static pressure, of velocity and pressure 
in the flow of fluids, and of elastic properties. 

The chapter on acoustics has been greatly enlarged; after it surface tension, viscosity and 
heat measurements are treated. 




If 
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Electricity and magnetism fill, with almost 200 pages, the longest chapter; it contains, 
among older methods, electrical oscillations and vacuum tubes, photoelectricity, medical appli- 
cations and radioactivity. 

The two last chapters treat electromagnetic radiation of all wave-lengths and even the 
experimental side of the wave properties of matter. This is followed by 41 tables. 

The book is very well written and contains an enormous amount of information. Of course, 
most of the instruments referred to are of German make. My only objection is directed against 
some curious omissions, although that is clearly a matter of subjective judgment; e.g., in 
acoustics the methods of the ultrasonic interferometer are not mentioned, in calorimetric the 
electrical compensation of negative heats of reaction, in other parts the Compton electrometer 
and the Pointolite lamp. 

At the University of Munich it was customary to recommend to candidates for the Ph.D. 
that they study the “Kohlrausch” for their oral. I still think that a very good idea, even more 
so with this new edition, and only wish that all our candidates would know (besides other 
things) its content. 

Karl F. Herzfeld 
Johns Hopkins University 
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Cosmic-Ray Ionization as a Function of Pressure, Temperature, 
and Dimensions of the Ionization Chamber 

^3^ James W* Broxon 
University of Colorado 

(Received August 15, 1932) 

Experiments have been performed to test the adequacy of the writer’s explana- 
tion of the dependence upon pressure of the cosmic-ray ionization in gases at high 
pressures in terms of subsidiary radiations emitted solely from the walls of the ioniza- 
tion chamber. The ionization in a 436 cc sphere of 33.32 g mass located at the center 
of the 660 lb. bomb of 13.8 liters capacity used in previous experiments, was found 
not to differ greatly from the average ionization in the large chamber at corresponding 
pressures up to 175 atmospheres. At the higher pressures gamma-ray ionization and 
cosmic-ray ionization were found to vary with the pressure in the same manner. These 
facts are considered to be incompatible with the explanation mentioned above. The 
temperature effect was found to amount to 0.19 percent increase in ionization per 
centigrade degree increase in temperature at a mean pressure of 23.3 atmospheres, 
and 0.27 percent per degree at 162.1 atmospheres, in qualitative but not entirely in 
quantitative agreement with the theory and observations of Compton, Bennett and 
Stearns. The cosmic-ray ionization at 205 atmospheres in the shielded bomb was 
found to agree within about one percent with the upper limit previously observed in 
the same chamber with similar shielding at pressures between 130 and 170 atmos- 
pheres. Certain transient effects associated with changes in pressure and temperature 
were observed. 

CONTINUING the investigation of the residual ionization in gases at 
high pressures, the writer found that the ionization produced by the 
penetrating radiation in air' approached an upper limit at about 130 at- 
mospheres in a spherical chamber of 11.72 inches internal diameter. No 
change in the ionization was observed as the pressure was increased to 170 
atmospheres. A similar situation was observed in the case of nitrogen,'' but 
in this gas the ionization was greater than that in air at corresponding pres- 
sures, and constant values were obtained only at a somewhat higher pressure. 
Earlier work® had shown oxygen to resemble air, and carbon dioxide to re- 
semble nitrogen, at pressures up to about 70 atmospheres. 

Amplifying the hypothesis suggested by McLennan^ and later by Wilson® 

' J. W. Broxon, Phys. Rev. 37, 1320 (1931). 

2 J. W. Broxon, Phys, Rev. 38, 1704 (1931). 

^ J. W. Broxon, Phys. Rev. 27, 542 (1926). 

^ J. C. McLennan, Phil. Mag. 14, 760 (1907). 

® W. Wilson, Phii. Mag, 17, 216 (1909). 
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and Downey the writer showed that the relation between ionization and 
pressure could be explained by assuming that the penetrating radiation pro- 
duced no appreciable primary ionization, the immediate ionizing agent being 
secondary radiations excited only in the thick walls of the container. For 
two reasons the explanation appeared rather unsatisfactory. In order to ex- 
plain the constant value of the ionization at sufficiently high pressures, it 
was necessary to assume that all the subsidiary radiations were emitted in 
directions normal to the inner surface of the chamber. Further, it appeared 
unlikely that secondary radiations should not be excited in the gas at the 
high pressures as well as in the vessel walls, inasmuch as altitude measure- 
ments indicate that the penetrating radiation is absorbed in air as in other 
materials. 

Compton, Bennett and Stearns,’’ and Millikan and Bowen* have empha- 
sized an alternative explanation. According to them the attainment of con- 
stant ionization values at the high pressures is due to a lack of saturation. 
This lack of saturation is due to a selective recombination, the recombination 
of the ion with the parent from which the electron was ejected, rather than to 
random recombination. On this account, the ordinary tests for saturation are 
found to be inadequate. 

With this point of view, Compton, Bennett and Stearns were able to de- 
duce an equation giving the proper variation of the ionization with pressure. 
They were further able to deduce a dependence upon temperature, insignifi- 
cant in the neighborhood of atmospheric pressure, but considerable in the 
neighborhood of 100 atmospheres. The temperature effect was checked ex- 
perimentally by measurements of the ionization produced in air and nitrogen 
by gamma-rays, greater ionization currents being observed at higher tem- 
peratures. 

Bowen® has also provided experimental evidence for the selective recom- 
bination hypothesis by showing' that at pressures up to 93 atmospheres the 
ionization produced by gamma-rays increases with the potential gradient up 
to 1000 volts/cm, and that the dependence upon the gradient is nearly inde- 
pendent of the intensity of the ionization. This observation conflicts with the 
detailed theory of Compton, Bennett and Stearns, according to which a very 
much higher gradient would be required to increase the ionization current 
above the apparent saturation value. 

The dependence of the ionization by gamma-rays in air and carbon di- 
oxide upon pressure, temperature and potential gradient was carefully in- 
vestigated by Professor Eriksoffi® in 1908. He found that as the pressure was 
varied from 1 to 400 atmospheres the ionization in air actually passed through 
a maximum, thereafter decreasing linearly with increase of pressure. The 
magnitude of this maximum and the pressure at which it occurred increased 

« K, M. Downey, Phys. Rev. 16, 420 (1920): 20, 186 (1922). 

’ A. H. Compton, R. D. Bennett and J. C. Stearns, Phys. Rev. 39, 873 (1932). 

* R. A. Millikan and I. S. Bowen, Nature 128, 582 (1931). 

® I. S. Bowen, Phys. Rev. 41, 24 (1932). 

“ H. A. Erikson, Phys. Rev. 27, 473 (1908). 
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with the potential gradient, the maximum gradients being provided by 2500 
volts between gauze cylinders differing by 0.8 cm in radius. He found at a 
constant pressure that after an initial rapid increase the ionization continued 
to increase slightly with the potential gradient to the highest values used. 
At constant gas density, he found the ionization increased with temperature 
when high potential gradients were applied, whereas the ionization decreased 
with increasing temperature at low field intensities. The effects were explained 
by Professor Erikson in terms of the selective recombination with the parent 
atoms. 

Ill addition to explaining the variation with pressure, an interesting fea- 
ture of the secondary radiation hypothesis was that it led to correct values 
of the absorption coefficient of the primary penetrating radiation, upon as- 
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walls, would lead to/the conclusion that the ionization in the central region 
of a spherical chamber should vary considerably from the average. At the 
lower pressures the 'ionization should be greater at the center whereas at 
high pressures it should be less, becoming negligible at sufficiently high pres- 
sures.. 

The difficulty with ascertaining the ionization in. a given region is that 
solid material must; be introduced in order to perform the measurement, and 
this material' modifies the conditions. To approximate the desired conditions, 
an exceedingly thin vessel should be introduced into the central region. 



The large tube supporting the thin sphere had an outside diameter of 
G.5v32 in., a wall thickness of 0.008 in., and weighed 7.40 g. The central tube, 
forming a continuation of the guard system, had an O.D. of 0.342 in., a wall 
thickness of 0.007 in., and weighed 4,09 g. The innermost tube, forming the 
collector, had an O.D. of 0.168 in., a wall thickness of 0.011 in., and weighed 
3.90 g. The end of this tube was spun to an approximate hemisphere. The 
hole in the sphere through which this tube was admitted was 9/32 in. in 
diameter. The volume of the tube inside the sphere was 0.67 cc, leaving a free 
volume of 436 cc inside the sphere. 

The tubes and sphere were mounted on the plug^^ of the large bomb, and 
when the latter was screwed into place the eccentricity of the central sphere 
relative to the interior of the bomb did not amount to more than 1/32 in. 
The tubes were beneath the sphere. Twenty small holes were drilled in the 
outer tube to allow an equalization of pressure inside and outside the thin 
sphere. None were drilled within | in. of the ends of the tube, however. 

Because of the very much smaller volume, the ionization currents were 
correspondingly smaller than in the large sphere. However, for purposes of 
comparison, it was considered desirable to use precisely the same measuring 
equipment which had been used in the preceding high-pressure work. This 
equipment, the location, the method of measurement, etc., have been de- 
scribed fully. ^ The insertion of the small sphere constituted the only altera- 
tion; the same constant, modified by the volume ratio, yielding the number 
of pairs of ions per cc per sec. when multiplied by the number of volts/sec. 
applied to the compensating condenser. Because of the smaller currents, 
I however, six or eight 15-minute readings or three or four 30-minute readings 

were made at each pressure, instead of the usual three 8-minute readings. 
Also, positive and negative ions were usuall}^ collected during alternate 
I readings to insure that the smaller readings would not be affected by possible 

contact potentials or zero drift. That no appreciable deformation of the 
sphere occurred during the observations was showm by the fact that its in- 
duction coefficient relative to the central system varied linearly with the 
pressure, a situation which had been found to hold in the case of the rigid 
bomb.^^ 

As in all previous work, the gas used throughout the present investigation 
was aged at least four weeks, often much longer, and was dried and freed 
from dust. With the bomb surrounded by the water shield only, observations 
of the ionization in the central sphere were made at various pressures between 
about 7 and 175 atmospheres. These are shown in Fig. 2, pressures again being 
reduced to 18°C. The dotted curve represents the average ionization meas- 
ured in the large bomb under the same conditions; it is curve III of Fig. 5 
of the paper of reference 1. The small square represents an observation of the 

s. In order to eliminate a small leak, the main plug was redesigned to conform with the 

small one at the top of the bomb, so that the portion of the plug in contact with the gasket 
was not allowed to rotate as the plug was tightened. This design proved to be thoroughly 
satisfactory. 

^ J. W. Broxon, Phys. Rev. 37, 1338 (1931). 
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ionization in the small sphere with the lead shield only, and the cross repre- 
sents the ionization measured with both the lead and water shields. The 
barometric pressures during the two series of observations with only the 
water shield did not differ by more than 0.05 in. It appears that the two ob- 
servations designated by the square and the cross should be reduced by about 
0.6 percent to conform to this barometric pressure. 

The striking thing about the curve is its proximity to the dotted curve. 
The ionization in the central sphere seems to be definitely higher than the 
average in the large bomb at the lower pressures and a little lower at the high- 
est pressures. However, constant values at high pressures are again attained, 


lOHIZATION IH THIN 
CENTRAL SPHERE 


Pressure m Atmospheres 
Fig. 2. 


in this case at a lower pressure than in the large chamber. There are apparent 
differences between the curves, but not at all of the magnitude to be expected 
on the hypothesis of ionization due entirely to radiation from the walls. It 
is a striking observation that at the highest pressures the ionization in this 
small central sphere, weighing little more than an ounce, containing air 
weighing nearly three times as much, and surrounded by a blanket of air 
equivalent to a layer more than 50 ft. thick at atmospheric pressure, should 
be so nearly the same as the average ionization in the 660 pound bomb con- 
taining more than thirty times as much air. 

Ionization by Gamma-Rays 

In order to compare the effects of cosmic rays and gamma-rays, about 2.85 
mg of radium sulphate equivalent to 2 mg of Ra in Aug., 1923, sealed and 
enclosed in a container (apparently with 7.5 mm lead and 1.5 mm steel walls) 
was placed in a cabinet about two ft. outside the water tank surrounding the 
bomb. The radium was thus displaced horizontally about 9 ft. from the axis 
of the bomb, and about 21 in. below its center. The lead and water shields 
were removed from about the bomb, but the gamma-rays still had to pene- 
trate the 9 mm lead-steel container, 2.5 in. of wood, 8.5 ft. of air, and the 1.7 
to 6 in. steel walls of the bomb. With this arrangement, the gamma-ray 
ionization produced in the 13.8 liter chamber at the high pressures was about 
five times as great as that produced by the cosmic radiation with lead and 
water shields. Although the same potential, about 875 volts, which has been 
impressed across the ionization chamber throughout these investigations was 
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still used, it was perhaps not sufficient to produce saturation. At the highest 
pressure employed a decrease of 29 percent in the impressed voltage produced 
a decrease of about 1 percent in the ionization current. 

The gamma-ray ionization is shown plotted against the pressure in Fig. 3, 
The values shown are not those actually observed. From the observed values 
were subtracted the residual ionization observed at corresponding pressures 
with no shields, curve I, Fig. 5, of the paper of reference 1. The differences, 
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Pressure m Atmo$l>heres 

Fig. 3. 

considered to represent the ionization actually produced by the gamma- 
radiation, are shown in Fig. 3. 

The ratios of the gamma-ray ionization In to the cosmic-ray ionization 
Ic at corresponding pressures are shown in Table I. The cosmic-ray ionization 
values considered in this table are those obtained with both lead and water 
shields, represented by curve IV, Fig. 5, of the paper of reference 1. It is seen 
that the ratio is not quite constant, although it is nearly so at pressures above 
60 atmospheres. This is not in full agreement with the observations of Comp- 

Table I. 


Atm. , , 
press. 100 110 120 

Ir/Ic 5.16 5.16 5.17 


J. C. Stearns and W. Overback, Phys. Rev. 40, 636 (1932), 
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ton, Bennett and Stearns/ Stearns and Overback^® have recently found the 
ratio to be constant for pressures between S and 70 atmospheres. The smaller 
ratios at low pressures in the present instance might possibly be explained 
in terms of a very minute contamination of the vessel with decreasing effec- 
tiveness at higher pressures, of the type described by Millikan.^^ That such 
a contamination must necessarily be very small has been shown by the ex- 
periments with different shields at high and low pressures.^ In any case, 
however, it is seen that the agreement between the gamma- and cosmic-ray 
ionization-pressure curves is entirely too good to permit of the explanation 
solely in terms of secondary radiations from the walls, in view of the con- 
clusion that the ranges of these radiations should increase with the penetra- 
bility of the incident radiation. 


Temperature Effect 


To vary the temperature of the bomb, steam was passed from the Uni- 
versity heating plant into the water surrounding the bomb and circulation 
was provided by a centrifugal pump which withdrew water from the bottom 
of the tank and returned it at the top. The lead shield was not used during 


the temperature measurements. The water level was maintained constant 
during the temperature changes, this level being about f in. lower than the 
top of the tank whereas previous experiments with the water shield were all 
made with the tank full. The steam was available only at a low pressure. In 
view of this fact it is apparent that changes in the temperature of the 660 
lb. steel bomb, surrounded by an air space about 3 to 4.5 in. thick and then 
by more than 15,000 gallons of water, could be produced only very slowly. 

Cold water was first passed rapidly into the tank through fire hoses. 
About 24 hours later ionization measurements were begun. In order to dem- 
onstrate the degree of saturation, observations were made with different ap- 
plied potentials. The relation between the ionization and the potential drop 
across the ionization chamber, itself, is shown by the lower curve of Fig. 
4. During these observations the average temperature of the bomb was 
7.5°C, the average pressure of the gas was 150.8 atmospheres, and the bar- 
24.55 in. The value of the ionization was considered to be 
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46.8 ions per cc per sec. The high potential observations were made first, 
and during the 10.5-hour period of the observations the temperature was 
decreasing at the rate of about 0.0S°C per hour. 

Steam was next passed into the water for several days. The steam was 
then shut off and another series of observations similar to those at the low 
temperature were made. During this period the average temperature was 
40,5°C, the average pressure 173.4 atmospheres, and the barometric pressure, 
24.87 in. The ionization under these conditions was considered to be 50.1 
ions/cc sec. The temperature was again decreasing at the rate of about 0.05°C 
per hour. The ionization-potential relation under these conditions is shown 
by the upper curve of Fig, 4. 

The air used during these observations was retained in the chamber at 
constant density for about a month, during which period a IS-day series of 
observations relative to the diurnal variation^* were made, the same air being 
used later for the y-ray measurements described earlier in this paper. During 
this time no leak was observed. During the 15-day series of observations, the 
average ionization was 47.25 ions/cc sec., the average temperature, 17.42®C, 
and the average barometric pressure, 24.73 in. 

After measurements at 205 atmospheres to be described later, the air was 
released to about 22.2 atmospheres. The ionization at this pressure is desig- 
nated by the lower curve of Fig. 6. After apparent equilibrium had been at- 
tained the ionization was found to be 23.43 ions/cc sec. at a pressure of 22.2 
atmospheres and a temperature of 14.45°C, the barometric pressure being 
24.87 in. During these observations the temperature of the bomb was increas- 
% ing at the rate of 0.12°C per hour. 

Later the same air was heated in the manner described above. At an av- 
erage temperature of 47.25°C and a pressure of 24.3 atmospheres, with the 
I temperature decreasing at the rate of 0,13°C per hour, the average of 12 

ionization readings was 25.48 ions/cc sec., the barometric pressure being 
24.43 in. The dependence of the ionization upon impressed P.D. was not in- 
vestigated at the lower pressures, the maximum P.D. employed at the high 
pressures being used as usual. It should be mentioned that all pressures given 
are pressures read directly from the gauge, plus the atmospheric pressure. 

It is seen that at a mean pressure of 162.1 atmospheres, changing the 
temperature from 7. 5^C to 40.5°C resulted in an increase of the ionization 
amounting to about 7 percent of the lower value. At a mean pressure of 23.3 
atmospheres, changing the temperature from 14.4S^C to 47.25°C resulted in 
an increase of 8.7 percent. These are the values given in a recent note.^® As 
stated there, these values had not been corrected for effects of variations in 
the density of the water shield with temperature, or for the effects of varia- 
tions in barometric pressure. It appears that the alteration of the ionization 
due to change in the shielding provided by the water would amount to con- 
^ siderabiy less than 1 percent and may be neglected. A correction for baro- 

metric pressure appears to be necessary, however. When the 15-day series of 


The results of this investigation will be presented in an early publication. 
J. W. Broxon, Phys. Rev. 40, 1022 (1932). 
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observations was considered, it was found that an increase of about 0.187 in. 
in the barometric pressure appeared to result in a decrease of 1 percent in the 
ionization. 

The variation of the ionization with barometric pressure as designated 
above was somewhat larger than had been expected. Moreover, it was found 
that an error had been made in recording the barometric pressure during the 
high pressure observations. When the readings are reduced to the average 
barometric pressure during the 15-day series, it is found that the variation 
with temperature at the high pressures is greater than that at the low pres- 
sures. Thus when the barometric correction is made, the temperature effect 
at 23.3 atmospheres amounts to 6.2 percent for 32.8°C change in temperature, 
or 0.19 percent per degree. At 162.1 atm. the increase is 8.9 percent for an 
increase of 33.0°C, or 0.27 percent per degree. When the three ionization val- 
ues, measured at constant density but different temperatures at the high pres- 
sures, are plotted against the temperature, the ionization appears to increase 
slightly more rapidly with increase of temperature at the higher temperatures. 
With such a limited number of observations, however, this observation is 
probably of little consequence. 

The temperature effect measured at the higher pressures is seen to agree 
rather well with that predicted by Compton, Bennett and Stearns.'^ That 
observed at 23.3 atmospheres, however is considerably larger than that pre- 
dicted by them, although the variation with pressure is in the right sense. 
The disagreement with their experimental observation with 7-ray ionization 
in nitrogen at 20 atmospheres is decided. The effect at 23.3 atmospheres is 
in good agreement with the 0.14 percent per centigrade degree observed by 
Wolff2“ for the 7-ray ionization in nitrogen at 21.5 atmospheres, however. 

Transient Effects 

As mentioned in a former paper, ^ “If measurements were made immedi- 
ately after filling, larger values were obtained than after the establishment 
of equilibrium conditions. Therefore, from two to six hours were allowed to 
elapse after filling the chamber before measurements of the ionization were 
begun.” In view of the observed temperature effect, it was thought that the 
high values immediately after filling the ionization chamber might be ex- 
plained by the very considerable increase of the temperature of the air upon 
compression. The effect is shown clearly by Fig. 5, representing the first com- 
plete set of observations made with the present apparatus March 29 and 30, 
1930, with no shields. In Fig. 5 as in Fig. 6, the circles represent individual 
observations instead of the usual average of three or four observations. The 
curve shown in Fig. 5 is not drawn with reference to the observations therein 
designated. It is curve I of Fig. 5 of the paper of reference 1, obtained under 
the same conditions but with a new supply of air on April 26 and 27, 1930, 
time for equilibrium conditions being allowed in the latter case. 

The values observed very soon after filling are seen to be nearly twice 
as great as the equilibrium value. Increase of temperature of the bomb showed 

“ K. Wolff, Zeits. f. Physik 75, 570 (1932). 
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the gas might have been heated some fifty degrees above the final tempera- 
ture when compressed into the bomb. However, the temperature chart 
showed that the bomb had acquired a practically constant temperature be- 
fore measurements were begun. Any change of temperature of the gas during 
the observations must have been rather small, although its temperature was 
probably still decreasing slightly. 

In order to determine more carefully the relation between the ionization 
values and the time after filling, the bomb was filled with air to a pressure a 


RKADIKCS AT HIOWSST PRKSSUREJ 
BROOK SOW) AFTER KIULINO 
lONrZATIOH CHAMSSR 


fVessure m4i)nosphen$ 

Fig. 5. 

little above 205 atmospheres. The water shield with its surface f in. below 
the top of the tank was used in this instance. The limit of the calibrated gauge 
used heretofore being 2500 lbs. per sq. in., the higher pressures were read on 
a second gauge which agreed with the first at pressures near its upper limit. 
After filling, the high potential was applied for a IS-minute interval before 
observations were begun. This has been the usual procedure. Single observa- 
tions plotted against the time after filling the chamber are shown in the upper 
curve of Fig. 6. 

The values obtained were again high at first, although as in the earlier 
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case the bomb appeared to have acquired an equilibrium temperature before 
readings were begun. That the effect was not an ordinary electrical one is 
indicated by the fact that when the air is allowed to remain in the bomb 
for several hours or even days, no initial high values are observed when read- 
ings are begun, the preliminary 15-minute application of the potential always 
being made, of course. 

The lower curve of Fig. 6 represents the ionization as a function of the 
time after releasing the air rapidly from about 169 to about 22 atmospheres. 
The potential was applied almost constantly while the air was being released, 
so that observations could be begun very soon after closing the valve. A 
slight increase was again observed, but much smaller than that following 
compression. A brief reference to disturbances accompanying variations in 
pressure has been made by Steinke and Schindler.^^ 


ZQ 4Q 60 sc 180 m tu m m Z8r~m'3mm" w 

Time in mimtes after closing valve 

Fig. 6. 

Another transient effect of some interest was observed during the tempera- 
ture variations. Although changes in temperature were necessarily quite slow, 
the ionization at a particular density and temperature appeared to depend 
somewhat upon the rate of change of temperature. When the temperature 
was falling lower values were observed than when it was rising, so that during 
the investigation of the temperature effect the final steady values at a given 
temperature were anticipated somewhat. 

The natural supposition is that these transient effects may at least to 
some extent be explained in terms of the characteristics of the measuring 
equipment. In view of the elaborate guard system and the null method em- 
ployed, however, the explanation does not appear obvious to the writer. 

Occasional sudden increases in the ionization current during a reading 
have been observed. These are quite infrequent and appear always to be well 
defined. Such readings have been discarded. It has been suggested that these 

21 E, G. Steinke and H, Schindler, Naturwiss. 20, 15 (1932). 
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sudden increases might be due to nuclear disintegration in the gas by the 
cosmic rays. This possibility will receive attention in future work. 

Constancy of Ionization at High Pressures 

After making the observations at 205 atmospheres, the air was released 
to 172 atmospheres, When corrected for barometric pressure, the ionization 
values at these two pressures were found to be nearly identical. When further 
corrected for the slight difference in shielding, these observations at 205 and 
172 atmospheres, made in May, 1932, are only about one percent greater than 
the values measured with the water shield in July, 1930, at pressures between 
130 and 165 atmospheres. If one may assume that there is no variation with 
time, the variation of cosmic-ray ionization with pressure between 130 and 
205 atmospheres may be considered to be only about one percent. 

Saturation 

The degree of saturation attained is shown quite well in the curves of 
Fig. 4. Made with constant gas quantity, they represent the dependence of 
the current upon the applied P.D. at the pressures and temperatures shown. 

Very nearly constant values appear to have been obtained in both cases. 
However, there is a possible increase in the ionization of one percent at the 
high potential end of the curves, due to doubling the applied P.D. Saturation 
appears much more nearly complete than in the curves of Professor Erik- 
son’s^® experiments with 7-rays at corresponding pressures, although he used 
much more intense fields. Of course, the ionization he employed was vastly 
more intense, but if all free ions were drawn out before recombination and the 
lack of saturation at the high gradients was entirely attributable to (initial) 
recombination with the parent atoms, one should expect the degree of satura- 
tion to be independent of ion density, as Bowen® points out. 

Bowen found that reducing the 7-ray ionization by a factor of about five 
at a pressure of 93 atmospheres produced very little change in the variation 
of the ionization current with potential gradient except at the lower gradients. 
It is rather surprising that the residual ionization, further reduced by a factor 
of about four, more nearly resembles the intense than it does the weaker 
7-ray ionization in its dependence upon the gradient at that pressure, even 
at the lower gradients. It is these residual ionization currents which are more 
nearly comparable to those discussed in this paper. Throughout the range of 
gradients he investigated, Bowen found that at 93 atmospheres an increase 
of the gradient by a factor of about four produced an increase in the residual 
ionization current of from nearly 6 to a little more than 12 percent. This is 
possibly in conflict with the fact that in the present investigation the ioniza- 
tion in the small sphere was slightly less than that in the large one at 93 
atmospheres (see Fig. 2). Since the central rods were of nearly the same size 
in the two cases, reduction of the radius of the surrounding vessel by a factor 
of more than three with the same applied P.D. of about 875 volts, should 
have increased the average gradient in the region of weak fields, in the neigh- 
borhood of the outer wall, by a factor probably greater than the radius ratio, 
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although the increase of the volume average may have been small. According 
to Bowen’s observations, then, one might expect that an appreciably greater 
ionization should have been measured in the small sphere than in the large 
one at 93 atmospheres. 

Conclusions 


The experiments herein described constitute further evidence in favor of 
the contention that the explanation of the characteristics of cosmic-ray ion- 
ization at high pressures, entirely in terms of secondary radiations from the 
vessel walls, is quite inadequate. The experiments with the thin central sphere 
and with gamma-rays can not be reconciled with that explanation. 

As has been mentioned, Bowen’s® observations of the dependence of the 
ionization upon potential gradient are in conflict with the details of the initial 
or selective recombination theory of Compton, Bennett and Stearns.^ The 
curves of Fig. 4 and the observations with the small sphere appear to agree 
rather better with their conclusions than with those of Bowen, although a 
small final slope persists in the ^^saturation” curves. The considerable tem- 
perature effect at 23.3 atmospheres is not in quantitative agreement with 
their conclusions, however. 

In spite of the remarkable agreement between the ionization curves of 
Fig. 2, the excess of ionization in the small thin central sphere over that in 
the large bomb in the region from 30 to 50 atmospheres appears too great 
to be due to experimental error. This difference might be explained in terms 
of secondary radiations^^ from the walls. 

If, in view of the observed similarities in the characteristics of cosmic- 
and gamma-ray ionization at high pressures we may consider Professor 
Erikson’s^® observations comparable with these, the ionization should have 
passed through a maximum within the pressure range of the present experi- 
ments. The constant values in the present instance appear to extend over a 
region of at least 75 atmospheres. No maxima of such breadth were observed 
by Professor Erikson. Also, the equation deduced by Compton, Bennett and 
Stearns to approximate the writer’s experimental observations indicates that 
an increase of 2.8 percent should accompany an increase in pressure from 
130 to 205 atmospheres, whereas no increase amounting to half this much 
was observed. The difference is too small to be conclusive, however. 

One common characteristic of both the explanations of the pressure effect 
is their emphasis of the importance of ionization by secondary radiations. 
A primary electron or proton ejected by incident cosmic radiation could 
scarcely be expected to recombine with its parent atom. In view of the fact 
that the ionization is supposed to occur chiefly through the agency of sub- 
sidiary radiations, it seems to the writer that there is another possibility 
deserving of some consideration. Studies of the ionization produced by alpha- 
rays in different gases and of the ionization potentials of these gases have 
shown^^ that "for the diatomic gases examined, viz., H 2 , N 2 , O 2 , the difference 

22 H, Geiger, Nature 127, 785 (1931); H. Schindler, Zeits. f. Physik 72, 625 (1931). 
Rutherford, Chadwick and Ellis, Radiations from Radioactive Substances^ p. 81. 
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> between the energy spent and the minimum energy required to ionise the 

atom , . . is very marked. In fact only about half the energy spent is required 
to ionise the atom. This would indicate that a considerable part of the energy 
5 of the Q'-particle is used up in processes which do not involve ionisation, i.e., 

in excitation or dissociation of the molecules.” The differences are found to be 
much smaller in the case of the monatomic gases, particularly helium. 

If this explanation is correct, it seems that a considerable portion of the 

gamma*- and cosmic-ray energies, through the agency of subsidiary radiations, 

might eventually be used otherwise than in the formation of ions. Should a 
portion of the energy finally be dissipated in some manner such as that sug- 
gested above, such molecular processes and consequently the efficiency of 
ionization might be expected to depend to a considerable extent upon tem- 
perature and pressure. If such a point of view is tenable, one might expect 
^ the effects to be less in the monatomic gases. 

If, as Compton, Bennett and Stearns^ maintain, the differences between 
the values of the ionization measured in nitrogen and in air may be explained 
in terms of the selective or initial recombination hypothesis, then it should 
follow that complete saturation is very difficult to obtain even at atmospheric 
pressure. The writer has shown that the greater ionization in nitrogen persists 
even to atmospheric pressure.^ In view of this and the considerable tempera- 
ture effect in the neighborhood of 20 atmospheres, it seems that a careful 
scrutiny of ionization processes in different gases with especial regard to 
molecular structure should be of value. Further work of this nature is being 
carried on. 

The writer is again indebted to Professor G. B. Williston, Mr. L. Strait 
and Mr. G. T. Merideth for assistance in recording observations, and to 
Professor S. L. Simmering and Mr. C. A. Wagner for compressing the air 
# used in these experiments. The splendid work of Mr. M. M. Eaton, depart- 

mental mechanician, in constructing the ionization chamber and accessories 
is very much appreciated. 
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X-Ray Diffraction in Ethyl Ether near the Critical Point 

By F.H. Waldemar Noll 
State University of Iowa 

(Received September 16, 1932) 

X-ray diffraction ionization curves were obtained for ethyl ether at 43.5 ±0,7 
kg/cm^ pressure with temperatures in the range from 25®Cto 210°C. The critical pres- 
sure and temperature of ether are 36.7 ±0.2 kg/cm^ and 194.6 ±0.3°C, respectively. 
In the region of the higher temperatures the ionization curves are a combination of 
the liquid and polyatomic gas types, falling rapidly near 0° with increasing angle, 
then rising to a distinct peak and again falling. Liquid semi-orderly "cybotactic” 
groups are in evidence from room temperature to 199°C but not for specific volumes 
greater than the critical specific volume. It seems reasonable to expect vanishing of 
these groups at the critical point. The influence of the polyatomic gas type begins to 
appear at the low temperatures and increases with temperature. The liquid type de- 
creases almost linearly until 155®C where it begins to fall off very rapidly. The ob- 
servations are in excellent accord with the "cybotactic” view of the interior of a 
liquid. 


T here are many experiments which are most readily interpreted by 
the view of Stewart^ that there are, within a liquid, molecular aggregates 
of sufficient size and orderliness to give marked x-ray diffraction bands. These 
^^cybotactic” groups are not permanent and do not retain the same constit- 
uent molecules. It is interesting to ascertain if this condition of semi-orderly 
groups exists near the critical point, and if so, how it varies with temperature. 

Apparatus AND Method 

The x-ray spectrometer used, and the method of procuring diffraction 
curves, is essentially the same as the apparatus and procedure described by 
Stewart and Morrow.^ The diffraction effects obtained are produced by 
Mo jS’a-radiation. The x-ray beam was made partially monochromatic by 
use of a zirconium oxide filter. The voltage applied was such as to produce a 
general radiation maximum at about 6 ^, Its influence is nevertheless noticed 
in the experiments, but does not interfere with the results and conclusions. 

The liquid chosen was ethyl ether. The critical temperature® is 194.6° + 
0.3°C and the critical pressure is 36.7 + 0.2 kg/cm^ The pressure selected in 
this investigation, 43.5 + 0.7 kg/cm^, is not very near the critical pressure of 
36.7 kg/cm^ The higher pressure was necessary to prevent excessive density 
variations which could be produced by the slight unavoidable temperature 
fluctuations. 

The liquid was contained in an aluminum tube with an external diam- 
eter of 1.0 cm and a wall thickness of 0.0176 cm. The optimum thickness of 

^ See articles by Stewart and co-workers, Phys. Rev., 1927-1932. For review of literature, 
Good, Helv. Physica Acta. p. 205 (1930); Debye, Ergebnisse der tech Rontgenkunde 2, i (1931). 
2 Stew-^art and Morrow, Phys. Rev. 30, 232 (1922). 

^ Schroer, Zeits. f. phys. Chem. 140, 381 (1929). 
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ether under the selected pressure is 1.77 cm at 25°C and 6.3 cm at 210°C. The 
thickness of the ether column is thus always less than the optimum thickness. 
The aluminum tube was connected to a "U” tube, and thence to a Crosby 
dead weight gauge tester. The tube was half filled with mercury, the 
gauge and connections were filled with oil, and the aluminum tube and con- 
nections were filled with ether. A special electric furnace with aluminum 
foil windows surrounded the aluminum tube. Temperature was measured 
with a constantan-copper thermocouple. All curves were corrected for scat- 
tering from the aluminum container, for decrease of density of the ether due 
to temperature increase, for cross fire slit penetration and for drift due to the 
penetrating radiation. No correction was made for the accentuation of gen- 
eral radiation by the aluminum container as this effect has no influence upon 
the conclusions. 

Experimental Results 

X-ray diffraction ionization current curves, pressure constant at 43,5 + 0.7 
kg/cm^ were obtained for the following temperatures, 25°C, 137°C, 155*^0, 


dcatter/ng Angle 0-0) Scattermp Nngle 

Fig. 1. Relative x-ray diffractions intensities of Fig. 2. Relative x-ray diffraction intensities of 
ethyl ether at a pressure of 43.5±0.7 kg/cm®, ethyl ether at a pressure of 43.5 + 0.7 kg/cmL 



17L4°C, 186°C, 190°C, 192.2^C, 193.2X, 196^C, 199°C, 203X, 206.8°C 
and 210°C. vSee Figs. 1 and 2. 

A liquid type of curve is that obtained at 25°C.^ A polyatomic gas type^ 
is that obtained at 210'^C. In the former case, there is a broad peak at 7.5° 
and 25°C with a decrease at both smaller and larger angles. In the gas type, 
the intensity is high near 0° but falls rapidly with increasing angle, the slope 
decreasing in magnitude. In point of fact, the 25°C curve shows an effect 
near zero that may be attributed to random molecules or molecules giving a 
gas type scattering. Indeed, the entire set of curves in Figs. 1 and 2 can be 
described by regarding the molecules as being either at random or in or- 
ganized groups. Of course, this is not accurate, for there are conditions repre- 
senting all gradations between these two extremes. If peak heights are 
plotted against temperature, Fig. 3 is obtained. 


Fig. 3. Relative peak heights-teniperature cur\^e for ethyl ether. 


The following results appear in the ionization curves as temperature is 
increased from 25° to 210°C, pressure being constant. (1) Peak heights de- 
crease and finally disappear at about 5°C above the critical temperature. 
(2) Small angle scattering increases more and more rapidly as temperature 
increases. (3) Peaks become broader and the peak maximum shifts to smaller 
angles. However, the curves are too diffuse to obtain useful measurements on 
these two points. (4) In general, the curves may be described as changing 
from a liquid pattern to a gas pattern, (5) It is an interesting fact that no 
liquid peaks appear at a specific volume as great as the critical specific 
volume. A discussion of this point will appear in later publications from this 
laboratory. 

Studies on the effect of temperature upon liquid x-ray diffraction have 
been made by Skinner,^ Stewart,^ Vaidyanathan,^ Ramasubramanyan,® and 
Tanaka and Tsuji.^° Results stated here are either in agreement with or not 


^ Similar curves can be found in the literature by Stewart mentioned in reference 1. 

® This type can be found in various reports, for example, see Debye, Pliys. Zeits. 31/419 
(1930) and Wollan, Phys. Rev. 37, 862 (1931). 

® Skinner, Phys. Rev. 36, 1025 (1930). 

^ Stewart, Phys. Rev. 37, 9 (1931). 
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" • contradictory to those obtained by the authors just mentioned. In respect to 

* the increase of small angle scattering with increase of temperature, all ob- 
servers are in agreement. 

* Discussion 

With temperature increase, under the stated pressure, one might gener- 
ally expect, (a) decreased molecular attractive forces because of increased 
separation resulting from thermal expansion and (b) increased thermal agita- 
tion. These should decrease the conditions favorable for the existence of the 
. cybotactic groups. With temperature increase one might then expect that the 
percent of grouped molecules and regularity of space array within groups at 
any instant would decrease and that the percentage of ^hnore random” mole- 
cules should increase. The former causes the peak heights to decrease. Be- 
cause of increased irregularity of arra^^ peaks would become broader. The 
> intensity of scattering from the ^‘more random” molecules would increase and 

this means an increased small angle scattering. Assuming that Bragg’s law 
here applied measures the distance between approximate planes of scatter- 
ing centers, then expansion should shift the maximum to smaller angles. 

With continued increase of temperature the conditions favorable for the 
existence of groups would ultimately vanish and the liquid diffraction pattern 
cease to exist. The above interpretations based on the cybotactic theory are 
in accord with the experimental results already described. I 

At the critical point the liquid and vapor phases merge into one phase. 

It seems reasonable to suppose that the characteristic of the liquid phase, 

% which is the cybotactic group formation, would cease to exist at this point. 

According to this view, if the substance were at a less specific volume and 
higher pressure, since the molecules are in closer proximity, the groups might 

* exist at a temperature above the critical one. This is the experimental fact. 

The general conclusion from these experiments is that the cybotactic view 
is corroborated and that the molecules of ethyl ether in these experiments 
may be roughly regarded as existing either in semi-orderly groups, or as ap- 
proximately random molecules. 

The writer wishes to express his appreciation to the members of the 
Ph3^sics Department for their assistance and his thanks to Professor G. W. 

^ Stewart who proposed the problem and under whose direction this study 

i;:' was made. 
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ThC; Approximation of Geometric Optics as Applied to a 
Dirac Electron Moving in a Magnetic Field 

By Otto Laporte 
University of Michigan 

(Received August 30, 1932) 

The problem of a Dirac electron in a homogeneous magnetic field is integrated 
according to the recently published approximative method of Pauli. Homogeneous 
linear equations furnish, except for a multiplicative function, the eigenfunctions in 
zero approximation. An important condition of compatibility of the zero and first 
approximation determines these multiplicative functions. For the connection of the 
solution in the classically occupied regions with those that are classically not reached 
the Kramers connection formulae are used. The eigenvalue determination gives the 
result that the phase-integral is to be quantized not with half quantum numbers as 
is the case unrelativistically, but with whole quantum numbers, each level possessing 
a twofold degeneracy. 

1 . 

T he advantages of the approximative method, due to WentzeV 
Brillouin^ and Kramers^ of solving the Schrodinger equation are well 
known. In the limiting case of large quantum numbers this ^W.K.B. method” 
allows the asymptotic calculation of eigenfunctions and eigenvalues. 

In a recent paper^ W. Pauli has developed the corresponding approxima- 
tive method for Dirac's relativistic wave equation of the electron. This 
problem differs from that of solving approximately the Schrodinger equation 
inasmuch as instead of one wave function xj/ there are four If 5 is 

the classical relativistic action function of the problem, it is best to put 




p = 1 


and to develop the amplitudes Gp into a power series in ; 

ap = + {h/i)ap^^^ + - 


( 1 ) 


( 2 ) 


It is well known that the W.K.B. method is analogous to the transition from 
wave optics to geometric optics in isotropic media; the Hamilton- Jacobi 
partial differential equation appears then as the equation for the eiconal 
function. In the case of a non-scalar wave function the Eqs. (1) and (2) give 
in zero approximation, as is to be expected, the equations of relativistic 
mechanics, or optically spoken, of geometric optics with polarization. How- 
ever, and this is essential, the spin of the electron or its optical analog, double 
refraction, does not appear until the next approximation at the same time 

^ G. Wentzel, Zeits. f. Physik 38, 518 (1926). 

2 L. Brillouin, C. R., July, 1926. 

® H. A .Kramers; Zeits f. Physik 39, 828 (1926); also Zwaan, Diss, Utrecht. 

^ W. Pauli, Helvetica Physica Acta 5, 180 (1932). 
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as diffractioa effects make themselves felt, since the spin moment is propor- | 

tional to the Planck constant. j 

We shall here apply Paulies method to the case of an electron moving in a I 

homogeneous magnetic field. Eigenfunctions are obtained and connected by | 

means of the "Kramers connection formulae.” The eigen-value determination I 

shows that the phase integral should be quantized with whole numbers, but | 

that a double degeneracy occurs. ■ ^ I 

2. , . I 

We write the Dirac equations: ■ ■■ . I 


/hd \ / h d e\ 

( — 7 #0 J’/'P + 1 <l>k Wfi + = 0 (3) 

\ t dxo / \ i dXk c / 


where XQ==ct; Xk=^x, y, z; 4 >q is the scalar, <f>k the vector potential of the exter- 
nal field. Roman indices run from 1 to 3, Greek ones from 1 to 4. Indices 
occurring twice are to be summed. The a^- and jS are the well-known matrices 
which obey the usual conditions of anticommutability. Introducing (1) and 
(2) into (3) we obtain in zeroth and first approximation: 

- no^p^o) + + mi3p,a/o) - 0 (4) 

- + «pp^ ) (5) 

\ 3:^0 dxk / 

where 


dS e dS e 

JJq — 1 n* = i (?!)/;. (6) 

a:ro c axic c 


Corresponding equations hold for higher approximations. Condition for the 
solubility of the homogeneous system (4) for is that its determinant must 
vanish. This is equivalent with : 


- Ho^ + Sn,,^ + mV 0 


( 7 ) 


which is the Hamilton- Jacobi partial differential equation. Let us assume 
that as far as its classical-mechanical aspects are concerned, the problem 
has been solved, so that we know Ho, IT/; as functions of the coordinates. It 
is then seen that the system (4) has four solutions (r==l • • * 4). They 
are, except for a multiplicative constant to be determined later, 


OpT^^^ — IIo^pT T" (XpT^Tik “f" (8) 

It is easily seen by direct substitution that (8) satisfies (4) for any index r. 
The above solutions are, however, not linearly independent, as there are the 
following four relations between them : 


- a.pr^mo + Cp/^^a^mic + = 0 (9) 

which form the adjoint system to (4). Each equation of this adjoint system 
connects three of the solutions (8) ; it is thus possible to express two of the 
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= C(xo, Xk)afi’-'‘'> + C'(xo, Xk)af 2 ^^'> (10) 




where we indicate by the bar, that the complex conjugate has to be taken 
(provided, as will be the case, that the n themselves are real). Having deter- 
mined C and b}^ means of these differential equations, 




represents in first approximation the wave functions everywhere except in the 
vicinity of the turning points of the classical orbit, where certain of the IIo, 
vanish, and the approximation of geometric optics breaks down. How to deal 
with these exceptional points, will be seen later. 


We put the magnetic field If parallel to the ^ axis of a cartesian coordinate 
system. The scalar potential 0o is zero; the vector potential is chosen to be: 


- - Hy] 4>2 = 0; = 0. (12) 

The Hamilton- Jacobi differential Eq. (7) becomes: 


Since Xo, x and z are evidently cyclic, we put : 


S = — + pxoc + II3Z + o’(y) (14) 

where IIo, Hg and px = fnx are constant. We introduce for the sake of brevity 

n.2 = ni2 -f (15) 

the constant momentum in the x, y plane. For cr(y) we have : 


^^,.(0) by two others leaving only two linearly independent solutions (say 
and of (4). This is as it should be; the two independent solutions 
correspond to the two directions of the spin (or of the polarization). The gen- 
eral solution of (4) is then obtained by multiplying and with two 
as yet arbitrary functions C and C' of the coordinates and by adding: 


The determination of Cand CTollows from (5), which is an inhomogeneous 
system whose homogeneous system has solutions. As is well known, the right- 
hand side of (5) and the solutions of the adjoint homogeneous system (9) 
have to be orthogonal, which condition can be put into the following form: 


/ y ~ 

ndy = I iir^ 


eH 


DIRAC ELECTRON IN A MAGNETIC FIELD 


343 


It is seen that the orbits are circles with the radius {c/en)'l\r whose centers lie 
on a line parallel to the x axis and at a distance [cj eIT)p:c from it. 

4. 

It is now necessary to specialize the matrices and /3. We take the fol- 
lowing well-known matrix system : 



1 

0 

0 



( ® 

0 

0 

1 N 


0 

1 

0 

0 

; c? = 

0 

0 

1 

0 

= 










0 

0 

- 1 

0 


0 

1 

0 

0 


^ 0 

0 

0 

- 1 } 


k 1 

0 

0 

0 y 


( ^ 

0 

0 

- i \ 


( ® 

0 

1 



0 

0 

i 

0 


0 

0 

0 

-1 


0 

— i 

0 

0 

; «* = 

1 

0 

0 

0 


V i 

0 

0 

0 ) 


V 0 

- 1 

0 

0 / 


( 18 ) 


Introducing these into (8) the occurring in (10) are found to be: 


^0) = (Ho + me, 


^’pi 

= ( 


0 


0 , Hs, Hi + m 2 ) 

, Ho + mo, Hi — fn2, — IIs). 


(19) 


We then put (19) and (10) into (11) and get after a few elementary trans- 
formations: 


bC bC bC dC 

Ho T h Hi h 112 h Ha 

oxq bx by bz 


i/aiio biii\ 

-i )C = 0 

2 \ by / 


( 20 ) 


and the complex conjugate equation for C'. 

It is most convenient to integrate these differential equations in the 
momentum space. We have 

bc/bx^ = (ac/anx)(anx/aav) 

which vanishes for cr = l, 2, 3. Only the derivative with respect to y gives a 
contribution. Because of 


one finds 


dy 

BC 

by 


eH dn 2 

— ; and — 
c dy 


eH III 
c II 2 , 


( 21 ) 


eH/ dC Hi dC\ 

c\ ani'*'n2 ans/' 


By means of this formula and of (21) the differential Eq. (20) is readily trans- 
formed into: 


bC bC 1 /n 

IIo h III h ■~~( — 

aHi aiia 2 \n 


' + A 
2 / 


0 . 


( 22 ) 
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Introducing polar coordinates in the Hi, II 2 plane : 


we get : 


Hi == Hr sin B; II2 = Ur cos B 


+i(tg^ + i)C = 0. 


Since Ur does not occur in this differential equation C is seen to be a function 
of the quotient 113/112 solely. Straightforward integration gives: 

^ nil 

C =z ^te/2 == _ — gxp — arctg — ( 23 ) 

(cos6>)i/2 ^L2 uJ 


Ui - iU2 


The latter form is obtained using the well-known connection between the 
arctg and the log. For C the complex conjugate is found. Putting (23) and 
(19) into (10) we finally have ; 

K' ( r f nn 

Ly i;J’ 

(Ho -h wc)e exp - y arctg 

(Hr + Us) exp — arctg — L 

L 2 II 2 J 

r i nil) 

(Hr — IIs) exp arctg — > 

12. nsJj 

or from (23 '): 

c/o) = + mc){ILi - fn2)i/2, (Ho -f- mc){lli -f 

(n, + n3)(ni - fns)^/^ (n, - n3)(ni -i- . (24') 

With these amplitudes the current and the density take the form 
iSx, Sy, Sz, p) = 4 iC^^IIr(no “t* flic) (Hi, II2, II3, Ho) 


in agreement with the proportion: 


Uji: • Uo , 


The last problem will be the determination of the multiplicative constant 
K. It was pointed out before that, according to the sign of Il 2 ^ we have to 
distinguish three regions (compare 17) : 



DIRA C ELECTRON IN A MAGNETIC FIELD 


(II) 3^1 < 3' < 3^2 Hg = ± 

(III) 3^2 < J Hs = ± i(ni 2 - n, 2 )l/ 2 . 

II is the classically occupied interval between the two turning points. Since 
in I and III the action function a^^fH^dy becomes imaginary they represent 
classically unreached regions. The approximate expressions for the wave 
functions have, according to (1), (14) and (16), different analytical character 
in the three regions: in I and III they will be exponential functions with real 
exponents, and in II they will be oscillating functions. In the three regions 
one is at liberty to multiply the wave functions with constants, the relation 
between which remains undetermined by our approximate method. However, 
these constants are determined by the requirement that our approximate 
wave functions in the various regions be asymptotic expressions of one and 
the same physically admissible solution of the rigorous Dirac equations. 

In the nonrelativistic theory where the same difficulty occurs, the Kramers 
connection formulae show how to link up the constants inside the two turn- 
ing points with those outside. The Schrcdinger equation may be written in 
the form: 


where f(y) is a continuous function with two roots yi and j 2 so that for 
yi<y<y 2 the function /(y) is positive, otherwise negative. The requirement 
that i/ be real and vanish for y = ± oo restricts the choice of asymptotic solu- 
tions to those that vanish exponentially outside and oscillate like trigonome- 
tric functions inside. Now the connection formulae of Kramers state, e.g., 
for the turning point yi, that for y <yi, the function 


and for yi <y <y2 the function 


are then and only then, asymptotic representations of the same particular 
solution of the above differential equation if 


Similarly for the other turning point. 

These considerations of Kramers can be applied to our case without 
change, because it is easily possible to bring our first order differential Eqs. 
(3) into the form of Eq. (25). For the second order Dirac equations 

Ilo^ + - - (eh/2ic)(a^a^),M. 
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are in our case no longer simultaneous equations. The field tensor Fu has 
only one component = and the matirx is diagonal, as is seen from 
(18). In order to get complete agreement with Kramers’ form of the solutions 
we write the wave functions with the function Cand C'in the form of (23) 
Then the Kramers amplitude is : 


wueie accoramg to me upper sign is to be taken for p = 1, 3 and the lower 
sign for p=2, 4. The phase constant was fixed so that Pp vanishes at v, in 
agreement with (26) and (27). 

Since Ha is real^ within, and imaginary outside of, the interval yiy^, the 
, exp will indeed oscillate in redon II and Wn hp 


wave function jll; 

^ o vv jLii, 

exponentially decreasing or increasing in I and IIL 

Now the lequirement that i^p vanish for y = — oo leaves as only choice for 
region I: 

= i?( ).lna-‘/Hexp(+Pp). ( 31 ) 

As is seen from (24) the bracket with the index p is either Ho+mc for p = 1, 2 

or n^ + ns for p = 3, 4. The unessential factor exp f(-noXo+^,x+n 3 S was left 
on. ■ 

The Kramers connection requires that this wave function is continued in 


Introducing the abbreviation 


2ehH 
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Applying the connection formulae again, the first terra inside the parenthesis 
gives rise to an exponentially increasing function in III, the second term to 
the desired exponentially decreasing function. We must therefore require 

cos (/ + ir/2) = 0 

which gives for : 

= + A-( ), I I e.xp (- Q,) . (36) 

The above condition leads to : 

i = (?7- + ^ ± -J)7r 

or. using (34) 

y n,c/y = («+ 1 + (37J 

where = 2irh is the ordinary Planck constant. Eqs. (37), (34) and (15) deter- 
mine the energy. Eqs. (31), (35) and (36) represent the eigenfunctions. Of 
course, they may also be written in a form analogous to (24 ') . 

Kramers obtained the result that the influence of wave mechanics upon 
phase-integral quantization meant replacing the integer q uantization by half- 
integer quantization. As (36) shows, relativity and spin as embodied in the 
Dirac equations mean a return to whole number quantization but with each 
level possessing a twofold degeneracy. This result may be interpreted in the 
usual vector language that the spin moment ^ = | is added in two directions 
to the orbital moment This used to be called the ^^branching-off 

principle.” 

The pioblem of an electron moving in a homogeneous magnetic field, was 
treated by various authors,^ according to the rigorous Dirac equations. It is 
interesting to note that our result for the energy agrees rigorously with the 
energy determination on the basis of the complete Dirac equations. 

The author is greatly indebted to Professor W, Pauli for helpful discus- 
sions. . . 


I 

■1 


W. Alexandrofif, Zeits. f. Physik 56, 818 (1929); Ann. d. Physik 2, 477 (1929), E. P^ues 
and H. Hellmann, Phys. Zeits. 31, 465 (1930). L. D. Huff, Phys. Rev. 38, 501 (1931). 
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The Isotope Displacement in H3rperfine Structure 

5^? G. Breit 

Department of Physics^ New York University 
(Received September 12, 1932) 

With Goudsmit’s extension of Lande's formula for (l/r^) it is possible to explain 
the order of magnitude of the isotope displacements in Hg, TI, Pb arc and spark 
spectra on the hypothesis of small changes in nuclear radii. The nuclear radius is 
supposed to be proportional to the 1/3 power of the atomic weight. The eflfective 
nuclear charge is supposed to be distributed with a roughly uniform density through 
the interior of the nucleus. The spectra Hg I, Hg II, Tl I, Tl II, Pb II, are in agree- 
ment with the above theory- The larger displacements are due to the addition or 
removal of a 65 or Is electron to the electron configuration. The direction of the shift 
is in agreement with the supposition that the nuclear radius increases with atomic 
weight, the heavier isotope having the looser binding for the s and pm electrons. In 
■ order to explain the shifts of the 6^)^ 6p1s, (ipZs, d6p, 6pSp configurations of Pbl it is 
supposed that in this case the displacements are due principally to changes in the 
penetration to the nucleus of the 6^2 subgroup. These changes are presumably caused 
by differences in screening of the two 6s electrons from the nucleus as the valence elec- 
tron is excited from the state to the ionization limit. 


T he elements Hg, TI, Pb show in their hyperfine structure a number of 
components which are ascribed to the different isotopes of these ele- 
ments. The observed displacements are considerably larger than would be 
expected according to the simple mass correction to the Rydberg formula 
given by the factor (l+w/lf)“^ The suggestion has been made that these 
isotope displacements are due to deviations of the electric field of the nucleus 
from the inverse square law. Calculations by Racah^ and also by Rosenthal 
and the writer^ indicated however that on such a hypothesis the displacement 
would be expected to be several times larger than that observed. In addition, 
in the case of Tl, it appeared impossible^ to reconcile the observed direction 
of the displacement in the spark with that in the arc spectrum. 

It has since been found possible to interpret the troublesome terms of Tl 
in such a way that the direction of the displacement in its arc and spark spec- 
trum fits in with that observed in Hg and Pb. For these three elements, the 
large displacements can be attributed consistently to differences of binding 
of -y electrons and particularly those of the deeply penetrating 65 electron. 
It was furthermore found that a simple formula used by Goudsmit^ in the 
calculation of hyperfine structure separations gives in these cases smaller 
values for the probability of finding an electron at the nucleus than the nu- 
merical calculations of Racah which have been used by Rosenthal and the 
writer as well. It appears possible that the numerical calculations may be sub- 


^ G. Racah, Nature 129, 723 (1932). 

2 J. E. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 

® Pauling and Goudsmit, Structure of Line Spectra, See also J. C. McLennan, A. B. McLay 
and M. F. Crawford Proc. Roy. Soc. A133, 652 (1931). 
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ject to cumulative errors and it is at all events of interest that Goudsmit’s 
application of the Lande formula for (l/r^) leads to a reasonable agreement 
of the expected and observed isotope displacements. 

In order to obtain an expression for the square of the Shroedinger func- 
tion at f = 0 we use Landes approximate formula 




Ra^ZiZ^ 


(1) 




where J is the azimuthal quantum number, R the energy corresponding to I 

the Rydberg constant, a = lire^/hCj jjlo is the Bohr magneton, Zi is the effective | 

nuclear charge in the inner part of the orbit, Zo is the effective charge in the | 

outer part of the orbit and Hq is the effective quantum number defined by ; 

equating the term energy to -R This formula has been derived by 

Landd by means of classical considerations with penetrating orbits. One may : 

expect it, however, to be at least qualitatively correct also in quantum me- I 

chanics. For ^ terms the meaning of the left side of (1) is known to be^ 

KZ+ l)r-3 = 27 iV' 2(0) (2) i 


so that 


^2(0) = 


ZiZ^^ 


2.16 X 


ZjU 

Mo’ 


cm~ 


(3) 


where an is the Bohr radius. It will be noted that for Coulomb fields Eg, (J) 
is exact. The fact that for /==0 the left side of (2) is indeterminate does not 
concern us because in the relativistic theory of hyperfine structure this ex- 
pression is replaced by one having a perfectly definite meaning. AlsoEq. (3) 
may be interpreted along the lines of Lande's penetrating orbits by regarding 
(Zq/Z i)yn(f as the factor by which the normalization constant in the region 
of effective nuclear charge Zi is decreased on account of the presence of the 
region with effective nuclear charge Zq, Thus (3) is a reasonable approxima- 
tion. We do not pretend, however, to regard it as exact and the ultimate test 
of its validity lies in comparing it with accurate numerical calculations. Com- 
puting tA‘^( 0) for the normal states of the alkalies by means of (3) we have 
the followdng comparison (Table I) with values of ^^(0) obtained by means of 
numerical calculations of the eigenfunctions: 


Table I. 


Element : 

: Na 

Cs 

■ , ■ Rb ■ 

^HO) by (3): 

5.6X102^ 

1.8X10“ 

1.4X1025 

^2(0) according to FermP: 

2.4X1024 

2.7X10“ 

0,88X1025 

^2(0) according to Nile: 


1.7(S)X10“ 



4 G. Breit, Phys. Rev. 37, 51 (1931). 

^ E. Fermi, Zeits. f. Physik 60, 320 (1930). 
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For the lighter elements is smaller when computed numerically. 
For Cs the very careful as yet unpublished calculations of Nile agree very 
well with (3) while Fermi’s value is appreciably higher. 

It will be seen that in the case of T1 the comparison of the magnitude of 
the hfs splitting of the 7s state is in much better agreement® with that of the 
6pi^2 using (3) than the numerical calculations of for this state made by 
Racah. One may regard the hfs splitting as an empirical determination of 
and it appears that this determination fits in with the magnitude of 
the isotope shift and with the value for ^^(0) obtained by means of (3) . 

In mercury the isotope displacement has been observed both for the 
spark and the arc spectra. In the spark spectrum Schiller and Jones’’ arrive 
at an interpretation according to which the largest displacement is that of the 
^^ 5/2 term belonging to the 5d^ 6s^ configuration. The other terms belong to 
the 6s, 5#® 6p, 5d^^ 7s arrangements. The displacement between Hg^®^ 
and Hg^®^ is 0.52 cm~^ and it is significant that the energy of Hg^®^ is higher 
than that of Hg'-^®^. This shows that a change of an electron from the 5d to 
the 6 s state produces a larger energy increase in Hg^®^ than in Hg^®^. The 6 s 
electron may be thus thought of as less tightly bound in Hg®®^ than in the 
lighter isotopes. Similarly in the arc spectrum® of Hg the largest displace- 
ment is assigned to 6^^ the shift between Hg^®^ and Hg^®^ being 0.15 cm-^ 
while that between Hg^®^ and Hg is reported to be 0.21 cm“b The direction 
of the shift is again such that Hg^®^ has the highest energy. The 6 s 7s con- 
figuration also shows a shift in the same direction but of a smaller magnitude, 
the displacement between Hg^®^ and Hg^®^ being 0.03 cm"”^ both in the ^Sq 
and states. ’ 

It has been observed by Shenstone and Russell® that the large displace- 
ment of the terms of this spectrum finds a natural interpretation in a 
perturbation of these terms by the 5d^ 6s'^ 6p configuration. In particular the 
8 ^Pi term® shows an isotope displacement of practically the same amount 
as the term. The direction of the displacement is again the same and 

corresponds to a tighter binding of the 6 s electron in the lighter isotope. 

For T1 it appeared at first difficult® to interpret the displacement in terms 
of nuclear fields because the directions of the shift in the spark and arc spec- 
trum did not agree. A further examination of the data^® showed that the 
terms with large displacements are the AT and the term previously designated 
as 6 s 7p ^Pi. According to McLennan and Crawford^^ this designation is in- 
correct and it is therefore called by them L®. In this term as well as in ^2 the 
lighter isotope TP®® has a tighter binding between the electrons and the nu- 
cleus than TP®®. The analogy between this and Hg suggests that and L® 


® This has been observed first by Goudsmit who kindly informed the writer of the fact. 

7 H. Schuler and E. G. Jones, Zeits. f. Physik 76, 14 (1932), see Fig. 1, p, 17. 

» H. Schuler and J. E, Keyston, Zeits. f. Physik 72, 423 (1931), see Fig. 16, p. 438. H. 
Schiller and E. G. Jones, Zeits. f. Physik 74, 631 (1932). 

» A. G. Shenstone and H. N. Russell, Phys. Rev. 39, 415 (1932), see p. 427. The “8 
term practically belongs to the Sd^ 6s^ 6p configuration. 

10 H. Schuler and J. E. Keyston, Zeits. f. Physik 70, 1 (1931). 

J. C. McLennan and M. F. Crawford, Proc. Roy. Soc. A132, 10 (1931). 
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belong to a configuration involving two 65 electrons. Professor Goudsmit 
kindly examined the data on T1 II and T1 III, and it appears in fact quite 
logical to interpret the X2 (McLennan and Crawford's 3%^) and the li® terms of 
T1 II as belonging to the Sd® 6s^ 6p configuration, the difference in term values 
of 5d® 6s 6p and 6 .S of T1 III being 124,000 cm“^ while the difference 
in term values of IF, X2 from 6s^ in T1 II is respectively 126,204 and 
125,437 cm^h With this interpretation, the observed senses of the displace- 
ments in T1 I and T1 II are in agreement provided one supposes that 5£Z^® 6 ^^ 
6p^Pzi^ of T1 I is undisplaced so that the largest displacement is to be as- 
signed to 5d^® 6s‘^ Is ®5i/ 2 and a somewhat smaller displacement to Cs"^ 6p 
®Pi/ 2 . This view appears to be in disagreement with the reported fact that 
combinations of the higher terms with 5P® 65 ^ 7s ®Pi /2 show no isotope 
shift. The experimental difficulties involved are apparently very high, how- 
ever, as shown by the disagreement between Jackson and Schuler and Key- 
ston on the isotope shift of X3776. Since the direction of the displacement in 
T1 II is the same as in Hg I, II and Pb I, II, it would be surprising if T1 I 
were different. [See discussion of Pb I below.] 

The displacements in Pb II have been discussed previously.^ The view 
that the large shifts are to be attributed to the 6s electrons is seen to be in 
agreement with the similar cases in T1 and Hg both with respect to the direc- 
tion of the shift and its order of magnitude. 

The isotope displacements in Pb I fit into the above theory only partly. 
Taking the 6p^ ^D2 level as having no displacement, and letting A 1T= TI^(Pb®®^) 
— IF(Pb®®^) we obtain, using the data of Kopfermann/^ Rose and Granath/® 
and of Schuler and Jones^^ the following approximate values for AIT in cm~L 
6p^^So+0.01; 6^2 «Po, 1,2+0.01; 7^ 6^ ®Po.i+0.09; d ^2,1+0,07 ; d ^Fz+0.07 ; 
8s 6p^Pi, 2+0.09; 7s 6p ^Pi+0.07; 6p8p^Pi+0m; 6p 8p «Po+0.07. The fact 
that all levels of the configuration have approximately the same isotope 
displacement indicates that AIT for 6pi/2 is small and of the order of 0.01 
cm"”^ so that AW(6pzf2) can be neglected altogether. The relatively large dis- 
placement of the d 6p terms is therefore rather puzzling. It may possibly be 
due to a perturbation by the 6p 7s configuration, and it may also be that 
there is as a consequence a perturbation with 6p Ss. Such perturbations 
make it possible to explain why the displacements of 6p 7s and of 6p Ss are 
of the same order of magnitude. With the above mutual perturbations of d 6p 
by 6p 7s and of 6p Ss by d 6p, the approximately equal shifts of the three 
configurations may be understood and should then be ascribed mainly to the 
influence of the 7s electron. 

It is more difficult, however, to interpret the relatively large shifts of 
6p 8p ®Po,i which follow from the observed structure^^ of XX6059, 6012, 5896, 
On the present theory we should expect the shifts to be of the same order as 

H. Kopfermann, Zeits. f. Physik 75, 363 (1932); Naturwiss, 19, 400 (1931); 19, 675 
.(1931).' ; 

John L. Rose and L. P. Granath, Phys. Rev. 40 , 760 (1932). With the later data of 
Schuler and Jones a'— 0.012, a'' —0.372 for 6p^. 

H. Schiiler and E. G. Jones, Zeits. f. Physik 75, 563 (1932). 
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those of ^Pi ,2 while actually they are approximately the same as those of 
the 6 p Is configuration. It is not possible that the 6 ;^ 8 ^ configuration could 
be perturbed hy (ip Is or d 6 p so that another explanation must be looked for. 

It should be remembered in this connection that the subgroup 65 ^ is pres- 
ent in all of the Pb I spectrum. A change in the screening constant of the two 
6 s electrons would lead to an isotope shift. It appears possible, although it 
is not certain, that the screening of the nucleus by Sp is sufficiently weaker 
than the screening by 6 p to produce a larger penetration of 6 s and a conse- 
quent isotope shift. The existences of such effects is also suggested by the 
apparent absence of isotope shifts in the lines 7s mp of T1 I which would 
otherwise be expected to show the full shift of the 7s electron. As has already 
been mentioned in connection with T1 1 we do not feel very confident that a 
shift of the 7s mp lines could have been detected with certainty since there 
appears to be some contradiction between different observers of X3776. It 
appears nevertheless reasonable to suppose that in Pb I the electrons have 
a smaller when the valence electron is in a low energy state, because 
from the point of view of our theory this fits in with the presence of isotope 
shifts in all the higher terms in the Pb I spectrum. The mass effect considered 
by Hughes and Eckart for Li can hardly have much to do with the observed 
shifts in Pb I since there appears no reason why it should give the same shifts 
for the five ground levels and since it should give equal spacings between 
Pb^^®, Pb^®"^, Pb^®® which is not the case experimentally. It thus seems that 
changes in oi 6 s and perhaps other underlying groups should be con- 
sidered as mainly responsible for the isotope shifts in Pb I. In Pb II, however, 
we deal primarily with shifts due to the addition or subtraction of a 6 .v 
electron and we are thus not concerned with the smaller effects of differences 
in penetration. 

Both the isotope shifts and the nuclear spin term splittings depend on the 
penetration of the electrons to the nucleus. We discuss, therefore, briefly the 
theoretical interpretation of the nuclear spin term splittings for Pb I in order 
to see whether it can be made consistently. 

Using (jj) coupling and supposing that belongs to 6 pi /2 Spi /2 while 

belongs to 6 ^ 1/2 8 ^ 3 / 2 , we derive from the observed level splitting of —0.155 
cm-i the value^^ .4 - -0.103 cm-i and a"( 6 ^) =^( 6 />i/ 2 ) =0.41 cm“i which 
compares reasonably well with the value^^ 0.37 cm~^ derived by means of the 
sum rule from the splittings of the 6 p^ configuration. The interpretation of 
6 p 8 p I as 6 pi/% 8 ^ 3/2 appears to be a natural one in view of the fact that it 
falls into the same series with 6 p^ Also the interpretation of 7 s ^Pi 
and 6 p 8 s ^P 1 as 6 ^ 1/2 7^ (j = 1 ) and 6 ^ 1/2 Ss (/= 1 ) leads to reasonable values 
^z"( 6 ;^) + a(75) = 0.586, a"(6^)+a(85) =0.386 which gives on using a^^{ 6 p) 
= 0.372, a{7s) =0.214 and ^( 85 ) =0.014. Using the observed^^ splitting 
"“0.060 cm“^ for 6 p 7s ^Pi diXid interpreting this term as 6 pzi 2 7s (i=l), we 
obtain ^- -0.040 cm~-\ 5a' ( 6 p) ~a(7s) -= --0.160 cm-"k Using here a{7s) 
= +0.214 cm“’Vwe get a'( 6 ^) =0.011 cm’~^ in good agreement with a'{ 6 p) 

S. Goudsmit, Phys. Rev. 37 , 663 ( 1931 ). For (^j) coupling 
^ ~ { [i(i+l) +ii(ii+l) “-72(7*2+1) ]a{ji) + [7(7+1) +72(7*2+1) —71(7*1+1) (72) } /27(7+1). 
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= 0.007 cm”"^ which follows from the 6^^ configuration according to Rose and 
Granath's data^'^ and 0.012 cm”^ according to Kopfermann’s^^ and the latest 
of Schiller and Jones.^^ The level of the configuration must be inter- 
preted as dBi 2 ’ 6 pif 2 - For if the observed^^ splitting is 0.250 cm""h =0.0714 
cm~^ and a^^( 6 p) =0.43 cm*"^ again in fair agreement with 0.37 cm"*^ from the 
6 p^ configuration. The hfs splittings do not call, therefore, for any change in 
the interpretation of the terms and we are thus unable to interpret the large 
displacements of the 6 p Sp configurdAior)}^'^'^ except as a change in the effective 
screenings of Experimental material on other levels of the 6 p mp series 
would be of value in arriving at a definite explanation. 

The comparison of the observed and theoretically expected shifts is given 
in Table II, 


Table II. 


Element Elec- 
and tron 

spectrum state 


Method 
of com- 
putation 

Shift as 
multiple of 
AAyo/yo 

Fractional 
change in 
nuclear 
radius 
Ayo/yo 

Expected 
^ shift 
in cm“^ 

Observed 
shift 
in cm”'^ 

Til 

7 ^ 

0.17 

Goudsmit 


1/300 

0.07 

0.06 

(C 

({ 

0.49 

Racah 

360 

u 

0.2 

a 

u 

7plf2 



49 

u 

0.03 

0.01+0.005 

TI II 

6s 

< 1.6 

Goudsmit 


u 

< 0.8 

0.23 




from TI III 






it 

2.8 


2060 

a 

1.4 

« 

Pbl 

7s 




u 


0.07 

Pbll 

6s 


G. from Hg II 


it 

0.70 

0.50 

Hgl 

6s 




u 


0.18 


7 s 

0.30 

G. from Hg II 


« 


0.03 

Hgll 

6s 

1.45 

G. from Hg II 

1060 

ti 

0.70 

0.52 


^-(w-fi)/( 2 p + l) (2p+w+l)v.^l/5 for p -0.81. 


It will be noted that in the one electron spectra of T1 I, Hg II the agree- 
ment with Goudsmit’s formula for is quite satisfactory. Only in such 

cases is the use of this formula safe because the screening is then the same in 
the calculation of the effective quantum number and in the calculation of 

The relative values of the isotope shifts which should be expected for Is and 6 pin of 
Pb I are approximately the same as in TI I because for Pb I, a(7A')'^0.22, ( 6 p) ^0.37 

while for TI I, a(7s) v--.0,40, a"( 6 p) V--.0.71 so that the ratio a {7^) /a "( 6 ;^) is nearly the same 
for the two spectra. 

The small disagreements which exist in the above comparison between theory and ex- 
periment for the hfs of Pb I can be easily explained by the influence of the penetration of the 
electrons on the coupling to the nucleus and by the fact that the coupling is intermediate be- 
tween Russell-Saunders and jj. For the 6p^ configuration the Zeeman effect g values determine 
the W 2 term as 0.93 6 pB /2 6^3/2+0.38 6 p^n 6 pu 2 and ^p 2 as 0.93 6 ^ 3/2 6 pi/ 2 — 0 . 3 S 6 ^ 3/2 Opun^ 
The deviation from jj coupling measured by (0.38)2 = 0.14 is quite large enough to account 
for the difference between , 4 ( 11 ) 2 ) =0.026 and a'(6^) —0.012. Neglecting matrix elements of 
the type {pzn/ IP / pui) w^e derive theoretically A —0.024, A {^PI) =0.089 in excellent agree- 

ment wdth experiment. Tt is not quite certain that these matrix elements are sufficiently small 
to be neglected. Nevertheless it is clear that the deviations from jj coupling may easily account 
for the remaining discrepancies. 
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With Goudsmit’s value® for \p^{ 0 ) of 7s T1 I the hfs splitting of this 
term gives = (0.17/0.49)4050 = 1.4X10® which is in much better agree- 
ment with the value /io/ju = 0.92X10® which follows according to Racah from 
the splitting of 6 pi /2 T1 I than /xo/iu = 4.0X10®. The isotope shift and the hfs 
splitting agree with Goudsmit’s formula. 

Summary 

It is seen from the above discussion that the theory of isotope shifts as 
due to changes in nuclear radii is substantially in agreement with the ob- 
served facts. The apparent objections'-^ to such a theory have been removed. 
The main changes with respect to previous work are: (1) changes in the 
probable values of t//^(0); (2) the interpretation of electron configurations in 
Hg, Tl, Pb. The values of nuclear radii and their differences have a signifi- 
cance only so far as order of magnitude is concerned, on account of uncer- 
tainties in the values of 

The picture of the nucleus as having an approximately uniform charge 
density is expected to apply only to its action on extranuclear electrons and 
has presumably somewhat the same relation to reality as the Hartree central 
field has to the correct treatment of an atom in configuration space. 
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Absorption Spectrum of Iodine Bromide 

By Weldon G. Brown* 

Ryerson Physical Laboratory^ University of Chicago 
(Received August 25, 1932) 

It is shown by means of a vibrational analysis that the absorption spectrum of 
iodine bromide is analogous to that of iodine chloride and that an interpretation 
similar to that recently proposed by the writer and Gibson for ICl is applicable. The 
infrared bands of IBr discovered by Badger and Yost are classified as a ®ni<— 'S tran- 
sition. The 'S system is observed as a faint set of bands in the red, not hitherto 
reported, which exhibit the same type of predissociation as the corresponding bands 
of ICl. Transitions to a state which originates at the maximum of the ®IIo+ state and 
which dissociates to yield normal iodine and excited bromine atoms are observed as a 
strong system of partially diffuse bands. Cordes’ assignment of these bands to two 
systems is not confirmed. In the present work the vibrational quantum numbering for 
each system is deduced from measurements of the isotope effect due to bromine. 

The heat of dissociation of IBr is 1.808 + 0.001 volts. For the four molecules I 2 , IBr, 

ICl, and Br 2 it is shown that the separation of the ®no+ and ®IIi states is roughly equal 
to two-thirds of the mean ^P multiplet widths of the constituent atoms. The total 
widths are then probably greater and the ^112 state somewhat lower than has been 
supposed. 

Introduction 

'' I 'HE close generic relationship between iodine bromide and iodine chloride 
-*■ furnishes good grounds for believing that their absorption spectra should 
be closely analogous. Thus, in accordance with the interpretation of the ICl 
spectrum recently proposed by the writer and G. E. Gibson,’- one would ex- 
pect to observe transitions from the normal ’S state to ®IIi and ®no+ states, the 
latter exhibiting predissociation. A system of bands in the infrared is known 
from the work of Badger and Yost® who have shown that the dissociation 
products of the upper state are normal atoms. In this respect the system is 
like the strong visible system of ICl and is therefore probably the ®IIi<—’S 
system. In the visible, according to Cordes,* there are two systems of diffuse 
bands, the upper levels of which dissociate to give normal iodine plus excited 
bromine {a') and normal bromine plus excited iodine {a"). While one of these 
{a') may correspond to the peculiar 0+ state of ICl, the other is quite unex- 
pected, and transitions to the *11 o+ state were not observed. 

In the hope of making a detailed study of the spectrum, photographs of 
the visible and infrared regions were made with high dispersion (21 ' Rowland 
grating). Lack of sufficient resolution has hindered the fine structure analysis, 

* National Research Fellow in Chemistry. 

* W. G. Brown and G. E. Gibson, Phys. Rev. 40, 529 (1932). For the theorj' of the elec- 
tronic states of the halogens, see R. S. Mulliken, Phys. Rev. 36, 669, 1440 (1930); Rev. Mod. 
Phys. 4, 17, 70 (1932). 

* R. M. Badger and D. M. Yost, Phys. Rev. 37, 1548 (1931). 

* H. Cordes, Zeits. f. Physik 74, 34 (1932). 
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however, and the following results are based on a study of the vibrational 
levels. 

The strongest absorption bands are the partially diffuse bands in the visi- 
ble which were studied by Cordes. At longer wave-lengths, in the red, a faint 
system of double headed bands is to be observed. This occurs in several 
progressions each of which terminates abruptly with an apparently diffuse 
band, and is obviously the^IIo+^^S system. The doublet nature of the heads 
is due to the equally abundant isotopes of bromine, 79 and 81. The infrared 
bands, as described by Badger and Yost, also appear in several z;' progres- 
sions. A few members of the z;" = 0 and = 1 progressions show the isotope 
effect sufficiently clearly for approximate measurement. 

Vibrational Analysis 

Badger and Yost carried out a vibrational analysis of the infrared system 
but as a consequence of not having resolved the isotope effect their values of 
the vibrational constants for the normal state are only approximately correct 
and those for the upper state are without significance because of the arbitrary 

Table I. Infrared system. 


14,373 
404 
434 
459 
482 
504 
525 
' „ 544 
563 
579 
593 
605 
615 
624 
633 
641 
646 


13,459 

537 

609 

677 

745 

806 

858 

906 

953 

995 

14,038 

071 

107 

135 

165 


13,021 

107 

194 

275 

348 

414 

478 

537 

593 

645 

691 

734 

771 

806 

842 

871 


12,464 

567 

663 

757 

845 

931 

13,010 

084 

155 

219 

275 

330 

382 

427 


12,496 

584 

670 
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ABSORPTION SPECTRUM OF IBr 


* First given in each pair is the IBr^® head. 

More accurate data for the normal state are provided by the visible ®IIo+ 
<—'2: bands, the analysis of which is given in Table III. The v" numbering is 
fixed with reference to the infrared system and the v' numbering is that ob- 
tained from the isotope shifts in the usual way. Only bands with sharp heads 

^ D. M. Yost and J. McMorris, J. Am. Chem. Soc. S3, 2625 (1931). 




obs. 

bv 

calc. 


V 

bv 

obs. 

bv 

calc. 

26,1 

14,106.8 

103.2 

3.6 

3.7 

29,0 

14,459.2 

454.0 

5.2 

4.8 

27,1 

137.8 

134.2 

3.6 

3.5 

30,0 

482.3 

477.5 

4.8 

. 4.5 

^28,1 

,165.2' 

162.4 

2,8 

3.2 

31,0 

503.9 

499.9 

4.0 ' 

4.3 , ' 

26,0 

'373.3 

367.6 

5.7 

5.7 

32,0 

■ 525.1 
521.6 

3.5 

■ ■ 4.1 ' , 

27,0 

404.4 

398.3 

6.1 

5.5 

33,0 

■ 544.3 

540.0 

4.3 

4.0 

28,0 

433.6 

427.0 

6.6 

S.2 

34,0 

563.4 

560.2 

3.2 

3.8 
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are included in the table; in addition, bands with v[ = 6 have been observed in 
each progression. These bands are approximately 100 cm”'^ distant from the 
corresponding == 5 bands, and like the =4 bands of the corresponding I Cl 
system, appear diffuse but with widely spaced series of lines superimposed. 

Table III. systems. 


4 15,817,2 
15,820.7 

108.6 

108.4 

5 15,925.8 
15,929.1 


15,438.7 

15,444.4 

116.8 

116.3 

261.7 15,555.5 

260.0 15,560.7 

108.3 
107.6 

262.0 15,663.8 

260.8 15,668.3 


260.2 15,178.5 

258.5 15,185.9 

116.5 

116.1 

260.5 15,295.0 
258.7 15,302.0 

108.4 

108.0 

260.4 15,403.4 

258.3 15,410.0 


257.0 14,921.5 
256.5 14,929.4 

115.1 

116.1 

258.4 15,036.6 

256.5 15,045.5 

107.7 

107.1 

259.1 15,144.3 
257.4 15,152.6 


257.1 14,779.5 

255.0 14,790.5 

106.7 

107.1 

258.1 14,886.2 
255.0 14,897.6 


Since the data provide only three values of co/, which are not quite linear 
in ?/, the extrapolation to ?;'== — | is again somewhat uncertain, the value 
of being ^140 cm-h Thus, as nearly as can be determined, the ^IIo+ an 
^IIi states have the same value of o)e. An extrapolation to the point of dis- 
sociation Is much more uncertain but it is obvious that too low a value will be 
obtained. Even a linear extrapolation from the observed levels, which in most 
cases yields too high a value for the heat of dissociation, falls short of the 
limit I (^^3/2) +Br (^Pi/2) by 1000 cm“h Clearly such an extrapolation is with- 
out significance except insofar as it shows the abnormality of the levels. 

The remaining visible bands, which have their analogy in the system III 
bands of ICl, are remarkable not only for their intensity but also for the anom- 
alous appearance of certain bands (^' = 8 and 11). These bands are assigned 
in the analysis (Table IV) in a way that may seem arbitrary, for, unlike all 
other bands in this system, they possess sharp heads showing the isotope 
effect clearly. Attempts were first made to consider them as members of an 
independent system, that is, as successive members in progressions instead 
of differing by three in quantum number. This possibility was rejected for two 
reasons, first, there are no additional bands of like character to support such 
an assignment, and secondly, the isotope shifts calculated on this basis do not 
agree with the observed values. Supporting their assignment in Table IV is 
the observation of the intervening levels, 9 and 10, although these bands are 
totally different in appearance and are so ill-defined that they are not meas- 
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ABSORPTION SPECTRUM OF IBr 
Table IV. System II I ^ 


\v" 

0 


1 


2 



3 


4 , ' 

■ 8 . 



/16,947.8 

265.1 

/16,682.7 

263.7 

ri6, 419.0 

262.0 [16,157.0 




116,947.3 

263.5 

\16,683.8 

261.7 

116,422.1 

260.5 

116,161.6 




54 


63 



66 


58 . 

9 



17,002* 

256 

16,746* 

257 

16,489* 

271 

16,218*- 




68 


60 



55 


66 

10 



17,070* 

264 

16,806* 

262 

16,544* 

260 

16,284* 




61 


59 



57 


57 

11 



17,131 

266 

16,865.3 

263.7 

ri6,601.6 

262.5 

[16,339.1 







262.2 

\16, 603.1 

260.1 

116,343.0 




57 


60 



60 



12 



17,188* 

263 

16,925 

263 

16,662 






49 


53 



57 



13 



17,237 

259 

16,978 

259 

16,719* 






54 


56 






14 



17,291 

257 

17,034 









67 


59 






15 



17,358 

265 

17,093 

264 

16,829 






53 


58 






16 



17,411 

260 

17,151 



(continued) 





5 / 


42 






17 



17,462 

269 

17,237 


\v" 







44 


44 



0 


1 

18 



17,506 

265 

17,237 


/\ 

V \ 









^4 






19 



17,556 

265 

17,291 


28 

18,157 

264 

17,893 




47 


50 



30 


26 

20 



17,603 

262 

17,341 


29 

18,187 

268 

17,919 




42 


43 



22 


23 

21 



17,645 

261 

17,384 


30 

18,209 

267 

17,942 




35 


40 



20 


19 

22 

17,942 

262 

17,680 

256 

17,424 


31 

18,229 

268 

17,961 


41 


46 


38 



19 


22 

23 

17,983 

257 

17,726 

264 

17,462 


32 

18,248 

265 

17,983 


46 


42 


38 



15 



24 

18,029 

261 

17,768 

268 

17,500 


33 

18,263 




39 


33 


33 



15 



25 

18,068 

267 

17,801 

268 

17,533 


34 

18,278 




33 


29 


32 



17 : 



26 

18,101 

271 

17,830 

265 

17,565 


35 

18,295 




■ 29 . 


33 


34 



12 



27 

18,130 

267 

17,863 

264 

17,599 


36 

18,307 




27 


30 


28 



' 8 



28 

18,157 

264 

17,893 

266 

17,627 


37 

1 18,315 

1 




* Cordes’ measurements. 


Cordes has described the bands of this system as diffuse, but in reality 
they are only partially so. Fine structure appears throughout and in certain 
regions is remarkably sharp. It is true, however, that the heads are not sharp, 
except for those with u' = 8 and 11, and cannot be measured at all accurately 
as the combination differences of Table IV will show. The sharpness of the 
heads varies greatly, improving somewhat at high quantum numbers, and 
also, bands with = 15 and 20 are somewhat sharper than their neighbors. 

No evidence has been obtained for the existence of a second band system 
in this region, as reported by Cordes. The bands assigned by Cordes to this 
second system fit, within the experimental error, in the matrix of Table 

.:iy. 


■pi 

M 


■p 

Mb s 

■k 
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The dissociation products of the upper state are obviously normal iodine 
and excited bromine atoms, since, by a short extrapolation, we obtain the 
value, 18,345 ±15 cm-\ for the convergence of the v" = Q progression. Sub- 
tracting the separation of bromine, 3685 cm-h gives for the heat of dissoci- 
ation D" = 14,660 cm“h in fortuitously good agreement with the value ob- 
tained from the infrared bands. 

In attempting to determine the value of Ve or of w/ we are again con- 
fronted with the uncertainty of a long extrapolation, as the lowest observed 
level is = 8. There is some evidence for a maximum in the in this case 


r(A) 

Fig. 1. Approximate potential energy curves for IBr. The fe value for the normal state 
is assumed to lie midway between those for Ir and Bry. 

as well as in ICL Assuming that w does not change with z;' up to = 8, the 
origin of the upper state would lie approximately at the height of the ^no+ 
z; = 5 level, or perhaps 50 cm“^ higher if the o):v curve actually has a maxi- 
mum. The latter position is required by the interpretation. The fact that the 
upper state originates in the neighborhood of the last ®no+ level lends strong 
support to the interpretation, since it was not possible to prove this in the 
case of ICL 

It seems reasonable to suppose that the phenomena are essentially similar 
to those in iodine chloride, and that the upper state of system III arises in 
the same way, namely, by interaction of a repulsive 0+ state derived from 
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Hormal atoms and the ®II o+ state with the resultant formation of a quantized 
set of levels at the intersection. This state being formed from two 0+ states 
also has the 0"^ character, and leads to dissociation into normal iodine and 
excited bromine atoms. The situation is illustrated in Fig. 1 by means of ap- 
proximate potential energy curves for the various states. To interpret the 
character of the bands and the irregular fine structure we must suppose a 
certain degree of communism between the new 0+ state and the ®no+ state so 
that transitions only to certain limited ranges of rotational quantum num- 
bers, varying from level to level, can give rise to sharp lines. In some cases, 
as for and 1 1 , the range of quantum numbers will be so low that a sharp 
head will be formed. In others the range will be higher so that the band ap- 
pears shifted to the red and the progression accordingly irregular. Thus it can 
be seen that the interpretation proposed to account for the structure of the 
I Cl bands provides a qualitative explanation for the unusual appearance of 
this system of IBr. It is unfortunate that on account of the overlapping of 
bands, the large mass of molecule, and the equally abundant isotopes of 
bromine, a detailed study of the structure is a problem of extreme difficulty. 

Likewise, the relative intensities of the transitions and 

are very much the same as in I Cl when the Franck-Condon effects are taken 
into consideration. This involves the interpretation of the various regions of 
continuous absorption, and, because of the uncertainty as to the exact form 
of the potential energy curves, it is difficult to make an unambiguous assign- 
ment. The work of Cordes shows the existence of two regions of continuous 
absorption, with maxima at 40S0A and 4950A, the latter being stronger. As 
drawn in Fig. 1 the potential energy curves indicate that transitions from 
the level = 0 to the ^IIi state would be strongest in the region of the latter’s 
discrete states but at high quantum numbers, while transitions to the ®IIo+ 
state would account for the strong maximum at 4950A. (Since the energy of 
this radiation is slightly more than enough to give excited bromine atoms on 
dissociation, a decision as to which path the *’^ 110 + state actually follows, that 
is, whether normal or excited bromine atoms are the result, cannot be made.) 
The maximum at 40S0A is then to be attributed to transitions to the 0"*" state, 
in harmony with the fact that iodine bromide does not exhibit a region of con- 
tinuous absorption in the ultraviolet corresponding to that of iodine chloride.^ 
The continuous absorption associated with the infrared system is probably 
that underlying the bands. According to this interpretation the 

system is actually very much stronger than the transition, 

just as in I Cl, although a comparison of transitions to discrete levels would 
yield an opposite conclusion. 

Vibrational Constants 

In obtaining the vibrational constants for the normal state, data from the 
three systems have been combined, the normal state being common, and 
selected to include only measurements of bands for which the isotope effect 

s H. Cordes and H. Sponer, Zeits. f. Physik 63 , 338 (1930). 
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has been measured. The theoretical relations between the constants for iso- 
topic molecules have also been taken into consideration. Owing to the long 
extrapolations the w values for the states are too uncertain to differentiate 
between the isotopic species. 


Table V. Vibrational constants. 


State 


03 Q 

03eXe 

Do (volts) 


0 

f268.4 

/0.78 




1266.4 

10.77 

1.808 


12,230 

140 


D.31 


16,240 

140 



0+ 

16,880 

60 


0.19 



Multiplex Widths 

Unfortunately the and *11 o- states cannot be observed in absorption 
since transitions to these states from the normal state are not allowed accord- 
ing to the selection rules,® and, therefore, one cannot determine the total mul- 
tiplet width from the absorption bands alone. However, Van Vleck^ has 
shown that the splitting of the 0+ and 0" levels at moderate values of r is 
small compared to the multiplet width, though not negligible. It may be 
assumed then that the separation of the O"*" and 1 states gives an approximate 
measure of the half width of the multiplet and it is of some interest to con- 
sider how the values obtained in this way are related to the atomic separa- 
tions. 

Data are available for the four molecules, U, IBr, ICl, and Brj. The value 
for Bra is based on new measurements of the isotope effect in the infrared 
system according to which the arbitrary numbering used by the writer® is 
to be increased by 6 units. Unfortunately, the v' numbering in the infrared 
system of iodine cannot be determined in this way as there are no isotopes 
of iodine. If one assumes that, as in IBr, ICI, and Bra, the »no+ and ^Hi states 
of iodine have the same value of co, a reasonable extrapolation can be made 
from the observed levels,® and a value for the separation obtained. The 
data are given in Table VI, together with the mean ®P widths in the atoms. 

Table VI. 


Molecule 


Mean 

width 


obs. 


0.6S±0.05 

0.50 

0,44 

0.27 


® R. Schlapp, Phys. Rev. 39, 806 (1932). 

^ J. H. Van Vleck, Phys. Rev. 33, 484 (1929); 40, 544 (1932). 
® W, G. Brown, Phys. Rev. 38, 1179 (1931). 

® W. G. Brown, Phys. Rev. 38, 1187 (1931). 
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The proportionality is obvious, the 0+, 1 width being approximately two 
thirds the atomic multiplet width. 

These results indicate that the total width of the multiplets is greater 
by one-third than the mean separations in the atoms, or approximately 
twice the width estimated by Mulliken,^® If true, this implies that the 
state lies considerably lower than has been supposed. For I 2 this supposition 
of equal spacing of the components places the ^112 component about 0.6 volts 
above the normal state. It would then be low enough to affect the dissociation 
equilibrium at high temperatures whereas Gibson and Heitler^^ have found 
very close agreement between the experimental values and those calculated 
by considering the normal state alone. It seems likely, therefore, that for the 
heavier halogens, at least, there is a considerable departure towards case c 
so that the spacing of the multiplet is no longer the usual equal spacing of 
molecular (cuvse a) multiplets.^^ 


R. S. Mulliken, Phys. Rev. 36, 1413 (1931). 

“ G. E. Gibson and W, Heitler, Zeits, f. Physik 49 , 465 (1928). 

R. S. Mulliken, Interpretation of Band Spectra, Part lie, Rev. Mod. Phys. 3, 117 (1931), 
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On the Interpretation of the Rotational Structure 
of the CO2 Emission Bands 

By Robert S. Mulliken 
Ryer son Physical Laboratory, University of Chicago 

(Received September 17, 1932) 

Schmid’s analysis of the rotational structure of a number of the ultraviolet CO 2 
emission bands is discussed, and it is pointed out that in spite of uncertainties, some 
definite conclusions can be drawn, notably that the niolecule in equilibrium is nearly 
linear, or probably strictly linear, in both initial and final states, that B' is nearly equal 
to B", and that the values of both are approximately known (cf. Schmid). It is also 
shown that the bands are most probably of the type but possibly or 

(much less likely) or some other type. If v emitter must be C02^ 

otherwise CO 2 . It is proposed to designate by k the quantum number corresponding 
to the angular momentum of rotation of the carbon atom relative to the 0 atoms 
around the O-C-0 axis. It is pointed out that in electronic bands, one expects pre- 
dominantly Aa:== 0. This rule is then applied to possible interpretations of the band 
structures. Some suggestions are also made concerning the vibrational analysis. 
Evidence from the values of B and vi is stated, which supports Smyth’s interpretation 
of the a and c series as vf progressions. It is suggested that the isolated bands XX2896, 

2883 may be the (0,0) band of a transition of CO 2 + with B' and B" almost 

"■ ' equal. , ' 

"O ECENT work by Schmid^ in this laboratory on the rotational structure 
of a number of ultraviolet CO2 emission bands has revealed an unex- 
pectedly simple structure. Schmid’s work indicates that the spectrum con- 
tains at least three band systems. The bands whose analysis he has published 
probably all belong to one system. They consist of P-form and P-form 
branches of about equal intensity, each showing staggering, i.e., being com- 
posed of doublets but with alternately the high- and low-frequency component 
of each doublet missing. 

The observed structures are consistent with a molecular structure which 
when at rest is linear in both initial and final states. Small departures from 
linearity would apparently not affect the qualitative nature of the energy 
level scheme nor, for most practical purposes, the selection rules, but a large 
departure in either or both states would surely give rise to a less regular and 
simple band structure.® 

For a symmetrical linear molecule, the electronic states can be classed as 
! ^IIm, etc., just as for a diatomic molecule, and the selection rules 
for electronic quantum numbers should be the same. The existence of three 
characteristic vibrations (quantum numbers Vi, vs, and V3) does not affect 
in any essential way the structures of individual bands, although the fact 
that levels with given electronic and rotational quantum numbers change 

^ R. F. Schmid, Phys. Rev. 41, 732 (1932). 

® D. M. Dennison, Rev. Mod. Phys. 3, 280 (1931) for the basis of these statements. 
Also Phys. Rev, 41, 304 (1932). 
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from symmetrical in the nuclei to antisymmetrical, or vice versa, when vz 
changes from even to odd,^ is essential in deciding which particular rotational 
levels and lines are present, which missing, in any given band. 

The rotational energy is given for a diatomic molecule without electronic 
angular momentum by: 

= const. + J5/C(Z + 1) + . 

If x4>0 and S>0 this is still essentially true, but every level is split up into 
a fine doublet (A-type doubling), the wddth of this increasing in general with 
K,^ If the molecule has two equal nuclei without spin, one component of each 
double level, alternately the upper and the lower, is missing. If S>0, the 
case is more complicated, unless the spin is very loosely coupled. (This is 
usually true only for A = 0.) For a linear triatomic molecule like CO 2 there is 
an added complication in the existence^ of a quantum number associated 
with, roughly speaking, the rotation of the C nucleus around the line joining 
the two 0 atoms.-^ A and k play similar roles. If A = 0, we expect /c-type dou- | 

biing, with one component of each doublet missing, when /c >0.^ In analogy i 

with A- type doubling, we might expect to find the doubling usually largest ' 

for /c = l, much smaller for /c = 2, and so on. If A>0 and k>0, the matter is 
more complicated (see below). 

In general, A and k are expected to obey the selection rules AA = 0, + 1 and ' 

A/c = 0, ± 1. But since there is relatively little interaction, ^^coupling,” be- 
tween the nuclear motion connected with k and the electron motions, one j 

may expect in the case of an electronic band system to find practically only 
bands with Ak = 0. This rule is similar to the rule AJf^ = 0 for atoms in the 
Paschen-Back effect and to the rule AS = 0 for diatomic molecules in Himd’s 
case a.^ 

With A7 c== 0, one expects band structures and intensity relations of ex- 
actly the same types as for diatomic molecules, except for some complications 
in the fine structure of /c>0, A >0. For instance, we can speak of cases, a, b, c, 
d of Hund.'"* The bands analyzed by Schmid can hardly be case a bands, since 
these would show multiplet structure (e.g., heads all in pairs, or in triplets 
with approximately constant spacing), and in all probability would show 
noticeable Zeeman effects at high quantum numbers, contrary to Schmid's 
observations. Nor are they of the type with one state case a, the other case hS 

The bands must then be case b, with S'>0, or else be singlet bands (5 = 0). 

Other cases (c and d) can safely be excluded for a molecule such as CO 2 . 

The observed P-form and P-form branches are then surely actual P and R 
branches (AK= ± 1). Bands having P and R branches and no Q branches (or 
very weak Q branches) have AA = 0, and an electric moment vibrating parallel 

R. S. Mulliken, Rev. Mod. Phys. 3, 89 (1931). 

^ The symbol k has been chosen here after some consideration in preference to Dennison’s 1. 

Since it is likely to be of considerable importance, it seems desirable to have a unique symbol 
for this quantum number. The use of a Greek letter for a rotation around the figure axis of a 
molecule is in accordance with diatomic usage; the choice of k suggests that, as with K, we 
are dealing with a nuclear rotation. 
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to the axis (here the 0-C~0 line). If 5>0, the band lines should almost 
certainly show evidence of fine structure if A >0, and very .probably even if 
A = 0. Only in the higher energy states of very light molecules (H 2 , He 2 ) is 
such fine structure so narrow as to escape observation (ease &') for A > 0. For 
A = 0, 5=^ transition) there might possibly be an unobserved fine 

structure for CO 2 , since ^'2 states of NO and CO"*" are known with separations 
that are barely detectable or not detectable. But it is much more likely that, 
if the bands were really some evidence of fine structure would have 

been found among the many bands and band-lines examined. Actually there 
is no evidence whatever of splitting or broadening of the lines in the absence 
of a magnetic field,— other than the staggered-doubling, which cannot possi- 
bly be a spin effect, since with spin doubling both components of a double 
line would be present or absent together.® The possibility ®S— can be prac- 
tically excluded, since in diatomic molecules (O 2 , NH, N 2 , etc.), except He 2 , 
this gives a fine structure too large to be missed. 

One concludes then that very probably 5 = 0, but that possibly the bands 
are Of course if the emitter is CO 2 , as Smyth considers probable,*'’ 

the latter possibility is excluded. On the other hand, 5 = 0, is excluded if it is 
CO 2 + 

The bands correspond, then, very probably to one of the types 

etc. Schmid’s result that no Zeeman splitting or measurable 
broadening is observed even in strong fields^ excludes all but and 

^II— His definite observation that the low-numbered P lines are probably 
broadened {apparently weakened) agrees with what would be expected for 
the Zeeman effect of (The corresponding low-numbered R lines are 

obscured by other lines.) The fact that weak Q branches would be expected 
(just a few lines at low J values) for ill— >^IT, etc., but not for is no 

objection to the interpretation, since Schmid could not have detected 

these Q lines amid the strong and crowded R lines. A possible real objection, 
connected with the expected simultaneous occurrence of A and x-type dou- 
bling, will be mentioned later. should show no Zeeman effect, or at 

most a slight broadening at quantum numbers. The same is true of 
^2— if, as we must suppose here in order to consider this case at all as a 
possibility, the spin is very loosely coupled, since then Ailf^ = 0. 

From the foregoing it would seem most probable that the bands are 
with i2-->i2 as a second important possibility in case some unex- 
pected explanation of the magnetic behavior of the low-numbered P lines can 
be found, and with as a rather remote possibility. 

The bands analyzed by Schmid all show exactly the same type of struc- 
ture, except for differences in the magnitude of the staggering. The strongest 
bands analyzed are three bands of the a progression of Smyth (XX3247, 3370 
and 3503) and three bands of Smyth’s r progression (XX3254, 3377 and 3511). 
The c bands show staggering, the a bands none within the experimental error, 



® H. D. Smyth, Phys. Rev. 38, 2000 (1931); 39, 380 (1932); cf. also PI. J. Henning, Ann. 
d. Physik 13, 599 (1932). 
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but as Schmid shows, we may assume that a very small staggering is actually 
present. 

Now as will be seen by reference to reproductions given by Smyth/ and 
by Fox, Duffendack and Barker, each of the a bands above mentioned is the 
first, and also the strongest, member of a well-marked group of bands ex- 
tending toward longer wave-lengths. No bands which could be associated 
with the group, except a few of much lower intensity, occur on the short 
wave-length side of the a band of each of these groups. Following each a 
band closely on its long wave-length side, and nearly as strong as the a band, is 
a c band. At longer wave-lengths in each group is a more or less irregular 
distribution of weaker bands (members of Smyth’s series 5, d, n and j). A 
few of these have been analyzed by Schmid; they include two examples with 
no observable staggering (XX3546 and 3674), one with small staggering 
(X3534), and one with rather large staggering (X3839); one or two of these 
(especially X3839) may, however, perhaps not belong to the same system as 
the others. j] 

The most natural interpretation of the above results consistent with the [j 

rule Ak = 0 and a ^11— >^II electronic transition is that the strong bands a and c 
correspond to low values, presumably 0 and 1, of k and also of the related^ 
quantum number V 2 {k — V 2 for ?;2 = 0, 1), the other bands to higher Vz or k i 

values. Since /c' = k:", the intensity distribution among different k values 
would be determined by the initial (k') distribution. The fact that each group 
starts suddenly with a strong band {a) is most easily understood if this band 
has K = 0, and z? 2 == 0 . With /c = 0, we should have pure A-type doubling, with 
alternate components of each doublet missing, giving staggering. The fact 
that each branch (P, R) appears in the a bands to consist of a single series of 
lines without staggering is not unreasonable, since the A-type doublets might ' 

happen to be very narrow. (In the angstrom bands of CO, for instance the 
A-type doubling in the states is too small to detect except for very high I 

J values.) This is especially true (cf. Schmid’s Fig. 2) since the observed 
band-line displacements depend on differences of displacements in the initial 
and final TI states. With /c==z; 2 ==l, assumed in the c bands, we might have 
x-type doubling to explain the observed staggering; or the fact that x, 2 ^ 2 >0 
may increase the A-type doubling. [For a nonlinear molecule, a state 
must split into two electronic states; and /c>0 or x; 2 > 0 , since it throws the 
C atom out of line with the 0 atoms, should induce such a splitting, giving \ 

A-type doubling even without rotation. Such a constant splitting might, 
however, escape observation.] With /c = l, A = l, there should be a quadrup- !; 

ling of each rotational level but with two components of each level missing; 
and unless they should more or less accidentally coincide, it would seem that 
each of the observed band-lines should be double (i.e., each line theoretically I 

quadruple but with two components missing, alternately one pair and the I 

other pair in adjacent lines; it can easily be shown theoretically that quad- . I 

ruple levels should give here quadruple lines, not more complex groups). The !, 

fact that only a staggered series of simple lines, not of doublets, is observed, f 

tends to discredit the present interpretation. But until theoretical calcula- | 
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tions Jiave, been made on the nature of combined /c- and A-type doubling, 

' it. seems worth considering. Another difficulty, however, is the fact that one 
, would expect bands for which k — V2 has the values 0, 1, 2, • • • to form a nearly 
uniformly-spaced series, since the levels associated, with V 2 and 2 ^ 2 ''^ should 
have approximately the uniform spacings characteristic of the harmonic 
oscillator; actually, the bands a, c, and so on, in each group are irregularly 
spaced. 

All alternative interpretation may be attempted as follows. Disregarding 
as not qiiite;Conclusive the Zeeman eftectevidence in favor of suppose 

•the, bands are (or . In this case there is no A-type doubling,. 

' only /{-type doubling, and if /c>0 everything is consistent with the observed 
' band structures. But for '/c = 0,..with, A = 0,'the rotational levels must be sin- 
gle, and now the. requirement that every other level shall be. missing means 
that for every other / value no level at all exists (with A>.0 or k:> 0, at least 
one level is present for every / value). This would give bands with alternate 
missing lines, i.e., with a spacing apparently .twice as large as for bands with 
A>1 or K>1. But the bands without appreciable staggering, to which we 
.have tentatively assigned /c == 0, are in all other respects the same as the bands 
„ with staggering, so that the idea of alternate missing lines must be rejected 
(cf. also Schmid’s evidence based on intensity measurements).^ Hence if A = 0 
for the a bands, we must rule out k = 0, U k = 0 does not apply to the a bands, 
then presumably there are other bands somewhere with /c = 0; since there is 
no theoretical reason why the transition /c = 0— »/c = 0 should not occur. One 
might assume, for instance, z ;2 = 3, /c- 3, for the a bands, z /2 = 3, /c = l for the 
c bands, and suppose that 1^2 = 2 , /c-2; V 2 - 2 , /c==0; 2/2 = !, /c==l; 2/2 = 0, 
K = 0 are among the weaker bands in the group. But this would require a 
rather surprising initial distribution ( 212 ', /c'), as well as an improbable ar- 
rangement of the initial and final energy levels associated with ih and /c, 
such as to form a kind of band-group head just at the a band, with both 
lower, and higher numbered bands at longer wave-lengths. Everything con- 
. sidered, , the interpretation seems m.ore probable than a inter- 

; pretation, butboth interpretations are tentative and far from satisfactory. 

\.. We' may, tu,rn. next to some, other points connected with .Schmid's analy-. 
sis,.. .Usually when a diatomic .spectrum is analyzed, the correctness of the 
, anal.ysis,is. not .conside.red as proved until conclusive combination agreements, 
i.e., agreeing sets.of 'A.r values, have been fo.und for both,.' initial „and .final 
electronic states. But when one is sure that the bands ' belong to a definite 
type, or to one: of.' aiew closely si,m.ilar types, these , requirements can . be ' re- 
laxed in some ,respects. In the .case, of , Schmid’s anal^^sis of three of the,x:, 
bands, combination agreements: within e.xperimental error are 'found for any 
, of . two or, three different ..interpretations., Acco.rding to.. these all the c bands 
.:.,may,.iiave .a common initial state, or., all, may have, a common final: state in, 
agreement with Smyth’s vibrational analysis,® or two may have a common 
initial, t’wo a common final state. Corresponding statements hold for the 
three a bands analyzed by Schmid. One might think then that the analysis 
proves nothing, but this is far from being true. Schmid's results determine 
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within one or at most two units the correct rotational quantum numbers (K) 
of the band lines, and also determine the values of the rotational constants 
5' and and the moment of inertia and dimensions of the excited mole- 
cule, within a few percent. That is, we know that the correct values of .B' 
and B'' must be chosen from just a few possible sets whose values do not 
differ much. Also, the difference B' —B'^ is accurately known from the band 
structure, so that with the B values themselves approximately known, we 
can definitely conclude that .B' and B" are nearly equal. Further, Schmid's 
work shows definitely that neither B' nor B " can be exactly the same in any 
of the a as in any of the c bands, but also that they are certainly very marly 
the same in the a and c series. Schmid's work also indicates, but somewhat 
less conclusively, that the B' and B" values are nearly the same in all the 
bands he has analyzed. These results are in agreement with the present 
interpretation according to which the a and c bands, since Ak = 0, must differ 
in both initial and final states in respect to 1 )% and k at least. They do not 
support Smyth's assignment of a common final level to the a and c series but 
are not inconsistent with his formulation of the a and c series each as a Vi 
progression. 

Of the three or four possible combinations (AT sets), of which just one 
must be correct, indicated by Schmid's analysis for the series a and 6', cer- 
tain ones give almost exact integers for the effective rotational quantum num- 
bers, the others almost exact half-integers.^ The best agreement comes for 
one of the half-integral sets in each case. But the agreement is only slightly 
poorer for one of the integral sets. Since for a diatomic or linear polyatomic 
molecule the theory appears absolutely to demand integral if values for 
case & and for singlet transitions or any other singlet 

or S-^S transitions), it seems necessary to rule out the possible combina- 
tions which would give half-integral rotational quantum numbers. (In speak- 
ing of Integral if values, we are using the formula Bif (if +1) + * • • for the 
rotational energy.) Half-integral values would be expected only for / values, 
in case a with S half-integral, but as has been mentioned above, the bands 

show no evidence of the multiple-headed structure necessary for this case, 

nor of the Zeeman effects probably to be expected (because of partial 
going-over to case h dA high J values). Nevertheless, in view of the difficulties 
experienced in interpreting the bands as singlet or case & bands, it may be 
w^ell not to exclude absolutely the possibility of case a bands. The most likely 
case a type, consistent with the observed P, B structure, would be 

Ruling out half-integral numbers would restrict the possible combina- 
tions considerably. If one could be perfectly sure from the vibrational analy- 
sis that the a bands all have a common final state and constitute a Vi progres- 
sion, and the c bands likewise, as indicated by Smyth's tentative analysis, 
the correct combinations could be given with considerable confidence. New 
evidence in favor of the interpretation of the a and c bands as vd progressions, 
in spite of the difficulty in understanding an intensity distribution involving a 
range of Vi values and only one Vi' value, can be given as follows. 

The well-known empirical relation that the quantity co,/B« is very nearly [, 
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a constant for all states of a single diatomic molecule might reasonably be 
expected to be capable of extension to the linear CO2 molecule, at least if we 
use where vi refers to the symmetrical vibration. Taking V-® for the 
normal state of CO2,® one finds almost the same value as one obtains for the 
upper level of the ultraviolet emission bands using z/i'= 1137 (cf. Eq. ( 1 ) be- 
low) and using the most probable B' value of Schmid. No such good agree- 
ment is obtained if one uses Schmid’s 5 " and uses for Pi a value secured by 
reinterpreting the o or c series as Vi" progressions. Hence Smyth’s interpreta- 
tion of these ai' progressions receives strong support. 

The reader may wonder why, in spite of his very accurate measurements, 
Schmid’s analysis does not permit a decision between several different possi- 
ble sets of combination differences. This is because of the fact, shown by 
Schmid’s analysis, that if for instance we agree with Smyth that the u (or c) 
bands constitute a progression, then the constant B' varies only very 
slightly with z)/. That is, if we write B =Bo-aiVi-a2V2—aiV3+ • ■ ■ in anal- 
ogy with the diatomic relation B =Bo — cw-\- • • • \ we find that the ratio 
ai'/B' is very much smaller than the usual values of a/B for diatomic mole- 
cules,— although it has the same sign as is usual in the diatomic case. The 
formei fact causes several sets of possible combination differences to agree 
so closely that the differences between them cannot be certainly distinguished 
from experimental error. 

If we should assume that the a (or c) bands have a common upper level 
and a set of lower levels differing by unit steps of si", we would conclude 
that ai'YB'' is very much smaller than a/B for diatomic molecules, so that 
the same difficulty as before would arise for the analysis. In this case a" 
has the opposite sign to that usual in diatomic molecules, i.e., a in the above 
equation is negative. 

With the assumption of a common lower level for the bands of the a (or c) 
series, the vibrational analysis^ gives an equation of the form 


F or vi we may take the average of the two 


= const + 1136.852)' — 1.8S?;'2. ( 1 ) 

Here ^the ratio of the coefficients of and 2;' is much smaller than in di- 
atomic molecules, in agreement with the behavior of the ratio a/B, In di- 
atomic molecules too the ratios x and a/B are closely related, and in the only 
two known diatomic cases where x has a negative sign, and only in these 
cases, a also has a negative sign. If, contrary to Smyth's analysis, and in 
spite of the evidence given above based on the value of vi/B, the a and ^ 
seiies should turn out to be v/^ progressions, x and a would have negative 
signs. Although this case is rare in diatomic, there is evidence that it is less 
so in ^polyatomic molecules. That the a and c series are either progressions 
01 V progressions, and that the variable v is Vi^ seem to have been fairly 
well established.® 

Since Schmid's analysis shows that B^ and B'^ are nearly equal, so that 
the dimensions of the molecule change very little in emitting the ultraviolet 
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bands, we can make by means of the Franck-Condon principle some predic- 
tions in regard to the intensities for various vibrational transitions. The most 
probable changes should be those conforming to — Oy = Af ;3 = 0, ex- 
cept in case one or more of the v's has a large initial value or large initial 
values. Apparently this is true of vi. The fact that the band system is not 
more complicated than it is suggests that perhaps = 0 mostly, and 
that V 2 ' (and k') are confined mostly to a few small values, and that Az ?2 = 0 
only (incidentally, Ak = 0 requires Az ^2 = even, in view of the fact that /c is 
limited to the values ?^ 2 , 2^2 — 2, • • -O orl). 

An initial distribution involving one or several fairly large Vi values can 
be understood if it is produced^ by electron impacts on unexcited molecules 
having mostly z;i = 0 , 2^3 = 0 , V 2 = 0 or 1 (the frequency 7^2 is the smallest of the 
three, and molecules with z» 2>0 might be moderately abundant in the unex- 
cited gas). Since the equilibrium dimensions of the molecule, which is linear 
in both states, are considerably different before and after electron impact in 
this case,^’® the latter should tend mainly to excite vi, but I's not at all, and 
2^2 only indirectly through coupling of and ?; 2 . 

Something further needs now to be said about the A-type or x-type doub- 
ling found by Schmid. As Schmid has shown for the band X3839, the combina- 
tion differences AT" are surely of one of two classes. (Since X3839 has no state 
in common with any of the other bands analyzed, it is impossible to make 
tests of the possible combination differences by comparison with other bands; 
but by analogy considerations the numbering of the lines can be established 
within a few units all the possible combinations then fall into these two clas- 
ses.) Corresponding remarks apply, Dr. Schmid has informed the writer, to 
the other bands measured by him but not belonging to the a and c series. 
In one of the two classes, the effective rotational quantum numbers are ap- 
proximately integral (exactly so where the staggering is small), in the other 
approximately or exactly half-integral. If the analysis Is carried through as- 
suming integral quantum numbers, it shows that the A-type or x- type doub- 
ling is moderately large, but if half-integral quantum numbers are assumed, 
it must be much smaller. In view of theoretical considerations presented 
above, showing that the rotational quantum numbers ought almost certainly 
to be integers, it appears necessary to accept one of the sets of possible com- 
bination differences which involve integral quantum numbers. But whether 
one of the integral or of the half-integral sets is adopted, Schmid's work shows 
perfectly definitely that the A-type or x-type doublet-widths are not greatly 
different in the initial and final states, also that the departures of the posi- 
tions of the two doublet components x and y from the positions given by 
BK(K + 1) are of the form const, i+aiK+biK{K + l), wdth —ay] and 
that bx and by differ considerably, although only bx — by is determinable from 
the data. These details may prove of considerable value for the analysis of 
the . system. . : 

The definite fact, established by Schmid's work, that the doubling is 
nearly the same in the initial and final states suggests that the two states are 
closely similar in respect to the wave functions and energy levels dependent 
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on 2;2 and /c, in agreement with conclusions stated above based on the near- 
equality of and 5". A difficulty in the way of this conclusion, however, 
is the fact that there is a considerable interval (about 65 cm“^) between each a 
band and the nearest c band. If v% is about 600 cm"~'h as in the infrared or 
Raman spectra of CO 2 , and if for the a bands v 2 = k — 0 for both initial and 
final states while for the c bands = k — then V 2 must be about 10 percent 
different for the initial and final states, which is rather surprisingly large. 
Consideration of the bands in each group other than a and c increases this 
difficulty (cf. above). 

In conclusion, it may be remarked that a great deal remains to be done 
before the problem of the structure of this system of CO 2 bands will be com- 
pletely solved. 

A rather casual suggestion concerning the interpretation of the two strong 
CO 2 bands near X2896 and 2883 may be worth making. The evidence of those 
who have worked on these bands shows rather clearly that they do not be- 
long to the same system as those discussed above. Duncan’s measurements,® 
and those of Schmid, show probable P, Q and R branches, and Schmid’s 
work shows also that all the band lines have pronounced Zeeman effects. 
The doublet structure (XX2896, 2883) can be interpreted by a transition 
^rr—^^n (or possibly by some other transition between doublet states) in C 02 '^. 
The doublet width has a reasonable value for a molecule like CO 2 +. The fact 
that only a single isolated double band is found can be understood by the 
Franck-Condon principle if the constants of the molecule (assumed linear) 
are practically identical in initial and final states. The band is then to be 
interpreted as ha^ving Vi' = V 2 ' = vz' — O — ~V 2 ^^ = probably with weaker 
bands superposed having one or more quantum numbers greater than zero. 
This interpretation is supported by the band structure, which is of a type 
expected when P' and P" are very nearly equal. Several cases like this are 
known among diatomic band spectra, e.g., the NH band at X3360, which is 
a strong (0,0) band with a (1,1) and other weaker bands superposed. 
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On the Lifetime of the Metastable Neon Atom 

By E. Matuyama 

Physical histitute, Tohoku University, Sandai, Japan 
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To measure the lifetime of the metastable ^P 2 neon atom, the light from a Pliicker 
tube was passed through the absorption tube which contained neon gas at various 
pressures ranging between 5,2 and 0.25 mm Hg, The gas was excited by external 
electrodes connected to the secondary coil of a high-frequency oscillator. By adopting 
the method of the rotating disk the percentage of absorption of the line at 

\mrious stages after the interruption of the excitation of the gas in the absorption 
tube, was measured. The result obtained was that the life of the '^P^ neon atom at a 
pressure of 5.2 mm Hg is about 0.005 sec., which is very near that already reported by 
Dorgelo, but several times longer than that obtained by Meissner and Graffunder. 

The effects of impurity and of temperature were also investigated. 

T he most reliable experimental data up to date regarding the lifetime 
of the neon atom in the metastable and ®Po states have been reported 
in papers published by Meissner/ and Dorgelo^ and Meissner and Graf- 
funder/ but there are still some discrepancies in their results. 

Dorgelo, using the phosphoroscopic method of a rotating disk, has meas- 
ured the time elapsing after the interruption of the electrical excitation until 
the neon tube shows no measurable absorption. The results found by him for 
the lifetime of the ^P^ state is 1/240 seconds, while that of the/Po state is 
much shorter being about 1/2000 seconds. He has also verified his results 
by using the method of an alternate current. After rectification, one half- 
wave is sent through the discharge tube and the other half through the ab- 
sorbing tube. Meissner and Graffunder used two coupled generators of equal 
period but of variable phase difference, one of them for the excitation of the 
Plucker tube and the other for the excitation of the absorbing tube. With any 
desired phase differences between them, they have measured the rate of de- 
crease in the absorption of the lines above described for gas pressures ranging 
from 0.2 to 5.6 mm Hg and have found that the half period for ^Pa is f X lO""* 
sec., and that the lifetime of this state has a distinct maximum for pressures 
between 1.5 mm and 2 mm Hg. 

The present writer has been working on the same subject using the 
method of exciting neon atoms with a high-frequency oscillatory current, 
and the results of the measurements on the rate of decrease of the absorption 
of the line ^Pa— (6402) will be here described. 

The method used is also the same in principle as those of previous in- 
vestigators which have been briefly described. An absorption tube contain- 

‘ K. W. Meissner, Ann. d. Physik 76, 124 (192S). 

‘ H. B. Dorgelo, Zeits. f. Physik 34, 766 (1925). 

® K. W. Meissner and W. Graffunder, Ann. d. Physik 84, 1009 (1927). 
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ing neon is electrically excited for a time and the excitation is then cut off. 
After the lapse of any interval of time, the light from an emission neon tube 
is passed through the absorbing tube and the absorption of the line 
is measured quantitatively. The variations in the time intervals between the 
excitation of the absorption tube and the light flash from the emission tube 
were effected by means of a rotating disk with a small hole near the periphery 
of the disk and an electric contact, in a somewhat different manner from 
that used in Dorgelo’s method. He varied the time intervals by altering the 
rotational velocity of the disk. However, this gives rise to alterations in the 
time intervals during which the light passes through the hole, and it will be 
very inconvenient for comparing the variations in the absorption due to the 
change of concentration of the metastable atom in the absorbing tube. 
It seems preferable to use the method of varying positions of electric contact 


Fig. 1, Rotating disk and stroboscopic device. ‘ 

disk while rotating always preserves a constant angular velocity, the fol- 
lowing stroboscopic device was used as shown in Fig, 1. The light from an 
incandescent lamp L falls on the slit .y after passing through a small hole in 
another disk which is attached to the axis of the motor M whch carries 
disk di, and is reflected by a mirror m. The slit consists of two brass plates 
laying close to each other, each of which is attached firmly to each arm of an 
electrically-operated tuning fork P. By watching carefully the light from the 
lamp L through the slit .y, the current to the motor M was so adjusted that 
the image of the light was always to be seen at rest. The rotational speed of 
the motor M was measured directly with a tachometer and was estimated 
as 1495 revolutions per minute. The rotating disk di is made of a Bakelite 
plate 40 cm^ in diameter. A copper piece 6 cm in length, which serves as one 
of the tei niinals, is fixed along its periphery, and is connected electrically to 
a ring on the axis of the motor. The brush making contact with the disk di 
is of copper, coated with a thin sheet of platinum to reduce the abrasion at 
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the contact. It is so placed as to be always able to turn around the same axis 
as that of the motor M. In addition to the precautions above described, the 
spring of the brush was made as strong as permissible and was adjusted to 
maintain the same condition of contact in every position of the brush. 

The current for exciting the absorption tube was supplied by the second- 
ary circuit of a high-frequency oscillator, which was constructed on the same 
principle as that of Gill and Donaldson. Its frequency was 3X10'^ cycles. 
The disk di is inserted in series in the plate circuit of the oscillator and the 
current was kept at a constant value by slightly varying the filament cur- 
rent. The exciting duration was 0.0019 sec. per one revolution of the disk. 

The optical system of the arrangement is shown in Fig. 2. The light from 
the emission tube p, which is fed with a high voltage d.c. generator, after 
passing through the lens/i and the absorbing tube^l, focussed on the hole in 
the disk di. It then passes through the lens h, falls parallel on the six-stepped 
reducer b and is projected on the slit of the spectrograph by the lens h- By 
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Fig. 2. Optical system for measuring absorptions quantitatively. 

measuring the blackness of the plate before inserting the absorbing film it was 
proved that the illumination of the light falls uniformly on the stepped re- 
ducer. To maintain the constancy of the light intensity of the emission tube 
for the whole course of the experiment, a bulb of great capacity was attached 
to the emission tube. To prevent fluctuations of the light intensity which are 
liable to occur for a short time after the circuit has been made, the spectro- 
gram was taken after a lapse of three hours from the beginning of excitation. 
In order to ensure the constancy of the light intensity of the emission tube, 
the other conditions being unchanged, the spectrogram, without exciting the 
absorbing tube, was taken on the same plate before and after the experi- 
ment. From this the blackness of the plate Is corrected if necessary. 

The neon gas used contained 1 percent of helium. It was circulated by 
means of a condensation pump through the absorbing tube, the tube filled 
with cocoanut charcoal immersed in liquid air, and the tube containing 
palladium black. The absorbing tube for the excited neon atom was of glass, 
2.5 cm in inner diameter and 30 cm in length. The distance between the ex- 
ternal electrodes was 15 cm. Since the light from this absorbing tube was 
very weak there were no appreciable error introduced into the spectrogram 
obtained. 

The results obtained are diagrammatically shown in Fig. 3, in which 
the percentage absorption, reckoning the value at the instant of cutting off 
the excitation of the absorbing tube as 100, are plotted in logarithmic scale 
against the time which elapsed after the interruption of the excitation. The 
percentage absorption for the gas pressures 5.2, 1.2, 0.7 and 0.25 mm Hg at 
13^C are represented by the curves 1, 2, 3, and 4, respectively, and for the 
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sake of comparison the results obtained by Meissner and Graffunder for the 
gas pressures 5.6, 1.42, and 0.50 mm Hg are also shown in the 1', 2', and 3' 
curves in the same diagram. It will be evident from the diagram that though 
Meissner and Graffunder have already found that the metastable atom 
in the state has a maximum life for a gas pressure of about 1.5 mm Hg, 
the lifetime obtained as the result of this experiment in all cases of pressure 
is markedly greater than the values found by these investigators. Indeed 
they seem much more nearly the same as those observed by Dorgelo. For in- 
stance, the half-life of the metastable atom for the pressure 1.2 mm Hg is 
2.3 X 10"“^ sec. from curve 2, while that from curve 2' which represents Meis- 
sner and GraffimdeFs measurement for the gas pressure 1.42 mm Hg gives 
7X10“'^ sec. which amounts only to one-third of the former. In addition, the 
whole lifetime, assuming this to be the time required to diminish the ab- 
sorption to 3 percent of its initial value, is, in the case of a pressure 5.2 mm 


0 O.OOl 0-002 0.003 0.004(Sec) 

Fig. 3. Curves showing the decrease of the absorption. Curves 1,2,3 and 4 are for pressures 
5.2, 1.2, 0,7, and 0.25 mm respectively at 13°C. Curve 5 is for neon mixed with hydrogen. 
Curve 6 is for neon heated at 216°C. Curves 1', 2', 3', are for pressures 5.6, 1.42, and 0.50 mm 
respectively, measured by Meissner and Graffunder and are plotted for the purpose of 
comparison. 

Hg estimated as nearly 1/200 sec. This fairly coincides with the value 1/240. 
sec. observed by Dorgelo, at a pressure of 8 mm Hg, while the extrapolation 
of the curve 2' gives 1 /500 sec. 

Next, the percentage absorption when hydrogen gas is present at a very 
low pressure in the absorbing tube was investigated. For this purpose the 
palladium tube was removed from the system and neon mixed with a small 
quantity of hydrogen was introduced. Under these conditions hydrogen is 
slowly adsorbed in the charcoal. The results obtained when a very small 
quantity of hydrogen is mixed with the neon at a pressure of 1.5 mm Hg are 
represented in curve 5. The curve shows that the rate of decrease of the ab- 
sorption of the line ^P^ — ^Dz is considerably increased in spite of the fact 
that the quantity of hydrogen mixed is so small that it was not possible to 
observe its secondary spectrum with a small direct vision spectroscope, L. 
Eckstein^ has already measured variations of the absorbing power of excited 
^ L. Eckstein, Ann. d. Physik 87, 1003 (1928). 





LIFETIME OF METASTABLE NEON 


377. 


neon when the neon is mixed with various foreign gases as Impurities. He 
found that the addition of helium in an increasing quantity causes only 
a slow decrease in the absorption while gases such as hydrogen, nitrogen and 
argon having lower excited levels than that of the ^P 2 and the neon states, 
produced the same effect but about 1000 times greater than helium. As one 
example in this investigation of the impurity effect, the addition of hydrogen 
at a pressure of 5.2 X 10“"^ mm to the neon at 2.18 mm caused the reduction 
of the percentage absorptions of the line from 61.4 to 10 percent. 

This result is in good agreement with that shown in curve 4. 

Thirdly, the effect of temperature was observed. It is already known that 
the energy difference between the and the ^Pi neon atoms Is 0.05 volts. 
The translational kinetic energy of the atom due to the heat motion at room 
temperature is estimated as 0.003 volts. To increase the mean kinetic energy 
of the neon atoms over 0.05 volts, the absorption tube was placed in the 
glass concentric cylinder, through the intervening space of which was circu- 
lated the vapor of diethyle aniline. The neon in the absorption tube was thus 
maintained at 216®C during the whole period of the experiment and the 
pressure was 5.6 mm Hg. It was observed that the absorption decreases so 
rapidly that no trace of it could be detected 0.001 sec. after the interruption 
of the excitation of the absorption tube. 

The dependence of the decay of the metastable state on the gas pressure, 
on the diffusion of the metastable atoms, on the relative dimension of the 
absorption tube and the light flux through the tube, and on the collisions 
between the metastable atoms and other entities in the absorption tube have 
been fully considered by Meissner and Graffunder. Recently, Zemansky^ 
has again treated the problem with the data obtained by Meissner and 
Graffunder on the basis of several assumptions, and has calculated the radius 
of the excited neon atom. But his result, viz., that the excited atom has a 
smaller radius than the normal one, conflicts with that expected from theory. 
Meissner and Graffunder have inquired why the lifetime they have obtained 
for neon can be several times smaller than that obtained by Dorgelo. The 
lifetime here obtained is, as already mentioned, much longer than Meissner 
and Graffunder’s value, and falls very near that obtained by Dorgelo. Com- 
paring the experimental conditions with those of Meissner and Graffunder, 
the absorption tube they used was a much wider and shorter one than that 
used here, and the light flux in both experiments filled the full section of the 
absorbing tube. But in the case of this experiment, before entering the spec- 
trograph, some portions of the light are cut off by the aperture in the disk 
and the stepped reducer, therefore the effective light flux relative to the tube 
is unknown. From the dimensions of the absorbing tube used, it might be 
expected that the rate of decrease of absorption in the case of the narrow tube 
used would decrease more rapidly than in the wider tube, but in spite of this, 
contrary results were observed. In this experiment, the gas in the absorbing 
tube was excited with external electrodes and therefore was quite free from 
contaminations due to the sputtering of electrodes as well as to other gases 

s M. W. Zemansky, Phys. Rev, 34, 213 (1929). 
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occluded in these. By taking into consideration the percentage absorptions 
when only a trace of other gases are added, it seems very probable that the 
metastable neon atoms under these circumstances will have a lifetime longer 
than that in the case where the inner electrodes were used. There is also, in 
this case, some possibility that the recombination of ions must be considered. 
The reason the rise of temperature causes considerable increase in the rate of 
decrease of absorption may conceivably be that this increase is a simultaneous 
effect of increase of probability of transfer into the higher energy state 
of increase in frequency of collisions between metastable and the normal 
atoms, and of increase in the coefficient of diffusion. 

In conclusion, the writer wishes to express his indebtedness to Professor 
J . Okubo for advice given during the course of the experiment. 
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The Molecular Scattering of Light from Ammonia Solutions. 
The Fine Structure of a Vibrational Raman Band 

53; John Warren Williams AND Alexander Hollaender 
Laboratory of Physical Chemistry y University of Wisconsin 

(Received September 2, 1932) 

The Raman band of the ammonia molecule corresponding to the infrared ab- 
sorption at 3 ^ has been partially resolved into its fine structure. The experiments 
have been made not with gaseous or liquid ammonia but with aqueous solutions of 
relatively high concentration. The lines have been assigned to Q, F, R, PP, and RR 
branches, corresponding to changes in rotational quantum number A^=0, ±1, 
and ±2. The moment of inertia about a line normal to the axis of symmetry 
calculated from the spacing of the lines is I ’===2.82X10-^0 g cm2. Asfar as the present, 
somewhat incomplete results may be taken to indicate the structure of the NHs 
molecule is largely uninfluenced by the force fields of the solvent molecules. 

A NUMBER of investigators have utilized the study of the Raman effect 
to indicate the changes taking place when an inorganic electrolyte is 
dissolved in water. The purpose of these studies has usually been to investi- 
gate the eventual possibility of obtaining a quantitative measure of the de- 
gree of dissociation of the dissolved electrolyte into ions. On the other hand 
the use of solvents to make it practical to work with simpler substances 
which do not dissociate upon solution has not met with general favor, it being 
assumed that perturbations arising from the mutual interaction of solvent 
and solute molecules will cause difficulties. Also in the case of pure liquids it 
has been stated^ that similar interaction produces a lack of .sharpness in the 
rotational states, so that rotational transitions give rise to continuous Raman 
spectra instead of sharply defined lines. In addition there are presented in 
this article data whose intent are to show a well-defined difference in the 
vibrational Raman shifts between gaseous and liquid ammonia.^ Our experi- 
ence with solutions in water has led us to believe such views to be unfortu- 
nate, at least in the case of the particular system we are about to describe, 
ammonia plus water. A very incomplete report of the work has already been 
published as a preliminary communication to the Editor of this Journal.''^ 
The molecular scattering of light from gaseous ammonia has been studied 
by Wood,^ by Dickinson, Dillon and RasettE and, more recently and com- 

^ Dickinson, Dillon and Rasetti, Phys. Rev, 34, 582 (1929). 

2 Experimental error cannot account for the difference in Raman shift in the case of the 
liquid, Af== 3298, and that for the gas, A*'=3334. However, the “somewhat weaker” shift re- 
ported for the liquid, Aj^= 3215, may be the strong vibration-rotation line, Aj' = 3216, in our 
Table I. If this is true, liquid ammonia and the aqueous solution give the same result in this 
case.' ■ 

^ Hollaender and Williams, Phys. Rev. 37, 1367 (1931). 

^ Wood, Phil. Mag. 7, 744 (1929). 
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pletely, by Amaldi and Placzek.® There are here reported a vibrational line 
corresponding to — 3311, and rotational lines which could be measured on 
both sides of the mercury exciting line X2536. The experiments with liquid 
ammonia®''^’^ have revealed the presence of the frequency differences 
Az/ = 3311, Lv = 1580 and Az^= 1070, corresponding to three of the four funda- 
mental frequencies of the pyramidal formula usually assumed for ammonia. 
Other weaker lines present in these spectra have either been described as 
having been caused by the association of single ammonia molecules to form 
double and triple molecules or have not been mentioned at all. 

Carrelli, Pringsheim and Rosen® were the first to study solutions of am- 
monia in water, reporting frequency shifts of Az/ = 3314 and Ai^ = 3385. The 
next work, as far as we are aware, is contained in the preliminary note re- 
ferred to above,® in which it could be stated “that all the lines which have 
been reported from gaseous and liquid ammonia have now been found in the 
concentrated solution (16 normal) as well.” There was also included here the 
microphotographic record of one of the plates which had been exposed in a 
small Steinheil glass spectrograph. This record shows not only the presence 
of the vibrational band corresponding to the infrared absorption at 3 but 
also unmistakable evidence of a fine structure due to its combination with 
the rotation spectrum of the ammonia molecule. The dispersion of the instru- 
ment was such that the position of the vibration-rotation lines could not be 
determined with a sufficient degree of accuracy to assign the proper rota- 
tional quantum numbers, so that further experiments with an instrument 
having a much greater dispersion were necessary. The work to be reported 
here was done with a Steinheil GH glass spectrograph. Satisfactory exposures 
were made with ammonia solutions varying in concentration from four nor- 
mal to sixteen normal, but publication of the results had been postponed in 
the hope that exposures and microphotographic records suitable for reproduc- 
tion might be included. It has just now come to our attention that in an ar- 
ticle published last month Langseth,^^ working with ammonia solutions of 
like concentration, has also been able to resolve the Raman band correspond- 
ing to the infrared absorption band at 3 /i. The positions of the lines in the two 
researches agree very well with each other except that we have as yet been 
unable to find sufficient positive evidence for the combination frequency dif- 
ferences which would make possible the calculation of the moment of inertia 
characteristic of the rotation about the axis of symmetry. The moment of 
inertia calculated for the rotation about an axis at right angles to the line of 
symmetry is almost identical in the two experiments. Under these circum- 
stances it is felt that immediate submission of our present results is advisable 
even though they are incomplete in certain respects. 


Amaldi and Placzek, Naturwiss. 20, 521 (1932). 

Daure, Trans. Farad. Soc. 2S, 825 (1929). 

Bhagavantam, Ind. Jour. Phys. 5, 35 (1930). 

Carrelli, Pringsheim and Rosen, Zeits. £. Physik 51, 511 (1928) 
Stinchcomb and Barker, Phys. Rev. 33, 305 (1929). 

Laiigseth, Zeits. f. Physik 77, 60 (1932). 
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Apparatus AND Technic 

The experimental arrangement was similar to that described by Kohl- 
rausch^^ in his recent book. The ammonia gas/ taken from a commercial 
cylinder, was thoroughly washed before it was passed into conductance 
water to form the solution. The solution to be investigated was placed in a 
long tube, illuminated along its length with a commercial mercury arc, and 
the spectrum of the scattered light which passed through a plane window in 
the end of the tube was recorded by using the spectrograph mentioned above. 
The tubes were cooled by means of a jacket through which a continuous 
stream of cold water was pumped. A comparison spectrum from a copper arc 
was recorded on each plate. The mercury lamps were cooled by an electric 
fan. The Raman lines reported were all excited by Hg 4047. The filter technic 
used was essentially that described by Wood. In the calculation of the fre- 
quency differences the frequency of this line was taken as 24,705 cm~^b 
The plates were photometered with a Moll recording microphotometer. 
The frequencies of the Raman lines were obtained by interpolation on a cali- 
bration curve prepared from the microphotometric record of the copper spec- 
trum. All lines reported were observed on several of the plates taken, with 
different concentrations of ammonia and different times of exposure. The in- 
tensity of the lines, while difficult to establish in any quantitative way, always 
became weaker as the concentration of the solution was decreased, indicating 
that the excitation of the water bands was not a source of difficulty and that 
the structure observed was actually characteristic of the ammonia molecule. 

Experimental Results 

The results of the experimental determinations are summarized in Table 
1. The columns of this table give, from left to right; the frequency of the 
excited line in reciprocal centimeters, the corresponding frequency difference 
between exciting and excited line, the assignment of rotational quantum 
number for the transition ± 1, and the assignment of rotational quantum 
number for the transition Ak = ± 2. In a number of cases the microphotomet- 
ric record shows the head of the line to be somewhat broadened rather than 
sharp, therefore the exact positions of the weaker lines will be somewhat in 
doubt. Nevertheless, it is believed that most of them have been located to 
within ±3 cm""b It is interesting to note that the transitions Ak=^+1 and 

—1 are required to account for the positions of some of the observed 
Raman lines. As Placzek^^ has pointed out this is to be expected in the case 
of a nonlinear molecule like ammonia. A graphical analysis of the ^-structure 
assigned shows no irregularity or inconsistency. 

In Table II there are compared the frequency differences of the several 
levels for ammonia found by Badger and Cartwright from their study of the 
infrared rotation bands, by Amaldi and Placzek from the Raman effect for 

Kolilrausch, Der SmekalRaman Effekt, Springer, Berlin, 1931. 

Placzek, Moleknlsiruktur, Leipziger Vortrage, Hirzel, 1931; Amaldi and Placzek, Natur- 
wiss. 20, 521 (1932). 







Table I. Raman spectrum from aqueous ammonia solution showing fine structure of vibrational 
transition hand corresponding to infrared absorption at Sjx, 


V 

in cm~i 

Av (4042 A) 
in cm""'- 

Transition 

Ak= ±1 

Transition 

Ak == i2 

21096 

3609 

14-~>15 

6-->8 

21125 

3580 

13-^14 


21161 

3544 

11~>12 


21215 

3490 

8-49 

3-^5 ' 

21230 

3475 

7->8 


21254 

3451 

6-->7 

2,->4 , , 

21280 

3425 

5 ->6 


21296 

3409 

4->5 

l-->3 

21315 

3390 

3-^4 


21332 

3373 

2 — >3 

0»^2 

21356 

3349 

1 — >2 


21394 

3311 

— 

— 

21430 

3275 

2— >1 


21450 

3255 

3'~>2 

2->0 

21469 

3236 

4->3 


21489 

3216 

5™>4 

3-^1 

21510 

3195 

6 — >5 


21532 

3173 

7->6 

4->2 

21567 

3138 

9-^8 

5-^3 

21586 

3119 

10-->9 


21607 

3098 

11-->10 

6-->4 

21631 

3074 

12->11 


21656 

3049 

13->12 

7^5 

21685 

3020 

15->14 

8--^6 

21709 

2996 

16-^15 


21743 

2962 

18-^17 



the gas, and by us from our work with aqueous solutions. The agreement, 
while it cannot be claimed to be excellent, is satisfactory when one considers 
the difficulties associated with the proper location of the lines and with a 
possible slight deformation of the ammonia molecule when dissolved to such 
high concentration. 


Table II. Comparison between Ramaii and infrared spectrum of ammonia. 


Concentrated water solution Gas under pressure Raman Rotation spectrum infrared 
at 10°C Raman effect* efectf absorption^ 

Frequency Frequency 

== ± 2 A^ = ± 1 Frequency Ak~±2 A^ = ± 1 FrequencyA^ == ± 1 observed calculated 

1 < — , 41 ■ ■ ' ■ ' 1 < — ~ 1 < — ->2 — — , 

0 ^ — ,>2 2 <~~ — ^3 59 0< — >2 2< — — *^3 ■ — 2 < — — - > 3 — - 59.1 

3 < — A 77 34—^4 79.5 3< — ^4 79.8 79.5 

14 — — >3 4< — ~>5 97 1 < — ■' — >3 44— — >5 99.5 4 ^ — >5 99.1 99.2 

S < — ^6 115 5 < — >6 119.5 5 < — >6 118.6 118.6 

24— >4 6 < — ^7 139 2< — ^4 6< — >7 140.2 6 < — >7 — 138.0 

7 >8 164 7 < ' — >8 159.6 7'^ — 156.8 157.1 

3^_>5 g, — ^9 175 — ,5 g ^ — ,9 179 q g , — ,9 175 1 175 9 

94-10 192 9< — >10 199.0 9 < — >10 — 194.5 

44-6 10<“-11 213 4< — >6 104 — >11 219.0 IO 4 — >11 — — 


* Present experiments. 

t Amaldi and Placzek, Naturwiss. 20, 521 (1932). 

} Badger and Cartwright, Phys. Rev. 33, 692 (1929). 
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In the microphotometric record mentioned above® the fine structure cor- 
responding to the R and RR branches was less distinct than that on the low 
wave-length side of the line corresponding to no change in rotation. There is 


Fig. 1. 

included as Fig. 1 a portion of a microphotograph which shows the resolution 
of the high wave-length side of the band to greater advantage. Another rec- 
ord, Fig. 2, taken from a plate for which a considerably higher dispersion was 


■ Fig. 2. ■ . 

used, gives the general structure of the band and permits an estimate of the 
relative intensities of the lines to be made. 

Discussion 

The structure of the ammonia molecule is now known to resemble a regu- 
lar pyramid in form. This is definitely indicated both by potential energy 
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calculations^® and by observations of the molecular spectra. In neither case 
have the mathematical analyses and experimental results been sufficiently 
refined to enable the assignment of universally acceptable dimensions to the 
model. However, there is now agreement that the Zfi band in the near infra- 
red is associated with a vibration of the electric moment parallel to the sym- 
metry axis, and that it has been successfully resolved into one zero branch 
and a simple rotation series.® From this band the moment of inertia of the 
molecule about a line normal to the symmetry axis has been obtained. Values 
lying between 1=2.77X10-^'’ and 1 = 2.83X10“" have been reported by a 
number of investigators of the infrared spectra, so that the agreement here 
is excellent. 

This absorption band has now been resolved by means of the Raman 
eflfect, the spacing of the lines corresponding well with that reported by 
Stinchcomb and Barker. From this spacing it is possible to calculate the mo- 
ment of inertia. 

As indicated in Table I the Raman lines have been assigned to an i? 
branch, = -f- 1 ; to an RR branch, = -1-2 ; to a P branch, A;fe = — 1 ; and 
to a PP branch, Ak=—2. The frequencies of the lines can be quite exactly 
expressed by means of the following formulae : 


Ak = -t- 1, v = 3311 + 2B{k + 1) 

A^ = -l-2, V = Sm + 2B(2k + 3) 

Ak = - 1, v = 33n - 2Bik) 

Ak=-2, V = 3311 - 2B{2k - 1) 


where 2B = 19.7 cm”i, 
where 2B — 19.8 cm“‘, 
where 2B = 19.4 cm"*, 
where 2B = 19.4 cm"*. 


The values for the constant 2B vary but little within each series, in addition 
the values determined for each series show only slight differences from each 
other. Taking 19.6 cm"* as an average the moment of inertia may be calcu- 
lated from the well-known formula, B = 1i/2>-k^cI, with the result that, 
/ = 2.82X10~" gem®. This value is almost identical with that given by 
Stinchcomb and Barker.® It is evident that the dissolved ammonia molecules 
have not been deformed to any appreciable extent by the continual bom- 
bardment and electrical force fields of the solvent molecules otherwise the 
moment of inertia could have been expected to deviate somewhat from this 
value. 

There has been much discussion with respect to a shift in the character- 
istic frequency differences given by an ion such as COa" or SOr when it is dis- 
solved in water. Embirikos*'* could detect shifts of approximately 10 cm"* 
in sulphate solutions when the concentration was changed from one normal 
to two normal. Even larger shifts were observed by Woodward*® in the case 
of lines associated with the SOr ion in his studies of sulphuric acid solutions. 
These systems differ from the type considered in this article because the 
scattering is caused by a doubly charged ion instead of by a neutral mole- 

“ Debye, Polar Molecules, Chemical Catalog Co., New York, 1929. 

Enibirikos, Zeits. f. Physik 65, 266 (1930). 

Woodward, Phys. Zeits. 32, 212 (1931). 
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cule. The ability of an ion to segregate and orient water molecules about it 
is well known. 

Ammonia gas when dissolved in a large excess of water will first neutralize 
the acid and then begin to remove protons from the water itself accord- 
ing to. the reactions, 

H3O+ + NHa NH4+ + H2O . 
and . H2O+ NH3->NH4+ + 0H“. 

Ti 

NH4OH 

But as the concentration of the gas is increased greater and greater amounts 
of ammonia molecules which have not reacted in a chemical way must be 
present. In such cases the concentration of the ammonia molecules may be- 
come so great that observations of the light scattered by them may be made 
with relative ease. It might be well to mention that the concentration as de- 
termined by ordinary analytical methods includes both the NH3 and the 
NH4OH formed. 

One might reasonably expect similar experiments in which hydrochloric 
acid gas was dissolved in water to be successful. Undissociated hydrochloric 
acid molecules are known to exist in aqueous solutions of concentration as 
low as one normal, and it is possible to obtain solutions containing more than 
ten times this amount of hydrochloric acid. However, Woodward^® and others 
have reported failure to find any Raman lines using a solution saturated with 
the gas. The concentration of the undissociated HCl molecules should be 
sufficient for the purpose. In spite of such experiences, it is to be hoped that 
there may be accomplished the resolution of the other bands of ammonia 
and the similar treatment of the spectra of many other simpler gaseous sub- 
stances using the solution method to obtain a sufficient molecular concentra- 
tio.n. 

It is a pleasure to acknowledge the material assistance of Professor J. G. 
Wiiians of this University in connection with the interpretation of the results. 




NOVEMBER 1, 1932 


PHYSICAL REVIEW- 


VOLUME 42 


Raman Spectra of a Series of Normal Alcohols 
and Other Compounds 

By R. W. Wood and George Collins 
Rowland Hall, Johns Hopkins University 

, (Received September 14, 1932) 

The Raman spectra, of .benzene, cyclohexane, .cyclohexene, earbon disulfide,, 
butyl bromide and the normal alcohols .from^ GHgOH to CisHasOH were" investigated.. 
The technique recently developed by Wood was used in conjunction with a praseo- 
dymium filter. New lines were found in all cases and for some compounds the number 
was nearly doubled. Two new frequencies at 2660 and 2730 Gm“i were found in the 
spectra of essentially all the alcohols and butyl bromide. They appear to be character- 
istic of the saturated hydrocarbons. The lines which appear in the Raman spectra of 
the aliphatic hydrocarbons at 1450 and 1300 cm“i have been attributed respectively 
to the transverse vibrations of the hydrogens of the CHs and CHg groups. The line 
appearing in the Raman spectra of the alcohols at 1270 cm“i is attributed to the 
transverse vibrations of the hydrogens of the CHgOH groups. It is pointed out that 
the Raman spectra of C 12 H 26 OH is that of an infinitely long normal alcohol. The new 
lines of benzene reported by Weiler and Krishnamurti were verified with the excep- 
tion of the 806 cm”*^ frequency. In addition a new line at 1690 cm“^ was found. The 
two relatively strong lines of CS 2 at 650 and 800 cm-^ were each found to be doublet, 
thus completing the analogy with CO 2 . The separation of the components in each case 
was 10 cm"’^. The existence of a line at 391 cm""h originally reported by Bhagavantam, 
was verified. 


Raman spectra of a number or organic compounds were investigated 
by an experimental arrangement recently developed by Wood.^ New lines 
wei-e found in all. cases, and in some the number was nearly' doubled. This 
emphasizes the importance of repeating much of the earlier work that was 
done before the technique of Raman spectra reached its present stage of de- 
velopment. Most of the recent improvements have been in the direction of 
improved methods of excitation,' and it is perhaps well to' call attention to 
the advantages of. using, spectroscopes of relatively .high dispersion. This' is. 
shown .by.the ..present' investigation .in which a glass prism .spectrograph with 
dispersion of 22A per mm in the blue was used. It was found that many of 
the bands reported in the literature actually possess structure. Likewise 
Langseth^ using a one meter grating, found that the Raman lines of CCI4 
were double, and in some cases even triple. There is no doubt but that in- 
complete and inaccurate data have greatly retarded the interpretation of 
Raman spectra. 

We have investigated the Raman spectra of a series of normal alcohols 
beginning with methyl (CH3OH) and ending with dodecyl alcohol (C12H25OH). 
This scries was loaned to us by Professor E. Emmet Reid of this University, 
and was complete up to C17H35OH, It proved to be unnecessary, however, 


^ R. W. Wood, Phys. Rev. 38, 2168 (1931). 
2 Langseth, Zeits. f. Physik 72, 350 (1931). 
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Fig. 1. a, Hg arc; b, Hg arc through praseodymium filter; c, C3H7OH (n); d, C4H7OH (n); 
; e,'CioH2iOH (n),; f, benzene; g, carbon disulfide., , 


nitrate was'piaceci in the smaller tube. Praseodymium has, a stroii,g, and very 
sharp absorption band on the long wave-length**side of , and very close to, Hg 
4358, and when used as a filter absorbs the strong continuous spectrum of the 
mercury arc in this region, leaving a clear background for the Raman lines. 
Such a filter is particularly advantageous in obtaining Raman lines of low 
frequency when the excitation is by Hg 4358. Figs, la and lb show the effec- 


to investigate those above C 12 H 25 OH as the higher members showed no differ- 
ences in their Raman spectra. Benzene, cyclohexane and cyclohexene were 
taken since .very pure samples .of these, were available. As ,the 3 ^’' have already 
been, rather extensively investigated/ they served to indicate the efficiency 
of the apparatus. Carbon disulfide was investigated in order to verify the 
existence of a line at 390 cm"”-’- which is of vital importance in the analysis 
of the Raman and infrared spectra. 

, .:Experimental 

...All excitation was by Hg 4358. The experimental arrangement , was es-, 
sentially that described by Wood,, modified in that two filters were employed 
in, .two Pyrex tubes placed one above the other over the mercury arc. The 
diameters of these tubes A¥e,re 5 cm. and 2.3 cm, the larger being placed below.. 
With this arrangement a large part of the exciting light from the arc was con- 
centrated into a narrow beam, passing vertically through the Raman tube. 
In most cases a 30 pe.rcent aqueous solution of praseodymium ammonium 




tiveness with which this filter removes the background. This filter has the 
disadvantage of reducing the intensity of Hg 4358 to about one-half when used 
in the above concentration. A rather strong solution of crystal violet was 
substituted for the praseodymium when investigating Raman lines of fre- 
quency greater than 2000 cm~h The larger tube contained a quinine solution 
of sufficient concentration to absorb Hg 4047 and Hg 4077 and was protected 
against photochemical change by a sheet of noviol glass, as previously de- 
scribed. With this arrangement it was possible to make exposures of 70 hours 
or more before the general background appeared with appreciable intensity. 

The wave-lengths of the Raman lines were determined by interpolation 
on a large dispersion curve obtained from the iron lines of the comparison spec- 
trum, The frequencies given are accurate to about ±3 cm~^ for moderately 
sharp lines. 

The alcohols from CsHnOH to Ci2H250H were prepared by Dr. Jane 
Meyers of this University. Those from CHsOH.^ to C7H25OH were obtained 
from other reliable sources, and all were carefully purified by distillation. 
The benzene, cyclohexane, and cyclohexene were from samples especially 
purified for specific heat and melting point determinations. The remaining 
liquids investigated were from standard C. P. vsources. 

Raman Spectra OF Algohols 

A chart of the Raman lines of the normal alcohols from CH3OH to 
C12H25OH is given in Fig. 2. The lines of frequency greater than 1500 cm”"^ 
are not included, but may be found in the complete list of Table I. CnHasOH 
is omitted from this series as it was not obtainable in sufficient quantities. 
Enlargements of some of the original plates may be found in Fig. 1. 

in 200 400 600 800 1000 1200 1400 


Fig. 2. Diagram of Raman frequencies of alcohols showing relative intensity and 
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Table I. Raman frequencies in 


1028(10) 1107(2) 1457(10) 2729(1) 2831(10) 2942(10) 

426(5) 443(2) 883(20) 1047(10) 1091(10) 1115(1) (1162)(1) 1273(8) 
1449(10) 1481(4) 2637(0) 2714(1) 2823(2) 2783(10) 2925(10) 2972(10) 

324(2) 458(4) 757(4) 856(10) 887(8) 967(4) 1049(5) 1064(4) 1100(6) 
1268(4) 1296(6) 1451(10) 2663(1) 2731(2) 2873(15) 2905(10) 2931(10) 
2963(10) 

350(3) 394(6) 448(3) 483(2) 514(2) 805(4) 825(8) 845(3) 877(4) 901(4) 
944(4) 963(4) 1025(4) 1051(4) 1067(4) 1104(6) 1135(1) 1296(1) 1147(10) 
1476(4) 2660(1) 2733(1) 2865(10) 2903(10) 2932(10) 2963(15) 

366(3) 401(3) 434(3) 835(3) 858(4) 889(4) 975(1) 1013(1) 1053(5) 
1072(5) 1116(5) 1299(10) 1442(10) 2653(1) 2721(1) 2868(10) 2908(10) 
2935(5) 2961(5) 

253(1) 311(5) 355(2) 402(3) 754(2) 802(2) 814(5) 850(2) 864(2) 888(8) 
915(3) 1019(3) 1056(4) 1072(4) 1113(4) 1297(10) 1435(10) 1451(5) 
1472(2) (Band 2842 to 2932 (10)) 2958(3) 

287(3) 357(1) 392(1) 735(2) 836(3) 866(2) 897(4) 966(2) 1012(4) 

1035(5) 1054(5) 1074(5) 1116(6) 1297(10) 1442(10) 1471(5) (Band 2842 
to 2952(10)) 

263(2) 759(1) 809(2) 867(3) 894(3) 1023(3) 1066(5) 1120(6) 1300(10) 
1442(10) (Band 2848 to 2941 (10)) 

250(2) 784(1) 830(2) 872(3) 891(3) 963(2) 1055(5) 1078(5) 1118(5) 

1297(10) 1432(10) (Band 2842 to 2932(10)) 2958(2) 

238(2) 727(1) 768(1) 801(2) 838(3) 863(3) 889(4) 1059(4) 1076(7) 

1116(7) 1159(2) 1295(10) 1430(10) 1449(3) 2643(1) 2719(1) (Band 2836 
to 2929(10)) 2954(2) 

224(2) 722(1) 771(1) 805(2) 838(4) 874(4) 893(4) 1056(4) 1079(7) 

1119(7) 1159(2) 1297(10) 1433(10) 1449(10) 2847(10) 2887(10) 2925(8) 
2958(3) 

400(2) 604(10) 677(1) 849(5) 982(2)» 992(20)* 1028(0) 1178(10) 

1402(2) 1477(2) 1584(10) 1603(5) 1690(1) 2291(0) 2452(1) 2542(1) 

2618(2) 2920(0) 2948(3) 3051(5)* 3065(5)* 3163(2)* 3186(2)* 

380(2) 422(3) 801(10) 1026(8) 1154(4) 1264(8) 1342(2) 1442(10) 

2626(0) 2661(1) 2693(0) 2750(0) 2849(10) 2880(1) 2920(10) 2934(10) 

171(2) 282(3) 390(5) 445(1) 487(2) 635(1) 715(3) 821(10) 873(2) 

904(3) 963(3) 1034(3) 1062(5) 1134(1) 1218(10) 1238(2) 1263(4) 

1426(10) 1443(3) 1650(10) 2634(9) 2660(1) 2833(10) 2856(10) 2873(10) 
2908(10) 2934(10) 3020(10) 

391(1) 645(10) 656(20) 793(8) 803(3) 

218(3) 235(3) 276(5) 345(1) 387(2) 411(2) 457(5) 559(20) 640(10) 

736(5) 796(6) 833(0) 865(5) 893(4) 909(2) 967(1) 993(2) 1011(2) 

1048(8) 1097(8) 1214(5) 1260(4) 1294(5) 1441(10) 2660(0) 2733(1) 

2833(2) 2868(10) 2902(5) 2934(10) 2963(10) 3008(3) 


Benzene 


Cyclohexane 


Cyclohexene 


Carbon disulfide 


Butyl bromide 


* Weiler’s values. 


Two new Raman lines, hitherto unreported, were found in the spectra 
of CsHsOH, C3H7OH, C4H9OH, CsHiiOH and CwHaiOH. They lie at about 
2660 and 2730 cm~^. CH3OH shows only the one at 2730 cm~^. To determine 
whether these frequencies are associated with the OH groups, the Raman spec- 
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tra of C4H9Br were taken. The position of these new lines was found to be the 
same in C4H9Br and C4H9OH showing that they are independent of the 
radical attached to the end of the molecule. This, combined with the fact 
that these frequencies appear in so many of the alcohols, makes it seem likely 
that they are characteristic of the saturated hydrocarbons. New lines, in ad- 
dition to those discussed above, are now considered. 

In methyl alcohol a new frequency was found at 1107 cm“^. 

In ethyl alcohol the 426 cm*”^ frequency as reported in Kolhrausch^ was 
resolved into two components, 426 and 443 cm“^, and an additional lines was 
discovered at 1115 cm“"b 

In normal propyl alcohol new lines were found at 324, 757, 1064, 1165 
and 1268 cm~^. The frequency 1364 cm~^ reported by Duare^ and by Game- 
san and Venkateswaran® was not verified. Trumpy likewise failed to find this 
line. 

Six new lines were found in the spectrum of normal butyl alcohol 
(C4H9OH) and six lines previously considered single were resolved into two 
components. The Raman spectra of normal alcohols above butyl have not 
been investigated previously. 

Lines whose frequencies remain unchanged, or which change in a system- 
atic way from molecule to molecule, are of course the easiest to interpret. 
Attention is called to five of this type which occur in the spectrum of the al- 
cohols. There is the broad, often unresolved, line at 1450 cm”^, the strong 
lines at about 1300 and 1120 cm“b the double line at 1055 and 1075 cm-^ 
(unresolved in CsHirOH), and the group of lines below 500 cnrK Something 
may be said in regard to these frequencies. 

Kohlrausch^ and Trumpy® have attributed the 1450 cm”^ frequency to 
vibrations of the hydrogens of the 

H 


groups (referred to in the future as CH2 groups). They have at the same time 
attributed the 1300 cm“^ frequency to vibrations of the end CH3 groups 
against the remainder of the molecule. This assignment appears unlikely, 
since, if the line at 1300 cm~^ were due to vibrations of the CH3 group against 
the remainder of the molecule, its frequency should diminish with increasing 
mass of the molecule. Fig. 2 shows clearly that this is not the case, and an- 
other explanation must be looked for. Andrews has pointed out that the line 
at 1450 cm ^ appears whenever a CH3 group is present in a molecule, and 
that the line at 1300 cm""^ is usually associated with the presence of CH2 
groups. These two lines presumably arise from a transverse or bending motion 

® Kohlrausch, Der Smekal Raman Effekt, p. 309. 

^ Duare, Ann. d. Physik 12, 375 (1929). 

® Gameson and Venkateswaran, Ind. Jour. Phys. 4, 196 (1929). 

<5 Trumpy, Zeits. f. Physik 62, 806 (1930). 
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of the hydrogen atoms with respect to the carbons.. The fact that these fre-. 
quencies are so constant would indicate that the influence of. the hyd.rogen 
bending motions does not extend to adjacent atoms. The 1270 cm“~^ line which 
appears in the spectrum of ethyl and propyl alcohol is then explained as 
arising from transverse vibrations of the hydrogens of the ^ 

' H 

■ ■ .1 

' ; VC-OH 

" 'I 

groups (referred to as a CH'sOH group). The hydrogens of this group, would, 
be expected to have a different frequency from those of . the GH 2 ' group as 
their, bond strength should, be changed by the presence of the OH radical 
In support of this contention; attention may be called to the. .following. 

. Methyl alcohol (H,3COH) and isopropyl alcohoP (HsC.-HC -OH) CHs 
contain no CH 2 OH or CH 2 groups,' and do not show the 1270 and 1300 cm^f 
frequencies. Ethyl alcohol (H3C-H2COH) contains, a "CH2OH group, and no 
CH 2 group, and shows only the 1272 cm”"^ frequency. Normal propyl alcohol 
(H3C • H2C • H2OH) contains a CH2OH group and shows both the 1270 and the 
ISOOcm^Hrequencies. Butyl (H 3 C*H 2 C-H 2 C*H 2 COH) and the higher alco* 
hols, however, have both CH2OH and CH2 groups, and show only the 1300 
cm"'^ frequency, indicating a possible discrepancy. The explanation may be, 
however, that the 1270 cm"^^ frequency exists in the higher alcohols, and is 
simply too weak to be recorded. The decreased number of CH2OH groups 
with respect to the CH2 groups in the higher alcohols makes this explanation,, 
plausible. 

,The double frequency at 1055 and 1070 probably arises from a side- 
wise compressional motion of the carbon chain suggested by Collins.^ These 
values are close to the calculated one of 1075 cm-”l,Tn calculating' this fre- 
quency the influence, of the hydrogen' atoms attached to the carbons was 
neglected. Their influence: may '.produce', two. frequencies.., .instead '.of one, '.re-;' 
'Suiting ..from the : hydrogens vibrating, : with o,r against . the .c.a,rbon atoms. ..A., ,, 
.compressional vibration: 'of the type 'Considered :., is, optically inactive, and 
would account for the high intensity of these lines. It is to be noted that the 
Raman spectra of CioH 2 iOH and C 12 H 28 OH are identical and these two spec- 
tra differ but slightly from that of C& H 19 OH. A further increase in the length 
of the carbon chain above that of C 12 H 25 OH should then produce no change 
in the Raman spectra. This being the case the Raman spectra of Ci 2 H 250 H 
may be considered that of an infinitely long hydrocarbon chain with an OH 
group at one end. 

Raman Spectrum of Benzene 

The Raman spectrum of benzene has been examined recently by Weiler® 

y Collins, Phys. Rev. 40, 829 (1932). 

® Weiler, Zeits. f. Physik 6 % 586 (1931), 
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and Krishnamurti,® who have reported new frequencies at 687, 806, 1407 
and 1477 cin“i. The existence of all these frequencies with the exception of 
806 cm~*^ was verified. The position of the latter frequency when excited by 
Hg 4358 coincides closely with that of the strong 848 cm-^ Raman line excited 
by a weaker line of the mercury triplet (Hg 4347.5), and it was found im- 
possible to distinguish between the two. Inasmuch as Krishnamurti used Hg 
4358 as the exciting line, the existence of 806 cm~^ is perhaps doubtful. A 
hitherto unreported frequency was found at 1690 cm-h This Raman line 
falls within one of the praseodymium absorption bands, and otherwise would 
probably be masked by the continuous background of the arc. An enlarge- 
ment of one of the benzene plates is given in Fig. lb with the Raman frequen- 
cies, both stokes and antistokes marked. The effect of the praseodymium 
filter in reducing the continuous background is very noticeable. 

Raman Spectra of Cyclohexane and Cyclohexene 

The samples of cyclohexane and cyclohexene were of extreme purity, and 
benzene-free. There was no evidence of the cyclohexane line at 992 cm~i re- 
ported by Krishnamurti, and since this frequency corresponds to the strong 
est benzene line, the inference is obvious. The existence of the new lines in 
cyclohexane reported by Krishnamurti at 2630, 2662, 2889 and 2963 cm-' 
was verified, with small discrepancies in their exact frequencies. 

Cyclohexene, due no doubt to its unsymmetrical ring structure, shows 
many more Raman lines than either benzene or cyclohe.xane. In addition 
to those already reported by Weiler,® new lines were found at 445, 715, 1134, 
1238, 2634, and 2660 cm-'; the latter not appearing in benzene and having 
perhaps the same origin as the lines of similar frequency which occur in the 
Raman spectra of the alcohols. 

Raman Spectrum of Carbon Disulfide 

A special effort was made to obtain the complete spectrum of CSs. The 
lines at 645 and 793 cm-' were resolved into two components, the separation 
m both ^ses being 10 cm-'. An enlargement of one of the plates is shown in 
Pig. Ig. From this is can be seen that the weaker component of the 800 cm-' 
line is on the long wave-length side while the weaker component of the 650 
cm me is on the short wave-length side. As is to be expected, this condition 
is reversed in the antistokes member of the 650 cm-' line. Of the three lines 
reported by Bhagavantam'» at 412, 1229 and 1577 cm-' only the first was 
venfied. The observation of 793-803 as a doublet is of especial interest. It has 
been previously reported single bat a doublet is required to make the analogy 
With the spectrum of CO2 complete. 


P. Krishnamurti, In d. Jour. Phys. 4, 5 
Bhagavantam, Nature 126, 995 (1930), 



Magnetic Spectra of Secondary Electrons from Silver 


(Received August 29, 1932) 

By means of a magnetic analyzer and electrometer, the spectra of secondary 
electrons from silver, when bombarded with cathode rays of energies in the range of 
2.1 to 30 equivalent k.v., were determined. Each of the kinetic energy distribution 
curves shows one prominent peak the location of which varies somewhat with the 
primary voltage. For voltages up to about 10 k.v. it is located between 0.6 and 0.7 
where eVa is the primary energy; for voltages between 15 and 30 k.v. it is located 
between 0.7 and 0.8 eVo. The slopes of the curves on the high energy side of the peaks 
increase with increasing primary voltages, becoming discontinuous at a point which, 
within experimental error, corresponds to the primary energy. On the low energy 
end the peaks decrease less rapidly, reaching half maximum values around 0,3 eV^ 
for voltages up to 10 k.v. and around 0.5 eVo for the higher primary voltages. The 
curves have a shape similar to that of the continuous x-ray spectrum curves. 

I. Introduction 


By S. Chyunski 

Ryerson Physical Lahoratoryt University of Chicago 


W HEN x-rays strike a substance they give rise, among other phenomena, 
to an electronic radiation. This so-called x-ray photoelectric effect, has 
been placed upon a secure basis by the experiments of M. de Broglie.^ His 
work established the fact, that when a monochromatic beam of x-rays of fre- 
quency V is incident on a substance, a number of groups of secondary elec- 
trons are expelled, the energies of which are given by Einstein's equation, • 

hp kvQ ( 1 ) 


where Ay 0 stands for the quantities „ • • • , the work of extraction 

for the corresponding levels K, LzyL^, etc., of the atom. Knowing v, the veloc- 
ity of each group of electrons, the several values of hv^ and from them the 
absorption limits • * , can thus be obtained. The different groups 

of electrons were isolated by the magnetic spectrograph. 

de Broglie's experiment and other similar experiments provided an almost 
direct method of proving that electrons exist at various energy levels and 
that there are one K level, three L levels, five M levels, etc. 

It is also known, since the work of Lenard^ and his collaborators, that 
electrons striking a metal surface cause an emission of secondary electrons.^ 
The early work in this field is full of contradictory statements. Since ioniza- 
tion, characteristic radiations etc., are produced by electron bombardment 
as well as by x-rays, one might expect to find magnetic spectra of secondary 
eleetrons such as those observed by de Broglie in the case of the x-ray photo- 
electrons. Such spectra have actually been observed in the case of certain 

^ M. de Broglie, Comptes Rendus 1, 274, 527, 746 and 806 (1921). 

2 P. Lenard, Qmntitatives iiber Kathodenstrahlen, 1925 Ed. The name “secondary’' elec- 
trons is used by Lenard and his school in a very restricted sense. In this article we mean by 
secondary all those electrons that issue from a target when it is bombarded by primary electrons. 
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gases, for instance, by Dymond,* Harnwell^and others for helium, and by 
Eldridge® for mercury vapor. In the case of solids no such clear-cut results 
have been obtained. One might think the reason for this to be partly due 
to the use of the electric counterfield method of analysis, which was used by 
the early investigators in this field. This method gives essentially integrated 
results and hence the existence of any special groups of electrons should be 
indicated merely by bends or inflections of the velocity distribution curves. 
The author® applied the magnetic analyzer method which is described in 
detail below. Lorenz^ made an indirect study of secondary electrons from 
a tungsten target by comparing the spectra of the focal spot and the so-called 
stem radiations. The stem radiation is supposed to be produced by the elec- 
trons which leave the target and fall back on it due to the negative field of 
the glass walls and the positive field of the target. The two spectra are similar 
but that of the stem radiation is displaced towards longer wave-lengths. The 
difference between the short wave-length limits of the two types of radiation 
Lorenz identifies as corresponding to the work of extraction of the electrons 
from definite levels within the atom. Reasoning in this manner he concluded 
that the secondary electrons were electrons that had been knocked out from 
' the different atomic levels by the primary electrons. Wagner® criticized these 
conclusions and by a photographic magnetic spectrum analysis showed that 
no such groups of electrons as Lorenz had found, actually existed. He studied 
the magnetic spectra of high-speed secondary electrons emitted by gold, silver 
I and aluminum targets when bombarded with cathode rays of 16 to 40 k.v. 

! found the velocity distribution curves to be everywhere continuous except 
.possibly at the high velocity end; also that most of the secondary electrons 
;had speeds close to those of the primary electrons, as the author® had found 
for silver in the range of 5 to 20 k.v. These electrons were evidently of the 
.|type that in Lenard’s old terminology were named “re-diffused, ” that is, those 
electrons which issue from the solid after undergoing deflections by a penetra- 
tion of relatively few atomic layers. 

The present work was undertaken with a view of settling the question of 
whether or not energy relations exist between the primary and secondary 
electrons analogous to those that de Broglie found in the case of x-rays and 
photoelectrons. It was decided to study the electronic emission proceeding 
in a definite direction from a silver target bombarded with electrons of speeds 
in the range of 2 to 30 k.v., which region contains all of the critical potentials 
necessary to excite the various x-ray spectra of silver. It is well known that 
a certain minimum potential is necessary to excite the isT-series spectrum of 
an element. An increase in the primary potential beyond that minimum 
might be supposed to detach a iL-electron which should then issue with an 

® E. G. Dymond, Phys. Rev. 29, 433 (1927). 

^ G. P. Harnwell, Phys. Rev. 33, 559 (1929). 

® J. A. Eldridge and H. F. Olson, Phys. Rev. 28, 1151 (1926). 

• ® S. Chylinski, Phys. Rev. 28, 429 (1926). 

' E. Lorenz, Zeits. f. Physik 51, 71 (1928). 

® P. B. Wagner, Phys. Rev. 35, 98 (1930). 
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energy equal to the difference between the energy of the primary electron and 
that required for iT-ionization, the thermionic work function being negligible. 
The same should be true for the other levels. For instance, with a primary 
potential of 2 k.v. all of the N and M levels of silver should be excited and we 
might expect groups of secondary electrons given by the following relations ; 

P -Wni = 2000 - 106, P - Wm, = 2000 - 723, etc. 


where P stands for the primary potential and the TF’s represent the energy 
in electron-volts corresponding to the different absorption limits. In addition 
to the removal of these electrons by inelastic collisions, one might expect 
photoelectrons to be released from higher levels, due to the x-rays originating 
in the deeper levels of the same atom or other atoms. Thus, if the analysis is 
correct, there should appear on the velocity distribution curves distinct 
peaks, some of which, namely those due to electron impact, should shift their 
position towards the high velocity end with increasing primary potentials, 
while those due to x-ray photoelectrons should remain fixed. After a primary 
potential of about 4 k.v. is reached new peaks should appear, since the 
L absorption limits of silver correspond to about 3.8 k.v. The iT-excitation 
would not be reached until a voltage of 25.5 k.v. was passed. The intensity 
of x-ray lines is known to vary approximately as (Fo — T)^ where Vo is the 
primary voltage and V is the minimum voltage required to excite a given se- 
ries. Hence one might expect the A, M and L electrons to be continuously 

more numerous as the iT-voltage is approached. 

Webster,® in his studies of the production of characteristic x-rays from 
silver concludes that they are largely of direct origin, that is produced by the 
ejection of i?-electrons from atoms by the impact of the primary electrons 
on those atoms, rather than of indirect origin, which may be ascribed to the 
ejection of iT-electrons by the photoelectric effect of continuous x-rays ex- 
cited by cathode rays in other atoms. The ratio of direct to indirect rays he 
finds equal to about 2 at 50 k.v. for silver. 

Certain considerations are rather discouraging as far as the expectation 
of the appearance of definite groups of secondary electrons is concerned. 
Chief among them is the very low line-emission efficiency of cathode rays. 
This amounts to only a fraction of one percent. Also, as Wagner® has pointed 
out, most of the atoms from which, for example, the L electrons are ejected 
are not at the surface of the target, and hence there are energy losses along 
the paths of both the primary and secondary electrons ; and that the proba- 
bility of a cathode ray transferring all of its energy to a given orbital electron 
is small. 

II. Apparatus 


The principal parts of the apparatus are shown diagrammatically in 
Fig. 1. B is a brass cylinder two inches long and of eight inches outside di- 
ameter. The cover is fitted to it by means of a ground joint. A little sealing 
wax around the outside edge makes it air tight. Soldered to the covei is a 


' D. L. Webster, Proc. Nat. Acad. Sci. 14, 330, 339 (1928). 
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small brass pipe having a ground taper into which is fitted the glass cone 
which supports the cathode. The bottom of B consists of a brass plate which 
is permanently soldered to it. This plate holds the water-cooled silver target 
T, an amber plug through which passes the connection to the Faraday cyl- 
inder F and a brass pipe leading to the vacuum pumps. 

Electrons from the hot cathode pass through a small circular hole in the 
cover and strike the target. The silver is 2 cm in diameter and 2 mm thick. 
The taiget surface is located at 45 degrees with the plane of the drawing, the 
normal to the surface making an angle of 45 degrees with the primary beam. 
Electrons escaping from the target at right angles to the primary beam and 



Fig. 1. Diagram of apparatus. 

the normal to the target are bent into a semi-circle by means of a uniform 
agneticEeld, which is parallel to the primary rays. The circle has a radius 

fivp that enters the Faraday cylinder is reduced by a series of 

five slits i5 to a cross section much less than 1 mra^. 

The distance between cathode and cover was 3 cm and that between cover 
and taijet was 2 cm. The accelerating potentials were applied between cath- 
ode and cover, which, together with the rest of the brass cylinder and the 
target, was at ground potential. The target is thus located in a space that is 
practically free from electrostatic disturbances, especially so since the elec- 
tron current was small, not greater in most instances than 1 m.a. Measure- 
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merits were made by means of a Dolezalek electrometer, having a sensitivity 
of 500 divisions per volt. To reduce stray (tertiary) electrons, the walls of 
the brass chamber were covered with a layer of soot. 

The vacuum was obtained by mercury diffusion pumps. These were in 
continuous operation during the progress of the work. The vacuum was at 
all times less than i0“® mm of mercury. Preliminary experiments showed no 
evidence of any ionizing effects due to residual gas. Before use, the apparatus 
was strongly heated to drive out all occluded gases; the target was heated by 
electron bombardment lasting several days. To insure steady conditions the 
apparatus was in operation for about four hours before any measurements 
were taken. 

The magnetic field was supplied by a solenoid which slipped over the 
vacuum chamber, the latter being mounted on a •wooden pedestal. The 
solenoid was 36 inches long, having about 2700 turns of insulated copper 
wire. In the middle of the solenoid, where the vacuum chamber was located, 
the field was found to be very uniform. It was calibrated by means of the 
usual search-coil ballistic galvanometer method. For any given magnetic 
intensity iJ, the voltages equivalent to kinetic energies of the electrons enter- 
ing the Faraday cylinder could then be computed from the relation 

V=ie/mrW^ (2) 

where the symbols have the usual signification. The solenoid current was sup- 
plied by a large storage battery. 

A diagram of the principal electrical connections is given in Fig. 2. The 
60-cycle alternating current was rectified by the two kenotrons K and 
smoothed out by the condenser C, which had a capacity of 0.32 microfarads. 
The high potential was measured by means of a specially constructed electro- 
static voltmeter. This was calibrated against a spark gap. The cathode fila- 
ment was heated by a current from the secondary of a 110 volt 60-cycle 
transformer. Throughout each run the current to the target, as measured by 
a milliammeter, was kept constant by a rheostat. In the case of the 2.1 k.v. 
run the potential was supplied by a storage battery. 


III. Experimental Procedure and Results 


The procedure consisted in applying a definite potential to the cathode 
and obtaining readings on the electrometer for different values of the solenoid 
current, everything else being kept constant. From these data curves were 
olotted, of which that shown in Fig. 3 is a typical example. The crosses repre- 
sent experimental points for a primary voltage of 5 k.v. The electrometer 
readings are plotted as ordinates, against abscissas that are proportional to 
the magnetic field intensities and consequently to the square root of the 
energy. From these, by an application of relation (2) another set of curves 
was constructed, the abscissas now being proportional to voltages equivalent 
to kinetic energies. To get the velocity distribution or kinetic energy distribu- 
tion curves, such as those shown in Figs. 4 and 5, each ordinate of the inter- 
mediate curve was divided by the corresponding value of V. This had to be 
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done m view of the change of resolving power of the magnetic analyzer from 
one part of the scale to another. For any given value of H the electrons enter- 
ing the collector have values of V in the range of V+AV, and A F is not a 
constant, but proportional to F. 

In this manner the kinetic energy distributions of secondary electrons for 
primary potentials ranging from 2.1 to 30 k.v. have been investigated. This 
was done in steps of about 2.5 k.v., but only six representative distributions 
are shown in Figs. 4 and 5, the rest having exactly similar characteristics. 

IV. Discussion 

^ ^ An examination of the curves in Figs. 4 and 5 reveals no such discontinu- 
ities as might have been expected if there had been energy relations between 
the primary and the secondary electrons of the type discussed in the intro- 
duction. For voltages up to about 10 k.v. there appear two small peaks, A 
and 5 in Fig. 3, which grow less prominent with increasing primary voltages, 
until at 12.5 k.v. they can no longer be detected. They appear at practically 
the same places in all curves, .4 at 8 volts and B at 220 volts. Little if any 
importance should be attached to the peak at 8 volts. The method of analysis 
is unreliable for values of F near zero. The low speed electrons do not get 
away from the target because of the space charge field, or if they do get away 
they are dispersed by their mutual repulsions and fail to reach the collector. 
It is not clear what the meaning of the B peak is. 

All curves are characterized by the prominent peak at C. For primary 
voltages up to 10 kilovolts the location of this peak is, in terms of kinetic 
energy of the primary beam ^Fo, between 0.6 and 0.7 eFo; for voltages be- 
tween 15 and 30 kilovolts it is located between 0.7 and 0.8 eVo. The slopes 
of the curves on the high energy side of the peaks increase with increasing 
primary voltages, seemingly becoming discontinuous at a point which, within 
experimental error, corresponds to the primary energy eFo. On the low en- 
end the peaks decrease less rapidly, reaching half maximum values 
around 0.3 eVo for the set shown in Fig. 4 and around 0.5 eVo for those in 
Fig. 5. The curves show plainly that most of the secondary electrons have 
very high speeds. 

In conclusion one may say that, while undoubtedly some of the secondary 
electrons must have come from the inner orbits, their number must also be 
relatively so small as to be of no detectable influence upon the shape of the 
velocity distribution curves. The general shape of these curves merits perhaps 
a remark. They are of the same form as the continuous x-ray spectrum 
curves. It is not clear, however, what significance, if any, should be attached 
to this similarity. 

It is a pleasure to express my appreciation of the kind interest and help 
extended to me by Professor Arthur H. Compton during the course of this 
work. 
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Experimental Establishment of the Relativity of Time 

By Roy J. Kennedy and Edward M. Thorndike 
University of Washington and Polytechnic Institute of Brooklyn 

(Received July 9, 1932) 

None of the fundamental experiments on which the restricted principle of rela- 
tivity is based requires for their explanation that the classical concept of absolute time 
be modified ; the present experiment was devised to test directly whether time satisfies 
the requirements of relativity. It depends on the fact that if a pencil of homogeneous 
light is split into two components which are made to interfere after traversing paths 
of different length, their relative phases will depend on the translational velocity of 
the optical system unless the Lorentz-Einstein transformation equations are valid. 
Hence, such a system at a point on the earth should give rise to an interference pat- 
tern which varies periodically as the velocity of the point changes in consequence of 
the rotation and revolution of the earth. The effect to be expected for a small velocity 
is so very small that it has been necessary^ to devise a special source of light, an inter- 
ferometer of great stability and a refinement of the technic of measuring displace- 
ments in the interference pattern. With the apparatus finally employed, we have 
shown that there is no effect corresponding to absolute time unless the velocity of the 
solar system in space is no more than about half that of the earth in its orbit. Using 
this null result and that of the Michelson-Morley experiment we derive the Lorentz- 
Einstein transformations, which are tantamount to the relativity principle. 

AMONG the several classical experiments which suggested the restricted 
A principle of relativity there appears to be none in which any question 
as to the nature of timers involved. That is, in any of them, time as indicated 
by an ideal dock moring with the earth might be related in any way to that 
indicated by a hypothetical fixed dock without at all affecting their results, 
at least Insofar as can be inferred from such theories of the experiments as we 
are at present able to construct. In experiments such as those of Rayleigh and 
Brace, of Trouton and Noble, and of Fizeau, all of which yielded null results, 
there is present the theoretical difficulty that unknown properties of matter 
are involved. The Michelson-Gale experiment gives a positive result, which 
is consistent with the concepts of either relative time or absolute time. In 
fact, it seems that the only experiment heretofore reported that permits of 
any definite interpretation is that of Michelson and Morley; and the null 
result of this experiment is completely explained if we suppose that space 
dimensions in the direction of motion are contracted by an amount depending 
upon a suitable function of velocity; so here, too, no question as to time is 
raised. Hence, although such experiments have suggested the relativity theory, 
they do not form a sufficient basis for the logical derivation of it. 

It appears, then, that the theory has needed confirmation, particularly 
in its most revolutionary aspect; i.e., its denial of a significance for absolute 
time. Such confirmation has been obtained in the work reported in this paper, 
and by combining our results with those of the Michelson-Morley experiment ' 
we derive the Lorentz-Einstein transformations which are well known to em- 
brace the whole theory. 
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The principle on which this experiment is based is the simple proposition 
that if a beam of homogeneous light is split at a half-reflecting surface into 

two beams which after traversing paths of different lengths are brought 
together again, ^ then the relative phases of the superposed beams will depend 
upon the velocity of the apparatus unless the frequency of the light depends 
upon the velocity in the way required by relativity. Furthermore, the phase- 
diffeience can be made to determine the positions of fringes in an interference 
pattern, so that by measuring these positions for various velocities of the 
system, the question whether the frequency follows the relativity require^ 
ment can be decided. The variation of the velocity of the system comes about 
because of the motions of rotation and revolution of the earth. 

1 he theory of this experiment requires the following two assumptions : 

(a) There exists at least one coordinate system in which Huyghen’s principle 
is valid and the velocity of light is the same in all directions. This avssumptioii 
is unobjectionable from the standpoint either of relativity or of any plausible 
hypothesis involving an ether; for relativity, it is true for all uniformly 
moving systems, and in the latter case for any system at rest in the ether. 

(b) The Michelson-Morley experiment indicates that a system moving with 

uniform velocity v with respect to such a system has dimensions in the direc- 
tion of motion contracted in the ratio compared to dimensions 

in the fixed system, while dimensions perpendicular to this direction are un- 
changed. This is in part assumption, for although there can be little doubt 
that the experiment yields a strictly null result, nevertheless it actually 
shows only that dimensions in the direction of and perpendicular to the mo- 
tion are in the ratio mentioned; either of these dimensions might be any 
function of the velocity so long as that ratio is preserved. 


Fig.l. 

Let us consider one such system 5', and suppose that a system S (attached, 
for instance, to the surface of the earth) moves practically uniformly with 
velocity v with respect to it. In 5 is set up an arrangement for producing 
interference; i.e., one in which a pencil of homogeneous light is divided as 
mentioned above into two pencils which are recombined after traversing 
paths of different lengths. We can simplify the discussion by treating the 
general case instead of the particular arrangement used in the experiment, 
and by adopting a rule regarding expressions for the distances, angles and 
times in system S that will be of interest; i.e., the magnitudes of these quan- 
tities will be expressed by unprimed letters when they are referred to stand- 
ards moving with 5, and by the same letters primed when referred to stand- 
ards fixed in S'. 

The path of a typical ray with respect to S can be represented schemati- 
cally as in Fig. 1 where the ray coming from the left is divided at A into rays 
1 and 2 which recombine at B. The courses of the same rays with respect to 
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S' are evidently determined by the requirement that to each element ds of 
a ray is to be added an elementary vector where is time required 
for light to traverse the element, and c is the velocity of light with respect to 
S', The length of the resulting element is evidently hence c^(di'y = (ds'y 
+v‘^(dt'y+2vds'dfcose','H.ence, 


where /5 and the angle between and the element ifs'. 

If for the moment we consider a set of rectangular coordinates in 5 and 
S' with corresponding axes parallel and A;“axes parallel to velocity v, we have 
from assumption (b) 

ds' = l((/.o^ + + idz'yYi^ = +idyy + (d^yY'^ 


COS d' = = — ^ = cos 6 { 7 “ ) 

ds' ds{l - cosHyi^ \l-j3^cos2 0/ 

sin^ r = sin2 ^/(l - /32 cos2^). 

When these expressions are substituted in Eq. (1), it reduces to 

df ^ [ds/c{l-p^yf^]{l +pcose), ( 2 ) 

the right side of which equation involves only quantities referred to standards 
moving with S. The time for light to traverse the whole ray AB along path 1 
is therefore 


and a similar expression holds for path 2. Hence difference of time for the 
two paths is 


The term in brackets multiplied by /3 vanishes, since in order to interfere the 
rays must intersect, and therefore their projections on the line joining and 
B are equal; these projections are the integrals in brackets. Hence 


and the number of waves corresponding to this difference of time is 


where v' is the frequency of the light employed as measured by an observer 
in S'. This number n is seen to be independent of orientations, lengths and 
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r 0 dispositions of paths, but to depend upon difference of path-lengths, the 

I relative velocity of 5 and S' (through i8) and the 

The foiegoing treatment is strictly valid only if the moving system is re- 
garded as not subjected to forces, but is undoubtedly sufficient for the pur- 
pose in the small constant field of gravitation and acceleration at the surface 

of the eaith. Moreover, although the rotation of the apparatus with the earth 
I involves a slight effect on the time difference computed above (whether re- 

gal ded fiom the standpoint of relativity or classical theory), it turns out to 
be altogether negligible in amount. This effect is a function of rotational 
velocity, not of orientation of apparatus. 

We have now to consMer the effect of a change in the velocity on the 
number n expressed by Eq. (4). In that equation c is evidently a constant, 
while the difference A^, because it is referred to standards nioving with the 
system, is constant unless the courses of the rays between the points of sepa- 
^ ration and recombination are dependent on the velocity; that this is not the 

case can be shown by Huyghens’ principle. A direct consequence of this 
principle is that the course of the ray is determined by the condition that the 
time required for traversing the path is a minimum compared with the time 
for any neighboring path. Now, Eq. (3) expresses the time in terms of co- 
ordinates moving with S, and if minimized in the usual way would yield the 
. equations of the paths. For the present purpose, however, it is unnecessary 

I to carry out this operation. Rewriting (3) we have 

5 = 1A(1 + 



It will be observed that although the expression involves the velocity of the 
moving system, nevertheless the course of the ray is quite independent of it. 
That this is so is evident from the following considerations: the second 
integral is equal to the projection of the path on the line joining A and B, 
and being the same therefore for all paths, cannot contribute to thedeter- 
naination of the minimi 2 ing path. The first integral is expressed in terms of 
distances referred to standards moving with the system and so is independent 
of the velocity. Hence the actual courses of the rays, which are got by mini- 
mizing integrals of this form, are independent of the velocity, and As is a con- 
stant. This proof is essentially that of Lorentz extended by the inclusion of 
the contraction hypothesis. 

The quantity v' in Eq. (4) is the only one whose possible variability with 
velocity remains to be considered. From the standpoint of relativity, v' 
= p(l where v is the constant value of the frequency which would be 

determined with standards moving with 5; this value of v' would evidently 
make n a constant. Furthermore, it will be shown later that insofar as the 
atom is to be regarded as a typical clock, the Lorentz-Einstein transforma- 
tions can be derived from this relationship and assumption (b). If, on the other 
hand, v ' these transformations do not apply and it turns out 
that there exists but one system S' satisfying assumption (a) ; this unique 
system would be the absolute reference frame postulated in the classical 
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ether theory. In this case ^ is evidently a function of the velocity of 5 with 
respect to the absolute reference frame. Evidently, then, the relativity 
hypothesis can be tested by determining whether is constant as z; changes 
in consequence of the motions of rotation and revolution of the earth. 

For the present purpose the total velocity of the apparatus can be got by 
adding vectorially a presumably constant velocity of the sun, the orbital 
velocity of the earth and the circumferential velocity 2^2 due to the rotation 
of the earth (taking account of latitude). Its square can be reduced to 

^2 — ^ 2?!^ + t?2^ + 2 vaVi sin {Bi — oji) + 2v^V2 sin ($2 ”■ 0)2) + 2viV2 cos ( 0 i — ^2), 

where is the projection of z/o on the orbital plane, is projection of Vq on 
the equatorial plane, coi and C02 are constants related to the direction of Vq, 
and 01 and 02 are angles expressing the position of the earth in its orbit and 
its orientation on its axis with respect to the fixed-stars.^ This procedure as- 
sumes only that the fixed-star system has no great angular velocity with 
respect to the fundamental system S'; there is an unimportant approxima- 
tion in the last term. 

In order to get an idea of the magnitude of the effect that might be ex- 
pected, let us assume that = v and replace f by ^:/X; then ( 4 ) becomes 
Expanding this, ignoring terms in /3 above second degree, 
substituting for the velocity from the expression above, and gathering con- 
stant terms into one, 

n = (AVX )(1 + + • • • ) 

= (A^/Xc^) [vaVi sin (01 ■— wi) + sin ( 0 ^ — W2) J + a constant 
= dn + %. ( 5 ) 

Here the variable part of n is represented by 8 n and the constant by no and 
we assume Va and to be large compared with the orbital and circumfer- 
ential velocities 2^1 and V2. Hence Sn should be proportional to the sum of a 
term with a period of a year and one with a period of a sidereal day. 

In performing the experiment, we wish, of course, to make Sn as large as 
possible. The only factor that can be controlled is the ratio As/X, the largest 
feasible magnitude of which is a measure of the homogeneity of the light. 
For various reasons the most suitable light seems to be the mercury line of 
wave-length 5461 . With this, sufficiently clear interference fringes could be 
got when As was as large as 318 mm (the value finally used) and on substitut- 
ing this in the expression for it turns out that the rotation of the earth 
would produce a daily variation of a thousandths of a fringe for 200 km per 

^ More specifically, is the angle between the projection of vq on the orbital plane and a 
direction in that plane determined by the angle which depends on the position of the earth 
in its orbit or the time of year at which &i is taken as zero. Similarly, $2 is the angle between the 
projection of Vo on the equatorial plane and a direction in that plane determined by the angle 
C02 which depends on the time of day at which ^2 is taken as zero. In the reduction of the data, 
the are taken as zero at the beginning of each run, so the w’s depend on the times of starting 
runs. In the comparison and final summary of data, the 6 's are of course referred to the same 
sidereal time. 
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second, while the orbital motion would produce the 
months for 3 km per second. 


same variation, in .six. 


Because of the probable minuteness of these effects it was necessary to 
contrive new ways of detecting them. In the rather complicated method 
first proposed^ the phase variation would show itself in the rotation of the 
plane of polarization of a beam resulting from the superposition of two 
oppositely circularly polarized beams. This scheme, although theoretically 
capable of great precision, was abandoned in favor of the much simpler one 
finally employed. In the latter, ordinary interference rings were formed and 
photographed, and the problem became one of measuring very small changes 
in the diameters of the rings. It was satisfactorily solved by devising a special 
comparator which will be discussed later. 

Evidently, it was necessary to take every precaution to keep the experi- 
mental conditions constant; we were able, in fact, to reduce the average daily 
periodic error in A^/X to about two parts in This great stability was at- 
tained mainly by using interference apparatus made almost entirely of fused 
quartz and kept in a vacuum at a temperature constant to within about a 
thousandth of a degree. The apparatus was furthermore (partly accidentally) 
compensated for temperature to such an extent that one degree change pro- 
duced a shift of only about a hundredth of a fringe. The vacuum was em- 
ployed as simplest way to eliminate variations in pressure, which would have 
caused variations in index of refraction of optical paths, and, by mechanical 
action, variations in lengths of paths. 

Several disturbing factors producing spurious effects had to be dealt with. 
Perhaps the most troublesome was the variability in density of the photo- 
graphs due (in the earlier green -sensitive plates) to rapid aging which affected 
the emulsions in varying degrees. Since the photographic effect of light is 
not proportional to its intensity, it follows that a spurious displacement of an 
interference pattern of the type used is to be expected if the density of the 
photographs is not constant. The methods adopted to eliminate this and 
other difficulties are discussed elsewhere in the paper. 


Apparatus and Experimental Procedure 

The general arrangement of the experimental apparatus is sketched in 
Fig. 2. Light from source 5 passes through a small circular opening in screen 
Su is rendered approximately plane-parallel by lens Li is dispersed in direct 
vision prism P and the green (XS461) image of first opening is focused over a 
second one in screen S 2 by lens 1/2* The water-cell C is to absorb stray heat 
radiation. The green light from second opening is polarized by nicol prism 
N so that the electric vector is horizontal, and then enters the vacuum cham- 
ber V through a window and is concentrated by lens La to the extent required 
to produce the greatest intensity in interference pattern. The light is then 
split into two pencils at the half-reflecting mirror Mi which is inclined at such 
an angle (Brewster’s angle) that reflection of the polarized light occurs only 
at its platinized face; the faces of the compensating plate are equally 


2 Kennedy, Phys. Rev. 20, 26 (1922). 
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inclined. Hence no stray (non-interfering) light can be superposed at these 
faces on the two pencils from Mi\ these pencils are reflected by mirrors M 2 
and ilfa back to Mi, at which one is partially transmitted and the other 
partially reflected through lenses L4 and M which focus the light as a system 
of interference rings on a wide horizontal slit just in front of a photographic 
plate in the holder H. The slit is 5 or 6 mm wide, so the plate receives a sym- 
metrical central section of the interference pattern of that width. The plate 
is held by a spring in the holder lightly against the metal tube T which is 
sealed against the window W of the vacuum chamber. Most of the length 
of the tube as well as the vacuum chamber is within the tank F containing 



water at a temperature constant to within less than 0.001'’C; hence slight 
variations in room temperature cannot affect focusing and thereby diameters 
of rings. The plate holder, which is kept from contact with the vacuum cham- 
ber in order to preclude the possibility of jarring the latter when the holder 
is operated, is arranged to let the plate slip down two slit-widths automati- 
cally every half hour. On each plate six photographs are taken consecutively 
in this way, and twelve hours after the start of the first series six more are 
taken in the spaces left vacant during first exposure of the plate; hence the 
developed plate will contain a series of photographs alternately taken twelve 
hours apart. The purposes served by this procedure will be explained later. 
Four such plates are taken during a day’s run. 

The temperature of water-bath was easily kept nearly constant for many 
weeks in succession. The temperature was chosen only slightly above that of 
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room, the water was circulated continuously and the mercury-toluene ther- 
mostat was arranged to control the potential of the grid of a vacuum tube 
which actuated the relay in the heating circuit— in this way only a minute 
current is broken at the mercury surface and it does not become contaminated 
with a film of oxide. The optical part of the apparatus was enclosed in a 
small dark room within a larger one. The temperature of the inner room was 
kept constant to within a few hundredths of a degree, that of outer room to 
within about a tenth. 

The interference apparatus consisted essentially of a set of four inter- 
feiometer plates of the best quality obtainable, mounted on a circular fused 
quartz base 28.5 cm in diameter by 3.8 cm thick. The method of mounting the 
plates is perhaps worth describing; the support of each plate was cut from a 
flat plate of fused quartz, and fused to a tapered plug of the same material 
which, after being ground to fit a tapered hole in the base, was etched away 


over the whole conical surface except in four spots of two or three square 
millimeters area, which were therefore the sole points of contact of the plug 
with the base. This procedure was necessary to insure a definite fixed position 
of plug, since if it were merely ground into the plate it would probably fit 
the hole only in a region near its middle. The positions of the bearing spots 
are indicated by the small squares in Fig. 3, the dotted one being on the 
opposite side of plug from the others. The plugs were held down by light 
springs as shown in the figure. The end mirrors were circular etalon plates 
25 mm in diameter. Their supporting frames were fashioned so as to provide 
three projections of quartz against which the mirror was held by a light spring 
opposite each projection. The faces of the projections were ground flat and 
so as to be very nearly in a vertical plane when the frame is in place on the 
base. Final adjustment of mirrors was made by rotating them about their 
horizontal axes; it will be evident that in this way (because of slight in- 
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dination to each other of the faces of the mirror) a very fine adjustment can 
be made. It was sufficient simply to rotate the mirrors with the unaided 
fingers, to correct for the departure from the vertical, while viewing the in- 
terference rings with a telescope. The reflecting surfaces were of platinum 
applied by cathode deposition. It was impossible to use silver for the purpose 
because traces of mercury vapor in the vacuum chamber would quickly dis- 
solve it. The light lens system which formed the rings on the photographic 
plate was attached to the base by means of invar plugs similar to those de- 
scribed above. 

The quartz base rested on a piece of uniform velour, the back side of 
which was cemented to a heavy flat brass plate which was supported in an 
accurately horizontal position at three points. Each fiber of the nap of the 
velour thus served as a tiny spring so that the weight of the quartz plate was 
evenly distributed; this is important, since a fused material of this sort is 
e.ssentially only semi-solid. The friction between the velour and the rough 
bottom face of the base sufficed to hold the latter accurately in position. 

^ In order to produce interference under the existing condition of large 
difference of paths of the two beams, the image in the half-reflecting mirror 
of the face of either end-mirror must be nearly parallel to the face of the 
other end-mirror; it will be shown that such an adjustment of the mirrors 
gives rise to a pattern consisting of a series of concentric circular rings. In 
order that the effective diameter of each ring may be sensibly independent 
of accidental variations in distribution of light intensity over the faces of 
mirrors and with respect to direction in the beam, it is necessary to make this 
parallelism very accurate. The accuracy of adjustment could be tested by 
the simple piocedure of moving a broad slit in various directions across the 
pencil incident on the half-reflector while the rings were observed in a tele- 
scope or photographed; when the diameters of rings were constant for all 
positions of slit the adjustment was the best obtainable. 

rhe paiticular spectral line employed in the experiment was chosen on 
basis of several requirements. As has been pointed out, it must be capable 
of producing interference with large path-difference; it must also be entirely 
controllable as to intensity, the intensity must be fairly large, and the line 
must be easily separable from adjacent ones. On the whole, these conditions 
seemed best satisfied by the line X5461 of mercury. The homogeneity of any 
light is roughly proportional to the inverse square root of absolute tempera- 
ture of source; hence the first source employed was a water-cooled mercury 
arc. This produced excellent interference rings, but it was soon noticed that 
their diameters depended on the part of the arc from which the light was 
taken; this suggests a Doppler effect due to motions of evaporating mole- 
cules from the hot liquid surface where the arc was brightest. Such an effect 
due to velocities variable by only a few centimeters per second would evi- 
dently be objectionable in view of the stability required. 

The source finally used was an electrodeless discharge in unsaturated 
mercury vapor. The tube is sketched in Fig. 4. The inner tube in which the 
discharge took place was connected to a continuously operating pumping 
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system through a capillary tube (heated to prevent condensation in it) of such 
length and diameter as to keep the pressure of the vapor just below that of 
saturated vapor at the existing temperature. The vapor was supplied by the 
mercury well at the rear of tube, and the small amount escaping through 
the capillary would condense and return by way of the other vertical tube. 
The temperature of the source, and thereby the pressure of vapor, were kept 
constant by means of carbon-tetrachloride in the jacket surrounding the 
inner tube; the liquid was maintained at its boiling-point by heat from the 
discharge, and its vapor was condensed and returned by the water-cooled 
condenser connected to top of jacket. It will be evident that with the dis- 
charge occurring at some distance from the mercury well, first-order Doppler 
effects would be eliminated since no mercury condenses in the forward part 



of the tube and therefore velocities of vapor molecules are on average same 
in all directions. Electrical energy was supplied by a coil of some thirty turns 
of wire around the outside of the jacket, in which oscillations of 20 meters 
wave-length were produced by a 7S-watt transmitting tube. This discharge 
produced a uniform steady glow over nearly the whole diameter of the inner 
tube, and the interference rings were completely free from the fluctuations 
in brightness and diameter which were visible with theordinar^^ arc. During 
a run, and for some time In advance of it, the tube was kept in continuous 
operation in order that all conditions should be steady. It was found that 
the frequency of the light depended on the temperature of the cooling liquid 
and the voltage applied to oscillator, so these factors had to be closely con- 
trolled. Tlievse effects probably arise from the complicated structure of the 
green line; its ^Trequency, ’has inferred from the interference pattern, is of 
course a sort of mean of the frequencies of its components, weighted accord- 
ing to their intensities. It is to be mentioned that each of several attempts to 
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use sealed-off tubes failed; after a few minutes of operation with such tubes 
the rings would disappear, presumably because the oscillatory discharge 
readily excited a green band in traces of oxygen which probabl}^ remain in 
•tube.. , 

In view of the theorem of Lorentz previously discussed, the usual theory 
of interference for stationary systems can be applied directly to the present 
situation. In Fig. 5, A represents the surface of one end-mirror and B the 



Fig. 5. Fig. 6. 


image of the other at distance I from A. Since A and B are parallel, the ray 
R impinging bn both at angle B produces on reflection the two parallel rays 
Ri and R^. If these are brought to a focus, the difference between the lengths 
of their paths will evidently be Now 

ab = //cos he = ah cos 20, ah A- he — (//cos (1 + cos 20) = 21 cos B, 

For constructive interference, this path-difference must contain an integral 
number of waves; hence the cones of rays for which 21 cosdi{i — 1, 2, 3, • • • ) 
equals a series of couvsecutive integers^ can be brought to a focus as a series 
of concentric rings of radii ri = (sin 6i)/kiy where ki is a constant depending 
on magnification of lens system producing the interference pattern. Now 
abA~he is the quantity in Eq. (4) ; hence = 21 cos di = 2/(1 — and 

?r=2j^7(l — It is convenient to consider only the central 

ray, and to express its phase in terms of the radii of the rings. For this ray 
f =50, so : ; / 'I 

n = 2p^lfc{l — 4- p (6) 

where is an integer and p a fraction. In general, for constructive interfer- 
ence, Then ■ 

no>- = [2///r(l 

p = — i)/{t — — hq — fiQ — / -f- |(#o — i)kiri^ no * • * 

= (k/2)ri^ - iy ■■ ■' ■ . ■ ■ ■ ■( 7 )': 

approximately; here k is a new constant. The approximations are justified 
since n is of order lO^Xf and kiTi has a maximum value of about lO"^ for the 
rings measured. From Eq. (7) we find on differentiating 

® When the distances are expressed in wave-lengths. 
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4,^ 


dp == kfidfi = krjdfj- == - V . (8) 

If measurements df'i of the values of the variations in fi are made for each 
of a number of rings of orders m to the mean value of 5p computed from 


them 


IS 


r 



p — m + 1 


p ___ 

8ri. 

m 


( 9 ) 


It will be convenient to have Sp in another form. In the final summary of data 
there aie many values of Sp to be averaged for each value of the hypothetical 
velocity. It is clear, then, that the final average will be unaffected if we re- 
place th^ variations Srt in (8) by their individual measured values Sri, so that 
riSn^rfin. Multiplying and dividing the right side of Eq. (9) by 1/ri it 
becomes 


dp == 


E(l/n) 


Y^dr 


( 10 ) 


expressions {ri/rj)dr % that appear in the product are replaced by 
, Since we aie dealing with extremely small variations in the radii, the 

I radii can be measured and Xl/ri computed once for all for a given adjustment 

I of apparatus; then the variations dp are simply proportional to the sums of 

i variations in the several radii. This possibility greatly expedites the labor 

. of measurement of plates; the way in which it was employed is discussed in 

J connection with the description of the comparator designed for the purpose. 

3 ^ should be remarked that in this procedure insufificient weight is given to 

f somewhat greater precision of measurements on the larger, sharper, rings; 

I however the final weighting of data is based on mean deviations of the com- 

1,^ puted values of dp, and the conclusions as to precision are not vitiated by 

I this approximation. 

The principle of the comparator is as follows: 

A diametral section of each photograph to be measured is made to appear 
juxtaposed with a similar section of a nearly identical photograph which is 
used as a standaid of reference for the whole series. In this way very small 
I differences between reference and measured plates reveal themselves. The 

juxtaposition is along a diameter of each of the systems of concentric rings, 
and the comparison is made by moving the standard until one side of a ring 
on one plate appears to be continuous with the corresponding ring on the 
other plate, and then noting the distance along the line of" demarcation 
which the standard must be moved in order to make the other sides of same 
rings coalesce similarly. This distance is evidently the difference between the 
diameteis of the two rings. On the shaft of a fine micrometer screw which 
moves the reference plate, and concentric with it, is mounted a graduated 
slip-ring arranged so as to be held stationary when the portions of interference 
rings on one side of center are matched, and to rotate with the screw when 
the matching is done on the other side of center; the angle through which 
^ slip-ring is rotated during settings on a number of rings is thus evidently 
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proportional to the sum of the differences of their diameters from those on 
corresponding rings on reference plate. Hence in view of Eq. (10) a single 
reading (of this angle) summarizes the measurement of the whole exposure. 
Nine or ten rings, alternately dark and light, and near the center, were 
usually measured. 

The device is diagrammed in Fig. 6; there P is a pair of similar right- 
angled prisms cemented together on their diagonal faces (one of which is half- 
silvered) and mounted on a carriage which can be moved by the micrometer 
screw on ways perpendicular to the section represented. The heavy lines 
and ^2 represent thin metal strips covering half the right and bottom faces 
of the prism combination; the lower edge of and left edge of ^2 are ground 
accurately straight and the strips are cemented to the prisms in such a way 
that the image of the former edge in the diagonal mirror exactly coincides 
with the latter. After traversing a water-cell a beam of light from right of 
figure passes through the reference plate P, which is mounted on the carriage 
and has its emulsion side in contact with screen Si along a diameter of the 
ring system; another beam, by way of mirror M, illuminates a similar part 
of the photograph on the plate B which is to be measured, and both parts 
are viewed from above through a lens system magnifying about four times. 
The latter plate is held by springs against stops which fix position of the 
emulsion side regardless of thickness of plate and of course at such a dis- 
tance as to eliminate parallax. The exposures can be compared in turn by 
sliding the plate to right or left of diagram (toward or away from operator). 
Since the ring system may not be exactly circular and also in order to ex- 
pedite placing the plates in position for comparison, a sharp notch was cut 
in each end of the slit behind which the plate is held during exposure; this 
leaves a sharp point at each end of the photograph which serves for setting 
accurately along the same diameter. It is to be noted that the comparator is 
automatically compensated for temperature (both reference and measured 
photographs being on same material); this compensation was not particu- 
larly important for the present purpose because the scheme of interleaving 
photographs taken twelve hours apart secured the same result. 

So accurately and quickly can the settings be made that the measure- 
ment of a photograph can be made after some practice with a probable error 
of a thousandth of a fringe (i.e., a thousandth of the shift that would be pro- 
duced by changing path-difference by one wave-length) in about five minutes. 
The labor of comparing the 48 exposures comprising a day’s run is thus not 
great. It was particularly desirable to be able to make rapid measurements 
during the numerous preliminary adjustments of apparatus, tests of effects 
of varying the several experimental conditions, etc. 

Two precautions were taken in order to keep the operator from being 
influenced in making settings on the comparator. The slip-ring, on which 
could be read the average differences of the diameters at any stage of com- 
parison of a particular exposure, was kept covered until the final setting was 
made, thus preventing unconscious corrections during the later settings. 
Also, the plates were marked in such a way that the operator was in com- 
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plete ignorance of times of day at which they were exposed ; not until a full 
day’s readings were finished were they arranged in chronological order for 
computation. 

Data and Results for Daily Effect 

It was intended when the experiment was proposed to look chiefly for an 
effect of a change of velocity due to the orbital rather than the rotational 
motion of the earth. However with the first apparatus constructed, in which 
the mirrors were mounted in invar frames, it was found impossible to elimi- 
nate a slow, rather irregular variation in the interference pattern which 
would have masked the effect sought; hence it was decided to concentrate 
on the possible rotational effect. Three series of data were taken with this 
apparatus (in April and October, 1929 and January, 1930) ; after an interrup- 
tion of over a year, during which the apparatus was rebuilt in its final form, 
three more series were taken in May, July and August 1931. The same form 
of light source was used in all six series. A large amoun t of data previously ob- 
tained with the water-cooled arc and under less carefully controlled conditions 
are ignored^ in the summaiy because of necessity of applying doubtful cor- 
rections to it. No corrections have been applied to the data here presented. 
Where results of the several series are combined, they are weighted in ac- 
cordance with the usual theory of errors in terms of probable errors com- 
puted from the mean deviations. 

Each of the series extended over a period of only a few days; during such 
a time we may regard sin (0i— wi) in Eq. (5) as virtually constant. From this 
equation and Eq. (6), 5w = 5p-fa constant. Since di is proportional to we 
have from Eq. (5) 

= a sin (^2 — 02 ) + M 2 + ^' 

where a, b and k' are constants, the last two including any slow uniform 
variation such as might result from stresses in the apparatus. Letting com- 
puted values 5pi correspond to angles fl,-, we have according to the principle 
of least squares the condition that the most probable values of a and wa are 

those for which 

2:(3p - Spi)2 = sin idi - C 02 ) + bdi - Spj]^ 

is a minimum. When account is taken of the fact that the data are distributed 
uniformly over the day, we infer from this condition that 


tan W2 — cos Qi/(^hpi mh) . 

The constant b can be computed by comparing' mean values of bp on succes- 
sive days* m is a number of exposures per day, usually 48. 

Incidentally, the last two equations show the importance of the pro- 
cedure of interleaving the exposures so that adjacent ones on any plate arc 
made twelve hours apart. For it is known that the nhntno-mnhiV 
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is subject to .shrinkage which' varies fro.m plate to plate,, .the plates may be 
.s.Hghtly curved, and there are probably variable stresses in the apparatus 
duetto different .weights of plates; there is also' a slight effect on measured 
diameters' due to va,ryiiig densities of photograph such as would result from 
different treatment , and sensitiveness of plates. All of .these., errors are evi- 
dently automatically eliminated in the process of computing, however, since 
each is multiplied into. a sine or cosine term in Bi and then added to a similar 
product into a term of opposite sign. Compensation is made also for the 
greater shrinkage of emulsion near ends of plates, because the plates were 
started alternately o.iie .and two. slit“Widths.,from the end. 

■ Tabl'eI.. 
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(1) 

2'.0 

( 25 ) 

2.2 

- 2.1 

- G.26 
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1.70 
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1.6 
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0.03 
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2..0 


2.2 

0.7 

: 0.27 

- 1.1 

- 1.06 
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0.7 
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1.1 

0.9 
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1.3 
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0,37 
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1.8 

1,56 

0.6 

0.30 


2.0 


0.0 

1.6 

1.48 

2.4 

0.92 


1.0 


0.9 

1.9 

1.83 

- 1.7 

- 0.44 

(12) 

1.4 

(36) 

1.0 

- 0.4 

- 0.40 

1.2 

0.16 


1.3 


2.1 
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0.2 
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tan «2 = 
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0.7 

o = (2/48) (0.60X3.57+0.80X4.78) 
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■ 0.8 
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OO 
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' A . sample of data for a period of three days and the computations for the 
resultant ..amplitude. a.nd phase of the sine curve to which at most closely 
co.nforms,'is given in Table I. The numbers, in the. two columns at the left are 
means of the three values of bp at the same hour of each day, arranged in 
chronological order. . Column A contains .sums and .differences of ' the four 
terms in the previous columns for which the sines of the corresponding phase 
angles are... equal or opposite.^ Column B contains products of the terms of 

^ The summation in the formula above for the amplitude can evidently be expanded as 
folIo.ws:' .' 

Bpi sin — — cos ^Pi Oi—sin ^Pi cos 6i 

1.'. ' i 1 




column A into the sines of the corresponding phase angles. Columns G and 
D contain the corresponding quantities to A and B, using the cosine instead ' 
of the sine. 

The results for the daily effect are summarized in Table IT The column 
headed co contains the phase angles corresponding to the sidereal time of the 
maximum value of hi. The amplitudes are expressed in thousandths of a 
fringe. 

Table IL 



Time of year 

Weighted amplitude 

05 ■ 


January 

0.16 

89°' 


April 

0.27 

.273. 


May 

0.18 

18 


July 

0.14 

43 


August 

0.30 

128 


October 

0.22 

183 


Since the total velocity of the earth could vary during the year by no 
more than twice the orbital velocity it is probably as well to average these 
results without reference to the first term in Eq. (5) that is, by simply adding 
them vectorially. When that is done, the amplitude of the resulting sine 
curve is 0.06 + 0.05. Substituting in (5) this is found to correspond to a 
velocity == 24 + 19 kilometers per second.® 

Search FOR Long Period Effect 

Because the apparatus in its final form appeared to be permanently in 
adjustment and the average values of the ring diameters proved to be nearly 
constant, it became feasible to test whether an effect exists due to orbital 
motion, i.e., to determine the coefficient in first term bracketed in Eq. (5). 
The direct way of doing this would evidently be like that for daily effects 
which has just been discussed, i.e., to determine for a large part of a year 
and fit the data to a curve of the required form. Instead, a modification of 
this procedure was adopted in order to make it unnecessary to keep all the 
experimental conditions the same for long times. It is based on the assump- 


12 

sin (5pt"-“6p26-t““5p24+i + ^p49„d cos Bi. 

1 

The terms in parentheses in the last two summations are the quantities in the columns A an 
C, respectively. 

^ There is a superficial appearance that this result conflicts with the assumption introduced 
in Eq. (5), i.e., that Vi and vt are negligible in comparison with Va and since the value just 
determined for is even less than the orbital velocity Vi. The contradiction is merely apparent 
however; it arises from the adoption of a corresponding velocit 3 ^ as a means of expressing the 
accuracy of the result, as has been customary in discussions of the Michelson-Morlej^ experi- 
ment. From that experiment it is not inferred that the velocity of the earth is but a few kilome- 
ters per second, but rather that the dimensions of the apparatus vary very nearly as required 
by relativity. From the present experiment we similarly infer that the frequency of light varies 
conformably to the theory. 
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tion that the most probable rate of variation of hn (computed from measured 
values of 5p over short times) is equal to the derivative of the most probable 
first term in Eq. (5). Each of three series of data, taken for periods varying 
from eight days to a month, and at intervals of three months, was used to 
compute the daily rate of change of p5 at those times of year. This rate was 
found by averaging arithmetically the readings of each day of a given series 
and determining by the method of least squares the slope of the most prob- 
able straight line represented by them. Similarly the most probable sine 
curve corresponding to these three derivatives is computed. Some 300 ex- 
posures comprised the three series. 

The three computed rates of change were 0.050 ±0.020, 0.007 ±0.013 and 
-0.015 ±0.021, all expressed in thousandths of a fringe per day. The com- 
puted sine curve has an amplitude of 2.96 thousandths and this corresponds 
to a velocity K = 15 ±4 km per sec. Since the relatively small probable error 
is based only on the internal consistency of the data and is therefore not 
to be taken very seriously, this result can scarcely be regarded as indicating 
a real velocity. Furthermore the direction of the computed velocity is 123° 
away from that computed above. 

As we have used only 300 exposures in the application of this method, it 
is evident that the accuracy could be increased by a large factor if data were 
taken steadily for a few months. The proverbial brevity of life, however, 

argues against laboring the point. 

If the last result and that for the rotational effect are given the same 
weight and combined vectorially (ignoring difference of direction of 14 and 
F/ their resultant is 10 ±10 km per sec. In view of relative velocities 
amounting to thousands of kilometers per second known to e.xist among the 
nebulae, this can scarcely be regarded as other than a clear null result- it is 
of the same order of precision as that of the Michelson-Morley experiment. 

It IS perhaps best expressed as at present in terms of a velocity, although of 
course the conclusion to be drawn is that the frequency of a spectral line 
varies m the way required by relativity.^ This appears to be the only in- 
vestiption in which a quantum phenomenon is shown to conform to Ein- 
stein’s theory. 

Insofar as the radiating atom may be regarded as a typical clock, the re- 
sult of tins experiment can be combined with assumption (b) to derive the 
Lorentz-&nstein^ transformations. Throughout the foregoing discussion we 
have dealt with time regarded as measured only at a fixed place in the moving 
system Sv m order to specify unambiguously the time at another point of 
S it is necessary to specify the operations which define it. Perhaps the most 
natural meaning to attach to the concept is that the time at any point is the 
indication of a clock which has been moved with infinitesimal velocity to the 

« The two results can be combined only by making some approximation. 
wh:.h ■ altogether possible that there is a real (inherently observable) velocity 

in ther^ sir Perpendicular to the orbital and equatorial planes as to have 

.he .XrllS) L“el:r.2“eE4 ““ 
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point, and from the same location as an identical clock with which it was 
originally in agreement; it turns out that this definition is equivalent to that 
of synchronizing by means of light signals. 

We have shown that the frequency of an atom moving with velocity 
bears the relation to that of a fixed atom. Let us assume 

that the indications of clocks under similar conditions bear the same ratio. 
Suppose that at time7 = 2^' = 0, the origins of parallel coordinates in S and S' 
(previously defined) coincide, and that the 5-clock passes through the origin 
with a small velocity with respect to 5. Because of this motion, the velocity 
of the clock with respect to S' will have components, say, v+UxfUp, hence 
the times and t indicated by a clock in S' and the clock in S will thereafter 
stand in the relation 


Now Uxt' is equal to 5'-measure of distance .x traversed in S by the clock 
hence is substituted in the second term of the 

right side of the above equation and u is made to approach zero, 


Here x/t is the velocity of clock with respect to 5, and it approaches zero 
with ti ; hence the coefficient of t in the last expression is unity, and 

/' = [ 1/(1 -- vyc^y^^Wt + {v/c^)xl ( 11 ) 

The statement that the systems are in uniform relative velocity, together 
with fact that t' is independent of y and z implies 

x' = A;'(:r -f vi) ; hence dx'/dx == {l/v)(dx'/di) , (12) 

The measurement in S' of the lenth of an interval ds in S is obtained by 
observing the distance 5^' between points in S' with which the ends of the 
interval coincide at same 5'-time. For measurement along x' axes we have, 
because of Loren tz-Fitzgerald contraction 
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From this and (12) 


dx (1 - b7c2)I/2 Qf (1_ ^2/^2^ 1/2 

Hence 

it' = (1 - + Vi). 

This equation and (11) together with y= 3 ;, z'=z, are the Lorentz-Einstein 
transformations; because they are known to possess the group property, the 
system S' which has been used as a tentative standard of reference evidently 
loses all trace of uniqueness. 

The research set forth in this paper has been carried on over a period of 
several years, during which many obligations have been incurred. Preliminary 
work on it served as basis for the senior author’s doctoral thesis at Johns 
Hopkins University. The main work was done at the California Institute of 
Technology with the aid of fellowships granted by the National Research 
Council, the Guggenheim Memorial Foundation and the Institute; it was 
completed during leave of absence granted by the University of Washington. 
Particularly acknowledgment is made to Professors E. T. Bell, R. C. Tol- 
man and R. A. Millikan, whose interest and encouragement have made the 
work possible, and to Mr. Julius Pearson to whom several essential refine- 
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Propagation of Large Barkhausen Discontinuities. II 

% K. J. Sixtus AND L. Tonks 
General Electric Company, Schenectady, New York 

(Received September 9, 1932) 

^ A new formula for the penetration time of large Barkhausen discontinuities is 
given which IS based on definite assumptions regarding the condition for magnetic 
reversal. In order to bring this formula into agreement with experimental results' it 
must be modified by the introduction of a length of 0.035 cm of unknown origin. 
The modified formula agrees well with the results obsen^ed for wires of various di- 
ameters, a strip, for various impressed fields, tensions and torsions, and for variations 
of jump magnitude and electrical resistivity. The behavior of the discontinuity in a 15 
percent NiFe wire relative to heat treatment was investigated. Changes in critical 
(minirnum propagating) and coercive fields were indicative of the internal state of 
strain in the wire. The presence of cold-work strains appears to be necessary for the 
occurrence of the jump but the addition of strains arising from cooling through the 
7 -a transformation reduces the tendency to form the large discontinuity. Propagation 
v^s observed at temperatures up to 350°C. With increasing temperature the slope A 
u curves increased. At the same time the range between the critical field and 

the field at which propagation starts spontaneously at some point in the wire de- 
creased. Etching the surface of a wire also increased A and decreased propagation range. 
Cracks appearing in the wire surface indicated that the release of surface strains may 
well have been responsible. It was established that neither the removal of material nor 
the absorption of hydrogen were the cause. 


L Introduction 

^T^HE earlier work which has already been reported upon under the same 
title and in two additional notices^*® has been continued and extended. 
Some phases of the new material will be discussed in the present paper and 
additional results will be published shortly. 

As considerable number of symbols denoting various magnetic fields 
are required we list them here: II, longitudinal main field impressed on the 
wire; IIq, critical field, minimum longitudinal field for propagation; AH — 
II -Ho, excess field; JA, starting field, minimum value of II which initiates 
propagation in the wire; IH, eddy current field; field arising from the 
magnetic pole distribution; total field at a point; and II c, coercive force, 
used in place of i7o when the large discontinuity is absent. 

IL Revised Formula for the Penetration Time 

Old formtila . 

In I we have shown that one has to distinguish between the propagation 
in two different directions : A propagation into the wire, which depends on 

^ ^ K. J. Sixtus and L. Tonks, Phys. Rev. 37, 930 (1931). This paper will be referred to as 
I m the text. On page 932 a was erroneously defined as the wire diameter. Throughout I and 
here also a is the radius of the wire. 

2 K. J. Sixtus and L. Tonks, Phys. Rev. 39, 357 (1932). 

® I. Langmuir and K, J, Sixtus, Phys. Rev. 38, 2072 (1931). 
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Edr/p = (4,rz.7?i2'A//pc)In(a/i?) 


wh ere fl is the radius of the wire. 

^ W. Wolman and H. Kaden, Zelts. f. techn. 
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eddy currents arising in the material, and a propagation in the longitudinal 
direction, depending, we believed, on conditions in the surface of the wire. 
Tlie propagation into the wire requires a time interval 8f which we have called 
the penetration time. The approximate calculation made in I gave values 
one-fourth of those found experimentally in a 0.038 cm diameter wire. We 
shall here give the derivation of Eq. (8A)^ previously stated without proof. 
In the Interim an independent derivation^ has appeared which is, however, 
less satisfactory for our purpose. 

2. Basic assumptions ■ 

Any exact calculation of this time must take the actual manner of pene- 
tration into consideration. The hypothesis adopted is that stated in I, p. 947, 
with the additional assumption, already implicit in I, Eq. (7) , that magnetiza' 
tion reverses when the total field at a point in the discontinuity exceeds 
the critical field Ho, and that it reverses so rapidly that the eddy currents 
generated reduce //„, to J7o at every instant. This, in turn, implies that the 
discontinuity is of infinitesimal thickness, but the results of the calculation 
will be valid to the extent that this thickness is small compared to the di- 
ameter of the wire. 

For clarity, we shall call the portion of the wire already traversed by the 

discontinuity, and which has therefore changed magnetization, the saturated 
phase, the unchanged portion, the antisaturated phase. Thus the moving dis- 
continuity can be looked upon as a propagating phase boundary. 

3. Calculation of eddy current field 

Denoting distance along the wire and in the direction of propagation by 
X, and representing the shape of the phase boundary by the unknown func- 
tion, our first problem is to set up this function. 

The change in flux in a cross section of the wire during the time dt is 
2^J?di2-47rA/, where 4 tA/ is the change in induction between the two 
phases. The line integral of e.m.f., E, around the wire at a radial distance 
r>i?isthus 


2irrE 


i87rmAI/c)dR/dt 


( 1 ) 

(of course, for r <R, E = 0). By introducing the longitudinal velocity of 

propagation v( and using R' for dR/dx this becomes 


E = 4:TrvRR' M / rc , 


Since the current density I is E/ p, the total circular current per cm length 
of wire IS * 
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This eddy current, in turn, gives rise to a magnetic field at R which is 
given by 

- {lMM/pc^)RR'lix{afR) (4) 

the negative sign indicating that H, is in opposition to /f, the impressed field. 
4. Field relations and shape of phase boundary 

It is readily seen that II, 11^, and the field Up arising from the magnetic 
poles created in the reversal all contribute to 11,^, so that 

Ilm = // + + Up. ( 5 ) 

It will be shown later that in the propagating wave it is justifiable to neglect 
Hp because the poles are distributed over such a great length of the wire The 


5. Penetration time 
Noting that 


Eq. (7) gives 

U = 4ir%W/pc2Afl' 

= 3.94X ^ ^ ^ 

in practical units. Thus the exact definition of the discontinuity under our 
assumptions doubles the numerical factor in I, Eq. (8), thereby reducing the 
discrepancy between a4xp. and S/caic. which is noted in T, Table T, column 7, 
from the factor 4 to the factor 2. In the ease of a strip the corresponding for- 
mula is 

a/atrip = 7 .88 X 10-«i2A//pA£f (10) 

where b is the half-thickness. 

The derivation of these equations was based on the assumption that the 
surface of magnetic discontinuity makes only a small angle with the axis, 
but a plot of Eq. (/), as given in Fig. 1, shows that the discontinuity is 
perpendicular to the axis both at the axis and at the .surface of the wire. Other 
considerations must apply in these two regions. At most, however, the ex- 



Wire surFace 


direction 


■ (a h 907411 a^ AI)x 

Wire axis 

Fig. 1. Theoretical shape of the boundary in a wire. 




ceptional districts include less than one percent of the discontinuity, so that 
Eqs. (9) and (10) may reasonably be expected to be valid. 


6. Test of formula and empirical modification 

For the further testing of these formulas a new series of oscillograms were 
taken covering variations in a, A/, and p. The procedure is described in I, 
page 944. It immediately appeared that 5^ was proportional to a rather than 
the missing power of a being replaced by an empirical constant which in an 
earlier note^ was given as 0.031 cm. A more complete and critical examination 
of the data leads, however, to the present slightly higher value, 0.035 cm. 
Accordingly, Eq. (9) was changed to 


The results of applying this modified equation to a series of 15 percent 
NiFe wires under both tension and torsion are shown in Table I. No system- 
atic variation of 64aio,/54xp. is evident. Only the torsion case, subdivisions, 
shows a marked general deviation from unity. It is remarkable and doubtless 
significant that the empirical length of 0.035 cm determined by tension 
e.xperiments should apply even this well to a case where the strains are so 
diffeient. The fact that the jump is only 50 percent of the double saturation 
value appears, in the light of later results,^'® to arise from a transverse com- 
ponent in the reversal as well as from a probable absence of reversal near the 
axis where the shearing strain approaches zero. The former case is covered by 
the theoretical formula, but in the latter the necessary correction would 
1 educe the calculated time, thus making the discrepancy worse. This case 
certainly demonstrates, however, that three- to four-fold changes in AJ are 
accompanied by only a 20 percent difference between formula and experi- 
ment. 

The theoretical formula for a strip was modified in exactly the same way 
as the wire formula, that is, to 
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Siwire == 3.94 X 10-5 X 0.035 aAI/pAH. 


%trip = 7.88 X 10-5 X 0.035 bAI/pAH. 

See also R. M. Bozorth and J. F. Dillinger, Phys. Rev. 41, 345 (1932). 
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Subdivision 6 shows that this semi-empirical formula applies. In' addition it " 
should be noted that this is an extreme case in that b is less by half than the 
smallest wire radius.' ■ - ' ■ 

Table I. Experimental and calculated times of penetration in 15 percent NiFe wire and ribbon 

under tension or torsion. Wire No, 37; resistivity, p=$lXlQ~^ cm. 


Osc, 

No. 

AH 

oersted 

AI 

e.m.u. 

cm /sec. 

8ty miilisec. 
exp. calc. 

bicx.p. 

„.x 

cm , 


1. Diameter, 2a —0,0533 cm; tension, 71 ka: 

mm "2; J/a = 

= 1.40 oersted 


124 

0.21 

2960 

2500 

18.5 

16.7 

0.90 

47 

123 

0.44 

3040 

6000 

8.0 

8.2 

1.02 

.48 ■ ' ' 

122 

0.67 

3060 

10000 

5.0 

5.5. . 

1.10 

50 . „ 


2. Diameter, 

2(1=0.038 

cm; tensior 

L 77 kg 

mm "2; j/q: 

= 2.07 oersted 


109 

0.11 

2320 

2100 

11.4 

18.0 

i.57' . 

■24 

118 

0.47 

3170 

8800 

6.2 

5.7 

0.92 

59 

111 

0.69 

3210 

13800 

3.8 

3.9 

1.02 

■ 52 

107 

1.04 

3260 

21600 

2.3 

2.6 

1.14 

50 


3. Diameter, 

2a =0.038 

cm; torsion, 

4 turns/80 cm; Ih 

= 2.49 oersted 


120 

0.16 

830 

3000 

5.6 

4.4 

0.78 

17 

119 

0.39 

1030 

8000 

2.9 

2.3 

0.79 

23'- ■ 


4. Diameter, 

2a =0.026 

cm; tension, 85 ke: 

mm"'^ ; Hq ■ 

= 3.49 oersted 


104 

0.31 

3170 

6500 

6.2 

6.0 

0.96 

41 

105 

0.66 

3280 

15000 

2.8 

2.9 

1.03 

42 


5. Diameter, 

2a = 0.013 

cm; tension, 158 kg 

Bq 

= 5.93 oersted 


133 

0.39 

1600 

7400 

1.6 

1.20 

0.75 '■' 

"■12 

134 

0.63 

3150 

11600 

2.1 

1.45 

0.69 

■' 24 

132 

0.87 

3320 

15800 

1.2 

1.10 

0.92 

19 

■ ■ 135 ■ 

0.97 

3320 

17800 

0.9 

0.97 

1.08 

16 

131 

1.21 

3320 

22000 

0.75 

0.78 

1.04 

17 


6. Strip, 0.0071X0.0685; tension, 

85 kg mm~2: 

3.80 oersted 


127^ 

0.35 

2450 

4600 

3.0 

2.20 

0.73 

■. 14 

127^ , 

0.47 

2920 

5800 

2.4 

1.95 

0.81 

14 

■126 

0.81 

3130 

9800 

1.5 

1.24 

0.83 

15 

125 

1.39 

3130 

19600 

(1.2)* 

0.70 

(0,58) 

(24) 


* Uncertain because of the shortness of the time interval. 

7. Further tests of formula 

Table I, as remarked, covers experiments in which AI shows some varia- 
tion from one test to the next. A greater range was embraced by using wires 
of different compositions. These wires showed, in addition, marked differ- 
ences in resistivity, the 39 percent Ni-Fe having 71X10”"® a? cm and the 90 
percent Ni-Fe having 13.5X10*“® o) cm. The 39 percent alloy lies in a range 
where it is difficult to obtain large discontinuities. After quite a number of 
trials it was found that combined torsion and tension were required to 
give large enough jumps to work with. The 90 percent alloy lies in a range 
where tension reduces the size of discontinuities. Accordingly torsion alone 
'■■was useddn, this case. :■' 

The results are exhibited in Tables II and III. Although there are devia- 
tions from unity in column 7 of each table, these show no correlation with 
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Table II. Experimental and calculated times of penetration in 

39 percent NiFe wire under 

combined tension and torsion. Wire No. 26; resistivity, , 

p = 71X10-« 

0 ) cm; diameter, 2a 

=0.0388 

cm; torsion, 15 turns; tension 30.5 kg/mm^; Hq 

=8.36 oersted. 



Osc, 

AH 

AI 

V 

5/, 

millisec. 

btvAlU-i. 

X 

' No. 

oersted 

e.m.u. 

cm/sec. 

exp. 

calc. 

^4xp. 

cm 

255 

0.24 

690 

4300 

1.40 

1.08 

0.77 

6.0 

254 

0.36 

728 

6400 

0.80 

0.76 

0.95 

5.1 

253 

0.48 

765 

8700 

0.75 

0.60 

0.80 

6.5 

252 

0.61 

803 

11400 

0.60 

0.50 

0.83 

6.8 

256 

0.74 

820 

14000 

0,50 

0.42 

0.84 

7.0 

A vibrator with natural frequency 5000 cycles/sec. was used for these oscillograms. 

Table III. Experimental and calculated times of penetration in a 90 percent NiFe wire under 

torsion. 

Wire No. 6a; resistivity p = 

13.5 X 10”*^ CO cm; diameter, 2ct== 

0.0386 cm; torsion, 

5 turns; 

IIq^4:.Q2 oersted. 






Osc. 

AH 

AI 

V 

U, 

millisec. 


X 

No. 

oersted 

e.m.u. 

cm /sec. 

exp. 

calc. 

btexp- 

cm 

209 

0,46 

460 

1000 

1.82 

1.97 

1.08 

1.8 

206 








213 

0,58 

500 

1300 

1.96 

1.70 

0.87 

2.5 

214 








202 








205 








208 

211 

0.80 

520 

1900 

1.60 

1.28 

0.80 

3.0 

215 

1.04 

550 

2800 

1.21 

1.04 

0.86 

3.4 

204 

1.15 

550 

3400 

1.28 

0.94 

0.74 

4.4 

210 







variations in any of the listed quantities. In this connection it must also be 
borne in mind that there is some indefiniteness in interpreting the oscillo- 
grams of the discontinuity which yield the values of dt, particularly in the 
lower velocity cases. The general shape of the trace is that of an isosceles 
triangle wdth the sides curving into the zero line. The time occupied by the 
curved portion in relation to the velocity of propagation represents roughly 
the distance along the wire that one should expect the effects of an advancing 
(and receding) magnetic change to reach ahead (and persist behind) when 
the actual size of the search coil is taken into account. Thus the search coil 
had an outer radius of 1 cm and an axial thickness of 0.6 cm and the dis- 
tances found from the oscillograms were about 1 cm. 

8. Significance of empirical constant 

It is interesting to observe that the special constant, 0.035 cm, appearing 
in Eqs. (10) and (11), lies in the neighborhood of the radius above which 
propagation does not occur. For example, as mentioned in I in connection 
with hig. 9, the 0.071 cm diameter wire showed propagation but only with 
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decreasing jump magnitude, and other tests on larger wires have also failed 
to show propagation without decrement. What significance, if any, is to be 
attached to this coincidence is not known. 

III. Annealed Wires 

1. Introduction 

It was thought that the effect on the magnetic properties of the material 
of annealing at different temperatures might give more information regarding 
the influence of various factors, such as inhomogeneous strains and crystal 
oiientation. Such tests have already been reported by Preisach.*^ Pra{‘tica]ly 
all of the measurements in this and the following section were made on 15 
percent NiFe (Ingot No. 37) so that unless otherwise stated all results and 
conclusions apply to this alone. The exact percentage composition of this 
wire by weight as determined by chemical analysis was: Ni, 14.75; Mn, 0.11; 
C, 0.02; P, 0.02; S, 0.016; Si, trace; Fe, remainder. 

Although many different heat treatments have been tried, we shall only 
describe the results obtained on a series of wires heated for 10 hours in hydro- 
gen at 400°, 600°, 800° and 1250°C, since these exhibit the important phe- 
nomena very clearly. Using the equilibrium diagram and with the help of 
x-ray spectrograms and photomicrographs we shall attempt to explain these 
observations. The transformation points for the alloy of 15 percent Ni-Fe 
were taken from the extensive report of Peschard® which furnished the main 
basis for the diagram published in the National Metals Handbook (p. 608). 
In a 15 percent alloy with very pure constituents the transformation from 
a- to 7-phase occurs between 570° and 670° in heating, whereas in cooling 
the change from 7 to a structure occurs between 300° and 140°C. In a rough 
test it was found that the a-y transformation in the present wire began as 
low as 450°C. The difference between this value and the one found by Pes- 
chard can be ascribed to impurities. 

The original wire had undergone a severe cold working as it had been 
drawn cold from 0.080 to 0.038 cm diameter and had, accordingly, a fibrous 
structuie with very fine crystal grains whose boundaries, even with, a mag- 
nification of 1500, could not be recognized. X-ray spectrograms showed the 
well-known orienting effect of cold working. In the center portion of the wire 
one could observe a preferred crystal orientation of the (110) axis parallel 
to the wire axis; but near the surface to a depth of about § of the radius there 
was random crystal orientation. 

2. Properties of annealed wires 

The changes in the magnetic properties of the wire after annealing are 
given in Figs. 2 and 3. Annealing at 400°C, below the transformation range, 
caused a marked reduction of coercive force and critical field for all tensions, 
and the large discontinuity appeared at a lower tension than before. The 
x-ray pattern did not differ from the one obtained with the original wire. 

*’ F. Preisach, Ann. d. Physik 3, 737 (1929). 

Peschard, Rev. de Met. 22, 490 (1925). 
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Fig. 2. Effect of annealing on coercive force He or critical field Hq. 
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Tension 62 Kg. mm' 


1400 


Temperature, deq. C 
Fig. 3. Remanence and coercive force (or critical field), 
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Obviously , the only effect of annealing in this case was the release of internal 
Strains, a result well known in connection with the reduction of coercive 
force of ferromagnetic materials. 


1, 2,3,4 Original wire 
lA 400MObr. 

2 A 600M0 hr. 

3 A 800®, 10 hr. 

iA 1250®, 10 hr. 

3B 800®. 10 hr, 400® 5 hr. 

^ B 1250®, 10 hr.,400! 5hn 


Heavy lines indicate range with 
large discontinuities. 


10.10 


shlO 


After the anneal at 600°C, where the wire had at least partly undergone 
the <^“7 transformation, J?o und lie had been increased many fold, and a dis- 
continuity could only be obtained with very high tension. At the same time 










PROPAGA TION OF BARKHA USEN DISCONTINUITIES All 


*; . « the remanence had decreased. Again the x-ray analysis showed no change in 

f crystal orientation, and besides gave no indication of the presence of the 

7 -phase. 

We therefore have to conclude that theincrease in Ho ox H, as the case 
may be, is not due to a variation in crystal orientation nor to the presence 
of the 7 -phase. Presumably the wire shows persisting effects of the trans- 
formation between 7- and a-phase, even though the sample was cooled slowly 

i with the furnace. These observations are consistent with the view that large 

j inhomogeneous strains are present whose suppression to an extent sufficient 

I olign the pieferied directions of the elementary districts recjuires large 

applied tension. 

j The 800° wire showed increased PA, and photomicrographs revealed a 

j ceitain grain growth of the crystals, while there was no apparent change in 

! crystal orientation as seen from the x-ray spectrograms. No large discon- 

I* tiouities could be obtained in this wire. In a wire with only 2 hours anneal a 

50 percent discontinuity was observed for high tension (72 kg mm'^). 

The 1250° wire, having high JPc and no discontinuities, had lost its fibrous 

structure entirely. It had recrystallized and new crystals of 0.01 to 0.05 cm 
linear dimensions had formed. In the center portion preferred crystal orienta- 
: tion was still noticeable, although it was less pronounced than before. 

Both the 800° and the 1250° wire were tempered for 5 hours at 400°C. 

; This treatment reduced their He (see Fig. 2) nearly to the value of the original 

400° wire, but only in the 800° wire was the discontinuity restored. The effect 
on He is consistent with the view, expressed above, that intense strains were 
^ set up during the 7 - 0 ; transformation which were relieved by subsequent 

tempering below the transformation temperature. The recrystallization of 
the 1250° wire, i.e., the formation of large crystals with new orientations in 
f this case, is accompanied by the complete disappearance of the jump, and 

^ the release of strains by tempering cannot bring it back. 

In all the wires tested the slope A of the v-H curves was only slightly 
affected by the heat treatment with no apparent tendency to either increase 
or decrease. The variations which were found were no larger than those al- 
ready observed in unannealed wires (I, Fig. 9), lying for different wires under 
various tensions between 19,000 and 32,000 cm sec.“>^ oersted“b 

3. Theory 



It is difficult to formulate any approximately complete explanation of 
these effects. One conclusion does seem possible, however, and that is that 
uniform crystal orientation is not necessary for the occurrence of the jump. 
Too small a fraction of the wire cross section shows partial orientation com- 
pared to the complete reversal of the whole wire which is often observed. 
Secondly, experiments have been made^ which show that the preferred di- 
rection dominating the discontinuity can be in the surface layers where no 
uniform crystal orientation exists, and this direction coincides with a prin- 
cipal strain axis which can make any angle up to 45° with the wire axis. 

The following not quite satisfactory hypothesis for the response of the 
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NiFe wire to heat treatment is ojffered in the absence of complete and con- 
vincing data: The type of strain distribution introduced by cold working is 
necessary for the occurrence of the jump. A possible explanation for the re- 
lationship between strain and critical field is offered by the ideas of Bloch.® 
On his view it is the presence of local variations in strain which establishes 
magnetic barriers and thereby leads to Barkhausen discontinuities. Annealing 
at 400®C reduces the strains, with a consequent decrease in (i^o) . Anneal- 
ing at 800 C does not eliminate them completely even though the a-y trans- 
formation range has been traversed, but on the return from this temperature 
the y-a change introduces widely dispersed strains of a different type which 
tend to obliterate the jump. When this treatment is carried on for 10 hours, 
the jump is actually eliminated. Subsequent heating at 400® has no addi- 
tional effect on the cold-work strains, but does decrease the transformation 
strains so that the jump reappears. Finally, a lO-hour 1250® anneal does 
eliminate the cold-work strains to such a degree that no jump can be found 
subsequently. 

4. Special experiments 

A few special cases remain which should be mentioned. The wire, which 
apparently had the smallest internal strains as judged by its decreased hard- 
ness and the fact that it had the smallest lie (Ho) observed so far for any 
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Fig. 4. Hysteresis loops under different tensions for wire annealed at 800“ for 1 hr then at 

400°for6hrs. ’ 

hours iHoo"’ for 1 hour at 800°C and subsequently for 6 

aored In, 'f ' ^ discontinuity with an extremely low 

I Phys. Rev. 41, 539 (1932). 

F. Bloch, Zeits. f. Physik 74, 332 (1932). 
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I All the wires so far mentioned were annealed without tension. In one ex- 

1 Periment a wire was annealed under a tension of 82 kg mm-2 for one hour at 

300 C. It showed very nearly the same variation of £fo with tension as a wire 


given the same heat treatment without tension. 

A soft permalloy wire (78.5 percent NiFe, annealed for 1 hour at 900°) 
gave no jump when tension was applied, but after it had been stretched 
plastically by about 1 percent of its length, the same tension produced a 
large discontinuity in its hysteresis loop. Both the soft and the deformed 
wire had a slight preferred crystal orientation at the center and to about the 
same degree. The theory formulated above is consistent with this behavior 
if we assume that the strains introduced by stretching are of the same nature 
as those caused by drawing or rolling. 

A 35 Ni, 20 Fe, 45 Ni perminvar wire showed an anomalous behavior for 
which no explanation can at present be offered. This wire had been annealed 
at 1000°C for 1 hour and was extremely soft. It is known* that under these 
conditions a large jump occurs with no applied tension. Its v-H curves were 
taken over a considerable range of H and their slopes were found to be 
nearly equal to those of Ni under torsion. When tension or torsion was ap- 
plied, the discontinuity diminished, and if these stresses were sufficiently 
large, the phenomenon disappeared completely. An x-ray spectrogram 

showed the crystal structure to be of the face-centered cubic type. 


r ^ ^ ^ ^ ^ ^ IV. Propagation AT Ei.evated Temperatures 

j 1. Experimental procedure 

J* In order to extend the propagation measurements to higher tempera- 

i| tures, the set-up comprising the wire, the main coil, the two search coils and 

I the adding coil had to be placed into a furnace. This was accomplished in the 

J » following way : 

On the middle part of a Nonex capillary tube (120 cm in length, 0.15 cm 
in inside, and 0.5 cm in outside diameter) two .search coils (each 0.6 cm long 
wnth 500 turns of 0.0075 cm diameter enameled copper wire) were wound at 
a distance of 20 cm from each other. Beyond one of them and 15 cm away, 
10 turns of enameled copper wire (of 0.05 cm diameter) were wound to serve 
as an adding coil. The glass tube and coils fitted into an alundum tube (of 
1.6 cm outside diameter) on which the coil to give the main field was directly 
wound. This coil consisted of 1200 turns of 0.05 cm diameter enameled copper 
wire in a single layer occupying a length of 67 cm, thus having a constant of 
22.5 oersteds/ amp. All the coils and leads were covered by a cement of water- 
glass and flint, which protected the copper from too rapid oxidation in the 
temperature range used. 

Both tubes were placed in an electric furnace which had an equal tempera- 
ture zone about 70 cm long. A copper-copnic thermocouple in the furnace 
♦ i was used to determine this temperature. The wire was inserted in the capillary 

tube and put under tension by an arrangement similar to the one used before. 

“ H. Kuhlewein, Wiss. Veroff. Siemens-konz., 10 (2), 72 (1931). 
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The leads to the different coils were brought out at both ends of the furnace. 
During the measurements the heating current was turned off in order to 
avoid any possible influence of its magnetic field. In that interval the tem- 
perature of the furnace fell at most 20°. This comparatively small chanve did 

not affect the results. 

All supports, etc., were made of brass as it had been noticed that iron 
parts, even if only slightly magnetized, disturbed the homogeneity of the 

field sufficiently to result m low starting fields. The velocity measurements 
were taken in as short a time as possible to avoid large changes in tempera- 
ture. Since the tension was maintained by a spring, the flow occurring at the 
higher temperatures reduced this stress and constant readjustment was nec- 
essary to keep it constant. These measurements have led to several general 
observations. 

2. Variation in fl’o 

Figs. 5 and 6 show a typical family of v-H curves for a fresh wire when 
heated to 300°C and cooled to room temperature again. One feature is that 
the critical field decreased markedly as the wire was heated for the first time 
but with decreasing temperature //o remained practically constant at a value 

cm. see."! 
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g. 3. V-H curves for increasing temperature with a tension of 77 kg mm-2. 

somewhat above the minimum reached during the heating. Fig 7 shows this 

the marimum Subsequent heat cycles in which 

cooling curve Th^^"^ temperature was not exceeded only retraced the first 
mu ^ ‘ explanation given in the present section III aonlies here 

the'oXXt oflr''"’’ that 

acteras tht ' nil ^°tild be of the same char- 

cter as the usual change in coercive force with temperature. A rough esti 

n.a fr„„ the curve for annealed Fe-. puts tte exacted redt.me 

ffandbuch der Physik, 15, p. 194. 
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neighborhood of 25 percent for a 300-degree rise in temperature, while actu- 
ally almost no change with temperature was observed. We were, of course 

cm.scc.-i 


Original 

state 


Oerstad 

Fig. 6. v-H curves for decreasing temperature with a tension of 77 kg 

dealing with a wire still having high internal strains and these, together with 
the uniform applied tension, may easily cause this very diflferent behavior. 


■ 0 50 100 150 200 250 300 350 

Tcmparaturejdcqrcsas C 

Fig. 7. Effect of temperature on Hq. Tension: 62 kg innW^ for upper curve, 77 kg for 

■ ■ lower curve. , 

3, Variation in 

Comparing Fig. 5 with Fig. 6 we observe that the propagation range, 
II , was greater at any temperature for a wire heated previously to a 
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higher temperature than for a fresh wire. The same result was found in sec- 
tion III at room temperature for wires annealed at 400°C. This indicates that 
the strain irregularities which gave rise to the weaker starting nuclei were 

eliminated by this low temperature heat treatment. 

We further observe that Hs—Hq decreased with increasing temperature. 
This probably arose from the increase in thermal energy which enhances the 
chance for the spontaneous formation of a nucleus at a particular field 
strength. 

Above 35 O^C a new effect appeared. The starting field became so erratic 
that velocity measurements could not be made. The discontinuity frequently 
broke up into several part jumps in the same way that can occur at room 
temperature at small excess fields. The latter action is probably caused by 
local variations in Th which, at small values of AH’, are comparable with or 
even exceed it, so that does not exceed Jfo for every point in the wire. 
Thus portions of the wire are left unreversed until a larger main field is ap- 
plied. In the present case, however, it is not possible to assign a reasonable 
cause for increased variability of iJo. The a-y transformation does not change 
the saturation intensity appreciably below 450°C. It might still be supposed 
that highly localized portions of the alloy had transformed at SSO'^C, but, if 
the local forces were such as to cause the change 100° below the general transi- 
tion, one should expect this 7-phase to persist even below the main y-a 
transformation which begins at 300°. Actually, the wire when cooled to 300°C 
had regained in full its ability to propagate, so that this explanation is not 
convincing. 

4. Variation of A 

If Fig. 8 the variation with temperature of the slope A of the curve is 
plotted. These results are taken from Figs. 5 and 6, from experiments with 



Fig. 8. Effect of temperature on slope A of v-H cur\^es. 

a wire under 77 kg/mm^ tension, and from tests on a wire of different compo- 
sition, namely 25 percent Ni, under a tension of 92 kg/mm^ In those cases 
’where the v-H curves were not straight lines, a tangent to these curves at 
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#, .1 ^ 10^: cm sec. ^ represented approximately the average slope of the curve I 

i and gave the value of A used in the diagram. 

The increase in A shown by the figure might easily be caused.by, the in- y:: 

■crease in resistivity of the wire which amounts to, about 90 percent from room , . 

temperature to 320 C for the 25 percent Ni wire. The factors, aside from the I 

excess field, which determine v are not definitely known so that it is possible | 

that resistance changes may affect it. On the other hand, we have noted in I, 
section II, that measurements at room temperature on wires of different 
compositions and hence of different resistivities gave values of A which 1 

showed no correlation with resistivity. ■ ' | 

Another feature of the , curves of Figs. 5 and 6 holds more .hope for an | 

explanation of the increase in A, It is the accompanying decrease in propaga- I 

tion range. Similar behavior was remarked in earlier experiments® where the 
point to point properties of a cold wire were investigated with the result that [ 

^ greater values of A were found at those places where the reversal could be | 

started by the smaller adding fields. The minimum adding field is the least 
field which will start a reversal at a particular point. The starting field for the [ 

wire is the field which will just reverse the magnetization at that point where f 

the minimum adding field is the least. Accordingly, it is permissible to as- i 

sume that JA is a rough measure of the average minimum adding field for the ■ 

whole wire. The result is that both present and earlier observations record the I 

same relation between slope and propagation range w^hether the variable \ 

factor is temperature or the local state of the wire. 

The poSvSibility of developing a theory relating slope to average minim.um 
} ^ adding field seems very hopeful and the attempt to do this will be made in a 

■later paper.. 

I , , V. Etched Wires : 

^ ' 1. Effect of etching' ' ' ■ ■ ■ ■ 

j In our picture of the discontinuity, the velocity of propagation depends 

; upon conditions at the wave front and hence at the surface of the wire. (3n 

this view it was expected that changes in the surface, such as caused by etch- 
ing of the wires, would affect the propagation. 

Wires of 15 percent NiFe (No. 37), 0,038 cm diameter were etched to | 

^ various smaller diameters in a 15 percent solution of hydrochloric acid. This | 

decreased the critical field for constant tension per unit area, an effect which 1 

presumably arises from the release of internal strains accompanying the re- 
moval of the outer layers of the wire. 

In all cases the etching resulted in a marked increase in the v-II slope A 
a.mounting to 50 percent on the average. Even a reduction in diameter of as 
little as 5X10”^ cm had this effect. Fig. 9 shows a typical case. Subsequent 
polishing of etched wires with emery paper had erratic results, usually de- 
^ ^ creasing but sometimes increasing A. In the single case in which the etched 

and polished wire (0.0360 cm dia.) was drawn through a die (0.0355 cm dia.) 
there was a complete restoration of the original slope. Since the same stress 
’’A applied to the etched wires as to the unetched, the tension being ad- ; 
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justed to the reduction in cross section, the increase in A is not to be at- 
tributed to a change in applied stress. Besides, in unetched wires A is prac- 
tically constant for wide variation in tension. Neither does the increase in A 
arise from the reduction in wire size, for it has been found that A is inde- 
pendent of diameter in unetched wires. 

Etching has a marked effect on the starting field. A wire having a propa- 
gation range of 1.07 oersteds before etching would, after a slight removal of 
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Fig. 9. v-H curves after etching and polishing of a wire. (1) Original wire; 0.0380 cm dia , 
tension of 77 kg mm-^. (2) Wire after etching; 0.0375 cm, 75 kg mm-“. (3) Etched wire after 
polishing; 0.0350 cm, 65 kg mm- 2 . 

surface material, show a reduction to 0.55 oersteds. If the wire was then 
polished, the range again increased with decreasing v-H slope to Q. 8 S 
oersteds (see Fig. 9). Here again we have the same relation between propaga- 
tion range and A which has been noted twice before. When the etching experi- 
ments were m progress neither this behavior nor its probable significance 
had been recognized. Still, the following conclusions reached in a rather ex- 
haustive search in other directions furnish data which are fundamental to 
any complete explanation. 

2. Surface effects and propagation 

The etching chang:es the surface in several respects. They are absorption 
0 lydrogen, roughening of the surface, and formation of cracks. It is well 
known that in etching iron or steel in HCl or H,S 04 , large amounts of atomic 
hydi ogen are taken up by the metal. But two experiments showed that this 
cannot be the explanation.^ First, heating the wire to 200°C for several hours 
to remove the hydrogen did not reduce the slope; second, etching in HNOa 
where no hydrogen is produced had the same effect on the slope as etching in 
HCl or H 2 SO 4 . On the other hand, there was no change in slope when the 
wne was used as cathode in the electrolysis of NaOH, where, presumably 
large amounts of hydrogen were absorbed but the surface of the wire was 
not attacked. All these observations provided ample evidence that hydrogen 
was not responsible for the effects. ^ ^ 
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Under the microscope the surface of the wire looked smooth before the 
etching but appeared coarse afterwards. It was thought that roughening of 
the^surface of a fresh wire with coarse emery paper would give the, same mag- 
netic effect, but the resulting variation from the normal value of was within 
the normal range of variation. 

One possibility of explanation remains. According to metallurgical refer- 
ences,^^ acid attacks the different crystal faces with different rapidity, and 
m some cases it dissolves the intergranular substance more quickly than the 
grains. This is especially true of materials with internal strains. This latter 
action may cause the formation of cracks in the material if high stresses 

across the notches formed by the acid are present. 

Such fissures parallel in general to the wire axis were actually observed 
under the microscope on all the etched wires. Sometimes as many as five were 
found around the circumference at a given point along the wire. They were of 
seveial mm in length and of various widths averaging, as well as could be 
judged, 10 ^ cm. It must be admitted that it is hard to understand how a 
crack of this width can open up as the result of the removal of only 2.5 X 
cm of material. If these fissures had been the cavities which the photomicro- 
graphs show in the wire, they should also have been seen after polishing, but 
this was not the case. If the cracks arise from intense stresses, one should be 
able to prevent their formation by a preliminary annealing of the wire which 
is not so complete as to destroy the discontinuity. The attempt was made by 
heating a wire at 400°C for 10 hours. Its stiffness showed that it still con- 
tained internal strains, so that the appearance of etching cracks was not sur- 
prising. Even so, some annealing had occurred, for the heat treatment had 
reduced the coercive force from 7.8 to 3.3 oersteds. It may well be the release 
of surface strains made evident by the formation of cracks which reduces 
the starting field and increases A* Subsequent polishing would, on the other 
hand, reintroduce strains with contrary consequences. 

3. Strips 

A length of No. 37 wire of 0.024 cm diameter was cold rolled down to a 
strip 0.0076 cm thick and 0.071 cm wide, A portion cut from this was etched 
and it, like the wires, showed an increase in slope and a decrease in propaga- 
tion range. The increase in A was, however, only 30 percent, which is con- 
siderably smaller than that found for wires. Under the microscope the etched 
strip showed no cracks but only a general roughness. 

Two other samples cut from the same length of strip were reduced in 
thickness by polishing with emery paper. Erratic increases in slope up to 100 
percent resulted but there was no correlation with propagation range ap- 
parent." ' 

The taking and interpretation of the x-ray spectrograms used in studying 
the effect of heat treatment was done by Dr, W. P. Jesse of this laborator}^ 
to whom we express our thanks. Dr. I. Langmuir has, with his continued 
interest and suggestions, contributed essentially to this paper and also to the 
other papers on this same subject which are now in preparation. 
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Prompt publication of brief reports of important discoveries- iu physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editor s 
does not hold itself responsible for the opinions expressed by the cor respondents. 

Raman Effect in Gases: CO and NO 


With the high pressure apparatus de- 
scribed by the author in earlier communica- 
tions/ the Raman spectra of gaseous carbon 
monoxide at a pressure of about 35 atmos- 
pheres and of gaseous nitric oxide at a pres- 
sure of about 20 atmospheres have been ob- 
tained. Besides unresolved rotational wings 
in the close proximity of the Rayleigh lines, 
Raman lines corresponding to vibrational 
transitions have been recorded in both cases. 
The frequency shifts are compared, in the 
table, with the respective vibration frequen- 
cies of these molecules in the ground state as 
deduced from absorption spectra (infrared 
for CO and ultraviolet for NO).^ The agree- 
ment between the two sets of values is very 
satisfactory. It may be noted that the values 



Gas Raman Absorption 

frequency frequency 


CO 2139 2138 

NO 1877 1878 



2155 and 2142 reported earlier by Rasetti® 
for carbon monoxide differ to some extent 


Note on the Electric Field 

The work^ of Kramers, Bethe, and especi- 
ally of Van VIeck and his collaborators has 
created the possibility of drawing conclu- 
sions from magnetic data about the electric 
fields in paramagnetic crystals and hence 
about the spatial arrangement of atoms and 
molecules in the crystal. 

In his recent paper Van Vleck^ has shown 
that it is possible to account for the different 
magnetic behavior of crystals of hydrated 
Co and Ni compounds by assuming that to 
a first approximation the electric fields pos- 
sess cubic symmetry around the magnetic 
ion, but that in the second approximation a 


from that given in the table. The vibration 
frequency of nitric oxide from Raman spectra 
is reported here for the first time. 

The two gases used in the above investiga- 
tion are generated under pressure by permit- 
ting the necessary chemicals to react with 
each other in closed and evacuated steel cyl- 
inders. In the case of CO, formic and concen- 
trated sulphuric acids are used and the gas 
obtained appears to be very pure. Potassium 
ferrocyanide, potassium nitrite and acetic 
acid are used for generating NO, and it ap- 
pears from the Raman spectrum of the re- 
sulting gas that it contains, besides nitric 
oxide, large proportions of nitrogen, nitrous 
oxide and carbon dioxide. 

S, Bhagavantam 

210, Bowbazar Street, 

Calcutta, India, 

September 14, 1932. 

* Bhagavantum, Ind. Jour. Phys. 6, 319 
(1931). 

® Int, Crit. Tab. 5, 412 and 415, 

® Rasetti, Nature 123, 205 (1929) and Nu- 
ovo Cim. 6, 356 (1929). 

in Paramagnetic Crystals 

rhombic term must be added. Quantitative 
calculations amplifying the theory are to be 

^ H. A. Kramers, Comm. Leiden 60; Proc. 
Amsterdam Acad. 33, 959 (1930); H. Bethe, 
Ann. d. Physik 3, 133 (1929); Zeits. f. Physik 
60 , 218 (1930); J. H. Van VIeck, The Theory 
of Electric and Magnetic SusceptiUlities, Ox- 
ford University Press; Phys. Rev. 41, 208 
(1932); O. M. Jordahl, W. G. Penney and R. 
Schlapp, Phys. Rev. 40, 637 (1932); W. G. 
Penney and R. Schlapp, Phys. Rev. 41, 194 
(1932); Schlapp and Penney, Phys. Rev. (in 
press). 
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Possibility of the Existence 
Hardy and Sutherland^ in a recent paper 
found no evidence for the exktence of a third 
isotope of chlorine, Cl**, in, the absorption 
spectrum of HCI. They made a careful search 
for lines due to HCP^ in the 1.% ab^rption 
band, but failed to confirm the maxima re- 
ported by Hettner and Bohme,^ even with 
much greater path lengths than used, by the 
German investigators. A year ago, the writers^ 
studied the ultraviolet absorption spectrum 
of AgCI vapor^ at high vapor densities ex- 
pressly to test the assertions of Becker® as to 
the existence of this isotope. Our results were 
entirely negative, a contradiction made more 


published shortly by Schlapp and Penney in 
this journal. 

If the potential energy of an electron in 
the lattice can be developed as a power series 
in the displacement from the center of the 
magnetic ion, the terms which give rise to 
a decomposition of the energy levels are 

^ + By^ -f 

+ 4 - + %%^) } . 

Van Vleck concludes that .D must be posi- 
tive to account for the experimental data on 
hydrated salts of the iron group. The pur- 
pose of the present note is to consider what 
atomic groupings will lead to a positive D, 

Since the contribution to Z> due to the dif- 
ferent charges in the neighborhood of the 
central ion is proportional to (where R 
is the distance from the central ion), it is 
evident that only the immediate neighbors 
will give a noticeable contribution to the 
value of jD. 

If the metal ion is surrounded by 6 oxy- 
gen ions or water-dipoles^ in an octahedral 
i arrangement, D will be positive.® If on the 
contrary the ion is surrounded by 3 or 4 
negative charges in a cubic or tetrahedral 
arrangement, D will be negative. This leads 
to the conclusion that jn the hydrated salts 
of the iron group the metal ion is surrounded 
^ by six molecules of crystal water. 

'! Dr. C. A. Beevers of the University of 
Liverpool kindly expressed to me his opinion 

2 The dipoles will orient themselves in the 
field of the positive ion with the negative 
charge inside. With the octahedral arrange- 
ment the negative charges are at the face 
centers of a cube embracing the positive ion. 


that, from the result of x-ray researches, the 
arrangement indicated above may be re- 
garded as probable, though not proved for 
the alums and the hepta- and hexa-hydrated 
sulphates. It seems probable to me that also 
in solutions the metal ions will be surrounded 
by six water molecules. 

Penney and Schlapp have performed cal- 
culations on rare earth salts, and have shown 
that it is possible to explain the temperature 
variation of the susceptibilities of the octa- 
hydrates of Pr and Nd sulphates, assuming 
a cubic field again with a positive value of D. 
Consequently, herealso, the octahedral group- 
ing of the oxygen atoms is suggested. This 
demands six oxygen neighbors for the metal 
ion, but in the substances so far investigated 
there are only four water molecules to each 
such ion. Hence it is necessary to suppose 
either that oxygen atoms belonging to the 
S 04 -group figure among the immediate neigh- 
bors, or else that a water molecule may be 
shared by two metal ions. Both assumptions 
could give rise to deviations from cubic sym- 
metry, which can perhaps account for any 
magnetic anisotropy which may be disclosed 
when measurements, on the principal suscep- 
tibilities of single crystals of rare earth salts 
become available, 

A quantitative discussion of the arrange- 
ments proposed above will be able to decide 
whether the picture corresponds to reality. 

C. J. Gorter 

Natuurk. Laborat. v. Teylers Stichting, 
Haarlem, Holland, 

September 15, 1932. 

^ CL, for instance, H. Bethe, Ann. d. Physik 
3, 196 (1929). 


of the Chlorine Isotope CF® 

striking by the subsequent confirmation of 
Becker’s conclusions by Hettner and Bdhme. 
The latter authors refrained from commenting 
on our results, pending more complete publi- 

‘ J. D. Hardy and G. B. B. M. Sutherland, 
Phys. Rev. 41, 471 (1932). 

* G. Hettner and J. Bohme, Zeits. f. Physik 
72, 95 (1931). 

® M. Ashley and F. A. Jenkins, Phys. Rev 
37, 1712 (1931). 

* B. A. Brice, Phys. Rev. 3S, 960 (1930). 

‘ H. Becker, Zeits. f. Physik S9, 583 and 
601 (1930). 
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continuous spectrum was a high-current hy- 
drogen discharge.*^ The two observed heads 
of AgCl^'» and AgCl**' are indicated in the 
figure, as well as the expected position of the 
AgCF'* head. It is seen that the region where 
the latter head should appear remains clear of 
structure from the 0,0 sequence up to a den- 
sity corresponding to 800°C and that no trace 
of the head is visible. The niicrophotometer 
trace (upper curve), at the left, is from the 
800° spectrogram, and also fails to show the 
head in question. At 850° the background 
begins to interfere; the lower curve is from a 
plate taken at this temperature. Here the 
absorption of even the AgCl-'^ head is com- 


plete, but no evidence for an AgCI'^» head ap- 
pears. The gradual rise of the cur\’es in the 
neighborhood of the black edge is probably to 
be ascribed to the Eberhard effect. 

Our estimate for the upper limit for the 
abundance of was obtained as follows. 
On a plate taken at 550°C the AgCP^ head was 
just visible, and easily detectable by the mi- 
crophotometer. From the equation given in 
LC.T. Vol. 3, p. 214 lor the vapor pressure of 
AgCl, with a considerable extrapolation to 
low pressures, one finds the values 2.6X10”*^ 
and 3.6 mm at 550° and 850°, respec- 
tively. "I he vapor densities are then a|)proxi- 
mately in the ratio 1: 1400 at these two tem- 
peratures, so that if were present in this 

» E. O. Lawrence and N. E. Ediefson, Rev. 
vSci. Inst. 1, 45 (1930). 


lion of the ‘‘closed shell'’ of nuclear protons 
and neutrons at A-^'f Hence we wish to give 
here a somewhat more complete account of the 
evidence we obtained from the AgCI spec- 
trum. 

The accompanying reproduction show^s the 
absorption of AgCI vapor in the region of the 
0,1 band at various densities of the vapor, 
as photographed in the first order of a 21-foot 
grating. I'he vapor was contained in a quartz 
tube without windows, the heated portion 
being about 80 cm long and 2 cm in diameter. 
'Jemi)erat tires along the tube were deter- 
mined by a thermocouple. The source of the 

H, C. Urey, J. Am. Chem. Soc. 53, 2872 
(1931). 

^ J. H. Bartlett, Jr., Nature 13D, 165 (1932). 
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pioportion relative to Cl^^, it should be de- 
tected on the 850° plate. Now Cl“ is 3.15 times 
as abundant as so the maximum value 
possible for the ratio CP"; Cl® is 1:4400. The 
limit obtained in the infrared work of Hardy 
and Sutherland, using a path of seven meters, 
was 1 : 1600. It is apparent from the practical!}' 
complete absorption of the AgCl" head that 
our sensitivity is somewhat greater than that 
of the infrared work, where even the strongest 
HCP' lines gave an appreciable deflection. It 
is to be regretted that neither Becker nor 


The numerous uses to which Geiger-Miiller 
counters have been put and their general ef- 
fectiveness seem to warrant the publication 
of a simple amplifying and recording device 
which has been used in this laboratory during 
the last several months. 


COUNTED TUBE 


Hettner and Bdhme have given any estimate 
of the relative abundance of CPs, but it is 
obvious from their absorption cuiwes that if 
the HCP9 maxima are real, the abundance 
must be much greater than either of the 
above limits. 

Muriel F. Ashley 
F. A. Jenkins 

University of California, 

The Physical Institute, Utrecht, 
September 20, 1932. 

Simple Amplifier for Geiger-Miiller Counters 

100 cm^ of lengths from 1 to 10 cm, and made 
of copper, nickel, zinc, and aluminum with 
wires of steel, tungsten, or aluminum have 
been used. Counting rates from 10 per minute 
to 400 per minute have been observed with 
the various counters and various exciting 



Fig. 1. Circuit diagram 
^ I he circuit follows. I'he crucial part of the 
circuit is the resistance R. There is a definite 
value for this resistance which for each set of 
c laractenstics of the counter, the counting 
rate, and the \-oltage applied to the counter, 
give.s the greatest amplification. The impulses 



Fig. 2. Resistance unit. 


are recorded as momentar}' diminutions of the 
normal filament plate current which are suffi- 
cient to actuate the ordinary telegraph relay 
with contact reversed so the magnetic counter 
circuit will be closed by each current diminu 
tion. Counters of surface area from 5 cm^ to 


sources and the appropriate resistances, R. 

The resistances consist of solutions of iso- 
propyl alcohol in pentane of the proper com- 
positions sealed in glass vessels w'ith sealed-in 
electrodes, as shown in Fig. 2. 

The solutions must be nearly pure pentane 
of compositions ranging up to approximately 
/ volume percent of alcohol. 

The resistance determines both the time of 
recovery of the system after each impulse and 
the size of each “kick” so that the product of 
tfie two IS approximately constant if other 
conditions are not changed. As a result, it is 
possible to obtain “kicks” which completely 
repress the filament-plate current, (normally 
about 5 m.a.) if the counting rate is not higher 

^k"k” f this type of 

hick can be obtained with a minimum 
period of about a 0.5 second with a counter of 
about 75 cm2 area and 25 cm length. For a 
late as high as 300 or 400 per minute the 
hicks cannot be much greater than 1/10 of the 






editor 


Table I, 

Size of kick 
(percent of fil- 
ament-plate 


described immediately above. 

The amplifying: tube can be ar 
which will give a filament plate 
or more milliamperes. The relay h 
080 ohms telegraph relay. 

Argon gas at about 5 cm of H; 
generally used in the counter, and 
voltage is generally between 


Speed of 
count 
(min.-^) 


Approximate 
volume percent 
of isopropyl 


current) 


alcohol 


filament plate 


i-An’or oounter charac- volts, 

t sties affect the composition of the best 

Snr°the^^^ The following table con- Departme 
tains the compositions and “kick” size for 

counters approximately the same as that sipte 

' High-Speed Hydrogen Ions 

-xi-ely 

LTfi prd:crf"^.o';ro 

The value of such hlfh-sSe^nL 

protons for Stud- of the chamh 
les of the atomic nucleus has been shown ^ 

cently by Cockcroft and Walton " vZ Z T"’"' 
above mentioned appamtus. their msuSave ^Th ' " 

lately been checked and somewhat extendaH appara 

m this laboratory by disint^ation of rte Sd^Thi 

.illbeexceedingr^alltL^^^^^^^^^ hollow semi-ci. 

^ larger dimensions has now be^n deS^ ^ d T"" 
vhich produces hydrogen ions with energies ..1”"^ 


W. F. Libby 
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of 1,800,000 volt-electrons. Hydrogen mole- 
cule ions rather than protons were accelerated 
m the present experiments because protons 
require a much lower wave-length (for the 
same magnetic field), which is difficult to ob-* 
tain due to the large capacity in the oscillat- 
ing circuit. 

It appears now^ entirely practicable to goto 
much higher energies by using a still larger 
chamber. However, it seems : more desiViihu 


Prof. Ernest 0. Lawrence for his constant 
help and guidance in this development, and to 
Commander T. Lucci for his invaluable assist- 
ance. These experiments have been made 
possible through the help, of the Federal Tele- 
graph Company, the Research Corporation 
and, The Chemical Foundation. 

M. Stanley Livingston 


Radiation , Laboratory, 
Depart m,ent of. Physics, 
University of California, 
' , Berkeley, California, 
October 3, 1932. 

The; Heisenberg, Theory 

The theory of the existence of ferromagnet- 
ism, due to Heisenberg,^ disagrees in some of 
Its consequences with experiment. It is here troii, 
shown to be not quite as unphysical as has 
been supposed. Heisenberg’s principal result 
is contained in the well-known simultaneous 
equations: 

1. y==tanhA: 

II. (1^ 

(number of nearest neighbors of 
atom in crystal) X (e.s. exchange mt€gral)/i^r. 


neglected). Jo is the intensity of absolute 
saturation. The atomic spin is that of one elec- 
tron. 

^ The prevalent interpretation of these 
.tions has been,, based on a graphical so 
similar to that of the Weiss theory, negl< 
the fact that II does not give a straie^h 


12J 
Fig. 2. 

magnetization curve treated by (1) when the 

term i,H/kT is added to x is, of course, only 
that beyond the usual experimental satura- 
tion. In that region Kapitza has measured 
that with 240,000 gausses the magnetization 
of he and Ni at room temperature increases 
not more than 1 percent. After simplifying 
y; by taking II linear (see footnote 3), calcu- 
lation shows that the increase for Ni should be 
1 percent and for Fe less than one-tenth as 
corresponding Increase for Ni at 
330 C should be about 10 percent. 


IS the magnetization in a field 
only strong enough to orient the large crystal 
spin (if extant) and to overcome the small 
magnetic interactions^ of the electrons (here 

Zeits. f. Physik 49, 619 

(1928). 

■ The magnetic interactions are largely re- 
sponsible for direction effects, remanence, 
hysteresis, and demagnetizing forces, which 
nay not be expected of the Heisenberg model 
mmodified. One might expect hysteresis from' 
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( 2 ) 


(Heisenberg’s Fig. 1), that is, neglecting 
One obtains only the axis-intercepts of 
Figs. 1 and 2, two positive critical tempera- 
tures (coincident for s^S) between which 
ferromagnetism should exist. 

Numerical solution of (1) is simpler in the 
following form of the equations; 

H2| 

I 2fy , l-~yj . 

Solutions are plotted in Figs. 1 and 2 for 
2 = 8 (Fe) and 2 = 12 (Ni, Co), The first is an 
extreme case, where the results are very sen- 
sitive to small changes in the assumptions, 
and have very little semblance to physics. In 
the second, the higher- temperature branch 
of the curve is theoretically, as well as experi- 
mentally, preferred. Its intercept is taken as 
the Curie temperature. Data from the experi- 
ments of O. Bloch,® e.g., for Ni (circles) and 
Co (triangles) lie very close to the curve. 

The lower-temperature branch of each 
curve is a mathematical ghost of which the 
origin may be explained as follows. The theory 
in the approximation used seeks only the spin 
with an extreme value of the probability, pre- 
sumably a maximum. At a high temperature 
very low spins of the crystal are most probable. 
Higher spins have lower energies, and with 
decreasing temperature become more prob- 
able, giving the higher-temperature branch 
of the curve. In reckoning this effect, the dis- 
tribution-in -energy of states of each value of 
spin is approximated with the central part of 
a Gaussian distribution. The distant parts of 
this distribution are small and neglected. Un- 
fortunately they extend to infinity, whereas 
the corresponding physical distribution has 
definite and fairly narrow limits. At very low 
temperatures only the ver>^ few states of high 
spin have a high probability, but, due to the 
Gaussian distribution, the tremendously nu- 

® See a paper by Bitter, Phys. Rev. 39, 340 
(1932). A similar comparison made by Tyler, 
Phil. Mag. n, 596 (1931), shows the "theo- 
retical” curve (which also appears in Van 
VIeck’s book) bulging not enough towards its 
ends. The equations there used, (1) lacking 
terms in may be very simply derived by 
modifying Heisenberg’s theory to the extent 
of endowing all states having a given spin 
wdtli the same energy. 


merous states of low spin have'each' a: finite ' 
(mathematical) probability, so the total 
probability may be greater ..for low . spins. As 
the temperature decreases below the. Gurie 
point, a probability peak ma}/ thus develop at 
zero spin. Between this and the maximum giv- 
ing the higher-temperature branch of the 
curve is. a . minimum, corresponding to the 
lower branch. (This identification of the 
curves has been verified .by reckoning' second .. 
derivatives.) The low^er branch is thus non- ' 
magnetic. As the temperature further de- , ' 
creases, the low-spin states overwhelm the 
others, and the two extrema merge. 

Thus we see that the higher branch of the 
curve alone gives the magnetization resulting 
from the assumption of a Gaussian distribu- 
tion. It differs very little, so far as it goes un- 
interrupted, from the curve obtained by as- 
suming an infinitely sharp distribution®-~i.e., 
that states with the same spin have the same 
energy — if we determine the constant / from 
the Curie point in each case. (The latter curve 
is drawn with dots in Fig. 2 to a different 
scale of absissae than that shown, its axis 
intercept being We conclude 

that the numerical results of the theory are 
fairly insensitive to variation of the distribu- 
tion assumed. Because of this insensitivity, 
we may be satisfied that the simple assump- 
tion of an infinitely sharp distribution gives a 
fairly good approximation to the result that 
would be obtained from the actual, incalcul- 
able distribution. 

This justifies, as an approximation, a sim- 
plified form of the theory having quite satis- 
factory consequences, and lends weight to the 
usual conclusion that the Heisenberg concept 
of ferromagnetism is physically correct. 

JVcfle added October 1 7, Zurich, For small z the 
Gaussian “spread” is relatively broader and 
there appears no extremum of probability, ex- 
cept that at zero spin. The condition that z be 
at least 8 for ferromagnetism is thus also a 
consequence of the mythical, low-spin, low- 
energy states to which Heisenberg^ ascribed 
the second critical temperature. 


D. R. Inglis 


Landheim Pul verm uhle, 
Dusslingen bei Tubingen, 
October 4, 1932. 


Note on the Term System of Ir I 

The first regularities in the spectrum of Ir I number array consisting of 12 columns and 
were found by Mr. C. P. Snyder about 1900, 54 rows, the array containing 240 lines. Sny- 

He discovered a constant difference wave der never published his work but sent it to 



of Exner and Hascliek^ for the rerfon 4500 to 
2200A°. 

The present array consists of 10 low e%^en 
terms and 77 middle and high terms. It con- 
tains 566 lines, including nearly all the strong 
lines of the spectrum. 

The J values of the terms have been de- 
duced from a study of the intensities and com- 
binations, and a knowledge of the theoretical 
number of times each value of J for the low 
even terms should occur. The two ground 


Table I, 


peanng in the underwater spark which were 
involved with the interval of the two ground 
states, 2835.0 cm'’h IMeggers and Laporte ten- 
tatively called the two ground states W 21 and 
but mentioned that they might be ^ FA^ 
and^F^i. 

The above results have been extended by 
the writer, using the wave-length data of 
Meggers^ for the region 8426 to 450nA° 


states have the same J value of 4 |, and are 
most probably terms. The raie ultime is 
given by a combination of the second lowest 
odd term with the ground state. This term 
has a / value of 5J and is possibly 
At present, further progress is hindered be- 
cause of the incompleteness of the data. The 
region from 4500 to 1900A° is particularly in- 
complete. This region is to be photographed 
m a search for new lines and for better wave- 
length determinations of the old lines. An at- 
tempt will also be made to obtain the Zeeman 
patterns of the strongest lines. 

It has been thought worth while to publish 
a list of the strongest combinations and 
terms, since they have not been published 
before. 
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Table II, 


Term 

symbol 


Term value 
cm“"^ 


Term 

symbol 


Term value 
cm”“^ 


Even terms 


0.0 (S) 

2835.0 (S) 

4079.1 (A) 

5784.9 (S) 

6323.9 (S) 

7106.7 (S) 

9877.8 (S) 
11831.1 (S) 

12218.5 (S) 

12951.6 (S) 
13087.8 (S) 


13939.8 (A) 
161,03.4 (S) 
17779,3 (A) 

18547.0 (A) 

19060.5 (S) 

52508.9 (A)' 

54892.6 (A), 

55381.9 (A) 

56416.1 (A) 

56792.7 (A) 
59878.0 (A) 


Odd terms 


26307.6 (A) 

28452.3 (A) 

30529.7 (A) 

32463.5 (S) 

32513.4 (A) 

33064.8 (S) 

33874.3 (S) 

34180.4 (M) 

34919.9 (S) 

38567.9 (S) 

39324.4 (S) 

39806.0 (S) 

39940.4 (M) 
40291.3 (S) 

40389.9 (S) 

40524.6 (S) 

40710.7 (S) 

41118.7 (M) 

41522.5 (S) 

42268.2 (S) 

43071.7 (S) 

43176.2 (S) 

43200.9 (S) 

43592.2 (S) 

44596.8 (S) 

44642.6 (S) 

44652.6 (M) 
44785.5 (S) 

45111.7 (S) 

45186.0 (S) 


35080:6 (M) 

35410.7 (S) 
36390.1 (A) 

37446.3 (S) 

37515.4 (S) 

37871.7 (M) 

38158.3 (A) 
38229.9 (S) 

38358.0 (A) 

45896.3 (S) 

46093.7 (S) 

46220.7 (M) 

46979.6 (M) 

46983.3 (S) 

47165.1 (S) 

47537.5 (S) 

47548.7 (S) 

48206.5 (S) 

48299.1 (M) 

48448.8 (S) 

48802.1 (S) ■ 

49146.6 (S) 

49621.4 (S) 

51814.6 (S) 

51852.3 (S) 

52051.7 (S) 

52134.2 (S) 

52224.4 (S) 
52806,6 (S) 


Table I contains a list of all lines of inten* 
sity 6 or greater as estimated by Exner and 
Haschek on an intensity scale of 15 for the 
strongest lines and 1 for the weakest. Column 
one gives the wave lengths in I. A.; column 
two, the estimated intensity; column three, 
the combination giving the line. 

Table II contains a list of the most certain 
terms. Column one gives the term symbol; 
column two, the / value; column three, the 


term value expressed in cm""k A term %’-alue 
followed by (S) indicates the term as in 
Snyder’s array; (M) indicates the term was 
first noted by Meggers and Laporte; (A) in- 
dicates the term was noted by the author. 

Walter Albertson 

Massachusetts Institute of Technology, 
Cambridge, Massachusetts, 

October 6, 1932. 
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The Isotope of Hydrogen in the Atomic Spectrum 

Urey 


Brickwedde and Murphy^ have 
shown the existence of by photographing 
the lines due to in the atomic spectrum 
with a 2Uft. grating. Professor Urey has in- 
formed the author that Professor Shenstone 
at Princeton has succeeded in getting some 
indication of the lines but his photographs 
were complicated by very bad ghosts from his 
grating (see also®). 

Using a long discharge tube of the type 
described by Wood'^ the H ®7 line was photo- 
graphed with a glass prism spectrograph. The 
tube used was 220 cm long and 8 mm diameter 
and was observed end on through about 40 
cm of the central portion of the tube. The 
tube was supplied with moist elect roly tically 
prepared hydrogen which was admitted by 
means of a long fine capillary. This tube oper- 
ated in a very black stage and the spectra was 
excited by a transformer w^hich could deliver 
a maximum current of about 310 m.a. 

The spectrograph was a six prism glass in- 
strument used as a littrow which makes it 
effectively twelve prisms and gave a disper- 
sion in the Hy region of about 1.09 angstroms 
per mm. The author expects to publish a full 
description of this instrument as well as a 


photograph showing the line in J.O.S.A. 
in the near future. 

On passing a current of 190 m.a. through 
the tube a 2.5 hour exposure did not record 
the presence of the H®y line although a 1 sec. 
exposure recorded H^y with about five times 
the intensity necessary to make it visible on 
the plate. Upon increasing the current to 310 
m.a. the H^y line appeared with a 35 minute 
exposure. This type of behavior has been ob- 
served and explained by (U.,B. and M.^. Since 
the transformer used could only deliver 310 
m.a. a further enhancement of H^y with re- 
spect to H^y coi|ld not be produced. From 
the^se results it might be concluded that the 
ratio of H® to is not more than 1 part in 
80,000 in ordinary H. if the reciprocity law 
held for the photographic plate. Due to fail- 
ure of this law for low intensities Bleakney’s® 
value of 1 part in 30,000 is probably much 
more reliable. Measurements of the plates 
gave for the wave-length of H®y 4339.256A 
or = 1.211 in substantial agreement with 
U., B. and M.’s value of 1.206 for ordinary 
hydrogen. 


3 Urey, Brickwedde and Murphy, Phys 
Rev. 39, 164 (1932); 40, 1 (1932). 

® Walker Bleakney, Phys. Rev. 41 32 
(1932). 

®R. W. Wood, Proc. Roy. Soc. 97, 455 
(1920). 


David H. Rank 

Physics Laboratory, 

Pennsylvania State College, 

State College, Pennsylvania, 

October 10, 1932. 


^ Urey, Brickwedde and Murphy 
Rev. 40, 464 (1932). 


Phys, 


Intensity of Cosmic-Ray Ionization in Western North America 
This letter is a preliminary report of one of 


the ten cosmic-ray expeditions organized and 
supplied with apparatus by Professor A. H. 
Compton and supported in part by the Car- 
negie Institution of Washington. Measure- 
ments of ionization intensities due to pene- 
trating radiation were made by this expedi- 
tion in Alaska, California and Colorado. 

The apparatus was a duplicate of that 
already described in this journal, i.® and the 
method of making measurements was also 
essentially the same. It might be mentioned 
that the effect of high humidity made it 


1 A. 
(1932). 


®A. H 


H. Compton, Phys. Rev. 41, 111 
Compton, Phys. Rev. 41, 681 


necessary to discard some of the earlier ob- 
servations, This difficulty was overcome by 
maintaining a fairly constant high tempera- 
ture in the observation tent by means of a 
stove. 

Table I gives the time, place, elevation, 
mean barometer, and duration of observations 
at each place where measurements ^vere made. 
One observation (column 7) involved a radium 
comparison test, a ground radiation test and a 
cosmic-ray test, and required about 3 hours. 
Thus a six-hour shift consisted of (1) four 
electrometer drifts in each direction with the 
radium at 1 meter; (2) four cosmic-ray drifts 
m each direction with the radium distant; 
(3) three cosmic-ray drifts in each direction 
with the radium distant and the outer of the 
three shields removed; (4) a repetition of 
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Dates 


Lat, 

N 


Long, 

W 


Elev. 

meters 


Mean 

bar 


No. 

■ of ' 
obs. 


Mean 

Ci2S 


Mean 
clev.% 
5 . 


Ft. Yukon 
Kennecott. 
Berkeley . 
Tioga Pass 
Pasadena 
Denver . 
Summit Lake 


6/24-7/2 

7/9-7/19 

7/30-8/2 

8/4-8/15 

8/17-8/21 

8/26-8/29 

8/30-9/9 


67° 

145° 

129 

75 

.1 

61 

0 

.170 

2 

.8 

0 

.4 

62° 

143° 

1840 

61 

.2 

75 

0 

254 

,2 

8 

0 

.3 

38° 

122° 

116 

75 

1 

18 

0 

166 

5 

2 

! 

,2 

38° 

119° 

3040 

53 

0 

80 

0 

363 

3 

9 

0 

4 

34° 

118° 

259 

73. 

6 

30 

0. 

,174. 

3. 

8 

0. 

,7 

40° 

105° 

1616 

62. 

3 

23 

0. 

240 

4. 

4 

0. 

,9 

40° 

105° 

3900 

48. 

3 

80 

0. 

492 

3. 

7 

.0.. 

,4 


I 


I 





(1); (5) a repetition of (2). The single set of 
measurements (3) served to make the small 
ground radiation correction for both cosmic- 
ray measurements. The electrometer sensi- 
tivity was adjusted at each elevation to such 
a value that a single cosmic-ray drift required 
about ten minutes. Observations at each place 
were made continuously, the shortest series 
being 54 hours and the longest 240 hours. 

fhe value C123 is a net ratio of cosmic-ray 
ionization current to gamma-ray ionization 


This curve agrees fairly well math those ob- 
tained by Millikan and, Cameroir-^ and Co,mp- 
tond Using this curve to reduce the values 
at Pasadena, Berkeley and Ft. Yukon to sea 
level, we get the lower curve of variation with 
latitude for this region, shown in Fig. 2. The 



'«’fi4«c.e4 to fS40 motm 
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I 
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to So , . SO 70 SO 

Fig. 1. Variation of ionization with barometric 
pressure at lat. 40°N. 

current, corrected for ground radiation. There- 
fore these values are only relative. 

Because of posssible systematic errors we 
feel that the values of give an unduly 
optimistic indiaation of the probable error 
of these measurements. It may be as large as 
one or two percent even in the longer series 
of observations. 

The values obtained at Berkeley, Tioga Pass, 
Denver and Summit Lake represent intensi- 
ties at nearly the same latitude. These four 
sets of obseiamtions give the curve of ioniza- 
tion against barometric pressure shown in 
Fig. L 
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North Lotitwdft 

Fig. 2. Variation of ionization with latitude. 

upper curve of this figure shows the relative 
values at Denver and Kennecott both re- 
duced in the same manner to 1840 meters. 

These results indicate no significant varia- 
tion of intensity of ionization due to pene- 
trating radiation (when measured by this 
method) in the region covered. 

R. D. Bennett, Mass. Institute of Tech. 

J. L. Dunham, Harvard University 
E. H. Bramhall, Mass. Institute of Tech. 
P. K. Allen, Yale University 
October 14, 1932. 

® Millikan and Cameron, Phys. Rev. 37, 
242 (1931). 
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The Dielectric Constant and Electric Polarization of Mixtures 
in the Heighborliood of the Critical Point 


There exist many mixtures of liquids, chiefly 
organic liquids, which disclose critical phe- 
nomena in the system liquid-liquid. As a re- 
sult of a long series of experiments, I am able 
to state that the most suitable medium for di- 
electric tests is the pair of liquids: hexane- 
nitrobenzene, the critical temperature of dis- 
solution of which is 16.9°, and the critical 
concentration 51.4%. The object of the pres- 
ent work was to test the behavior of the di- 
electric constant the density the gram 


and the dilatometer were placed in a specially 
constructed thermostat enabling the main- 
tenance of any constant temperature between 
-4°and+60°C. 

The results obtained for the mixture having 
the critical concentration are shown in Fig. 1. 
With the fall from higher temperatures to the 
critical temperature, the dielectric constant 
increases, but at a decreasing rate; the cor- 
responding curve is bent dowmwards, which 
does not occur at other concentrations. The 
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polarization of the mixture Pgr, and the mo- 
lecular polarization P of the dissolved nitro- 
benzene, when approaching the critical point 
where, as is well known, considerable fluctua- 
tions of density take place, manifesting them- 
selves by the critical opalescence. 

The measurements of the dielectric con- 
stant were conducted as in the recently pub- 
lished research A. Piekara, Nature 130, 93 
(1932). The measurements of the density were 
carried out in the dilatometer. The condenser 


24 




1. 

molecular polarization of nitrobenzene at first 
increases, but from 22° it decreases more and 
more rapidly. It is obvious that the density 
fluctuations are responsible for such a con- 
siderable decrease of the polarization of nitro- 
benzene. The critical opalescence begins at 
18,7°, It is interesting that even above 18.7°, 
where no opalescence can be detected, the 
fluctuations of density, although very feeble, 
cause the decrease of polarization. 

At the temperature of 16.9° the separation 
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of phases occurs. The dielectric constant in- 
creases rapidly, in, connection with the pro- 
duction of the emulsion hexane-nitrobenzene. 

Mixtures were also tested having concentra- 
tions lower, and higher, than the critical con- 
centration, especially in the neighborhood of 
the point at which the separation of phases 
takes place. The dielectric constant undergoes 
a rapid fall if the emulsion nitrobenzene- 
hexane is formed, or a rapid increase if the 

The Electric Moment of the 

Recently there have been published a num- 
ber of investigations establishing the fact that 
in the neighborhood of 9.6° nitrobenzene un- 
dergoes some, as yet not dearly understood, 
modification (M. Wolfke and J. Mazur, Zeits. 
f. Physik 74, 110, 1932; G. W. Stewart, Phys. 
Rev. 39, 176, 1932; H. Trotter, Ph^^^s. Rev. 40, 
1052, 1932). At the same time, however, there 


emulsion ,hexane-n,itrobenzene is produced. 

The detailed results of these investigations 
will be published later, in the Bull. Acad. 
Polonaise (Cracovie). 

, ,A. PlEK,ARA 

Physical Laboratory, 

Sulkowski Gymnasiimi, 

Rydzyna, Poland, 

September 12, 1932.. 

Molecule of Nitrobenzene 

the temperature point of 9.6®. Already t.he 
first hieasu,rements have been shown that 
such change does not occur. Now l am able 
to give more accurate data concerning this 
matter. 

I experimented with dilute solutionsof nitro- 
benzene in hexane. Both substances have been 
carefully purified and dried. Fig. 1 shows the 



appeared publications denying the existence 
of these allotropic forms of liciuid nitrobenzene 
(M, Wolfke and S, Ziemecki, Acta Phys. Pol- 
onica 1, 271, 1932; Massy, Warren and Wolf- 
enden, Nature 129, 441, 1932; J. N. Friend, 
Nature 129, 471, 1932; A. Piekara, Nature 
130, 93, 1932). Studying the problem of the 
critical point of dissolution — chiefly on the 
mixtures of nitrobenzene and hexane — I re- 
solved to derive profit from the occasion and 
to examine if the electric moment /x and the 
polarizing ability 7 of the molecule of nitro- 
benzene undergo any change when passing 


graphs of the dielectric constant e, density d, 

gram polarization 

„ € - 1 1 

p a- ■ , 

® e + 2 (2 

and the molecular polarization of nitroben- 
zene P, for one of the solutions tested, having 
a concentration (by weight) c =0.04034. P is 
to be computed from the formula 

P (i g/] 

. € ■ ■ ■ ' , , 

where P^g/ is the gram polarization of the pure 
solvent, and M is the molecular weight of 
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nitrobenzene. According to the theory of De- 
bye, P is composed of two parts, a '‘dielectric” 
one Pd, and a "paraelectric” onePj,, and, if the 
association does not exist, can be expressed: 


\P ^Pd + Pp 


47r AttN/P 

• *T“iV'y -p 

3 ^ 9KT 


The relation between P and 1/P is visible 
from the straight line in Fig. T. The dotted 
line refers to the polarization value, extrapo- 
lated for the concentration c=0. The value 
of angular coefficient of this line gives us: 
^*=s 3.54X10"^8, The accuracy of this value is 
too small to attribute to it any greater im- 
portance, since the association of the mole- 
cules of nitrobenzene makes an accurate extra- 
polation impossible. 

For calculating the fi value, another fre- 
quently employed method may be used, ac- 
cording to which it is supposed that Pd==R^ 
(molecular refractivity, extrapolated for in- 
finitely long waves). According to J. W. 
Williams (Phys. Zeits. 29 , 174, 1928) we have: 
Pd = 32.0 cc. Since (for 25°) P =366.7 cc, we 
find Pp = 334.7 cc, and ai== 4.02X10~18. A 
third method may also be used which is based 
on the supposition that Pd is equal to the 
molecular polarization of solid nitrobenzene. 


My measurements (I, c.) give the following 
results (0°): €=3.44, d = 1.342, hence Prf=r:4ij 
cc. Consequently Pp = 325.6 cc (at 25°), and 
/^ = 3.97X10“i«. 

As a result of the application of the two 
last methods, we may assume: 

A4=4.0oX 10-18: ... 

the error involved in this value is less than 
±1 percent. This A value is a little greater 
than the one (3.9oX10“i8) found by J. W. 
Williams (1. c.). 

Since the polarization, reciprocal of tem- 
perature (l/P) graph on Fig. 1 is a straight 
line, it is obvious that neither the electric 
moment ix nor the polarizability 7 of the mole- 
cule of nitrobenzene undergo any change 
(cf.: L. Meyer, Zeits. f. Physik 75, 421, 1932). 
Consequently the structure of the molecule 
of niti'obenzene does not undergo any change. 

The full report of these investigations will 
appear in the Bull. Acad. Polonaise (Cra- 
covie). 

A. PlEKARA 

Physical Laboratory, 

Sulkowski Gymnasium, 

Rydzyna, Poland, 

September 12, 1932. 
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Tables ^of Cubic Crystal Structure of Elements and Compounds. I. E. Knaggsand B. 


, Ltd,, London, 1932. 


Karlik. With a section on alloys by C. F. Elam, Pp. 90. Adam Hileer 
Price ll/6d. 

This little book will be of great aid to the crystal-structure worker when dealing with 
cubic substances. Table I lists all investigated inorganic substances in alphabetical order with 
chemical formulas and complete references. Table la contains the relatively few cubic organic 
compounds. Table II enumerates the 513 cubic substances in the order of increasing length of 
the edge of the unit cell. 

Tables III and IV are corresponding tabulations of alloys. Bibliographies of about 1000 
references complete this excellent up-to-date catalogue. The printing and binding are of high 

quality. 

J. W. Grfker 
University of AIin?iesota 


Electrons and Waves. H. Stanley Allen. Pp.3 i6-f vii, Figs. 60. MacMillan and Co., Ltd , 
London. 1931, Price $2,50. 


This account of modern physics follows a middle course. The discourse is of an essentially 
popular nature suited to the intelligent layman; yet there is preserved some degree of rigor in 
the exposition of the new^er physical theories and therefore the book should be of interest to 
some physicists, particularly those that have only a slight familiarity with modern develop- 
ments. The historical sketches given are especially noteworthy both from the point of view of 
the expert and the layman. But this account of recent progress will be appreciated more by the 
reader who has not specialized in physics. The book is well written and contains many good 
figures that illustrate modern physical phenomena, such as electron and x-ray diffraction pic- 
tures and Wilson cloud-chamber photographs. 

E.O. Lawrence 
Ufiiversiiy rf Calif or fiia 


Gmelins Handbuch der anorganischen Cbiemie, 8 Aufiage, Heransgegeben von der Deut- 
schen Chemischen Gesellschaft; Verlag Chemie, Berlin, 1932. System Nuinmer 59 Eisen, Teil 
B. LieferungS; page 294+xviii4-xxxviii*, Figs, 62; 53.50 R.M. System Xummer 58 Kobalt; 
Teil A. Lieferung 2, page 282d-xviii-f*xvi, Figs. 33; 4$ R.M. 

With the fourth continuation on iron and the first on cobalt, both volumes have reached 
completion. An extensive table of contents accompanies each issue, thus facilitating looking up 
special subjects in these exhaustive monographs on iron and cobalt. In jirevious announce- 
ments of sections of Gmelins 8th edition, the work has been w^armly praised and the present 
additions uphold the high scientific standing of the preceding volumes. According to the re- 
viewer’s knowledge, Gmelins Handbucli offers the most complete, exhaustive and modern 
compilation of the physical and chemical properties of the elements and their compounds. 

1. M. Kolthoff 
University of Minnesota 
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Remarks on the Scattering of X-Rays by Gases and Crystals 

By G. E. M. Jauncey 
Washington University, St, Louis, Missouri 

(Received September 9, 1932) 

§§1 and 2: Woo’s most recent formulas for the separation of the diffusely scat- 
tered radiation from polyatomic gases and simple crystals into coherent and inco- 
herent radiation are discussed. It is shown that Woo’s formulas for the total scattered 
radiation reduces to the author’s respective classical formulas when a{=^hfmc\) \s 
made zero. This removes the objection made by the author in a previous note. It is 
shown that the incoherent scattered radiation depends upon the root mean square of 
the E’s while the coherent radiation depends upon the arithmetic mean of the E’s, 
thus giving a mathematical distinction between the incoherent and coherent radiation 
even in the clasvsical theory. §3: Evidence is presented in favor of the true atom form 
factor /of an atom in a crystal (sylvine) being a function of the temperature of the 
crystal. The average electron distribution about the center of an atom in a crystal 
must be a function of the violence of the thermal agitation of the atom. At 0°K the 
electron distribution in an atom of sylvine is more diffuse than in an atom of argon. 

As the temperature rises above O^’K the electron distribution becomes less diffuse and 

finally becomes like that of argon at about room temperature. §4: It is shown that 
the Sg ~ Z)c relation can be replaced by a relation between experimental quan- 

tities alone—otherwise, an empirical relation. §5: A digression on the philosophy of 
physics in which it is noted that the empirical relation of §4 contains no vestige of 
the Thomson or any other theory of x-rays. This supports the view that physical laws 
express relations between pointer readings. §6: The classical theory for the diffuse 
scattering of x-rays by a crystal consisting of atoms of .several kinds is worked out and 
a formula obtained. By the use of Woo’s method, the formulas for the coherent and 
incoherent radiation are also obtained. The restrictions upon these formulas are dis- 
cussed. 

§1. Polyatomic Gases 

following papers on the scattering of x-rays by gases and crystals have 
^ appeared in the Physical Review during recent months : Paper I by Jaun- 
cey/ Paper II by Woo/ Paper III by Jauncey® and Paper IV by Woo,'* In 
this section the author wishes to comment on Paper IV by Woo. In Paper 
I, Jauncey discusses the classical theory of the scattering of x-rays from 
polyatomic gases whose molecules consist of # atoms of one kind and arrives 
at. the formula® ■ 

^ G. E. M. Jauncey, Phys. Rev. 38, 194 (1931). ^ ^ ^ ^ 

® Y. H. Woo, Phys. Rev. 39, 555 (1932). 

^ G. E. M. Jauncey, Phys, Rev. 39, 561 (1932). 

^ Y. H. Woo, Phys. Rev. 41, 21 (1932). 

® For definition of S see, G. E. M. Jauncey and P. S. Williams, Phys. Rev. 41, 127 (1932). 
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where 


in iiqs. (1) and (3) / is the true atom form factor for 
cule of the gas and is the distance hef-« 
molecule. The 

scattering of x-rays by solids. In Paper II W 
effect and f- ■ 
parts. The result of W( 


each atom in the mole- 
dh and rth atoms of a 
in a paper by Jauncey® on the diffuse 
^00 takes account of the Compton 
-.1 into coherent and incoherent 


sepa.rates the scattered radiation i 

- -- - .. oo s separation is to replace Eq. (1) above by 

^ ~ *S'incoh./(l -f- a vers -j- Jcoh. 

where « is the Compton quantity h/mc\. In Paper II Woo gives 

Sincoh. == 1 — f^/Z^ 

and 


for polyatomic gases whose r 
Paper III the author objected 
believes that a formula which 
and incoherent scattered radia 
01 is put equal to zero. In othe 
^incoh.+^ooli., or, as we 


class, Ojncoh. “T* 

the case when Woo’s formulas as | 
considering Woo’s Paper IV, th 
The true atom form factor/ 




new quantity 


G. E. M. Jauncey, Phys. Rev. 37, 1193 


( 9 ) 
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or, in other words, Z is the root mean square of the £ 
comes 


's. Eq. (3) now be- 


and Eq. (1) may be written in the form 


he point of view of the classical theory the author has 
een Eq. (1) and Eq. (11). The only diff 


no preference 

^ ^ ^ . 'ereiice is one. of symbols. 

*aper IV Woo replies to the objections raised by the author in Paper 

ai rives at Eq, (4) together with the defining equations ' 

fi2) 


incoh 


which leplace Eqs. (5) and (6). It is seen that these formulas for Si 
Sooh. satisfy Eq. (7) and so the author’s objections are 
takes the special forms 

‘S'coh. == {P/Z){l + (sin kl)/M\ 

for a diatomic gas and 

£coh. = (/V^){l + (3sm^i)/^^ 

for a gas each of whose molecules consist of similar atoms with their centers 
at the corners of a regular tetrahedron. The quantity I is the distance be- 
tween two atoms in the same molecule. If there are thermal vibrations of the 
atoms in the molecules of a gas, then, comparing with the author’s Paper I, 
it is .seen that (sin kl)/kl in Eqs. (14) and (15) is replaced by 

{(sin A’/o)/^/o jexp (— ^3>Y4) 

where y is the most probable change in the separation of any pair of atoms in 

a molecule from the mean separation io* 

§2. Simple Crystals 

The classical theory of the diffuse scattering of x-rays by simple cubic 
crystals consisting of atoms of one kind has been worked out by Jauncey 
and Harvey.^This theory leads to the formula 

in vii tue of Eq. (10). I he quantity F is the atom form factor as referred to a 
lattice pf)int, but not to the center of the atom. In Paper IV Woo separates 

^ G. h. M. Jauncey and G. G. Harvey, Phys. Rev, 37, 1203 (1931). 


and 

removed. Eq. (13) 
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the diffusely scattered radiation from a crystal into two parts according to 

Eq. (4), where 5inooh. is given by Eq. (12) and 


^■ooh. = iP - F^)/Z. 


( 17 ) 


It is seen that the right sides of Eqs. (12), (16), and (17) satisfy Eq. (7). 

^ From Eqs. (12), (13), (16), it is seen that through / the coherent portion 
ot the scattered radiation depends upon the arithmetic mean of the £'s and 
that through /" the incoherent portion depends upon the root mean square 
01 the E s. This seems to give a mathematical distinction between the co- 
herent and incoherent radiation even in the classical theory because the dis- 
tinction between and / remains even if a( = /i /mc\) is zero. 

§3. Temperature and the True Atom Form Factor 

In his formulas for the scattering of x-rays by crystals, the author has 
preferred to write F for the atom form factor as referred to a lattice point 
but not to the atom center, instead of in the manner where / is the true 
atom form factor (which is due to the electron distribution relative to the 
center of the atom) and is the DebyeB or Waller** temperature factor In 
the deiivation of the classical formulas for the scattering of x-rays by a solid 
and by a crystal, Jauncey^-? notes two different orders of velocity—the ve- 
ocity of an electron in an atom relative to the center of the atom and the 
velocity of thermal agitation of the center of an atom about the lattice point 
with which the atom is associated. The atom may be likened to a planet with 
a„ de«ron atmosphere. The electrons of the atmosphere will pis “ o“h 
ail their configurations many times while the atom as a whole is performing 
one vibration about its lattice point. The effective atom form factor F of an 

f factors—/ the true atom form factor 

Lnfif u ^^"tor. The second factor 17 is due to the changing 

configurations of the centers of the atoms relative to their respective lad 
tice points, caused by the thermal motions of the atoms in the crystal The 

vleTo^?m™ Tr’ concerning the form of Since 

/ determined experimentally by measurements of the 
nttgrated reflection from crystals, it is only necessary for Eqs. (16) and (17) 
to include F but not to include the form of If. The form of Ff is not as yet ac 
curately known. According to James and Brindley,io iy is fairly well ^1^^ for 
srlvm. by WalleO formula, at low temperaturS but isit gl ibTtto 

formula at high temperatures. given oy tnis 

In the Debye-Waller formula 


F = /e- 


( 18 ) 


It is postulated that the true atom form factor / is not affected by the heat 
motrona of the atoms, or. 1„ other words, that the electrou SSbutio^^^^^ 
atom rs rndependent of the violence of the thermal agitation of the atom 

® P. Debye, Ann. d. Physik 43, 49 (1914), 

I. Waller, Zeits. f. Physik 17, 398 (1923). 

R. W. James and G. W. Brindley, Proc. Roy. Soc. A121, 155 (1928), 
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amongvSt the surrounding atoms. If we think of an atom in a crystal as being 
‘ ^ lattice point by a quasi-elastic force, the atom will be acted upon by 

no force when at a lattice point and may be considered when at this point as 
being undistorted. However, if the atom is displaced from its lattice point, 
some amount of distortion in the electron distribution of the atom will occur. 
The/ value for the atom will be the result of an average electron distribution 
for the electron configurations of the atom about its own center taken over 
many (comparatively slow) thermal vibrations of the atom about its lattice 
point. As the temperature rises the average electron distribution will become 
more and more distorted, if we measure the distortion as a departure from 
the electron distribution when the atoms are all at rest at their lattice points. 
There is no actual attractive force on a gh^en atom towards its lattice point, 
but this apparent force is due to the forces of the neighboring atoms upon 
^ the given atom. As the thermal vibrations of the atoms become more violent, 

the atoms approach each other more closely and the electron atmospheres 
of the atoms become more distorted. It seems therefore that the average elec- 
tron distribution about the center of an atom in a lattice should be a function 
of the temperature. Accordingly, the true atom form factor / should be a 
function of the temperature. The situation is somewhat the same as the case 
in the kinetic theory of gases where the quantity b in van der WaaTs equation 
has been found to be a function of the temperature.^^ As the temperature rises 
and the impacts between molecules become more violent, the molecules pene- 
trate each other more and more and so the distortion of the molecules due to 
impacts increases with the temperature. 

• Jauncey and Harvey^^ have shown that the relation 

*5'gH8 (S “f" F'^/Z)cTyBt. (19) 

holds very w^ell for argon and sylvine at room temperature. On the other 
hand Jauncey and Williams''^ have found that the (S+P/Z) values for 
sodium fiuoride at room temperatures are consistently lower than the S 
values for neon. Now from Eqs. (4), (12), and (17) it follows that for a 
crystal 

s + Fyz = (1 ^ rv^^)/a: +;^ vers 0)^ + f/z . (20) ' 

so that, if/ and/" are not functions of the temperature, (S+T^V^) should be 
independent of the temperature. Jauncey and Harvey^^ have measured the 
S values for sylvine at temperatures of 90'^K and 300°K and, using James and 
Brindley’s F values^^ for sylvine at these two temperatures, have found that 
the (5'+ 7^/^) values at 90°K are distmctly less than those at 300°K. Ac- 
cording to Eq. (20) the implication of this is that either or both /and/" are 
functions of the temperature. If for simplicity we for the present assume 
/" =/ (as is the case if all the E's are equaT^), then, since (S+P/Z) is less at 

See K. F. Herzfeld, Handb. d. Physik. XXII, p. 399. 

G. E. M. Jauncey and G. G. Harv’^ey, Phys. Rev. 38, 1071 (1931). 

G. E. M. Jauncey and G. G, Harvey, Phys. Rev. 38, 1925 (1931). 

4^,. G. E. M,. Jauncey, Phys. Rev. 38, 1 (1931). .. 



90°K than at 300°K,7is less at 90°K than at 300°K. This means that the 
average electron distribution in an atom of sylvine departs more and more 
from the election distribution in an argon atom as the temperature falls below 
room tempeiature. It is just a matter of good fortune that at room tempera- 
ture the average electron distribution in an atom of sylvine is the same as 
that in an atom of argon. In the case of sodium fluoride it is probable that 
room temperature is too low a temperature for the electron distribution in an 
atom of this crystal to be the same as that for neon. It therefore appears that 
at temperatures approaching absolute zero, the/ values for a crystal (such as 
KCl or NaF) are less than those for the corresponding gas (argon or neon). 
Consequently, the electron distribution in an atom of a crystal at absolute 
zero is more diffuse than in the atom of the corresponding gas. As the temper- 
ature rises above absolute zero, the atoms of the crystal vibrate amongst one 
another with increasing violence with the result that the average electron 
distribution about the center of each atom becomes less diffuse and finally at 
high temperatures becomes like the average electron distribution about the 
center of an atom of the corresponding gas. 

It should be remembered that the atoms in crystals like NaF and KCl are 
ionized. It might be expected that on this account the electron distributions 
m the atoms of the respective crystals at absolute zero would differ from the 
electron distributions in the atoms of the corresponding gases. 

§4. An Empirical Rel.\tion 

In a recent report Wollan“ quotes the author as stating that the relation 




represents a relation which could have been established empirically without 
the aid of theory. As Dr. Wollan learned of this in private conversation with 
the author it seems worth while to discuss the statement in greater detail 
For simplicity we shall assume that the scattering occurs without change 
of wave-length as is pretty nearly the case for argon and sylvine. Crowther’s 
ormula for the intensity of x-rays scattered in a direction <j> from a slab of 
material whose thickness is Ms 


(Alt/R^ cos 


wher/.H - ^ f “It area of the rays transmitted through the slab 

Zhidow ir Crowther position, A is the area of the ionization chamber 
window, R is the distance of the window from the slab, and 5 is the linear 
spabal sca_ttering_ coefficient per unit solid angle in the direction The 
aim measured and defined in terms of experimental 

inrimft?- 1 1 ^ tlensity of the scatter- 

g material and obtain 5 /p which we shall call the mass spatial scattering 

E. 0. Wollan, Rev. Mod. Phys. 4, 205 (1932). 

J. A. Crowther, Proc. Roy. Soc. A86, 478 (1912). 
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coefficient per unit solid angle in the direction <j>. The quantity s/p has been 
determined for argon by Wollan*’' and for sylvine by Harvey.'® Referring to 
the paper by Jauncey and Williams,® we see that the relation between 5 the 
scattering factor per electron and s/p the mass spatial scattering coefficient is 


5 = 


s/p 


(23) 


{NZ/ W) ■ • (1 + cos2 ,f ) /2 

where N is Avogadro’s number, Z is the number of electrons in an atom of 
the scatterer, IT is its atomic weight, and e, m and c have their usual signifi- 
cance. 

We shall now introduce the quantities r the linear reflection coefficient and 
r/ p the mass reflection coefficient of a crystal for x-rays. The mass reflection 
coefficient is given in terms of experimental quantities by 

r/p = cos|<#.)/p// ( 24 ) 

where « is the angular speed at which the crystal is turned through the Bragg 
reflection position, is the total energy of the reflected x-rays entering the 
ionization chamber, I is the energy per unit time per unit area penetrating the 
crystal, and t is the thickness of the slab of crystal.'® According to the classical 
theory of reflection of x-rays from a mosaic crystal'® 

, , pA® e* 1 cos® 4> 

r/p = \-~- . (25) 


IF® 


sin ^ cos ^<j> 


From Eq. (25) we may obtain an expression for F^/Z. Upon substituting 
this expression for F®/Z, and also the right side of Eq. (23) for Sgm and for 
Zoryat. in Eq. (21), we note that the expression (NZ/W) (I + 

cos® <^)/2 factors out, leaving us with 


i^/ P)«a» (■r/p)cryst. "i" 


W sin cos 


(r/p)cryf,t . ■ 


(26) 


Now in a simple cubic crystal the principal grating space d is given by 

= W/pN. (27) 

This equation together with Bragg’s law 

n\ — 2d sin i<j> (28) 


gives 

XVA/IF = (8sin®|^)/«® 
so that Eq. (26) reduces to • 

(i’/p)giia = (Vp)cryat. + («V4) ' COt® ■ ('■/p)cryat. • 


(29) 

(30) 


” E. O. Wolkn, Phys. Rev. 37, 862 (1931). 

G. G. Harvey, Phys. Rev. 38, 593 (1931). 

See A. H. Compton, X-Rays and Ekcirons, pp. 125-127. 


^ - • ^ 


460 G.KM.JAUNCEY 

This relation contains only experimental quantities. It contains no such 
quantities as Avogadro’s number, the atomic weight and number of the 
scatterer, the charge and mass of the electron, or the wave-length of the 
x-rays. In this present paper we have derived Eq. (30) by means of an ex- 
tension of Thomson’s classical theory of the scattering of x-rays. We have 
made use of such theoretical concepts as the charge and mass of the electron 
and the wave-length of x-rays, yet in the final equation all quantities con- 
nected with these concepts have cancelled out and we are left with a relation 
between experimental magnitudes such as angles, densities, thickness, dis- 
tances, electrometer deflections, and speed of rotation of the crystal. Without 
any knowledge of the theory of the scattering or reflection of x-rays the rela- 
tion expressed by Eq. (30) could have been established by means of experi- 
mental measurements on the diffuse scattering of x-rays from (say) argon and 
sylvine together with measurements on the reflecting power of the crystal 
for x-rays. The quantity n of Eq. (30) may be considered as a pure number 
obtained experimentally by counting. Hence the relation expressed by 
Eq. (30) may be called an empirical relation. Of course it is understood that 
the experimenter would use x-rays of the same hardness (perhaps Barkla’s 
characteristic rays from a metal like copper or molybdenum) for the crystal 
as for the gas. 

§5. Digression on Philosophy 

For convenience we shall for the moment speak of Eq. (21) as a theoretical 
relation because the numerical values of each of the 5’s and of the F are ob- 
tained by dividing an experimental quantity by quantities which are intro- 
duced by the Thomson theory as for instance in Eq. (23). We have shown 
how the theoretical relation Eq. (21) may be replaced by the empirical rela- 
tion Eq. (30) which contains no vestige of the Thomson theory. In his 
physical philosophy, the author inclines to the operational viewpoint of 
Bridgman.^^ Further, the author supports the view that physical laws ex- 
press relations between pointer readings made on gross (macroscopic) instru- 
ments. Eq. (30) is such a relation. The literature of physics abounds in 
theoretical relations of the type of Eq. (21). Just as it has been possible to 
replace the theoretical Eq. (21) by the empirical Eq. (30), so the author 
believes it is possible to replace other theoretical I'elations of physics by 
empirical relations among gross physical magnitudes. The author believes 
that one purpose of theoretical physics is to facillitate the discovery of em- 
pirical relations among gross physical magnitudes. Concepts such as the 
charge and mass of an electron and the wave-length of x-rays are very useful 
but the author doubts that they represent reality in the world.^^ 

§6. Complicated Crystals 

The author has discussed the classical theory of the diffuse scattering of 
x-rays by solids® in a paper to be referred to as Paper V. In a second paper 

P. Bridgman, Logic of Modern Physics, 

G. E. M. Jauncey, Modem Physics, pp. 538-540. 
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the author together with Harvey has applied the theory to the diffuse scatter- 
ing by. simple cubic crystals consisting of atoms of one kind. ^ We shall refer' 
to this second paper as Paper VI. 

Following the argument of Paper V we arrive at Eq.' (13) of ' that paper. 
Up to this point in Paper V the electrons are not aggregated, into atoms. If,., 
instead of' aggregating the electrons into atoms of one kind as was done in 
Paper I, we aggregate them into atoms of two kinds, which we shall distin- 
guish by the subscripts i and 2, we obtain, in place of Eq. (22) of Paper V, 


1 + 


ri(Zx - l)/i'V^i + P,{Z, -- 1)/2'V^2 


ViZi+ V2Z‘i 


+ ; l/n(nZi + v.,z ,) } 


(31) 


ZB)dZrdZg 


where Pi and ¥2 are the respective numbers of the atoms of kinds 1 and 2 in a 
molecule of the solid and n is the number of molecules in the scattering speck. 
Now, distinguishing between the rapidity of the orbital motions of the elec- 
trons in the atoms and the comparative slowness of the heat motions of the 
atoms about their equilibrium centers as is done on pages 1200 and 1201 of 
Paper V, we obtain, in place of Eq. (31) of Paper V, 


5 = 1 + 


ViiZl - iWV'Zi + V2{Z2- l)U/Z2 


viZi -f" P 2 Z 2 

+ { i/ninZx + V2Z2) I • {FiKXxx + FxF,Xx^ + 


(32) 


where the A^’s are double summations of cosines. The problem is now to 
determine the A^s for a crystal. 

Following the argument of Paper VI, Eq. (4) of that paper is replaced by 


I = i: L E cos E E E cos ‘ 

+ E E E sin kw,^ + ir, E E E sinkw,,rV 


(33) 


where the first triple summation in each set of braces | | refers to atoms of 
kind 1 and the second triple summation to atoms of kind 2. Let us consider 


one of the single summations, say, S cos kwpqr where the summation is with 


respect to p, so that w'e may write it as S cos toj). The quantity Wp is the per- 
pendicular from a point on a lattice line of the crystal upon the reference 
plane.® The lattice points on the line are either such that consecutive points 
are at ec|ual distances from each other or can be separated into sets of points 
such that in each set consecutive points are at equal distances from each 
other. One of thcvse alternatives is true even w^hen the axes of the crystal are 
not rectangular and when the consecutive atoms along a lattice line are not 
equally spaced. Hence either S cos kwp has a value given by Eq. (7) of Paper 
\T or can be broken up into a small number of summations each of which has 
a value given by this equation. Proceeding to the summations with respect to 
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% and r we arrive at a result similar to Eq. (1 1) of Paper VI. Now, except for 
particular values of { == (4ir sin |<^)/X } , the right side of Eq. (11) of Paper VI 
is of the order unity. As in Paper VI, we divide by the total number of atoms 
in the speck of scattering matter and find S to be of the order of 10*"^^ if we 
are dealing with a speck of crystal of linear dimensions, say, 0.1 mm. The 
order may be called zero, so that 5 = 0 for a speck of crystal consisting 
of point atoms located exactly and permanently at the lattice points of the 
crystal. Now, referred to Eq. (32), 5 must become zero for point atoms lo- 
cated at lattice points — that is, for// = = Zi and = F 2 = Z 2 . Hence, sub- 
stituting these values in the right side of Eq. (32) and rearranging, we obtain 


-{- Xii)Zi^ + X12Z1Z2 + (ni'2 d” ^22)^2^ = 0 . 


(34) 


Since Vu, X 12 , and X 22 are constants determined only by the geometrical 
make-up of the crystal and do not depend on Zi and Z 2 and since also Eq. 
(34) holds for any values of Zi and Z 2 , this equation is an identity. Plence 

Xu = — nvi, X12 = 0, and X22 = ■“ ^^^2* (35) 

Substituting in Eq, (32) and eliminating/' by means of Eq. (10), we obtain 


^class. — 'll 


Vlfl^yZ, + V2f2''VZ, 
ViZiArv^Z^ 


+ 




■Fi^) + V2(f2^-F2^ 


ViZi + J'2Z2 


}■ 


(36) 


The extension of this formula to the scattering by crystals consisting of more 
than two kinds of atoms is obvious. Woo’s method of taking account of the 
Compton effect gives Eq. (4) together with 


and 


= 1 - ( Z''r/r"V^r)/ T.VrZr 

■Scoh. = ^ '^V^Zr 


(37) 


(38) 


where the subscript r refers to the rth type of atom in a molecule of the 

crystal. 

In conclusion it should be noted that the validity of Eq. (36) and also of 
Eqs. (37) and (38) for the diffuse scattering from a complicated crystal rests 
upon the validity of the same simplifying assumptions as were made in 
Paper V in the derivation of Eq. (16) of the present paper for a simple cubic 
crystal consisting of atoms of one kind. The first simplifying assumption is 
that expressed by Eq. (14) of Paper V in which it is assumed that the prob- 
ability function for each electron is symmetrical about a reference plane 
(see Paper V) through the nucleus. This may not be the case in certain types 
of crystals. This assumption of symmetry is back of Eq. (26) of Paper V. 
Then, again, the assumption of symmetry in the thermal vibrations of the 
atoms of the crystal about their respective lattice points is back of Eq. (29) 
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of Paper V. In section 3 of the present paper we have seen that the electron 
distribution about the center of an atom of a crystal is probably a function 
of the temperature. At absolute zero the probability of an electron in an atom 
of sylvine being in a volume element dv is not only a function of the distance 
r of dv from the nucleus but also of the direction of the line joining and the 
nucleus with respect to the axes of the crystal. This will affect the / values for 
the atoms of the crystal. Above absolute zero it seems from the evidence given 
in §3 that the function of the direction approaches a constant as the temper- 
ature increases, so that at high temperatures the electron distribution about 
the nucleus of an atom of sylvine is a function of the distance r alone as is the 
case in an atom of argon. 
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Mass Ratio of the Boron Isotopes from the Spectrum of BO 


By F. A. Jenkins* and Andrew McKellar 
Department of Physics, University of California 


(Received September 20 , 1932) 

Wave number data. New measurements are made of the rotational structure of 
the « bands of BO, and the wave numbers of the lines in the component up 

to about /=20 are tabulated for the ( 0 , 0 ), ( 0 , 1 ), ( 0 , 2 ), ( 1 , 0 ), ( 1 , 1 ), ( 1 , 2 ), ( 2 , 0 ), 

(3, 0), and (4, 0 ) bands of both the and systems. The component 

of (5, 0 ) is also measured for B^^O and the 2113 / 2 , 25 component of ( 1 , 0 ) for 
and 

Vibrational isotope effect. Values of A6^,, are computed by least -squares methods, 

and from the ratio AGe^/AGe, the isotopic mass coefficient p = is found to be 

1.02908 ±0.00003, from the data on the ^2 state, and 1.02913+0.00004, from that 
on 2 ni/ 2 . The latter figure is less trustworthy than the former, because of the presence 
of perturbations in the upper state. The mass-spectrograph measurements of Aston 
givt 1.02908 ±0.00003. The relation p = is verified to within the probable 
error, one part in 500. Improved values are obtained for the vibrational constants of 
the 22 state, while for the state, the equations = 1260.415 -21.870(t»'-hi) 
and AG^* = 1297.130— 23.228(z»'+i) are considered to give the constants least in- 
fluenced by perturbation effects. 

Rotational isotope effect. From the rotational term-differences, the constants 
and a are computed, also by least squares. The equations 5/' = 1.7803 -0,01648 
= 1.8850 -0.01772(zr."+i), = 1.4277 -0.0196(z;'-hi-^^^ and 

1.5 115 -0.02 11 give values of /Be and which 

yield values of p equal to those obtained from the vibrational constants to within the 
probable error, one part in 4000 for the B Js and one in 100 for the a .’s. A perturbation 
is found in the rotational levels of 21 I 1 / 2 W, which reaches its maximum at 13|-. It 
is caused by the crossing of these levels by those of 22<i7>, and affects only one com- 
ponent of the A-doublets, as expected. The A-doubling is investigated, and its con- 
stants computed. 

Electronic isotope effect The spin coupling constant, vl , is evaluated by the 1 , 0 
band, and found to be the same for and B^^O, having the value 122.36 ±0.03 
cm~h The origins of the two isotopic band systems, ^ 2 , are found to be 

23,958.85 ±0.05, *' 2 / -23,959.18 ±0.06, giving an electronic shift of 0.33 ±0.08 
cm“h the B ^®0 origin being displaced toward the violet. 

Introduction 

1Y/jrANY verifications of the theory of the isotope effect in band spectral 
-L -A have established the fundamental correctness of the theory. They have 
also led to the discovery of new isotopes of low abundance. The frequencies 
of the band lines of a suspected isotopic molecule can be predicted with great 
certainty. The possibility of reversing the usual procedure, and of computing 
accurately the relative masses of isotopic atoms from the observed frequen- 

^ Fellow of the John Simon Guggenheim Memorial Foundation, at present in the Physical 
Institute, Utrecht. 

H 'J' w 250 (1926). R. Mecke, Geiger and Scheel’s 

liandbuch der Physik 21 , 565-573 (1929). ^ 
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I cies was first explicitly mentioned by Giauque,^ although' ot course it was 

implied in Mulliken’s original work/^ Thus far the only case in which data . 

; of sufficient accuracy and completeness were available has been the atmos- 

f pheric bands of oxygen, from which the mass ratio has now been 

found by Babcock and Birge*^ with an apparent accuracy of one part in 
100,000. Since the oxygen isotopes have not yet been observed with the mass- 

spectrograph the band-spectrum method is the only one at present avaib 
able for determining the atomic weights of and 

It therefore appears highly desirable to apply this method to an element 
for which the isotopic masses have already been found by Aston’s prc^.cision 
mass-spectrograph. This would allow us to decide whether the theory of the 
isotope effect is sufficiently correct in its finer details to be reliable in such 
an exacting application. For this purpose the most accurate results are ob- 
tained in the case of a light element where the proportional difference in 
^ mass of the isotopes is large. Boron and lithium are especially suitable, and 

in the present work it will be shown that the spectrum of BO gives satisfac- 
tory agreement with Aston’s values for the mass-ratio B^^ :B^*t Work on the ! 

Li^ : ratio from the Li 2 bands is now in progress. 

The BO spectrum excited in active nitrogen was used by Aiul liken in his 
first and most accurate test of the isotope effect.*^ Of the three band systems 
in this spectrum, the « system is the most favorable for precise work, be- I 

cause it occurs at longer \vave-lengths where an advantageous ratio of wave- 
length interval to frequency interval exists. The rotational structure of these 
bands was first shown by one of us® to be that of a -H, -Z transition, in which 
the level is inverted and constitutes a good example of the case a type of 
spin coupling. The complete experimental material was not given in this ar- 
ticle, because further measurements, particularly of the bands of the less 

' abundant isotopic molecule B^''0, were anticipated. In the meantinie Scheib' - 

has published extensive measurements of four bands of tlie o system as de- ! 

veloped in the arc. Because of the higher temperature, main' more rotational 
lines of each band are observed than in active nitrogen. All of Scheib’s meas- 
urements concern the bands of the more abundant isotope, B^T), since none 
of the bands were identified in his work. Furthermore, the data given 

j , by Scheib for the (0,1), (0,2), (0,3) and (0,4) bands, while they suffice for; | 

the determination of the molecular constants of the lower, “S state, do not 

2 w. F. Giauque, Nature 124, 127 (1929). . 

. , R. S. Mulliken, Phys. Rev. 25, 119,,(1925). 

^ H. D. Babcock and R. T. Birge, P'hys. Rev. 37, 233A (1931). See also the preliminary;! ; 

' account ..and discussion given by Birge in Trans. F'arad. Soc. 25, 718 (1929). In' the, work ot . 

M,ecke.and Wurm, Zeits. f. Physik61, 37 (1930), the data were insufficient, and the methods 
not sufficiently rigorous, to yield a result of much significance. 

F. W'. Aston, Nature 130, 21., July 2 (1932). Here is re.corded the observation of the 
oxygen isotojies and by the mass-spectrograph and their abundance is estimated but 
no accurate mass determinations are made. 

R. S. Mulliken, Phys. Rev. 25, 259 (1925). 

F. A. Jenkins, Proc. Nat. Acad. Sci. 13,496 (1927). . 
jl^ ^ W. Scheib, Zeits, f. Physik 60, 74 ,(1930). 
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yield all the constants of the =II state, because these bands involve only zi' = 0 
Hence the present article, besides giving the first measurements on the B'^O 
system, also supplements Scheib’s data for the upper state of the B“0 svs- 

Experimental Data 

The spectrograms used in our analyses have already been briefly described 
in connection with the preliminary work mentioned above.® For a source, 
BCI3 vapor was mixed with a stream of flowing active nitrogen containing 
traces of oxygen. The spectrum was photographed in the first and second 
orders of the Harvard 21-foot grating of 120,000 lines, which is mounted on 
the i aschen system. Double exposures of the iron arc spectrum were used 
to insure correct placing of the standards. 

These plates have been completely remeasured with a Societe Genevoise 
comparator. Independent measurements of the same band gave results dif- 
fering on the average by less than 0.01 cm-b For the purpose in hand, it was 
not necessary or desirable to measure all the lines of each band, since an 
analysis of the ^Ili/a, ^2 component only will give the required data. Also this 
sub“band is much freer from hlend.q th^n tViA 


X4014.962 X4017.087 X4012.781 
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Table I. {Continued), i, 0 band 


Table I. {Continued). 1,1 hand. 


• K'' : 

X4339.369 

Ri 

X4341.931 

Ri^ 

X4346.957 

1 Q. 


Pt 

- '0 . 




23,024.05 

22, 997'. 43 


' 1. I 

23,031.71 

23,024.78 

22,998.16 

020.45 

993.48 


'■■■ 2' ■ I 

034.49 

024.78 

998.16 

017.55 

990.50 


3 

036.50 

024.05 

997 .43 

014.12 

986.73 

23,007.27 

4 

037.86 

022.57 

995.80 

009.91 

982.18 

000,20 

5 

038.37 

020.45 

993.48 

004.92 

977.23 

22,992.34 

6 

038.37 

017.55 

990.50 

22,999.23 

971.08 

983.96 

7 

037.46 ; 

013.96 

986.73 

992.83 

964.29 

974.80 

8 

035.93 

009.61 

982.18 

985,65 

956.78 

964.89 

9 

033.66 

004.56 

976.81 

977.82 

948.48 

954.27 

10 

030.67 

22,998.82 

970.70 

969.25 

939.31 

942.95 

11 

026.96 

992.34 

963,83 

959.97 

929.60 

930.89 

12 

022.57 

985.13 

956,24 

949,99 

919.04 

918.17 

13 

017.55 

977.23 

947.92 

939.31 



14 „ 

011.50 

968.62 

938.77 

927.84 



1.5' ' 

004.92 

959.25 

928,88 

915.70 



16 

22,997.43 

949.16 

918.17 




17 

989.42 

938.33 





18 

980.64 

926.81 





19 

971.08 

914.55 





20 

960.89 






'21 ■■■ 

949.99 i 







■■,'938.33 








' R 

X4035 ,467 

Ri' 

X403 1.039 

Cl 

X4037.415 

Qy' 

X4033.112: 

Pi 

, '■ Pj 

■ ,, ^Pl2 

• 'o' 

24,764.96 







1 ' 

768.27 


24,761.36 

24,787.78 



! 

2 ■ 

770.94 


761.19 

787.78 

24,754.45 

24,780.54 


■ ■ 3' 

■■ 772.50 

24,799.63 

760.15 

786.62 

750.53 

776.54 

, , 

'..4 

773.31 

'800.52 

758.23 

784.55 

745.98 

771.52 


5 

773.31 

800,52 

755.55 

781.74 

740.50 

765.77 

24,728.19 

6 

772.50 

799.63 

752.07 

778.02 

734. 2‘2 

759.14 

719.38 

1 '\ 

770.94 

798.16 

747.75 

773.31 

727,27 

751.49 

709.54 

8 

768.63 

795.24 

742.65 

767.97 

719.38 

■ 743.31 

698.96 

9 

765.43 

792.05 

736.72 

761.63 

710.75 

734.22 

687.60 

10 

761.36 

787.78 

730.01 

754.45 

701.31 

724.15 

675.38 

11 

756.58 

782.63 

722.45 

746.48 

691.03 

713.10 

662.34 

12 

750.99 

776.54 

714.10 

737.5$ 

679.95 

701.31 

648.55 

13 

■■ 744.54 

769.82 

704.96 

727.87 

668.04 

688.93 

633.97 

14 

737.30 

762.00 

695.02 

717.32 

655.39 

675.38 

618.57 

15 

729.27 

753.55 

684.23 

705.88 

641 .90 

661.02 

602.44 

16 

720.40 

744.03 

672.67 

693.55 

627.61 

645.85 

585.34 

17, 

710.75 

733 .52 

660.29 

680.41 

612.53 

629.88 

567.50 

18 

700.31 

722.45 

647.14 

666.36 

596.59 

612.92 

548.89 

19 

688.93 

710.75 

633.12 

651.53 

579.87 

595.21 

529.45 

20 

676.82 

697.61 

618.34 

635.76 

562.37 

576.48 

509.24 

21 

663.91 

684.23 

602.74 

619.18 

544.03 

557.10 

488.23 

22 

650.18 

669.28 

586.32 

601.74 

524.86 

536.83 

466.44 

23 

635.76 


569.06 

583.48 

504.97 

515.70 

443.79 

24 

620.32 


551.07 


484.24 



25 

604.32 


532.23 


462.68 



26 

587.13 


512.62 


440.37 



27 

569.49 


492.18 


417.24 



28 

551.07 


470.90 


393.25 



29 



448.90 





30 



426.06 





31 



402.37 





■32 



377.92 
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Table I. {Continued), 1, Z band. 


KT 

X471S.525 

X4718.660 

R2^ 

X4736.250 


Q2^ 

>2,. 

0 




21,185.85 

21,107.19 


i 

21,193.24 

21,186.55 

21,107.87 

182.20 

'103.85 


2 

196.20 

186.55 

107.87 

179.47 


21,175.35 

3 

198.39 

185.85 

107.19 

175.96 

096.63 

. 168.95: 

4 

199.40 

184.56 

105.75 

171.87 

092.28 

162.29 

5 

200.64 

182.51 

103.85 

167.02 

087.28 

■ 154,61 

6 

200.64 

179.86 

100.84 

161.52 

081.28 

146.37 . 

7 

199.99 

176.51 

097.30 

155 .33 

074.94 

137. 33- 

8 

198.82 

172.46 

092.97 

148.49 

067.59 

■ 127.71 

9 

196.84 

167.73 

088.05 

140.95 


117.40 

10 

194.11 

162.29 

082.38 

132.70 


106,38 

11 

190.81 

156.18 

075.88 

123.80 


094.70 

12 

186.55 

149.38 


114.21 


082.38 

13 

182.20 

141.91 


103.85 


068.97 

14 

176.51 

133.72 


092.97 



15 

170 .42 

124.87 


081.28 



16 

163.61 

115.26 





17 

156.18 

105.04 





18 


094.07 . 





19 


082.38 

[ ■ 






Table I. {Continued), 0,0 band. 



R 21 

R 2 

X4227.480 




P 2 

0 




23,646.02 

23,637.42 


1 


23,648.13 


643.86 

634.99 


2 


648.13 


641.02 

632.03 


3 i 


647.40 

23,638.71 

637.42 

628.20 


4 i 


646.02 

637.42 

633.19 

623.77 


5 

not 

643.86 

634.99 

628.20 

618.43 

23,615.57 

6 

observed 

641.02 

632.03 

622.50 

612,45 

606.98 

7 


637.42 

628.20 

616.09 

605.66 


8 


633.19 

623.77 

609.00 

598.13 

587.84 

9 


628.20 

618.43 

601.12 

589.93 

577.27 

10 


622.50 

612.45 

592.60 

580.81 

565.87 

11 


616.09 

605.66 

583.31 

571.02 

553.85 

12 


609.00 

598.13 

573.35 

560.47 

540.93 

13 


601.12 

589.93 

562.67 


527.62 

14 


592.60 

580.81 

551.23 

537.20 


15 


583.31 

571.02 

539.14 

524.27 


16 


573.35 

560.47 

526.33 



17 


562.67 





18 


■551,23 

537.20 




19 


539.14 

524.27 




20 


526.33 
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Table I. {Continued). 0,1 band. 







U-y- 


i"'' 






r' 

R%\ 

X4S85.702 

R^ 

X4588.759 

R' ^ 

X460i.883 

(?2 

QJ 

P‘2 ; 

0 

1 

2 

21,789.96 

793.32 

21,786.30 

21,724.17 

21,783.90 

781.94 

21,719.77 

21,775.06 

796.15 

786.30 

724.33 

779.22 

716.84 

3' 

798.41 

785.73 

723.64 

775.75 

708,64 

768.70 

4 

799.89 

784.45 

722.40 

771.59 

761.73 

5 

6 

800.83 

782.50 

720.35 

766.76 

703.80 

754.11^ 

800,83 

779.84 

717.50 

761.27 

697.84 

745 .83 

' 7 

800.42 

776.54 

714.06 

755.08 

691.33 

736.86 

" 8 

799.17 

772.52 

709.86 

748.26 

684.09 

727.23 

Q 

797.31 

767.83 

704.90 

740.74 

676.22 

716.84 

to 

794.76 

762.51 

699.28 

732.52 


705.83 

11 

791 .48 

756.44 

692.89 

723.64 


694 . 20 

12 

787.56 

749.71 

685.78 

714.06 


681.78 

13 

14 

15 

16 

17 

18 

19 


742.31 

734.21 

725.45 
715.94 
705.83 
694.99 

683.45 

678.04 

703.80 

692.89 

681.29 




Table I. {Continued). 0,2 band. 


IP ‘ ' 

10 

R i'"' 

11 


12 

K'. '■ 

13 

Ip:^ 

14 

ft""* 

15 


16 


17 


18 

"Ifef 

19 

1’/ 

- L- 


R21 

X50()7 .846 


19,958.11 
960.39 
961 .93 
962.84 
963 . 12 
962.84 
961.93 
960.39 
958.11 
955.26 
951.69 


R. 

X501 1.650 


19,947.96 

947.96 
947.55 

946.48 
944.61 
942.16 
938.94 

935.34 

930.97 
925.93 
920.24 

913.91 

906.92 

899.35 
891.05 
882.09 

872.48 
862.18 
851.33 


i?2‘ 

X5040.468 


19,833.91 
833.91 
833 .35 
832.34 
830.45 
827 .85 
824.61 


810.87 

804,89 

798.19 

790.86 

782.81 

774.06 

764.69 

754.55 


19,943.72 

940.82 

937.49 

933,46 

928.90 

923.60 

917.66 

911.05 

903.81 

895.96 
887.44 
878.25 
868.43 

857.97 
846.84 
835.09 


19,829.65 


802.01 

794.98 

787.37 

779.07 


19,936.67 

923.60 

916.22 

908.17 

899.35 
889.94 
879.99 
869.29 
857.97 
845.90 

833.35 
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Table L (Continued), 2,0 band. 


K'^ 

R 21 

■ X3828.047 

i?2 

X3829.857 

X3820.962 

Q. 

02* 

P 2 

0 




26,101.49 



1 


26,103.26 

26,164.03 

099.18 

26,159.69 


2 

26,112.75 

103.26 

164.03 

096.22 

156.58 


3 

114.48 

102.18 

162.84 

092.45 

152.56 

26,085.55 

4 

115.61 

100.38 

161.06 

087.91 

147.78 

078,34 : 

5 

115.61 

097.91 

158.36 

082.61 

142.09 

070.30 

6 

115.13 

094.56 

154.79 

076.51 

135.68 

061.47 


113.73 

090.45 

150.43 

069.60 

, 128.39 

051.82 

8 

111.40 

085.55 

145.23 

061.96 

120.26 

041.42 . 

,9 

108.57 

079.88 

139.25 

053.45 

111.40 

030.19 

10 

104.81 

073.38 

132.38 

044.23 

101.49 

018.25 

11 

100.38 

066.13 

124.64 

034.16 

090.86 

005.47 

12 


058.10 

116.14 

023.43 

079.41 

25,991.96 

13 


049.22 

106.77 

011.75 

067.10 

977.63 

14 


039.58 

096.51 1 

25,999.35 

053.95 


15 


029.14 

085.55 1 

986.19 

039.94 


16 

i 

017.91 

073.38 


025.08 


17 


005.91 

060.65 


009.26 i 


18 


25,993.03 

047.15 


25,992.42 


19 


979.45 

032.79 




20 1 



017.53 




21 1 



001.43 





Table I. (Continued). 3,0 band. 


K'' 

R 21 

R 2 




P 2 

; X3660.631 

X3 662. 205 

X3649.691 




0 

1 " 

27,304.88 

27,298.22 

27,391.80 

27,294.37 

27,387.41 


2 

307.45 

298.22 

391.80 

291.30 

384.25 


3 

309.14 

297.12 

390.50 

287.44 

380.23 


4 

309.95 

295.14 

388.37 

282.77 

375.31 

273.25 

5 

309.95 

292.38 

385.56 

277.29 

369.60 

265.18 

6 

309.14 

288.85 

381.78 

271.00 

362.97 

255.95 

7 

307.45 

284.46 

377.79 

263.88 

355.33 

246.46 

8 

304.52 

279.21 

371.59 

255.95 

346.98 

235.70 

9 

301.52 

273.25 

365.16 

247.14 

337.64' 

224.22 

10 

297.12 

266.28 

357.87 

237.54 

327.44 

211.91 

11 

292.38 

258.70 

349.67 

227 . 13 

316.36 

198.88 

. 12 ■ 


250.13 

340.61 

215.89 

304.52 

. 184.89 

13 


240.76 

330.65 

! 203.79 

291.44 


14 


230.63 

319.96 

190.90 

277.84 


15 


219.57 

308.20 

177.03 

263.42 


16 


207.74 



247.76 


17 


195.06 



231.57 


18 1 

■ '1 

181.60 

267.95 


214.43 


19 



252,58 


196.40 


20 



236.45 




21 



219.57 




22 



201.64 




23 



183.44 
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TA.mJE.1. {Continued), 

4,0 hand 5,0 hand 



R^ : 

R2^ \ 

<2/ 


R2 

G-i 

A. 

X3S1 1.222 

X3495.848 





^ 0 

1 

28,472.01 

28,597.22 




29,621.18 

2 

472.01 

97.22 

28,465.22 

28,590.06 

29,624.75 

617.95 

3 

470.71 

95.65 

461.25 

85.58 

623.49 

613,87 

4 

468.66 

93.40 

456.45 

80.41 

621.18 

608.93 

5 

465.71 

90.41 

450.80 

74.50 

617.95 

603.11 

6 

461.90 

86.15 

444.31 

67.61 

613.87 ; 

596.43 

7 

457,20 

81.38 

436.91 

59.80 

608.93 

588.87 

8 

'451.70 

75.39 

428,70 

51.01 

603.11 

580.29 

9 

■ "445,31 : 

68.60 

419.62 

41.45 

596.43 

570.89 

10 

: .438.05 ■' 

60.86 

409.61 

30.76 

588.87 

560.61 

11 

430.00 

52.21 

398.80 

19.33 

580.29 

549.41 

12 

421.08 

42.77 

387.16 

06.98 

570.89 

■' 537.36 

13 

,411.75 

32.20 

374.61 

28,493.69 

560.61 

524.31 

14 

400.10 

20,83 

361.18 


549.41 


15 

388.60 

08.58 

' ' 


537.36 


16 

376.20 




524.31 


17 

362.98 







isotopic system. This will be evident from the enlargement, Fig. 1. All the 
four branches of the ^ITi/ 2 , sub-band, which are designated in order i? 2 i, 
i? 2 , Q% and P 2 , could be accurately measured in most cases for the stronger 
system, B^^O, but the P 21 branch (and sometimes the P 2 ) of was too 
faint to measure. To get the constants of the lower state, the two progres- 
sions y' = 0 and were measured from z;" = 0 to 2, while for the upper 
state four additional bands of the strong x;" = 0 progression, (2,0), (3,0), (4,0) 
and (5,0), were investigated. Of these ten bands, only 0,1 and 0,2 had been 
measured by Scheib. Our results are systematically lower by 0.21 cm“^ in 
the former band, and by 0.16 cm“*^ in the latter. The possibility of a constant 
error of this magnitude in our measurements was eliminated by checking 
against the lines of the 0,9 jS-band of NO and the boron doublet, XX2496.778, 
2497 .733 (in the second order) , which were present in the band source. 

In Table I will be found the wave numbers in vacuum of all of the meas- 
ured lines assigned to the various branches in these bands, with the wave- 
length in LA. of the observed heads at the top of the appropriate columns. 
The column headings for the less intense system, that of B^'^O, carry the 
superscript i. For 1,0 the low-frequency sub-band TIi 1 / 2 , was also meas- 
ured and analyzed in order to find the constants of the 1/2 state and the 
electronic coupling coefficient, .4. The 0, 0 band was unsatisfactory for this 
purpose because it is fainter, and confused with the 3,2 band. 

Vibrational Isotope Effect 

The vibrational terms of the two isotopic molecules may be represented^ 
by the following equation: 

G = + I) - + iy + ye(^e(v + 1)'"^ + ‘ ' * 

(jr = ^ _ xJcoJiv + iy + yJcoJiv + |)» -f • * • 

= pOJeiv + + 1)^ + p^yeO^eiv + i)'^ + * * ’ , 

® R. S. Muiliken, Phys. Rev. 25, 125 (1925). 


( 1 ) 
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4,73. 


j in which is the ratio of the reduced masses ix/yL\ We shall use the super- 

4^4, script i to distinguish quantities pertaining to the less abundant molecule 

B^^O. The problem of finding the relative masses thus becomes one of evalu- 
ating as accurately as possible the constant p from the relation 

ase^/coe = p. (2) 

Other values of this constant, though much less accurate, can be found from 
the higher power term; since 

OC = P, ye jy e ~ * (’3) 

From the spectrum we can evaluate the term-differences 

AGy = (j>e “ IXeOieiy + 2") + 3>'caJc[(2^ + 1)^ +1/12] -f- * ’ * (4) 

b}^ finding the separation of the origins of two adjacent bands in a progres- 
^ sion. This separation is best determined by a study of the combination differ- 

I ences of the type 




in which the higher power terms can be shown to be negligible for all prac- 
tical purposes. 5 1 ,, .- 1/2 represents the effective Bv for the component Tli /2 of 
the upper state. ThcvSe term-differences, which we shall refer to as AT, are 
fitted by least squares to a parabola having its vertex at iT— — The con- 
stant term in this solution yields the best value of the vibrational term-differ- 
ence AG, which is required. Fig. 2c shows by diagrams the relation of pairs 
of lines, connected by arrows, whose wave-number difference gives a single 
value of AT (and of AT^ for the lower state. This will be clear from the 
term diagram in Fig. 2b. 

The first step in the computation is obviously to prove from the experi- 
mental data that the vertex of the AT:K parabola actually does occur at 
K = to within the error of the measurements. Fig. 2d shows the data 
from the branches of the 1,0 and 1,1 bands and their least squares solu- 
tion in the form of Eq. (5a). By carrying through the solution, admitting a 
linear term in (Z'+|), a value of the constant term was obtained which dif- 
fered from the first value by less than its probable error. This justifies the 
assumption that the vertex occurs at —I, an assumption made in ob- 
taining all of the results discussed below. To show the extent to which 
Eq. (5a) is capable of representing the data, we give in Table II the results 
of the solution for (K) This is a typical example from the 


= AG 1 / 2 " - (To" - Bn(R + i)' + • • • (5a) 

= AG1/2" - «"(ii + i)^- + • • • 

= + 1) - + I) 

= Po(i‘0)(ir + 2) - + 2) 

(5b) 

= AG'i/2 (T'0,-1/2 B\,^ij^{R +• 1 )^ + • • • 

= AG'i/ 2 — «'(i^ + J)^ + • • * 
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Fig. 2. (a) Some vibrational levels of the two isotopic molecules drawn to scale. The single 
levels on the left belong to the lower, state, and the double levels are For B^^O, the 
— 11 level of ^2 lies very close to t>'==4 of ^ 111 / 2 , the upper component. This explains the ob- 
served perturbation in the v'—A rotational levels (cf. Fig. 3 and text, p. 478). (b) Alternate 
rotational levels associated with y" —0 and 1 of and with v' = 0 of ^IIi/ 2 . The difference in 
frequency of the two lines whose transitions are indicated by the long vertical arrows, 

(12) and (12), gives the term-difference AT" (12) in the lower state. As explained in the 
text, the various values of AT" and AT"* are extrapolated to Ar''(—|), giving accurate values 
of the vibrational term-differences A(t" and AG"k {c) Fortrat diagrams of the ^ni/ 2 , com- 
ponents of the 0, 0 and 0, 1 bands. Heavy curves represent branches of the bands, and 
light curves those measured for B^®0. The arrows indicate the differences Aj'^' (12) and 
AT^'* (10). (d) A typical AT: iT+i parabola, derived from the i ^2 branches of the 1, 0 and 1, 1 
bands. Circles are observed values, while the curve is the least squares solution, which inter- 
sects the axis, ==0, at the v^alue of A(ji/2''. 

Table IT AT"* A<?i/2''--(B 4-1/2)2-1861.937 --0.01698 


' :.:K" ' : 

AT" (Ofei.) 

AT" {Calc.) 

0-C 

■' 1 ■ 

1861.92 

1861.899 

4-0.021 

. 2 ... 

1861.80 

1861.831 

-0.031 

3 

1861.67 

1861.729 

-0.059 

4 

1861.60 

1861.593 

4-0.007 

5 

1861.44 

1861.423 

4-0.017 

..... 5 , 

1861.23 

1861.220 

-hO.OlO 

7 

1861.01 

1860.982 

+0.028 

8 

1860.74 

1860.710 

+0.030 

9 

1860.38 

1860.404 

-0.024 

10 

1860.08 

1860.065 

+0.015 

11 

1859.67 

1859.691 

-0.021 

12 

1859.29 

1859.284 

+0.006 

13 

1858.87 

1858.842 

+0.028 

14 

1858.34 

1858.367 

-0.027 

15 

1857.85 

1857.857 

-0.007 




RATIO OF BORON ISOTOPES 


Bands 


Lower state, ■ ■ ■ . 

The state is the easiest and most satisfactory to deal with because it 
does not involve complicated interactions of electronic and rotational mo- 


42 least squares solutions carried out in evaluating the various values of 
and. AGt,'. . 


Av. 1861. 896 ±0.018 


R2 

0, 1-0,2 

1838.37 

±0.01 

0.0164 

18 

02 

0, 1-0,2 

1838.37 

±0.01 

0.0164 

14 

P2 

0, 1-0,2 

1838.38 

±0.03 

0.0162 

8 


Av. 1838,375 ±0.002 Av. 0.01656±0. 00013 


B'«0 

RJ 0,0-0, 1 1915.28 ±0.02 0.0189 11 

0, 0-0,1 1915.29 ±0.01 0.0173 6 


1915. 286±0. 003 


i?2*’ 0,1-0, 2 1890.41 ±0.02 0.0179 11 

Q./ 0, 1-0,2 1890.10 ±0.02 0.0138 3 


1890.343 ±0.078 0 .01774 ±0.00082 


w, = 1885. 417 ±0.037 
.T.^0. 006238 


= 1940. 229 ±0.078 
-0.006428 


p = l .02907 
±0.00004 
p = 1.030 


Branch 


w, = 1885 .458 ±0 .031 1940 .300 ±0 .092 p = 1 .02909 

±0.00005 

.Te=-0 ,006246 ±0 .000006 a:/ -0,006438 ±0.000013 p-1 .031 

±0.002 


Table III. Vibrational constants of the state. 
Branch Bands AGf' a'* 


R, 

0, 0-0,1 

1861.86 

±0.01 

0.0164 


0, 0-0,1 

1861.94 

±0.01 

0.0170 

Pi 

0, 0-0,1 

1861.92 

±0.04 

0.0171 


0.0164 

0.0169 

0.0160 


1, 0-1,1 
1, 0-1,1 
1, 0-1,1 


1861.90 ±0.01 
1861.94 ±0.01 
1861.86 ±0.02 


1861.903 ±0.015 


1 , 0 - 1 ,! 
1 , 0 - 1,1 


1838.34 ±0.01 
1838.36 ±0.01 
1838.33 ±0.03 


1838.348 ±0.005 


1915.27 ±0.02 
1915.40 ±0.06 


1915 .318 ±0.044 


1,1-1, 2 
1,1-1, 2 


1890.36 ±0.03 
1890.29 ±0.04 


1890. 336 ±0.025 


0,0164 

0.0164 

0,0167 


0.01641 ±0.00007 


0.0177 

0.0189 


0.01770 ±0.00040 


0.0179 

0.0154 
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tions. That the spin doubling is negligible, even for large rotation, is shown 
by an examination of Scheib’s results.® Further advantages of the state 
over the for the precise determination of p lie in the greater magnitude of 
U j, as weir as in the fact that this is the normal state, and therefore should 
be free from perturbations. 

Table III contains the results of the various solutions for AG^", with the 
probable error of each computed from the residuals by the accepted least 
squares formulas.^" It will be noticed that the faint i? 2 i branch has not been 
used at all, nor the Pg branch in the case of Bi"0. The mean values have 
been taken separately for the progressions zi' = 0 and z)' = 1, so that two inde- 
pendent evaluations of the vibrational constants are obtained. Computation 
of the probable errors of the mean values based on their internal con- 
sistency’^® (on the probable errors of the individual determinations of AG,,) 
.showed that these are considerably smaller than the probable errors found 
from e.xternal consistency (determined from the deviation of the individual 
delerrainations from their mean). Therefore, following the recommendation 
of Birge,’® we have adopted the probable errors from external consistency even 
though these are based on such a small number of items. The items are then 
logically weighted according to the number of observations, or values of AT, 
used in the evaluation of each, rather than inversely as the squares of their 
probable errors. In this way the most consistent set of values of a given 
vibrational term-difference is obtained, as well as a conservative estimate of 
the probable error of the mean. 

Following each set of results in Table III are given the w, and calcu- 
lated by Eq. (4) The data, involving as they do only v" = 0, 1, and 2, are 
not sufficient to determine the term or higher powers. But these 

terms are usually negligibly small for the ground states of stable molecules, 
and in fact MulHken’s data on band heads shows no departure from a linear 
dependence of AG„ on v up tov" = 8. Hence we obtain the constants on the as- 
sumption that these terms are zero. Our best values of p, from the ratio 
Wt'/w, , are listed in Table III. The values from xj-jx,, are much less accurate 
but agree to well within the probable error. 

Upper state 

In the determination of the vibrational constants for the state, there 
are several complications not present in the state. In the first place, since 
the spin lies coupled to the figure axis by the field of the orbit, the electronic 
level is two-fold with a separation of about 122 cm-’. Assuming no interac- 
tion of the spin with the molecular rotation, we could work exclusively with 
the one component, ^S, as a separate band system. This procedure is 
aigelj justified, as will be shown below in the discussion of the rotational 
energy function. However, there are unknown additive constants,’! such as 

U ' Christy, Phys. Rev. 38, 87 (1931). We have also reexamined 

tlie data and tind no evidence of an appreciable spin doubling. 

R. T. Birge, Phys. Rev. 40, 207 (1932). 

R. S. Mulliken, Rev. Mod. Phys. 2, 114 (1930). 
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and Cs, in the energy function which, though small, cannot be corrected 
for in obtaining the true AG values. Finally, the most serious difficulty is the 
possibility of perturbations, which may affect the vibrational, as well as the 
rotational terms. These are known in the analogous band system of CN,‘^ 
and are also found here, though to a lesser degree. Because of these draw- 


Table IV. Vibrational constants of the ^11 state. 



Branch 

1 Bands 

isGf 

a' 

■ WL 


R2 

1,0"D,0 

1238.58 

0.0196 

18 , 


Q 2 

1, 0-0,0 

1238.53 

0.0193 

, 14 


P 2 . . 

1, 0-0,0 

1238.49 

0.0181 

7 / 




Av. 1238. 545 ±0.016 




Ro 

i 2, 0-1,0 

1216.65 

'■0.0196 

18 


& 

^ 2, 0-1,0 

1216.70 

1 0.0200 

15 


P 2 

2, 0-1,0 

1216.67 

. 0.0204 

9 




1216.675 ±0.010 




R, , 

3, 0-2,0 

1195.08 

0.0193 

18 


Q 2 

3, 0-2,0 

1195.10 

0.0196 

13 


P 2 

3, 0-2,0 

1195.11 

0.0195 

8 




1195.095 




R 2 

4,0-3, 0 

1173.87 

0.0194 

11 


c. 

4, 0-3,0 

1173.92 

0.0200 

13 




1173.896 




i?2 

5, 0-4,0 

1152.88 

0.0195 

10 


Qz 

5, 0-4,0 

1152.73 

0.0193 

11 




1152.799 

0.01959 



R2^ 

1, 0-0,0 

1273.93 

0.0213 

15 . 


QJ 

1, 0-0,0 1 

1273.87 

0.0214 

' 13 . 



i 

1 1273.902±0.021 





2, 0-1,0 

1250.66 

0.0209 

18 


(?•/’ 

2,0-1 ,0 

1250.69 

0.0211 

14 




1250. 674 ±0.008 




R'/ 

3,0-2, 0 

1227.83 

0.0210 

■17' " 


Q‘/ 

3, 0-2,0 

1227.81 

0.0206 

: 14 




1227.823 





4, 0-3,0 

1205.426 

0.0214 

14 


cy 

4, 0-3,0 

1205.329 i 

0.0210 

11 




1205.383' 

0.02111 




With only and ^G^m* 

co« = i260. 415 ±0.033 

= 1297. 130 ±0.048 

p = 1.02913 

.41 

.A, =0.008676 1 

.■ =0.008954 . , . . 

±0.00004 

P = 1.032 


t,. 



F. A, Jenkins, Y. K. Roots and R. S. Mulliken, Phys. Rev. 39, 16 (1932), 


^478 F. A. JENKINS AND ANDREW McKELLAR 

backs the resulting values of p are of little importance in bettering those al- 
ready obtained. However, the analysis has been done since it gives fairly re- 
liable values of the vibrational constants, and affords a check on the p al- 
ready found from the lower state. 

Our measurements include bands of the z;" = 0 progression up to — S 
for B^^O, and = 4 for B^°0. All of the values were computed from the AT 
parabolas of the type of Eq. (5b), using least squares in exactly the same 
way as for the lower state. The results are shown in Table IV. The probable 
errors of the individual AGt-'s have not been calculated because internal con- 
sistency is of little value in getting the probable error of the mean, as ex- 
plained above. But the residuals were always examined, and where a trend 
was noted, the worst value or values were discarded, and a new solution 
made. In the solutions for AG's 1/2 and AG' 4 1/2 from the Rt branch, the residuals 



Fig. 3. Residuals of the ST parabola from the solution adopted. The 

large discontinuity in the curve at FT = 13 represents a perturbation in the rotational terms of 
the upper state. 

grew suddenly large above = 11, showing the presence of a large perturba- 
tion in the branch of the 4,0 band. The Q 2 , branch is perfectly regular. 
The perturbation reaches its maximum (0.66 cm“^) at J' = 13| of the ^ni /2 
state. Fig. 3 is a plot of the residuals from the final, adopted solution for 
AG's 1/2 {R 2 branch), and shows the usual form characteristic of a large per- 
tur])ation. 

This perturbation is obviously analogous to one of those occurring in the 
r' = 6 levels of the ^11 state in CN.^^ It results from the near equality of en- 
erg}^ levels with the same j in the ^11 and the lower ^2^ states. When we com- 
puted the terms in these two states from the data already established, it was 
found that by far the closest approach of any two terms is to 
The levels are drawn to scale in Fig. 2a, and one sees that the lowest -ni /2 
terms are far removed from the terms, and hence not likely to be seriously 
perturbed. But for the vibrational states near z;' = 4, we expect irregularities 
in the AG values, such as were found in CN. Actually, anomalies are present, 
the AG curve departing greatly from a straight line, and showing a large 
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“positive” curvature (positive It does not seem of value to attempt an 
analytical representation of all the observed vibrational terms of the upper 

State. , , , 

For the determination of p, the states z;' = 0, 1, and 2 only haye been 
used, to avoid as far as possible the effect of the perturbations. The resulting 
values, shown in Table IV, agree surprisingly well with those from the normal 
state, considering the difficulties and approximations in their evaluation. 

Rotational Isotope Effect 

Although the rotational effect is capable of yielding values of p whiGh 
are only about one-tenth as accurate as those from the vibrational effect, we 
have studied it to obtain the best possible values of the rotational constants 
for both ''main” (B^^O) and "isotopic” (B^^O) systems. This is essential if 
conclusions are to be drawn about the electronic effect, as will be done below. 
The principal constant, Bv, which occurs in the expressions for the rotational 
energy, differs for the two isotopic molecules according to the following equa- 
tions.® 

B^^O:B, = Be-a,(v + i)+ye(v + iy+-^ (6 a) 

B^^OiBy = BJ - + i) + yj(v + + . . . 

(6b) 

= p^Be ~ P^ae{v + I) + p'^Jeiv + |)2 + • . • . 

Here the only value of p which is at all accurate is found from 

BJlBe^ p\ 

the constants ae and je being too small to permit much precision. 

Lower state 

For the main system, values of B^' could be calculated directly by least 
squares from the combination differences 

A,FY(K) = R,(K - 1) - F^iK + 1) = + 1) + 8D/[iK + ‘ (7) 

after eliminating the cubic term as usuab^ by preliminary calculation of Dv 
from the theoretical relation with Be and We have msed —•6.29 

X 10“® /5'' = 0 = p^De" == 7.05 X 10“®. For the isotopic system, however, 

where the P 2 branch was not available, we must use the quantities 

AiF"(K) = F2(K - J) - Q2(K + i) - • ■ • 

= 2B,^^(K + I) + 4D/\K + i)® - Az7,. • • ■ (8) 

The term Avdc represents the A-doubling in the upper state from which the 
two lines come. It can easily be corrected for, as we shall show later, and we 
have proved by tests on the main system that the resulting Bv's agree exactly 

Although it is commonly said that a negative curvature is the normal one (Birge and 
Sponer), it appears that in the few cases where extensive and accurate measures of band origins 
are available (NOp, SiN) a positive curvature for the upper state is most common. However, 
perhaps perturbing effects are also at work in these cases. 

Reference 1, p. 174. 


1 
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with those from Eq. (7). The chief results of these calculations are collected 
in Table V. No values are quoted for = since the data from the isotopic 
system for this state are too fragmentary to be of value here. 

The data of Table V were derived from the analysis of the rotational term- 
differences alone, and thus furnish a valuable independent check on the re- 
sults from the vibrational analyses contained in Tables III and IV. It is 

TktsL'S.V, Rotational constants of then's state. 


Bands 

B," 

bi»6 

Bands 

Br^ 



0,0 1.7715 0,1 

1.7569 

0,0 

1 .8738 

0,1 

1.8600 

1,0 1.7720 1,1 

1.7545 

1,0 

1.8763 

1,1 

1.8581 : 

2,0 1.7725 

1.7557 ±0.0008 

2,0 

1.8768 


1 . 8587 + 0.0009 

3,0 1.7719 


3,0 

1.8753 



Av. 1.7720 ±0.0001 



1.8758 + 

0.0006 


5." = 1.78015±0.0004 



= 1.88465+0.0008 


a."=0 .0163 ±0.0008 



== 0 . 0171 ± 0.0011 


= 1 . 0587 ± 0 .0005 


p “ i . 

0289 + 0.00025 

p3 = a."*7a/' = 1.05 



p - 1.02 



possible to improve somewhat the accuracy of the value of p from rotational 
constants, by assuming the more accurate values of a, obtained in connec- 
tion with the vibrational analysis. Thus, if we fix a/' = 0.01648 + 0.00008, 
a,” = 0.01 772 + 0.00042 and us the 5*" values of Table V, we find: 


B, = 1.7803 + 0.0004 
= 1.8850 ± 0.0005 

1.0588 ± 0.0004 p = 1.0290 + 0.0002 

af'laf = 1.075 ± 0.024 p = 1.024 + 0.008 


Upper state 

As stated above, the initial state of these bands is an inverted ^11. Be- 
cause of the large multiplet separation, it is obviously very near to case a 
type of spin coupling, at least for small rotation. The form of the rotational 
energy function is in general complicated in such a state, because of the spin 
uncoupling which occurs as -the rotation increases. In the present instance, 
however, the departure toward case b should be inappreciable at small rota- 
tional quantum numbers. This was found to be true, by investigating graph- 
ically the combination differences 


AsTs'CAO = i?2(A) 
A^Fi'CA) = Rx{K) 


W) 

PiiK) 


4-B',._i/2(ir -f I) + 8 Z)'„._x/ 2(8: -f- iy + 


^sFi iK) — Pi{K) — 4B^o,^.i/2(A + I) -|- 87)^1. ,+i/ 2(A -1- §)* -f- • ■ • 

using the very complete data for the 1,0 band. The quantities JBi' .-i/i and 
although not equal, were found to be practically constant below 
/~30. Hence, if lines of low J are used, the spin uncoupling need not be con- 
sidered. Probably this state departs more toward case c, where the two 







I*..,, 


Sitliiii 

*, ■ ' " 


- ■' ■' ^ 
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components can be considered as separate electronic levels (each with its 
own constants) than toward case b. Fortunately, this makes it possible to 
apply the usual least squares methods for the evaluation of and in doing 
so we have confined ourselves to lines having rotational quantum numbers 
below IS. 



retical ones, drawn according to the constants indicated. 

Another factor which must be considered is the A-doubling, which splits 
all the “11 rotational states into two. Particularly, this must be corrected for 
in the combination differences, where only R 2 and Qz branches are avail- 
able. For the main system, the A-doubling could be evaluated directly as 
the combination defect : 

2APac{J + I) = [^(/) - QiJ)] - + 1) - + 1)1 . (8) 

Fig. 4 shows graphically the course of (in and Avidc (in ^IIi 1 / 2 ) 
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for the lowest three vibrational levels. Below about /=15, they may be well 
represented by the equation^® of Van Vleck for inverted case a states : 

^v%do = p{J + i) 

An., - -- {f/Y^ + 2q/Y){J ^ !)(/ + |)(J + li). , 

Y stands for A/B.^., A being the spin coupling constant, while p and g are 
small constants. Their values, as found graphically, are given in Table VI. 


Table VI. Constants of the A-doubling. 



\ 

P 

5 

BioQ 

p (calc.) 


0 

0.0244 

-0.00032 


0.0257 


1 

0.0261 

-0.00038 


0.0277 


, 2 

0.0220 



0.0233 


3 

0.0244 



0.0258 


4 

0.0188 



0.0199 


For = 0 and 1, w^e have used the more general expression given by Mulliken 
and Christy,® for states intermediate between cases a and &. The curves in 
Fig. 4 for these states are the theoretical ones, based on these equations. 
For B^®0, not enough branches are observed to permit the direct determina- 
tion of Avdc- However, an examination of the theoretical expression,® for these 
constants shows that the magnitude of p depends on and of q on B^^. 
In connection with Eqs. (9), this requires that Av 2 dc be greater for than 
for B^^O by the factor p®, and Apidc greater by p®. Thus we obtain the values 
in the last column of Table VI. The determination of Bv ,2 was then made by 
correcting the combination difference, so that 

B^iK) ~ — Av2dc{K. + I) = AiF2{K + J) 

Ri{K) — Qi{K) — • Avidc{K + 1 ) = AiFi{K Ar |) 

== +y|) ,+*4i9,(/ + I) ' 

The cubic term was first eliminated, with 

I)/ = — 7.92 X 10-6 + 5.86 X IG-V + J). 

The resulting values of ^..2 are collected in Table VII. As before, a con- 
siderably better p is obtained if we use the more accurate a/s from the AT 
parabolas. Adopting these, and solving by least squares the values of B^ -y^ 
from,'?;' =0: to^'S, we ffnd ■ . ■ ■ 

-Be, -1/2 = 1.4277 ± 0.0005 = 1.5115 ± 0.0006 

p2 = 1.0587 ± 0.0006 p = 1.0289 ± 0.0003 

' a., = 0.0196;..:, 

P'*^ = 1.078 ± 0.008 P = 1.025 ± 0.003. 

R- S. Muiliken, Rev. Mod. Phys. 2, 109 (1930). 
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Table VII. Rotational constants of the ®ri state. 




From hands 




1.4172 

0,0 

0,1 

0,2 


,1.4991 


1.3969 

1,0 

1,1 

1,2 

BS,_172 

1,4793 : 


1 .3679 


1,0 



1.4488 

B2,-1/2 

1.3789 


2,0 


BS,-iii 

1.4605 


1.3609 


3,0 



1.4382 

Ba,-1!2 

1.3450 ■ 


4,0 



1.4243 

■Be, -1/2 

1.3346 


5,0 





With only data for =0, 1,2, and 3 


F,,— 1/2 — 1 .4266 

= 1.5092 

p = 1.0286 

ae=0.0188 

=0.0203 


p=1.03 


In computing p, the values of Be^-y^ have been used rather than the ^^true” 
Be, which the theory of case a states shows to be the mean of Bv,^ij 2 and 
4.1/2. This was done because it appeared that the difference between 5i,-i/2 
and Bi,^i /2 was less than the theoretical value, IB^j A by from 5 to 10 per- 
cent and it was therefore uncertain how well the state approximates the 
theoretical case a. 

Electronic Isotope Effect 

It is important to note that the above results, because they are derived 
from analyses of the vibrational and rotational term-differences, iriYolve no 
assumption as to the presence or absence of differences in the electronic terms 
of the two molecules. It is only when one is concerned with the frequency dif- 
ferences between corresponding bands of the two molecules, the ^^isotope 
shift,” that the electronic effect enters. Since we have now fixed the relative 
position of all the terms of each type of molecule, within a given electronic 
state, it remains to find the separations of the terms of the state from those 
of ^2. This requires the determination of the origin of one band, and we have 
chosen to do it for 1,0. The lines of the and Q 2 branches are given by the 
differences: 


( 11 ) 


( 12 ) 


R^{J) = [ry + G/ + F./(J + 1)] - [TJ' + Go" + F"(/)l 
Q^{J) = [ry + G/ + F/(J)] - [Tr + Go" + F"(J)]. 

Hence, the band origin may be expressed: 

= (T2/ - Tff + Gf - Go") = R^iJ) - B/(J + 1) + 

-&(/) - W)+TO. 

In the lower state, we have 

F"(J) = Bo'\K + -1)2 = Bo"{J + 1)2. (13) 

In the upper state, we can use the expansion of the Hill and Van Vleck 
equation for large negative values of Y=A/Bv. Neglecting the small, un- 
known constants, this reduces to 
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P'{J) — Bv/Y ± \p{J (14) 

The positive sign applies to i? 2 , and the negative to Q^. Y has the value 
— 88.51, as shown ahead. From the first eight lines of these two branches, 
sixteen values of the origins were computed for both main and isotope bands. 
The results are 

= 24,885.09 ± 0.01cm-' = 24,911.73 + 0.01 cm-'. 

Tile two system-origins are then readily obtained from the relation 


= 23,958.85 + 0. = 23,959.18 ± 0.06. 

Thus there remains a discrepancy of 0.33 + 0.08 cm-' which in all probability 
represents an electronic isotope effect. It agrees in sign and order of magni- 
tude with the value 0.47 cm-' obtained by one of us® in 1927 from measure- 
ments on the main and isotope head of the 0,0 bands, a less accurate 
method. Although it is commonly supposed that electronic isotope effects 
are^ smaller than the above, recent work both experimental and theoretical 
on the atomic spectrum of lithium'® have yielded shifts even greater than 
this. Our result appears to be the first evidence of any sort of an electronic 
isotope effect in molecular spectra. 

In the above, we have treated the ^IIi /2 component as a separate band sys- 
tem. This is justified if the value of the coupling coefficient. A, is the same 
for B"0 and B'®0 in different vibrational levels of the =11 state. The data are 
insufficient for testing this point except in the case of the 1,0 band. Here 
the values of A have been calculated separately for main and isotope systems. 
The term-formula for ^IIi 1 / 2 , corresponding to Eq. (14) is 

— B^,+i/i(J + 1)2 ~ B(2 — 1/F), (16) 

oniitting the A-doubling, which is negligible for small J. The separation of 
pairs of terms of the same J in the two components may thus be expressed 
as follows : 

^ = (2’2. - Ti.) + (Bi,-i/2 - Bi,+i/2)(/ + |)= 

+ 2Bi(l + 1/F) ± |^(/ + 1)2 
= - -4 - [2Bi/a] (/ + 1)2 + 2Bi(l + 1/F) + ip{J + i)2. 

This separation was evaluated from the combination differences 

. - 1) - Qi(/) and Q^iJ) - Fi(J -f l), 

the positive sign in the final term of Eq. (17) being applicable in the former, 
and the negative in the latter case. The A computed in this way was constant 

below, about 10, ..and the mean values adopted are 

8S7 m^if' PJ'ys- Rev. 38, 
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/-I. = 122.36 ± 0.03 cm~^ = - 122.36 ± 0.05 

Hcncc ‘—88.51, from the mean value of Bi. It is not surprising 

to find the spin coupling coefficients equal for the two isotopic molecules, 
since they should be practically uninfluenced by the nuclear masses. 

Discussion OF Results 

The different determinations of the coefficient p are summarized in Table 
VIII. It will be seen that the accuracy in this quantity obtainable from the 
four important constants decreases in the order of their size; thus in the order 
a?,,, B.e, Xe and For these the probable error is roughly one part in 20,000, 
4000, 500 and 100, respectively. The agreement between the several values 
is always of the order of magnitude of their probable errors, and more often 
closer than the computed errors would indicate. This shows that the latter 
represent ^conservative estimates. We note a slight tendency of the x^to 
give too high a value of p, while ae gives values too low. Considering the prob- 
able errors, however, it seems that little significance can be attached to these 


Table VIII. Results from analysis of vibrational structure. 


Results from analysis of rotational structure. 


Th^se values obtained if the' more accurate from the vibrational analysis is used,' 

Astonl-^ has measured the masses of the boron isotopes with the precision 
mass-spectrograph, and found the following results: 

10. 0135 Limit of error 0.0015 

B^^:ll,0110 « « « 0.0016. 

F. W. Aston, Proc. Roy. Soc. USA, 509 (1927). 


B.” 

0,0 

1,0 

■ 2,0 

1.0289 

+0.00025 


3,0 

1,1 

0,1 

1.0290* 

±0.0002 

aA 

0,0 

1,0 

2,0 

1.02 



3,0 

1,1 

0,1 



B.' 

0,0 

1,0 

2,0 

1.0286 



3,0 

1,1 

0,1 

1.0289* 

±0.0003 

a. 

0,0 

to 

5,0 

1.03 



0,1 






Constants used 

Bands used 

p 

Probable error 


0,0 

0,1 

0,2 

1.02907 

+0.00004 

W' 

1,0 

1,1 

1,2 

1 .02909 

±0.00005 

Xe" 

0,0 

0,1 

0,2 

1.030 


Xe" 

1,0 

1,1 

1,2 

1.031 

+0.002 


0,0 

0,1 

0,2 

1.023 

+0.018 

a/' 

1,0 

1,1 

1,2 

1.026 

±0.009 

w/ 

0,0 

1,0 

2,0 

1.02913 

±0.00004 

a;/ '' 

0,0 

1,0 

2,0 

1.032 


, ■ 

0,0 

1,0 

2,0 




3,0 

4,0 

i 


1.025 

±0.003 
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The masses are based on 0^®== 16. From these we find 

= p = 1.02908. Limit of error 0 ,00009 
= 1.02908 ± 0.00003 

assuming the probable error to be one-third of the assigned limit of error. 
This agrees strikingly well with the best results in Table VII I. Thus the 
mean of the two determinations from co^'' is exactly the above value, with 
the same probable error. The value from o)e^ is untrustworthy for reasons 
given above, while those from the Bfs should be given negligible weight, be- 
caUvSe of the magnitude of their probable errors. Hence the agreement with 
Aston’s result is complete, and constitutes the first independent check on the 
accuracy of his relative masses. 

Since it is p, the square root of the ratio of the reduced masses, which is 
obtained from the band spectrum, one must assume one of the absolute 
masses to evaluate their ratio. This is because the ratio of the vibration fre- 
quencies is dependent not only on the ratio of the masses of the molecules, 
but also on their absolute values. If we let mn and mm be the respective atomic 
weights, we have 

mn/niio == 16pV[wio(l p^) + 16] = [mii{pP‘ — 1) + 16p^]/16 

Assuming Aston’s value, mm = 10.0135, our mean value of p gives for the mass 
ratio 

Mnlmm = 1.09961 ± 0.00006 
and from Aston’s two masses, directly 

mnlmm = 1.09962. Limit of error 0.00032 
= 1.09962 ±0.00011. 

We have therefore verified the value of the slope of the packing fraction 
curve of Aston, assuming the absolute value of the packing fraction, at 
atomic weight 10. 

In closing, we wish to acknowledge the kind assistance of Professor R. T. 
Birge on the methods of treating the data. Most of the above methods have 
already been applied by him in his very accurate computation of the masses 
of the oxygen isotopes. 
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The positive ion emission from iron, nickel, copper, rhodium, columbium, plati- 
num, uranium and thorium has been studied. In addition to the emission of singly 
charged atoms of the alkalies, reported by others, it is found that iron, nickel, copper, 
rhodium and columbium emit singly charged atoms of their own metals. The re- 
sults from rhodium and columbium are in agreement with those already reported 
by H, B.Wahlin. 


Introduction 

F or many years it has been known that positive electricity will leak away 
from a metal when the metal is heated to a visible red. This leakage has 
been found, in some cases at least, to be due to two types of ion emission (1) 
to positive ions of impurities^ in the metal (2) to positive ions of the 
metab'^ itself. Mass-spectrographic studies indicate that the first type of 
emission, from a given sample of metal, can be reduced to zero by sufficient 
heating and aging of the sample. In this paper we shall be primarily inter- 
ested in the second type of positive ion emission. 

That a well-aged tungsten filament emitted positive ions when heated to 
a high temperature, was first discovered by Jenkins^^ and independently by 
L.P.Smith.^ 

By means of a Dempster type mass-spectrograph, Smith^ made an analysis 
of the positive ion emission from both tungsten and molybdenum. In addi- 
tion to the ions of the alkalies, which were emitted at relatively low tempera- 
tures, he found that, when the temperatures of the respective metals were 
sufficiently high to produce fairly rapid vaporization, ions corresponding to 
singly charged atoms of the metals were emitted. 

While Smith's work was in progress, H. B. Wahlin® was making similar 
investigations and reported that tungsten, molybdenum, tantalum and 
rhodium each emitted singly charged atoms of its own metal. Later Wahlin'^ 
reported similar results for chromium, columbium and ruthenium. 

The author has made a mass-spectrographic examination of the positive 
ion emission from iron, nickel, copper, rhodium, columbium, platinum, 


^ 0, W. Richardson, Emission of Electricity from Hot Bodies. 

^ J. J. Thomson, Conduction of Electricity through Gases. 

^ Barton, Harnwell and Kunsman, Phys. Rev. 27, 739 (1926) 
^ L. T.' Smith, Phys. Rev. 35, 381 ■ (1930). ■. ^ 
s H. B. Wahlin, Phys. Rev. 37, 467 (1931). 

® Jenkins, Phil. Mag. 47, 1025 (1924). 

^ Smith, Phys. Rev. 33, 279 (1929). 

^ Wahlin, Phys. Rev. 34, 164 (1929). 
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ttraiimm and thorium. The mass-spectrograph used was essentially the same 
as that used by Smith.^ The positive ion currents from the mass-spectrograph 
' were measured by means'of an FP-54 Pliotron and a, high sensitivity galva- 
nometer, the maximum current sensitivity being of the order of 10““^® amperes. 

Experimental Work and Results 

In addition to the sodium and potassium emission observed by oth- 
ers, 3.4, s |.j|e author has found that when platinum is first heated to a dull 
red, a relatively weak emission of rubidium and caesium ions is obtained. 
The purpose of the investigation, however, was to find out, in the case of each 
metal tried, whether or not positively charged atoms of the metal itself would 
be emitted when the metal was heated. 

Iron and Nickel 

Filaments of iron and nickel, when heated to temperatures just below 
their respective melting points, were found to emit singly charged atoms of 
these metals, but the filaments lasted only a few seconds because of the high 
temperature required to get the emission. This made it impossible to obtain 
data on the positive ion currents. In order to obtain an emission which would 
last long enough to make possible a more accurate recording of the location 
of the ions on the mass scale, a source of the following type was tried. 

A wire of the metal to be investigated, was rolled out into a uniform strip 
from two to three thousandths of an inch thick. One end of the strip was then 
made pointed so that it could enter a small wire die. A piece of nickel wire 
about 0.02 inch in diameter was placed in contact with the strip and the two 
were drawn through the die. This left the strip in the shape of a trough and 

jS, 

o 

c 

Fig. 1. 

with continued drawing of the trough alone, through successively smaller 
dies, it took on the shape of a cylindrical shell with a slit down the side. The 
ends of this cylindrical shell were then spot welded to the filament leads of the 
mass-spectrograph and it was placed in front of the slit Si as shown in Fig. 1. 
Fig. 1 is an end view of the slit Si (the first slit of the mass-spectrograph) and 
the cylindrical shell C. The shell was heated by means of an electric current. 

Because of radiation the outside of such a source is cooler than the inside. 
Thus the shell may be cool enough on the outside to support its own weight, 
while on the inside it is hot enough to vaporize quite rapidly and give a meas- 
urable emission of positive ions ^ 

From one nickel source of this type an emission of positive ions of nickel 
was maintained for more than an hour before the cylinder melted. Data taken 
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with this source are shown by the first' curve in Fig. 2. The currents, were very 
small, of the order of to amperes, and in this case not very steady, 
as is shown by the roughness of the curve. The mass scale was checked by the 
potassium peak from the same source, and as is shown the two peaks fall 
quite close to atomic weights 58 and 60, the mass numbers of the two isotopes 
of nickel. 

' A large number of iron sources, of the type described above, were tried 
but the emission of positive ions of iron was never maintained for more than 
three or four minutes before the cylinder melted. This did not allow sufficient 


nro/iic yEiGHT 

Fig. 2. 


time for data to be taken on a complete peak. The second curve of Fig. 2 
shows that part of the curve due to iron ions which it was possible to obtain 
before the cylinder melted. 

It may be of interest to note that the melting point of iron is nearly iOO"^ 
higher than that of nickel and that the rate of vaporization® of iron, just below 
its melting point, is a little higher than for nickel just below its melting point. 
The above results show, however, that nickel gives the stronger ion emission. 
The ionization potentials for iron and nickeb^ are 7.83 volts and 7.63 volts 
respectively. One might raise the question whether or not the dilTereiice in the 
emission in the two cases could be due to this small difi'ereiice in ionization 
potentials. ' 

Copper 

The author has previously reported^^ that positive ions of copper were 
obtained when the copper was supported and heated by a tungsten filament. 
In that case, due precaution was not taken to avoid the possibility of obtain- 

® Jones, Langmuir and MacKay, Phys. Rev. 30, 201 (1927). 

Ruark and Urey, Atoms, Molecules and Quanta, 

L. L. Barnes, Phys. Rev. 37, 218 (1931). 
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ing copper ions produced by thermal ionization of the copper vapor striking 
the hot tungsten filament. The production of copper ions by this method 
has been described by Kingdon.^^ 

To make certain that no mistake had been made in saying that the copper 
ions were emitted by the copper itself, a thin strip of copper was bent into 
the shape of a trough and placed over the straight tungsten filament and then 
closed on the under side of the filament. This source was placed at right angles 
to the slit of the mass-spectrograph so that no part of the tungsten was ex- 
posed to the slit. With such an arrangement all ions entering the slit must 
come from the copper surface. With this source the third curve in Fig. 2 was 
obtained, showing the two isotopes of copper at atomic weights 63 and 65. 

Wahiin^® has recently reported that he has obtained positive ions of copper 
at a temperature just below and at the melting point of the metal. 

Rhodium 

The two peaks shown in Fig. 3 were obtained from a rhodium filament at 
a temperature of about 1800 The smaller peak falling at atomic weight 103 
corres])onds to singly charged atoms of rhodium and the larger peak at 137 
to singly charged atoms of barium. A recent communication from the com- 
pany from which the rhodium was purchased, states that they have detected, 




by spectroscopic analysis, a trace of barium in all of the samples of rhodium 
which they have tested. The fact that the barium ion current is larger than 
the rhodium ion current may be explained by the fact that the ionization 
potential for barium is so much lower than that for rhodium. One would ex- 
pect that with both metals at the same temperature, a much greater percent- 
age of the vaporized barium would be ionized than of the vaporized rhodium. 

Kingdon, Phys. Rev. 23, 778 (1924). 

Wahliu, Phys. Rev. 38, 1074 (1931). 





POSITIVE IONS FROM METALS 


The peak due to rhodium ions is a confirmation of results already reported 
by Wahlin,.® . 

CoLUMBiuM OR Niobium 

Fig. 4 shows two peaks due to positive ions from a columbiiim filament at 
a temperature of about ISOO^'C. The smaller peak at atomic weight 93 cor- 
responds to singly charged atoms of columbium (also reported by Wahlin).® 
The larger peak at 109 is just 16 mass units greater than that due to colum- 
bium ions. It has been demonstrated by Wahlin^'^ that uranium oxide ions 
and thorium oxide ions may be obtained from heated tungsten filaments 
containing these oxides. It would not be surprising if the columbium used 
here contained some of its own oxide, near the surface at least, and, in view of 
Wahlin's results, that some of the evaporating oxide comes off as Cb()+ 
(mass 109). 

Platinum 

Several attempts to obtain positive ions of platinum have resulted in 
nothing more than a rush of current at the time that the filament burned out. 
This rush of current accompanying the burning out of the filament came only 
if the accelerating potential, for the ions in the mass-spectrograph, happened 
to be set at approximately the correct value for platinum ions to be recorded. 
To be sure that it was not due to an electrical disturbance accompanying the 
burning out of the filament, a platinum filament was burned out with the 
accelerating potential set well off the value for platinum ions and no rush 
of ion current was observed. Both filaments and cylindrical shells, of the type 
used in the case of iron and nickel, were tried in an attempt to get an emission 
of platinum ions which could be recorded, but none was obtained. 

Both Smith and Wahlin were unsuccessful in obtaining platinum ions by 
this method. Murawkin^® reports that from a heated platinum foil alone he 
obtained no platinum ions but with an electrolytic layer of copper on a 
platinum foil he obtained a surprisingly large emission of platinum ions. 
The positive ion currents which he has recorded for platinum, ions are some 
10,000 times larger than the smallest current detectable in the author's ex- 
periments. If the ions which he obtains in this way are positive ions of pla- 
tinum, it is, indeed, an interesting fact in view of its analogy to the enhanced 
electron emission from tungsten when covered with a layer of thorium. 

Uranium and Thorium 

Strips of uranium and thorium, very kindly provided by Professor Wah- 
lin, were heated in the mass-spectrograph and a careful search for positive 
ions of these metals was made but none were found. This is in agreement with 
Wahlin's report.^ 

The author wishes to express his appreciation to Dr. L. P. Smith who was 
responsible for his first acquaintance with this field of research, and to Pro- 
fessors R. C. Gibbs and C. C. Murdock for their helpful suggestions and 
criticisms during the course of the work reported here. 

Wahlin, Phys. Rev. 39, 183 (1932). 

Murawkin, Ann. d, Physik 8, 385 (1931). 
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The temperature variation of the positive ion emission from aged molybdenum 
filaments was studied with two different types of tube. The values for the positive 
ion work function and for the reflection coefficient for molybdenum ions are found to 
be in better agreement with the theory of positive ion emission presented by L. P. 
Smith than were his experimental results on molybdenum ions. 

Introduction 

T P. SMITH^ has made a study of the temperature variation of the posi- 
tive ion emission from tungsten and molybdenum. Following, in a gen- 
eral way, the work of Bridgman^ he has developed an expression for the rate 
of evaporation of positive ions as a function of the temperature. From this 
work the particular expression for molybdenum is, 

logic / + 0.453 iogio r + 2.70 X 10“4r= -~ ffW2.303^r 


2.303yfe, 


CypdT -f- 


2.303^ 


r) + 12.76 


v/here I is the positive ion current per cm^ of the emitting surface at the 
temperature T degrees absolute, #+0 is the positive ion work function at 
r = 0 , e the electronic charge, h the Boltzmann constant, r the reflection coefifi- 
ciont for the positive ions, Cpp the heat capacity associated with the surface 
heat of charging produced by the evaporation of one ion, and 5 p the entropy 
associated with the surface heat of charging at 2" = 0. By a separate calcu- 
lation it was shown that no serious error should be introduced by neglecting 
the terms containing Cpp and 5p. Thus Eq. (1) becomes 

logic + 0.453 logic r + 2,7^ 

= - - » + 12.76. ( 2 ) 

Plotting values of the left side of this equation against corresponding values 

1 /Fgave a straight line, the slope of which gave, for molybdenum, $ 4.0 = 
6.09 ^•oits, and the constant term obtained from the intercept was 6.90. 

At this point two difficulties were encountered. First, it was pointed out 
that if one computes the value for r from the equation logio(l -f) + 12.76 - 
6.90 it is found to be so large that only one ion out of about 100,000 striking a 
surface would be condensed.^Secondly, the value obtained for <l>+o was found 

1 L. P. Smith, Phys. Rev. 35, 381 (1930). 

MIridgman, Phys. Rev. 27, 173 (1926). 
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to be too small to close the following energy cycle. Starting with an inclosure 
in which molybdenum is in equilibrium with its.radiation at a given., tempera- 
ture r,,.we remove an electron and a positive ion from' the metal thus .requir- 
ing an amount of work where and are the , respective 

work functions at the^ temperature' T.-Then allow the electron and positive 
ion to combine to form a neutral atom, yielding an amount of .energy corres- 
ponding to its ionization potential F. The cycle is believed to be completed 
when the atom has been allowed to condense back on the metal, yielding a^ 
amount of energy equal to the heat of condensation t/r. If this is a reversible 
cycle we should have, 

# 4 . 2 ^ -f* == F+ t/y. (3) 

Putting in the accepted values for the different terms along with the above 
value for # 4,0 we have ■ 

F+ Uo - 7.35 + 6.33 - 13.68 
# 4-0 + #_o = 6.09 + 4.42 - 10.51 

and we see that the cycle fails to close by 3.17 volts. 

The results from tungsten gave rise to the same difficulties and vSmith 
was thus led to conclude that ^ffinlike the evaporation of electrons and 
neutral atoms, the evaporation of ions is not strictly represented by an equa- 
tion based upon thermodynamical arguments under equilibrium conditions.” 
He suggests the possibility that tungsten and molybdenum may slowly re- 
crystallize in an irreversible manner, when raised to high temperatures, thus 
yielding the necessary energy to close the above cycle. 

Considering the previous success of the type of thermodynamical argu- 
ment used here by Smith, in explaining similar phenomena, and knowing the 
very marked differences in experimental results obtained by different ob- 
servers investigating the thermionic properties of metals, the author was led 
to make a further study of the temperature variation of the positive ion emis- 
sion from molybdenum. Molybdenum was chosen rather than tungsten be- 
cause Smith had found that its emission decayed much less with time than 
did the emission from tungsten. 

Experimental Work and Results 

The first tube used was of the type shown in Fig. 1, a type used by many 
observers in the study of the thermionic properties of metals. The molybdenum 
filament was held in place along the axis of the three nickel cylinders by 
means of a weak molybdenum spring. The two end cylinders were kept at the 
same potential as the center cylinder but only the positive ion current to the 
center cylinder ,waS' measu,red. 

A temperature scale for the central portion of the filament was obtained 
by the method described by Smith, ^ from Worthing’s® data on the total radia- 
tion, in watts per cm^, from molybdenum. 


® Worthing, Phys. Rev. 28, 190 (1926). 
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The tube was baked at a temperature of about 470 °C before and after the 
first outgassing of the metal parts. The metal parts were first heated with an 
induction furnace and then the cylinders were brought to a higher tempera- 
ture by electron bombardment. Then with the three cylinders made negative 
with respect to the filament, the filament was aged at a temperature of 
2000°K for 20 hours before any readings were taken. During the time the 
aging was going on the filament was flashed occasionally, for a few seconds, 
at a temperature of about 2600°K. Even after this aging process was com- 
pleted it was found that the filament had to be taken over the temperature 
range to be used several times before the rate of decay of the emission became 
small. 



A sample of the data taken with this tube is shown in Fig. 3. From the 
slope of this line the value of is 8.15 volts and from the intercept the 

constant term is 11.96. 

Since these values are so much higher than those obtained by Smith it 
was decided that a more exact duplicate of his experiments might lead to an 
explanation of the difference in the results. For this purpose a tube of the 
type he used was built. A diagram of this tube is shown in Fig. 2. The two 
cylinders were kept at the same potential but only the current to the lower 
cylinder was measured. The hairpin filament used in this tube had been 
shaped by heating it, while under tension, in a vacuum. Smitlfs filaments 
were shaped by heating them, under tension, in hydrogen. (This difference 
ill piocedure does not seem to lead to any serious difference in results as will 
be shown later.) 
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, Curve'! of,Fig..4is a plot of , representative ^data obtained, from .this tube.' 
.From this curve #4-0. “.8.5 volts and the constant term. is 11.8. .Curve ! I of 
Fig. 4 is a.plot of the, data for molybdenum given in Smith's paper. Quite ob- 
■vious.ly the slopes are different, and the results obtained by the author are, in 
fair agreement with those obtained from; the other type of tube. 

. After all of the data to be discussed later had been taken, hydrogen was 
admitted to the tube to a pressure of 6 mm Hg and the filament glowed for 15 
minutes at a temperature of about 1800°K. The hydrogen was then pumped 
out and the filament kept at a temperature of 1900°K for one' hour. Then 
, after taking; the filament slowly over the temperature range to be used, the 


K . 


k,46 



. ' 4./ . f.2 i.3 ' 14 45 X 

':''Fig.5. ■ , . 

data shown by the curve of Fig. 5 were taken. From this curve #+o = 8.65 
volts and the constant term is 12.2. Whether or not the small increase in these 
values, over the previous values obtained, is to be attributed to the use of the 
hydrogen is a matter to be decided by more detailed experiment, but these 
results obviously do not serve to explain the difference between the results 
obtained by Smith and those obtained by the author. 

In Table I the values of the constant term and of #+o are given for four 
separate runs taken with each tube. 

The variations in the values of #+o and of the constant term which ap- 
pear here, do not seem to follow any definite order as regards aging of the 
filaments, and, within the limits of error of the experiments, no variation of 
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Table I. Values of the constant and of 


Straight filament 

$+0 (volts) Constant term 

(volts) 

Hairpin filament 

Constant term . 

8.12 

11.8 

8.15 

"11. o' 

. . .8.23 

11.9 

8.20 

11.3 ■ 

8.06 

11.7 

8.00 

11.0 

. . 8.15 

12.0 

8.50 

11.8 , 

8.14 

11.8 

8.20 

11.3 Average 


these values with the applied voltage, 'over the range of 100 to 400 volts, 
could be detected. 

It should be noted that the lower points on the curves of Figs. 3 and 4, 
fall above the straight line which fits the other points reasonably well. This 
was true of all of the curves obtained with the exception of the one taken after 
the hydrogen was used. A study of the positive ion emission in this lower 
temperature range, with higher current sensitivity than that used here might 
prove to be interesting. 

The average of the work function values, given in Table I, comes within 
about one volt of closing the energy cycle, and the average of the constant 
term values gives a value for r of about 0.9. This would mean that one ion 
out of about 10 striking a surface would be condensed. This result seems more 
reasonable than that obtained by Smith but in comparison with the values 
of reflection coefficients for neutral atoms and electrons it seems large. 

At this point due respect should be paid the suggestion that a gradual 
irreversible recrystallization of the metal might account for the necessary 
energy to close the cycle (3). E. A. Hazlewood^ has found that such a recry- 
stallization does take place for tungsten and molybdenum at high tempera- 
tures. The results, however, are of such a qualitative nature that no quanti- 
tative comparison with the positive ion emission data can be made. 

The experimental results presented in this paper indicate that the theory 
of positive ion emission developed by Smith may be better than his experi- 
mental results led him to believe, and that the amount of energy called for 
from the recrystallization process may not be as great as he supposed. 


^ E. A. Hazlewood, Crystal Growth in Molybdenum and Tungsten Filaments at High Tem- 
peratures. A thesis, Cornell University Library, 
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Rotational Analysis of Ultraviolet Bands of Silicon Monoxide 

By Paul G. Safer 

Ryerson Physical Laboratory, University of Chicago 
(Received September 6, 1932) 

From measurements on silicon arc spectrograms a rotational analysis has been 
made of the (0,1), (0,2), (0,3), (0,4) and (1,4) bands of the ultraviolet band system 
of silicon monoxide (SiO). The bands were found to be due to a transition as 

was expected by analogy with the fourth positive bands of CO. Among the constants 
obtained from the analysis are 

==0.6270 r/ =1.62XlO''8cm a' =0.00657 

Bo''=0.7238 f/' = 1.51Xl0“Scm a''=0. 00494 

A number of perturbations of the Q branch lines were observed. Some conclusions 
were reached as to the nature of the perturbing levels. From measurements of band 
heads of this system made by Jevons and the results of the present analysis the fol- 
lowing equation was obtained for the band origins: 

= 42835. 3+851. 51(z;'+l/2)---6.143(z»'-f 1/2)24- 
0 .0437(2;'+1/2)3-1242 .03(+'+l/2) + 

6.047 (i;"+l/2)2-0.00329(?;"+l/2)l 

Introduction 

ultraviolet band system of silicon monoxide (SiQ) has heads, as 
listed by Jevons,^ extending from 2176. 6A to 2925. 3A. The bands are 
shaded toward longer wave-lengths. According to Cameron,^ these bands 
might be the analog of the fourth positive bands of CO. If so, they must 
be of the type ^ri— 

The writer has now made a rotational analysis of the (0,1), (0,2), (0,3), 
(0,4) and (1,4) bands. The analysis confirms the idea that they are ^11— 
Each band was found to consist of one P, one one R branch. 

Spectrograms 

Using as a source a carbon arc with Si02 placed in the lower (positive) 
carbon, the writer photographed these bands in the first and second orders of 
a t-wenty-one foot concave grating. The iron arc was used as a comparison 
spectrum. Measurements of the (0,1) and some other bands were made from 
the spectrograms thus obtained in the second order, and the (0,1) band was 
partly analyzed. Then measurements were made of the (0,1), (0,2), (0,3), 
(0,4) and (1,4) bands from plates of silicon arc spectrograms, which Professor 
R. S. Mulliken received through the kindness of Professor W. F. G. Ferguson 
of New York University. The exposures were made by Professor Ferguson 
with the new, very large Hilger quartz spectrograph at the Bureau of Stand- 
ards. The iron arc served as a comparison spectrum on these plates. The 

^ \V. Jevons, Proc. Roy. Soc. London 106, 174 (1924), 

2 W. H. B. Cameron, Phil. Mag. (7) 3, 110 (1927), 
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iron arc wave-lengths which were used were from those measured by K. Burns 
and F. M, Walters, JrrVTlie quartz spectrograph plates just mentioned 
showed a dispersion, at 2S00A, of about 0.874A/mni, as compared with about 
1.24A/mm for the grating second order plates, and also showed a greater 
resolution than the grating plates. From measurements on these quartz 
spectrograph plates the five bands mentioned above were analyzed. 

Rotational Analysis 

As the bands were excited at high temperature the series were long, and 
there was some overlapping of series lines from one band to another. Many 
of the observed lines were blends, and there were a number of atomic lines 
ill the spectrum. The (0,1) band was analyzed first. The Q branch lines could 
be distinguished from the other series lines because of their greater intensity. 
The R branch lines near the origin were considerably stronger than the P 
branch lines in this region. Members of the P, <2 ^ series with common 

values of the rotational quantum number of the lower energy state were 
selected from these series with the aid of the relation 

R{j) - QiJ) + 1) - + 1) . (i) 

According to the quantum theory of band spectra, there is A-type doubling 
in a state; each rotational level of this electronic state is double (r and d 
sets of sub-levels^). The Q lines are due to transitions from a different set of 
sub-levels of the ^ II state than those from which the P and R lines originate. 
As a result there is a ^'combination defect” equal to [P(/) — Q(J) ] — 
"-P(/+i)]. In the case of these SiO bands this defect was found to be rela- 
tively small compared to the quantities [P(J) '-QiJ) ] or [()(/+!) ~P(/+1) ] 
themselves. 

In order to assign correctly the absolute values the following relations 
wereused: 

A,r{J) ^ R(J) -^ PiJ) = 4P'(/ + 1) + SDV + + • * • (2) 

- 1) - + 1) (3) 

- 4P''(J + I) + 

These relations were also used to calculate the constants P' and P", The 
values of [P(/) *-P(J)] were plotted against successive integers. For rel- 
atively small values of J/' these points lay very approximately on a straight 
line and then with increasing J" they began to deviate slightly from the line. 
A straight line was drawn through the points up to where they began to 
deviate. The slope of this line gave a good approximation to the value of 
4P'. Similarly, by plotting the values of [P(/ — l) —P(/+l)] against suc- 
cessive integers a good approximation to 4P" was obtained. Then and 
■D^'i were calculated with the aid of the theoretical relation 

p, - --TPeW, (4) 

^ K. Burns and F. M. Walters, Jr., Publications of the Allegheny Observatory^ of the 
University of Pittsburgh, Vol. VIII, No. 4. 

^ R, S. Muliiken, Rev. Mod. Phys. 3, 89 (1931). 
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The wave numbers of the P, Q and R lines, together with the rotational 
quantum numbers assigned to them, are listed in Table L There are a number 
of perturbations of the Q branch lines. Their significance will be considered 
in a later section. 


Table I. 

The first six numbers give the wave number of the line considered. The seventh number, 
in bold-face type, expresses the estimated relative intensity of the line. Blends of two or more 
lines are indicated by an asterisk (*). The letter A indicates that a heavy atomic line is super- 
posed on a band line. 
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neglecting the difference between De and Dv. The values of co/ and co/' were 
obtained from the vibrational analysis of SiO made by Jevons/ from measure- 
ments on the heads of the bands. It was found that when the quantity 
[P(J)— P(J)-8P'(J+l/2)®] was plotted against successive integers, the 
points now all lay very approximately on a straight line, showing that there 
was no need of considering terms of higher power than the third to represent 
AsFCJ). A similar statement holds for A22^"(J). Thus by successive ap-“ 
proximations and least squares the values of P' and B " were obtained for the 
five bands analyzed. The values of Bo as thus obtained from the analysis of 
the (0,1), (0,2), (0,3) and (0,4) bands agreed to within one-tenth of one 
percent or less. The values of Pi", P2", Ps"' and P 4'' showed a very ap- 
proximately linear variation according to the formula 
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41300.46* 
41293.86* 
87.13 
80.33 
73.22 
. 73 '^ 
.93 
.03 


41392 

.74 

89 

.74 

86 

.66 

83 

.04 

79 

.36* 

75 

.76* 

71 

.96* 

67 

.98* 

63 

.96 

59 

.76* 

55,-. 

.46* 

50, 

.76* 

■ 45, 

.86* 

40 

.98* 

35 

.76* 

30 

.56* 

24 

.86* 

19 

.06* 

13 

.06* 

06 

.86* 

00 

.46* 

41293 

.86* 


41371.96* 
67.98* 
63.54 
58.78* 
54.14 
49.04 
43.96 
38.36 
33.74 
14 
24 


40126.44 
■ 21.54 

15.84 
10.44 
04.64 

40099.15 

92.93 

86.74 

80.33 

73.85 
67,24 
60.69* 

53.34 
46.19* 
38.89* 
31.28* 
24.28* 
15.58* 
07.56* 

39999.26* 


40167.53 
64.62 
61.64 
58 .06 
54.14 
.50, .34 
'46 ..04 
41 .54 ■ 
36.06* 

. ' 31.88* 
26.76,* 
22.16* 
17 .08* 
11 . 88 * 
06.08* 
00.48* 
40094.48* 


40174.56 

71.98* 

68.94 

66.16 

62.96 
59.79* 
56.26 
52. 6A* 
48.86 

44.96 
40.56 
36.06* 
31.38* 
26.76* 
22.16* 
17.08* 
11 . 88 * 
06.08* 
00.48* 

40094.48* 
88.89* 
82.58 
76.88 

70.06 

63.16 
56.46 

49.16 

42.06 
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p 

(0, 1) band 
<2 

R 

J” 

P 

(0, 2) band 

Q 

R 

72.03 

27.06 

82.84 

44 

64.64 

19.26 

75.04 

62.43 

18.66 

75.74 

45 

55.16 

11.36 

68.34 

52.63 

09.96 

68.44 

46 

45.64 

03.16 

61.39* 

42.63 

01.26 

60.64 

47 

36.14 

39994.66 

53.94 

32.43 

41192.28* 

52.64 

48 

26.24 

86.16 

46.19* 

22.03 

82.86 

44,64 

49 

16.34 

77.56 

. 38.89* 

11.53 

73.68* 

36.54 

50 

06.34 

68.66 

31.28* 

00.66^ 

63.98* 

27.94 

51 

39896.04 

59.56 

,24.28* 

41089.56^ 

54.18* 

19.64 

52 

85.84 

50.36 

15.58* 

78.36* 

44.08* 

10.84 

53 

75. 2A* 

40.88 

07.56* 

66.76* 

34.06 

01.54 

54 

63.94 

31.16 

39999.26* 

54. 96“*' 

23.66 

41192.28* 

55 

53.04 

21.26 

90.78* 

43.23 

13.06 

84.04 

56 

41.84 

11.36 

, 82.16* 

31.53 

02.36 

73.68* 

57 

30.28* 

01.06 

72.86* 

20.04 

41091.26 

63.98* 

58 

19.52 

39890.65 

63.34 

06.94 

80.06 

54.18* 

59 

07.34 

80. lA* 

54.04 

40994.24 

41068.76 

41144.08* 

60 

39795.14 

39869.35 

39944.24 

81.44 

56.66 

33.34 

61 

82.64 

58.15 

34.44 

68.64 

45.86 

22.54 

62 


47.65 

24.54 

55.54 

33.46 

11.74 

63 


36.05 

14,14 

42.04 

21.26 

00.66* 

64 


24.25 

03.94 

28.35 

08.86 

41089.56* 

65 


12.64 

39893.24 

14. 7 A* 

40996.16 

78.36* 

66 


00.85 

82.94 

00.25 

83.26 

66.76* 

67 


39788.75 

71.94 

40886.74 

70.16 

54.96* 

68 



61.96* 

72,24 

57.16 

42.84 

69 



49.34 

57.54 

43.66 

30.44 

70 



37.63 

42.57* 

29.96 

18.06 

71 



26.04 

27.84 

16.36 

05.36 

72 




12.63 

02.16 

40991 . 7A* 

73 




40797.13 

40887.96 

79.26 

74 




81.73 

73.46 

66.05 

75 




65.83 

58.55 

52.55 

76 ~ 




49.63 

42.57* 

■ 38.65 

77 




33.55* 

29.65 

24.95 

78 




16.83 

13.95 

10.64 

79 




00.45* 

40798.15 

40896.34 

80 




40683.35* 

82.35 

81.64 

81 




66.. tS* 

66.44 

66.83 

82 




48.75* 

50.04 

51.53 

83 




30.95* 

33.55* 

37.53 

84 




13.15* 


21.03 

85 





05.63 

40789.53 

73.33 
57.13 

40.33 
23.53 


86 

87 

88 

89 

90 

91 
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Q 

R 
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P 

■ ■ Q 
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38980.56* 


7 





79.54* 


8 





78.54* 


9 





77.04* 


10 





75.99* 


11 





74.08* 


12 





""II* s 


502 


PA UL a: SAFER 


Table I. {Continued), 



(0, 3) band 

Q 

R 

P' 

F 

(1, 4) band 

Q 

R 


71.59* 


13 


38617.22 



69.44* 


14 


15.11 



67.04* 


15 


12.53 



64.54* 


16 


10.04* 



61.48* 


17 


07.36* 



58.76* 


18 


03.94* 



55.79* 


19 


00.96* 

38625.34 


52.29* 


20 


38597.63 

23.23 


48.79* 

38974.08* 

21 


93.95 

21.22 


45.29* 

72.19* 

22 


90.24 

18.64 


41.56* 

69.44* 

23 

38558.33 

86.44 

16.01 


37.56 

67.04* 

24 

52.83 

82.53 

13.23 


33.36 

64.54* 

25 

47.26* 

78.43 

10.04* 


29.19* 

62.44 

26 

41.51 

73.93 

07.36* 

38890.88* 

24.56 

59.44 

27 

35.72 

69.23 

03.94* 

85.06* 

19.99* 

56.39* 

28 

30.04* 

64.54 

00.36* 

78.97* 

15.24 

52.29* 

29 

23.82 

59.86 

38596.62 

, 72.56* 

10,39* 

48.79* 

30 

17.42 

54.74 

92.82 

66.16* 

05.06 

45.29* 

31 

11.14* 

49.43 

88.83 

59. S6* 

38899.86 

40.94 

32 

04.41 

43.82 

84.73 

52.86* 

94.38 

36.25 

33 

38497.84 

38.66* 

80.42 

46.14 

88.56 

31.75 

34 

90.64* 

32.76* 

75.43 

38.94 

83.85 

28.04 

35 

83.64* 

26.83 

70.72 

31.64 

77.56 

23.14 

36 

76.14* 

20.72 

66.03 

25.15* 

71.16 

18.79* 

37 

68.53 

14.59* 

61.24* 

17.06* 

64.66 

13 .09* 

38 

60.93 

07.94* 

55.83 

09.44 

58.16 

07.78* 

39 

53.44 

01.26* 

50.56* 

01.36* 

51.46 

02.39* 

40 

45.13 

38494.64* 

45.24 

38793.54 

44.76 

38896.69* 

41 

37.04 

87.54* 

39.06* 

85.34 

37.56 

90.88* 

42 

29.04 

80.34* 

33.26* 

76.94 

30.56 

85.06* 

43 

19.84 

73.03* 

27.82 

68.14 

23.26* 

78.97* 

44 

11.63 

66.13 

21.42 

59.44 

15.69* 

72.56* 

45 

03.14* 

58.69* 

14.59* 

50.54 

07.96* 

66.16* 

46 

38393.93 

50.53 

07.94* 

41.44 

38799.99* 

59.56* 

47 

84.43 

42.86 

01.26* 

32.04 

92.06* 

52.86* 

48 

75.04* 

33.53 

38494.64* 

' 22.75 

83.86 

45.44 

49 

65.38* 

25.34 

87.54* 

13.14 

75.36 

38.34 

50 

55.53 

17.84 

80.34* 

03.44 

66.86 

31.14 

51 

45.93 

08.94 

73.03* 

38693.24 

58.16 

23.26* 

52 

36.74* 

00.86* 

65.64 

83.15 

49.16 

15.69* 

53 

26.14* 

38391.23 

57.92 

72,95 

40.06 

07.96* 

54 

15.64* 

81.86* 

48.54 

38662.44 

38730.76 

38799.99* 

55 

38304.63* 

38371.76 

38440.13 

51.74 

21.26 

92.06* 

56 

38293.64* 

62.26 

31.73 

40.85* 

11,66 

83 .04 

57 

82.66* 

52.26 

22.94 


01.86 

74.44 

58 


42.25 

14.03 


38691.86 

65.74 

59 


32.06 

05.23 


81.46 

56.64 

60 


21.76 

38396.34 


70.96 

47.64 

61 


10.96 

86.44 



38.24 

62 


00.25 

: 77.04 ■ 



28.55 

63 


38289.46 

67.63 



19.05 

64 



57.13 



08.65 

65 



47.13 



38699.15 

66 



36.74* 



88.65 

67 



26.14* 



78.22 

68 



. 15'. 64* 



67.35 

69 



04.63* 



56.64 

70 



38293.64* 



45.64 

71 



82.66* 
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(0,4) band 




(0,4) band 


■ p 

Q 

R 

r 

p 

Q R 


11 


37782.53 


43 

37592.03 

45.74 

00.44* 

12 


80.83 


44 

83.93 

38.94 

37694.75* 

13 


78.73 


45 

75.72 

31.74 

89.14* 

14 


76.62 


46 

67.23 

24.74 

■ 82.94* 

15 


74.34 


47 

58.73 

17.24 

.76.62 

16 


71.83* 


48 

49.64* 

09.64 

70.23 

17 


69.14* 


49 

40,93 

01.94 

63,64 

18 


66.36* 


50 

31.93 

37594.36 

57.03', 

19 


63.53 


51 

22.63 

86.05 

50.13' 

20 


60.66* 


52 

13.13 

77.75 

43.44* 

21 


57.26* 


53 

03.53 

69.45 

36.63 

22 


53.73 


54 

37493.83 

60.85 

28.83 

23 


50.13 


55 

83.73 

52.04 

21.03 

24 


46.53 


56 

^ 73.83* 

43.14 

14.12 

25 


42.54 


57 

37463,43 

37534.24 

37605.63 

26 


38.44 

37771.83* 

58 


25.04 

37597.63 

27 

37700.44* 

34.23 

69.14* 

59 


15.54 

89.43 

28 

37694.75* 

30.14* 

66.36* 

60 


05.94 

81.43 

29 

89.14* 

25.43 

63.01 

61 


37496.04 

72.44 

30 

82.94* 

20.83 

59.44* 

62 


86.65 

63.63 

31 

77.23 

15.94* 

55.83 

63 


76.43 

54.63 

32 

70.82 

11.04* 

52.02 

64 


66.14 

45.63 

33 

64.52 

05.94* 

48.13 

65 


56,09* 

36.03 

34 

57.93 

00.44* 

43.93 

66 


45 . 16* 

27.23 

35 

51.22 

37694.75* 

39.43 

67 


34.16* 

' 17.74* 

36 

, , ''44,33* 

89.94 

35.63 

68 


23.46* 

07.73 

37 

38.13 

84.14 

31.04 

69 



37497.73 

38 

30.43 

77.94 

26.33 

70 



87.43 

39 

23.13 

71.84 

21.33 

71 



77.32 

40 

15.63 

65.63 

16.44* 

72 



66.94 

41 

07.93 

59.14 

11.04* 

73 



56.09* 

42 

00.22 

52.54 

05.94* 






■| : — - ; 

In Tables IIA and IIB, there are listed agreements in the combination j 

differences. ■ 

Table 11 A, Agreements in the combination differences. 

Note (1): RiJ) —QCJ'+i) should not necessarily be exactly the same for the (0,4) and (1,4) 
bands, since the A-type doublet widths are not necessarily the same, for given J values, for 
!: ands?'~l. ^ ■■ 

Note (2): In some of the bands, additional combination differences are available, but are 

omitted from the table because of the absence of comparison data from Other bands. 


J 

RU) 

(0,1) 

-e(j) = r(/+i) 

(0,2) 

-r(/)+AW(J) 

(0,3) (0,4) 

i?(/)-<2(/4-l) = 

r"(/+i)-r'(j)+ 

A^a/(j'+l) 

(0,4) (1,4) 

25 


.'/31,5 ■ 

31.2 




' 26 ' ■ 


33.3 

33.3 

33.4 

37.6 

38.1 

'27 . 

1 ■ 

34.9 

34.9 

34.9 

39.0 ' 

39.4 

28 

36.2 

35.9 

36.4 

36.2 

40.9 

40.5 

' 29 

37.4 

37,1 

37.0 

37.6 

42,2 ' 

41.9 

30 

38.7 

38.5 

38.4 

38.6 

43. S 

43.4 

31 

, 39.7 

40.0 

40.2 

39.9 

44.8 

45.0 

32 ' 

41.1 

41.1 

41.1 

41.0 

46.1 

46.1.". 

33 

42.2 

41.6 

41.9 

42.2 

47,7 

47.7 

34 ^ 

43.5 

43.0 

43.2 

43.5' 

49.2 

48.6 

35 

44.5 

44.2 ■ 

44.2 

44.7 

49.5 

50.0 

36 

45.7 

■'■ 45.3 '■ 

45.6 

45.7 

51.5 

51.5 
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Table 1 1 A. {Continued) 


J 

R(J)- 

( 0 , 1 ) 

-C(i)=r(/+i)- 

( 0 , 2 ) 

-r(,J)+AvacV) 

( 0 . 3 ) ( 0 , 4 ) 

R(J)-Q(J+1) = 

( 0 , 4 ) ( 1 , 4 ) 

37 

47.4 

47.0 

47.6 

46.9 

53.1 

53.3 

38 

48.6 

48.7 

48.4 

48.4 

54.5 

54.6 

39 

49.6 

49.6 

49.6 

49.5 

55.7 

55.9 

40 

51.0 

51.3 

50.9 

50.8 

57.3 

57.7 

41 

52.1 

52.4 

51.9 

51.9 

58.5 

58.7 

42 

' 53 . 3 ,. 

53.4 

53.3 

53.4 

60.2 

60.2 

43 

54.5 . - 

54,9 

54.5 

54.7 

61.5 

61.7 

■ .,44 

55.8 

55.8 

55.7 

55.8 

63.0 

62.8 

45 

57.1 ■ 

57.0 

56.9 

57.4 

64.4 

■ 64.0 . 

46 

58.5 ■ 

58.2 

58.2 

58.2 

65.7 

65.1 

47 

59.4 

59.3 

59.6 

59.4 

61. Q 

67.7 

48 

60.4 

60.0 

60.8 

60.6 

68.3 

69.3 

49 

61.8 

61.3 

61.6 

61.7 

69.3 

69.7 

50 

62.9 

62.6 

63.0 

62.7 

71.0 

71.4 

51 

64.0 

64.7 

64.3 

64.1 

! 72.4 

72.2 

52 

65.5 

65.2 

65.1 

65.7 

1 . 74.0 

74.4 

53 

66.8 

66.7 

66.5 

67.2 

75.8 

76.1 

54 

67.5 

68.1 

67.9 

68.0 

76.8 

76.8 

55 

68.6 

69.5 

69.2 

69.0 

77.9 

77.9 

56 

71.0 

70.8 

70.8 

71.0 

79.9 

79.5 

57 

71.3 

71.8 

71.4 

71.4 

80.6 

80.7 

■ 58 ' ■ 

72.7 

72.7 

72.6 

72.6 

82.1 

82.0 

59 

74.1 

73.9 

73.9 

73.9 

83.5 

83.5 

60 

75,3 

74.9 

75.2 

75.5 

85.4 

85.4 

61 

16,7 

76.3 

76.7 

76.4 

85.8 

86.2 

62 

76.7 

76.9 


77.0 

87.2 

87.6 

63 

78.3 

78.1 


78.2 



64 

79.4 

79.7 


79.5 



65 

80,7 

80.6 


80.0 



66 

82.2 

82.1 


82.1 



67 

83,5 

83.2 


83.6 



68 

84.8 



84.3 




Table IIB. Agreements in the combination differences^ 


/ 

( 0 , 1 ) 

R{J)-P{J) 

( 0 , 2 ) 

=A2r(/) 

( 0 , 3 ) 

( 0 , 4 ) 

i?(/-i)-p(/+i)= 

A2r"(7) 

( 0 . 4 ) ( 1 , 4 ) 

>"' 27 :' 


68.7 

68.6 

68.7 

77.1 

77.3 

28 

■ 71.5 . 

71.3 

71.3 

71.6 

80.0 

80.1 

29 

74.1 

73.8 

73.3 

73.9 

83.4 

82.9 

30 

76.4 

76.5 

76.2 

76.5 

85.8 

85.5 

31 

78.4 

78.8 

79.1 

78.6 

88.6 

88.4 

32 

80.9 

80.9 

81.4 

81.2 

91.3 

■ 91.0 ■ 

33 

83.3 

82.7 

83.4 

83.6 

94.1 

94.1 

34 

86.0 

85.7 

85.6 

86.0 

96.9 

96.8 

35 

88.3 

87.9 

89.1 

88.2 

99.6 

99.3 

36 

91.6 

90.9 

91.5 

91.3 

101.3 

102.2 

, 37 ,' , i 

93.3 

92.8 

93.6 

92.9 

105.2 

105.1 

' 38 ''' ■ 

96. 1 

96.3 

96.0 

95.9 

107.9 

107.8 

39 

98.3 

98.5 

98.3 

98.2 

110.7 

110.7 

40 

100.8 

101.2 

101.0 

100.8 

113.4 

113.5 

41 

103.1 

103.7 

103.1 

103.1 

116.2 

116.2 

■ 42 ' 

105.5 

105.8 

105.5 

105.7 

119.0 

119.2 

43 ■ 

108.2 

109.0 

108.1 

108.4 

■ 122 . 0 -,- 

121.6 

44 

110.8 

110.4 

110.8 

110.8 

124.7 

124.7 

45 

113.3 

113.2 

113.1 

113.4 

127.5 

127.5 

46 

115.8 

115.7 

115.6 

115.7 

130.4 

130.1 
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Table I IB. {Continued) 


A-type Doubling 

The combination defects in the (0,1), (0,2), (0,3) and (0,4) bands were 
computed for each value of J and, where possible, averaged over the differ- 
ent bands. The definition of Lv (in cm^O ior A-type doubling,^ which will 
be used here is 

^ Ta{J) - T,{J), (6) 

For a /n state, ^ according to Van Vleck, one expects theoretically 

T,{J) - To + BJiJ + 1) ^ 2C + (C + Ci)/(J + 1) + • • • ; . 

T.iJ)^To + BJiJ + l)-2C + (C + C,)J{J + n + 

APdc{J) = qJiJ + 1), where g = Ci - C 2 , 


The combination defect is 

[2?(j) - e(/)] - [Q(/ + 1) - p(j + 1)] 

= AuUJ) + Ava.iJ + 1 ) 

^ 2Al'dc(/ + J) 

^ 2q{J + i)(/ + 3/2) 

^2qiJ + iy. 

From the numerical values of the combination defect corresponding to the 
various quantum numbers J, the value of q was computed by least squares. 
It was found that g = -6.7XlO--\ In Fig. 1, the observed combina- 

tion defects are plotted in comparison with a curve given by — 13.4X10~^ 


/ 

(0,1) 

R(J)-PiJ) 

(0,2) 

=A^r'{j) 

(0.3) 

(0,4) 

A^rv) 

(0,4) (1,4) 

47. ^ 

118.0 

117.8 

118.1 

117.9 

^133.3 

132.9 ^ 

48 

120,2 

119.9 

120.8 

120.6 

135.7 

135.9 

' 49 

122.6 

122.5 

122.7 

122.7 

138.3 

139.1 ; 

50 

125.0 

124.9 

125.2 

125.1 

141.0 

141.6 

51 

127.3 

128.2 

127.7 

127.5 

143.9 

143.6 

52 

130.1 

129.7 

130.0 

130,3 

146.6 

146.9 

53 

132.5 

132.3 

132.5 

133.1 

14:9.6 

150.0 

54 

134.8 

135.3 

135.0 

135.0 

152.9 

153.3 

55 

137.3 

137.7 

137.5 

137.3 

155.0 

154.9 

56 

140.8 

140.3 

140.3 

140.3 

157.6 

157.5 

57 

142.1 

142.6 

142.2 

142.2 



58 

143.9 

143.8. 





59 

147.2 

146.7 





60 

149.8 

149.1 





61 

151.9 

151.8 
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If the almost certainly correct assumption® is made that the lower 
electronic state of the observed bands is ^2+, then the Q series lines originate 
from c levels.^ 

As mentioned before, there are a number of perturbations of the Q lines. 
This suggests the presence of other electronic energy levels near the level. 
Since there are a number of perturbations of the Q lines, but not of the P 
and R lines, apparently the c levels are perturbed much more than the d 


Fig, 1. The observed combination defects (cf. Eq. (9)) are shown by crosses. Each point 
indicated is, where possible, the average for the (0,1) (0,2), (0,3) and (0,4) bands. The curve 
is that given by — 13.4X10“^(/4-l)^ Most of the small deviations between the experimental 
points and the curve may be due to experimental error, but most of the large ones are due to 
the perturbations of the Q lines. 


levels and it seems likely that even for the unperturbed lines, it is the c levels 
rather than the d levels which are mainly responsible for the A-type splitting. 
If so (cf. Eqs. (7, 8)), [Cal^jCil. Then since experimentally (Ci — Ca) is 
negative, Ca would be positive. The expressions for the coefficients Ci and Ca 


are" 


Cl = 8S(all » values of all ^2+ states) ] S+) [ VKH, S+), 

Ca = 8S(all » values of all i2- states) J 2“) | V»'(n, 2-). 


The quantites are approximate constants for any pair of electronic 
states, n, S. ?'(n, 2+) is the wave number (cm~i) corresponding to the energy 
difference between the m state and s value considered and any i2+ state and 
V value. If the m level is above the ^2+ level it is taken as positive, if it is 
below the ^2+ level it is taken as negative. >(11, 2“) has a similar meaning. 
Hence, from the argument above, that | C2I »| Ci| and C2>0, it would fol- 
low that yfll, 2“)>0. This would indicate the presence relatively close to 
and below the given ^II state of one or more 12“ levels, which cause perturba- 

- • ■ ■ J*. . t t t ' rf-* » € f -r-^- ■ . ' ■ . . v. 
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Band Origins 

From the relation . 

v = v, + Bjj\r^\) + D/rKr + \y ai) 

-- + 1) - D.'T'V'' + 1)' 

as the equation of a band line for a transition, the value of pq, for a 

given band, was taken as the definition of the band origin. With the observed 
wave numbers of twelve P, twelve R and ten Q lines of relatively small rota- 
tional quantum numbers, thirty-four values of were calculated for the band 
under consideration. The average of these values was taken as the origin of 
the band. This was done for each of the five bands analyzed. Then a parabola 
was fitted by least squares to the values of for the (0,1), (0,2), (0,3) and 
(0,4) bands, and by this means the values of vq for the (0,0) and (0,5) bands 
were calculated. Then with aid of the values of B J and P,/' the interval 
(y'head — I'o) was calculated for most of the bands (other than those here 
analyzed) whose heads were measured by Jevons,^ and with the wave num- 
bers of the heads as listed by him, values of vq were obtained. From the 
aggregate of the values of calculations were made for w/, and 

Xe"o)e"i giving greatest weight to the I'o data obtained directly by the present 
measurements, and the following equation was obtained for the origins of 
this band system: 

1^0 = 42835.3 + 851. 51(z;' + I) - 6. 143(i;' + -1)2 

+ 0.0437(2;' + iy - 1242.03(2;" + i) + 6.047(2;" + |)2 (12) 

- 0.00329(z;" + i)®. 

Molecular Constants 

In Table III there are listed the values of all the molecular constants 
obtained in the present work. The values of jS' and corresponding to the 
relation 

I), - P, + ^(2; + i) == 2>o + ^t; (13) 

were calculated from the theoretical formula® 

o:2 20a:P/ 

6ot)e 

A check on the correctness of the analysis was afforded by a rule, due to 
R. T. Birge. According to this rule the quantity IXeB^J a e is approximately 
equal to 1.4. For these bands substitution of the proper values showed that 

2xe'P//a' = 1.38 

2:re"Pe7«" = 1*43. 

An additional check is given by the approximate relationbthat for molecules 
composed of two atoms of nearly equal mass, the quantity r/a5« is approxi- 
mately equal to 3000 X 10“ cm®. For these bands 

® E. C. Kemble, Jour. Opt. Soc. Am. 12, 1 (1926). 

^ P. M. Morse, Phys. Rev. 34, 57 (1929). 
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Table III. Values oj the molecular constants. 







Upper state 'll 

Lower state 'S 

5/ = 0.6303 

=0.7263 

j5o'=0.6270 

^0^' =0.7238 

Bi'^0,6205 

^i'' = 0.7189 

q:'-0. 00657 

52''=0.7138 

D.'=-1.382X10-«(calc.) 

==0.7091 

i5' = 2,88X10“Ucalc.) 

23/' = 0.7041 

J/ = 43.95X10-'"«gcm2 

a" = 0.00494 

f/ (for Si 280 i 6 ) = 1.62X10^® cm 

D/'=- 0 . 993X10-6 (calc.) 


^"=-~-1.55Xl0-« (calc.) 

■ a>/«851.5 ■ 

//' = 38.14X10-^6gcm2 

rr/a)/-6.14 

r/'(for Si 2 sOi 6 ) = 1 .51 X 10“^ cm 

y/co/-0.0437 

W' = 1242.0 
x/W' = 6,05 

3r/'co/' = 0. 00329 


It is to be expected that for SiO the values of r/^oo/ and r/^^oo/' will be greater 
than 3000 X 10”^^, since the masses of the two atoms are rather unequal. 

The writer wishes to express his thanks to Professor R. S. Mulliken for 
proposing this problem and for his valuable advice and suggestions; also to 
Professor W. F. C. Ferguson of New York University for the spectrograms 
taken by him with the large quartz spectrograph, and to Dr. W. F, Meggers 
of the Bureau of Standards for the use of the latter. 
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The Zeeman effect of the perturbed lines in the CO angstrom bands 
is described. The perturbations are multiple, occur in the ^11 state, and contain excess, 
much-displaced lines. New lines extending the “resonance” curves of Rosenthal and 
Jenkins are found. The perturbed lines show large, irregular Zeeman patterns, whereas 
the neighboring band lines with these intermediate and high / values are apparently 
insensitive to the magnetic field. Always the greater the displacement of the per- 
turbed line, the larger its Zeeman effect. The patterns differ at each perturbation ’ 

point: they are either broad, asymmetrical doublets; very broad, uniform blocks; 
sharp, narrow doublets; or just a shift, increasing the amount of the perturbation. 

An explanation is offered, assuming the perturbing state to be case a '^0. 

Introduction 

T HBJ details of the perturbations in a number of band spectra have been 
examined by Rosenthal and Jenkins,^ Dieke*' and others. These obser- 
vations are in general in good agreement with the requirements of the theory 
as set up by Kronig'^ and by Ittmann.^ Briefly, perturbations should occur 
whenever two energy levels for the molecule having the same J value ap- 
proach closely to one another, the two levels having the same symmetry 
characteristics, A values the same or differing by at most 1 unit, the same 
multiplicity, and about the same internuclear distance. Tlie perturbed energy 
levels do not cross, but rather separate from each other, so that the curves 
showing the departures of the perturbed band lines from the regular course 
of the branches to which they belong are of the ^h'esonance^^ type. 

Especially violent perturbations occur in the CO angstrom bands' (JS 
— particularly in the 0, 0 band at 451 lA. Rosenthal and Jenkins were the 
first to give a correct quantum analysis of this band, basing their assignments 
on the necessity of obtaining smooth deviation curves for the perturbed lines, 
agreement with known A^F'd) combination differences, and the abandon- 
ment of the notion that the A-doubling in the 'll state should remain small 
and regular. This work showed that the perturbations are in the lower 'll 
state and that they are multiple, coming in this 0, 0 band at J = 9, 16, 17 and 
>30 in the P and R branches and at /=12, 29 and> 35 in the () branch. 

From the fact that these perturbations are multiple and from an examination 
of the nature of the near-lying levels of CO, it was concluded that the per- 
turbing state is probably a ''U state, in violation of the Kronig rule that the 

^ J. E. Rosenthal and F. A. Jenkins, Proc. Nat. Acad. IS, 381 and 896 (1929). 

2 G. H. Dieke, Phys. Rev. 38, 646 (1931). 

3 R. de L. Kronig, Zeits. f. Physik 50, 347 (1928). 

A G. P. Ittmann, Zeits. f, Physik 71, 616 (1931). i 
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perturbing terms should have the same multiplicity. We shall return to this 
point below. 

In his work on the regular Zeeman effect in these CO bands, Crawford® 
noted the existence of large, irregular Zeeman effects for certain of the band 
lines which are involved in these perturbations. In the present investigation 
the details of these peculiar Zeeman patterns have been examined, and pos- 
sible explanations are presented in connection with the facts about the per- 
turbations and the probable nature of the interacting levels. 

Experimental Procedure 

Spectrograms of the 0, 0 and 0, 1 bands of the CO angstrom system were 
obtained in the second order of the 21 -foot concave grating in a stigmatic 
mounting, the dispersion being approximately 2. 42 A per mm. The magnetic 
field strengths varied from 10,000 gauss to 26,700 gauss. On each plate was 
placed in addition to the field exposure a no-field comparison spectrum and 
the spectrum of the Fe arc for wave-length determinations. The source was 
a 15,000 volt a.c. discharge between small copper disks 3 to 4 mm apart, 
mounted in the gap space of a large Weiss electromagnet. These electrodes 
were attached to the electrode holders of a modified Back chamber, and were 
insulated from the pole faces with mica. CO 2 gas from a commercial cylinder 
was pumped slowly through the discharge chamber at a pressure of about 
5 mm, in some cases directly from the cylinder, while in other cases the gas 
was first passed through a hot copper oxide tube and a tube filled with P 2 O 6 . 
The time of exposure was of the order of 12 hours each for the Zeeman effect 
spectrogram and for the no-field comparison. 

This source is of course weak, but because of the increased intensity of 
the spectra with the grating in the stigmatic mounting, the exposure times 
were not excessive. Disturbing discharge in regions outside that of uniform 
field was effectually reduced by having copper disk electrodes but 4 mm in 
diameter as against a pole face diameter of 20 mm, and by taking care to see 
that the gas pressure never became too low. A faint background of impurity 
lines increasing in intensity towards the violet is present on all the spectro- 
grams. It was found, however, that by allowing a slight leak of air into the 
CO 2 , this unwanted spectrum was reduced in intensity to the point where it 
caused but little trouble in the measuring of the spectrograms. The N 2 '^ 
bands thus introduced could be tolerated because they do not overlap the 
interesting perturbation points in the CO bands.® In Fig. 1 are to be seen 
Zeeman patterns of some of the perturbed lines in the (0, 0) 45 11 A band at 
the several field strengths. 

Additional Lines at Perturbation Points in 0, 0 Band 

A marked feature of the quantum analysis of the (0, 0) band as made by 
Rosenthal and Jenkins^ is the occurrence of two lines for each of one or more 

® F. H. Crawford, Phys. Rev. 33, 341 (1929). 

® These bands of N 2 '‘‘ also display interesting Zeeman patterns for lines involved 

in their perturbations. These perturbations are very similar to those in the corresponding band 
system of the isoelectronic molecule CN, and will be the object of further study. 
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J values at the center of a perturbation. Furthermore, they reported the sum 
of the intensities of the two lines to be always about that calculated by inter- 
polation for an unperturbed line of that J value. Also, the greater the dis- 
placement of the line the less is its intensity. According to the theory this 
appearance of extra lines is to be expected, for around the perturbation points 
the wave functions of the molecule for the two electronic states concerned 
become “mixed,” losing their separate identity, with the result that transi- 
tions from the upper state to the perturbing state (®n?) are possible. 

There are in fact more of these extra lines than are given in Table I of 
reference 1. The assignments of these additional lines are given in Table I, 


Table I. Quantum assignments of lines of intermeiiate J value in the (0, 0) CO angstrom band. 


J" 

F 

a 

b 

a 0 

R 

a h 

7 

22,164.60 


22,191.30 


22,222.99 


■ 8 

167.25 

150.90* 

197.10 


233.45 

217.08* 

9 

172.10 

159.48 

203.84 


246.09 

233,45 

10 

180,96 

166.32 

211,55 

185.00* 

d 

248.11 

11 


171.65 

220.63 

200.73 


261 .16 

12 


176.87 

231.85 

214.38 


274.08 

13 


182.54 

246.09 

227.05 


287.59 

14 


188.97 

263.48 

238.77 


301.79 

IS 

1 179,86* 

196.47 


250.26 

d 

317.02 

16 

1 193.44 

205.92 


261.92 

321.80 

334.21 

17 

205.41 

219.03* 


274.08 

341.39 

355.32* 

18 

i 215.59 



286.77 

359.43 



where the new lines are indicated by a *. The line lies some 12 cm“^ 

beyond the head of the band, and there is even an indication of a line Pb (7) 
still further to the red. The new lines are all displaced many cm"^ from the 
unperturbed points for the particular J values, and are all consequently of 
low intensity. The correctness of the assignments is attested however by the 
existence of exactly the required AiF'(J) combination differences, and by the 
fact that they are all much affected by the magnetic field, being even broad- 
ened slightly in the no-field comparison spectrum by the field due to the 
residual magnetism in the magnet. Strong lines of other branches lie in the 
positions indicated for J?„ (10) and (15), making their observation im- 
possible. The perturbations in the region of higher 7 values have not been 
examined in detail. 


Observed Zeeman Patterns 


All of the band lines in the immediate neighborhood of the perturbations 
exhibit large, irregular Zeeman patterns, whereas the regular Zeeman effect 
for lines with these intermediate and high J values for a ^2— > 'll transition 
is so small as to leave the unperturbed lines totally unaffected by the mag- 
netic field. There is a different type of Zeeman effect at each of the perturba- 
tions in the (0, 0) band, and always the perturbed lines having the greatest 
displacements are magnetically the most sensitive. A brief tabulation of some 
of the details of these patterns at three different field strengths is given in 
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Table II. Measurement on some of the perturbed lines is prevented either by 
their nearness to or fusion with other lines in the band, or by their low inten- 

Table it Zeeman patterns of perturbed band lines in the {0^ 0) CO angstrom hand at .4511 A 
cm""^ units. 4* indicates a shift to the high-frequency side, — to the low-frequency side of the 
no-field band. line. . 



10,000 gauss 

20,000 gauss 

26,000 gauss 


a. R branch perturbation at J=9. 

pm \ 

Broadened +0.80 to 
—0.84 Min. intens. in 
center + side stronger 

Broad doub. —0.75 to 
— 1.35 and (stronger) 
+0.62 to +1.34 

1 Broad doublet ■ , 

■ ■ ■ ■ 

pm 

Broadened +0.31 to 
-0,49 . 

Broadened (stronger) 
—0.83 to —0,36 and 
weaker to +1.07 

Broadened, — stronger 

Pad) 

No effect 

Slight sym. broadening 

Broadened +0.38 to —0.63 

Ra(8) 

Rm 

Slight sym. broadening 

Broadened +0.42 to 
-0.38 

Broadened +0.43 to —0.56 

Rm 

Broadened +0.72 to 
—0.83 Min. in center, + 
side stronger 

Broad doub. + stronger 
+0,48 to +1.25. -block 
block fuses into Pq(18) 

Stronger +0.38 to +1.10 
— block weaker 

Ri(lO) 

No effect ■ 

Broadened +0.33 to 
-0.26 

Broadened +0.40 to —0.45 


b, <2 branch perturbation at /- 


a.do) 

•3.(11) 

QM2) 

Qa(13) 

Qa(W 

QUW 

QUW 

Q>(13) 

06(14) 

No effect ' 

No effect ■ 

No effect 

No effect ■ • 

No effect 

No effect ■. 

No effect . 

No effect 

No effect , . 

No effect 

Shift of +0.06. Sharp 

Shift of +0.13. Sharp 

Shift of +0.51. Sharp 

Shift of +0.89. Slight 
broadening 

Shift of —0.32. Sharp 

Slight — shift 

No effect 

No effect 

Slight + shift 

Shift of +0.15. Sharp 

Shift of +0.67. Slight 
broadening 

Shift of +1.06. Slight 
broadening 

Shift of —0.58. Slight 
broadening 

Definite— shift 

Shift of —0.12 

Shift of —0.06 

c. P, R branch perturbation at /=16. 

i’a(16) 

Broadened +0.55 to 

Broad block +1.09 to 

Very broad and diffuse ■ 


-0.S6 

-1.03 


RkilS) 

No effect 

Slight sym. broadening 

Broadened +0.49 to —0.27. 

2^6(16) 

Broadened +0.25 to 

Broadened +0.62 to 

Broadened +0>79to —0.73 


-0.26 

-0.66 


Rm) 

Slight broadening 

Broad doub. +0.38 to 

Broad doub +0.24 to +1,28 



+1.14 and —0.39 to — 

— block weaker 

Ra(l6) 

Broad block 1 . 13 wide 

Strong —block 

Stronger at —1.04 

Rm) 

Broadened +0.27 to 

Broadened +0.36 to 

1 Sym. broadened 


-0.26 1 

-0.26 

' ' 

Rails) 

No effect . 

Slight broadening 

I Slight broadening 


d. <2 bi'anch perturbation at J-29 

►. ■ ■ 

0(30) 



Sharp doub, +0.30 and 

1 



(weaker) —0.20. 


sity. A sufficient number of observations can be made at each perturbation, 
however, to enable one to say definitely the kind of pattern that is developed. 


iUI; 

■''i .*■ 
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Se ter al points about these Zeeman patterns should be emphasized. The 
doublets which the field produces for some of the most perturbed lines are 
never quite symmetrically placed with respect to the original line, the 
asymmetry increasing with increasing field strength. Also when a line which 
at low field strength is just uniformly broadened splits in stronger fields into 
two blocks of radiation, the two are never of the same intensity, the block 
on the side of increased perturbation energy being in some instances the 
stronger, while for other lines the reverse is true. In the Q branch around 
J=12 the displaced lines are not noticeably affected by a field of 10,000 
gauss, although the perturbation is just as violent as the first two P and R 
branch perturbations, i.e., the two sets of interacting levels must come just 
as close to each other. The effect of the higher field strengths on these. Q 
lines is merely to increase slightly the magnitude of their displacement in 
the perturbation, the Qa lines being shifted to higher frequencies, the <2 6 lines 
to lower frequencies. The most perturbed lines experience the greatest shift, 
and are but slightly broader than the corresponding no-field lines. A similar 
Zeeman effect has been observed for one of the perturbations in the (0, 1) 
band, but has not been worked out in detail. 

The lines at the center of the P and R branch perturbation around 
J=16 mostly undergo a uniform symmetrical broadening as the field in- 
creases, but the line Rb (17) which has the largest displacement in the per- 
turbation does become a broad doublet at the higher field strengths. And 
the widths of these patterns is just as large as those in the first P, R perturba- 
tion, despite the fact that the overall spread of the 2/+1 component levels 
due to the field in the ^11 state is but one half as great (varies as 1//), while 
the perturbations are of about the same degree. This would indicate that the 
interacting levels of the other electronic state are here more affected by the 
field, for instance that they are ®n 2 levels, while for the first perturbation 
^IIo levels are responsible. We shall mention this again in the discussion below. 

Finally the character of the Q (30) line pattern at the high field strength 
should be mentioned. This is a narrow, sharp, but not symmetrical doublet, 
and the same is true of the pattern for the line Q (29) at the second Q-branch 
perturbation in the (0, 1) band. One would expect narrower Zeeman patterns 
with sharper components, other things being equal, from these perturbed 
lines of high J values because of thedecreased width of the group of Zeeman 
sublevels if / is large. And for the same reason only the one or two most dis- 
placed lines at these perturbations of high rotational levels should be ap- 
preciably affected by the magnetic field. Our observations show this to be 
the case. 

■ ; Discussion : , 

As Rosenthal and Jenkins have shown, ^ the am state of CO could be the 
state that interacts with the m levels to produce these perturbations, for 
extrapolation of the known vibrational levels of the a state indicates that 
its sy = i0 level approaches closely with nearly the same co values. Or it 
may be that the /(®n?) level which lies below and very close to the ^11 
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State is responsible , for' the .perturbations. There is definitely no singlet .level 
in this energy, .range. Also the fact that the. perturbations are multiple would 
indicate that the perturbing terms do not belong to ,a singlet state. And in, . 
addition the finding of a very different type of Zeeman efi'ect at each of the , 
principal perturbations in the (0, 0) band seems to require diffe.rent'interact~ ■ , ^ 
ing. levels at each of the poi,nts, in order that some variations in the arrange- 
ment of the .magnetic sublevels exist. It is true that m and levels perturb- 
ing each other, constitutes a violation of the Kronig rule that the two perturb-, 
ing states must have the same multiplicity. However, this rule need, not be | 

expected to hold here,, for singlet-triplet transitions of fair iiite,ns.ity do o.ccur ■ 
in. CO. And fro.m such a TI, 'dl. interaction as many as six perturbations coukl 
be produced in one of the bands, since all IJ terms are doubled : 

(A-doub.ling) . ; 

It is reasonable to assume that the ‘"^II state is fairly close to case a, for ' 

the separation’^ of the Pi and Ps branches near the origins of the »S—.vpri 
third positive CO bands is some 50 to 60 cm"'b This spacing is almost entirely ' 

due to the multiplet intervals in the m level, since Dieke and Mauchly report 
that the triplet separation of the '^2 state is unnoticeable near the origin.® In 
the range of rotational energy levels in which we are interested, then, this 
spacing of the levels is still probably considerably greater than the splitting 
produced by the magnetic field. The partial transition towards case & with 
increasing rotational energy would only tend to make the group of magnetic I 

sublevels slightly asymmetrical with respect to the no-field level. 

In case a states of diatomic molecules the additional energy of the 
component levels due to the magnetic field is given by the well-known for- > 

mula® 


If mag. 


A(A + eh 

/(/ + 1 ) 4Ilmc 



where all the synibols have their usual significance. For TI levels this 
reduces to 



+ M 





while for the '’IIo, ®IIi and ^IIs levels with S = — 1, Oand +1, respectively, we 
have 


®IIo:lFmaE. — [— M/J{J + 1)] (Aunorm) (lb) 

= [+ M/JiJ + 1)] (Au„„„.) (Ic) 

= [+ 3M/JiJ + 1)] . (Id) 


' R. K. Asundi, Proc. Roy. Soc. A 124, 277 (l^a?)). 

> G. H. Dieke and J. W. Mauchly, Phys. Rev. 40, 123 A(1932). 

* Cf. for instance, R. de L. Kronig, Band Spectra and Molecular Structure, p. 37. 
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The ''III levels have exactly the same Zeeman splitting, then, as ^II levels of 
the same J value, while for ^IIo the splitting is of exactly the same amount 
but with the level +M lowest and the level ~M highest. In *112 the overall 
width of the group of sublevels is three times that in the ^IIo and ®ni levels. 

As an aid in discussing the effect of the magnetic field on the perturbed 
levels, the possible arrangements of these levels at the intersection points is 
sketched in Fig. 2, only the extreme values of Jlf =+ / being shown. If the 
*n level lies just below the ^II, the explanation is the same with the substi- 
tution of -M for +M and +M for -M throughout. Now the matrix ele- 
ments of the perturbation energy will be different from zero only if diagonal 
in Mas well as J; i.e., only levels of the same M will perturb each other. With 
a normal *11 the first close approach of levels with the same J will involve the 
*no levels (Fig. 2a). In this case the levels with +M’s are thrown closer to 
levels of the same +M value in the other group, and are thus perturbed more, 


/-Al'v, 




^J[~ 


+J 


t'JJ ’ — - 

— ^ 


-J 


+J- 


:% 




---J 


Fig. 2. Rough sketch showing the relative placing of the magnetic sublevels and widths of 
level patterns in case a and levels of the same J value. Only the no-held levels (solid 
lines) and the levels with extreme values of If = ± J are drawn. The other 2/— 1 sublevels 
will be spaced fairly uniformly between the two extreme levels in each case. The separation of 
the and levels and the scale of the splitting is quite arbitrary. 

say into or beyond the normal region of ■— levels. The latter at the same 
time are forced farther apart from the — if levels of the same value in the 
other state, and so are perturbed less than before, being thrust through or 
beyond the region where normally the group of +if levels would be found. 
This effect would just tend to invert and spread out the whole pattern of 
magnetic sublevels in each group. The sensitiveness of the perturbation ener- 
gy to slight change in the interval between the interacting levels is evidenced 
by the magnification of the Zeeman patterns of the lines {Ph (8) pattern 
spread !.64 cm'‘Vat 10,000 gauss as compared to theregular ILvnorm/ J 
cm~^). The occurrence of aregion of zero intensity at the center of the Zeeman 
pattern for a much displaced line such as (8) at the higher field strengths 
must be attributed to this sensitiveness of the perturbation energy to the 
size of the interval between the perturbing levels, and to the fact that in 
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the groups the , level If = 0 will probably' be of not exactly the. same 
energy as the original level owing. to a slight tendency to spin uncoupling 
by the, field. 

If the crossing-over occurs between the. ^n'a.nd levels (Fig. ,2b), no , 
effect of the magnetic field on the perturbed band lines should be observed 
if the is strictly case a, for the field splitting in the two sets of levels is 
identical. But a small asymmetry with respect to the no-field levels of the 
block of magnetic sublevels, due to spin-field coupling, could have the effect 
of increasing or decreasing slightly the energy interval between the two levels 
having the same J value. And because this energy interval is already small 
(perturbation very large), the perturbation energy is appreciably increased 
or decreased. The type of Zeeman effect observed at the ()- branch perturba- 
tion at J=12 could originate in this kind of interaction. 

When the levels concerned are TI and TI 2 (Fig. 2c), the situation is some- 
what like that for the TI, 'fflo interaction. Because the splitting due to the 
field in the '^112 level is about three times that in the level of the same J 
value, the —if levels are forced closer together, with resulting increased per- 
turbation, while each +if level is separated further from the corresponding 
+ i}f level of the other group with consequent decrease in the perturbation 
energy. The result should be a much-broadened, solid Zeeman pattern for 
the perturbed band line, with perhaps a narrow minimum of intensity in 
the center at the highest field strengths. This is the type of pattern observed 
for the lines of the P, -R perturbation at /= 16. 

The narrow, sharp doublets observed in the field for the J==29 Q-branch 
perturbation could originate in the ^11, ^IIo type of interaction described 
above, the comparative narrowness being caused by the decrease in the split- 
ting of the levels the higher the /, and the sharp doublet character originating 
in an asymmetry in the ®Ilo group of Zeeman levels, caused by the ever closer 
approach to case b as J increases, . 
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Theory of Continuous Absorption of Oxygen at 1450A 


By E. C. G. Stueckelberg 
Palmer Physical Laboratory, Princeton University 

(Received September 6, 1932) 

The continuous absorption of O 2 has lately been measured by Ladenburg/ Van 
Voorhis and Boyce. Their suggested explanation in the term diagram of the molecule 
is compared to the corresponding matrix elements. 

Part 1. Theory of Continuous Absorption in Diatomic Molecules 

I^ONTINUOUS absorption and emission in diatomic molecules have been 
explained as transitions between electronic states with discrete vibra- 
tional energy and electronic states with continuous energy. 

Condon^ gave in his paper a qualitative way of obtaining the relative in- 
tensities of the observed continua. This has been applied to the continuous 
emission of H2 by Winans and Stueckelberg^ and by Finkelnburg and 
W'eizel.^ Other applications have been made by Kuhn.^ 

The present paper gives a quantitative explanation of the continuous ab- 
sorption of O2 as measured by Ladenburg, Van Voorhis and Boyce.^ The 
probability (number of transitions per second) of a transition from the dis- 
crete state ^ to the energy continuum TF is: 

Tm = (irVA) 1 Hm \ KdQw / dW ) . 

Hkw is the matrix element of the perturbing energy H, and dQT^/dW is the 
number of states per region dW. In our case we have H=ME where M is 
the electric moment of the system, and £=£0 cos lirvt the electric field 
strength of the incoming light wave. One obtains | W/3. 
The factor | is due to the averaging over the angle between £0 and M. Let 
Nkhe the number of molecules in the state ^ per cm®, and let n be the number 
of incident light quanta per cm® and sec. The number of quanta absorbed 
in the thin layer Al per sec. is 


MdNkJdt = A« = - Y^TKwNkM. 


Between m and £ 0 ® we have the relation: cEi/2>Tr = nhv = I,. This leads to the 
following expression for the absorption coefficient: 


3 A h 


V dQ 


, d itl — I 6 


^ E. U. Condon, Phys. Rev. 32, 858 (1928). 

- J. G. Winans and E. C. G. Stueckelberg, Proc. Nat. Acad. Amer. 14, 867 (1928). 

® W. Finkelnburg and W. Weizel, Zeits. f. Physifc 68, 577 (1931). 

‘ H. Kuhn, Zeits. f. Physik 63, 558 (1930). 

' R. Ladenburg, C. C. Van Voorhis and J. C. Boyce, Phys. Rev. 40, 1018 (1932) ; referred 
to as L.V.a.B. 
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CONTINUOUS ABSORPTION OF OXYGEN 


The eletric moment M (e,r6p) depends on the coordinates e of all the elec- 
trons and on the usual coordinates r6(p of the two heavy nuclei. We assume, 
that the wave function rdcj)) can be decomposed into 

The matrix element M {n"J"M"v", n'J'M'v') can be written, after 
integrating over e, 6.^,® (if J»1 and A' =A" = 0, and if there is no external 
magnetic field) as: 


{r) = M{r) is the electric moment associated with an electron jump 
from state n'-^n”, if the nuclei are held fixed at the distance r. We assume 
for the vibrational states v" the states of a harmonic oscillator i.e.: 

fn"v"ir) = eC-i/ 2 )(r-ro")^/a"^ )<; Polynomial in (r — ro") (3) 


where a" (in cm) is defined by the molecular constants coo" and fj,: 

(h^/S7r%)ii/kcm'72) 

1/^t = 1/Mi -f 1/lf II TF" = W'(s" + i) 

and where ro" is the equilibrium separation. The functions (3a) and (3b) are 
different from zero only in the immediate neighborhood of ro". We expand : 

M(r) = Jlf (ro'O + (r - ro'')M^W') + • • • (4) 

(2) will be of a similar form : 

= ^[M(fo'0 + • ■ • J- (5) 


Fig. 1. Potential energy functions V{r) and nuclear wave functions: ^i{r) for a non- 
quantized level of the electronic state n\ ^^o(r) for the lowest vibrational level of the electronic 

state ■ 

6 W. Weizel, Bandenspectren Hb.d. Exp. Phys. Erganzungsband I, p. 164. 


520 


JS. a 0, STUECKELBERG 


We are left with the determination of the wave function representing 
an oscillation between a finite r = ri and infinity {r = R, lim R~co) (see 
Fig* 1). fi is the separation at which the potential energy Fi equals the kinetic 
energy at infinity T, We make use of the method by Kramers^ in order to 
obtain an expression for His solution is, if = Fi)/F: 

and if 7 = (87rV)A^-d/dr* Fi(r); p = fi — ^ = 


iij) r r ^ 

?>>0 ; r -- Fi>>0 == iAi> = cos 

\ p / L «/ 0 

\yin) 


pd^ 






Br~m I 




(6) 


^ « 0 ; r — Fi 0 : pi = \^'i< ~ neg. real. exp. 


Condon^ has shown in a qualitative way, that the part where T — P^i sO, i.e., 
the region near fj, is the most important in evaluating (2). We assume there- 
fore that the part of the integrand in the neighborhood of fi only (i.e., the 
function ^lo) is of importance. This is certainly true, if the slope of the po- 
tential energy curve 7 of the state n' is constant over the range where po 
is different from zero, and if ya^<^l. 

(2) becomes: 




j.1/2 


y^^hiR 


1/2 




The function oo(z) is tabulated by Kramers^ and can be expressed by a com- 
plex integral ( Airy Integral) 


0}{z) 


— t 

2^ 

Then one has for g. 


f 

J (P) 


i 


dt (fQj. p ggg Kramers).^ 


dt 


r 4 jp„ 1 

1/2 _ i p 


2 x 1/3 


(P) 


~"oo , ■ . 

If the substitutions ^' = J+p -a r^t+b; and x = 


are made, the integration over can be carried out: 


g = 


St^ 


L Ry^^^ 
We abreviate 


1/2 


g&;r+(2/3)63^( ^ ^ 5)) 


’475-1/2/^^ 

L Rya 


1/2 


fll2^ 


f — 45a)2( — (rr T* , 

^ A. H. Kramers, Zeits, f. Physik 828 (1926). 

« G. N, Watson, Theory of Functions, p. 188, Cambridge, 1922. 
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( 8 ) 


(9a) 
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This gives: 

(loa) 

As long as 3 ;< 1, we have roughly: 

/3 == p '+: all/iya^^f ^] , ^ (r^ - ro) , if ja^ >. I.'"'; 

I he application of xf/io is therefore justified. The parts of the integrand due to 
i^i< and are negligible to the same extent as the far away parts of 
which, even if taken into account, do not change appreciably the final result, 
as long as 


If. the argument of w ( 2 ) takes large negative values (—^>2), a good approxi- 
mationis ' ' ' 

2wiz) ^ 

we make , a further substitution: y = x/b^=(p/a)(4:/ya^) and have for 
-ix+c):^2: ^ 


/==(! + 


{1 + yy/^ ^ (1 + (3/2)y) 


= A+ 4 Z. ±\ 

\ a ya^/ 




If ya^'^1^ this is practically the same result as one obtains if one ^h'eflects^^ 
the function ^ 0 ^ on the potential energy curve of the repulsive state p/c — 
Wc) (p). 

If the argument of the function co is positive, i.e., if is negative 

the expression for Mo oscillates. This was also predicted from the qualitative 
picture of Condon.^ The conditions for oscillations are 

— (x -f ^ ^ Q of f) 

— p/a^ lya^ + l/(ya^y^^. 

The next step is to justify the application of ^10 in (7) in the whole region J 
between — 00 and y-oo . 

The function M (r) depends on r . The final result involves an average value 
of ilif (r), say if (r,). If Ti coincides with ru we can conclude, that the region 
around r=^ ri is the most important one. Taking the expansion (4) and (5) 
this means ~ rj — To =p, 

; In the integral: 

d^{p + ^)foir)h(f) (10) 

-00 

we make the same substitutions and notice, that 

^ 

dp 


p 4 *°® 

I dty^^He^ 

•/ — .Q. 


Pn)+(ll!!)y^Fah‘-y0^tl, 


(aV4)(l//)(V5p)/. 
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1 or EV(8'rV) * " (11) 

The evaluation of matrix elements for which can be carried out in the 

same way as (10) and (10a). 

The number of energy levels dQ/dp^ in the unstable part of state per 
region dp^ goes to infinity as the radius R becomes infinite: dQ^ {R/ir)dp^. 
Going from p to hv, we have for the number of levels per dv 

dQ/dv ^ 4.TrpiR/hp^. (12) 

If ojo'^^kT/hCf practically all the molecules are in the level = The 
expression for the absorption coefficient is, making use of (1), (7), (8) and 
( 12 ): 

I I tjrn/ \ /•rur 


MKri)fJNj 


We have to average over the different rotational levels /. (v/c), ilP and /can 
lie considered as independent of Nj^{37r^^y2)N{kTyhc - (see 

WeizePp. 167). ^ 


NdkT/hc-Boy^^ / V 


MKri)f‘Cmr 


Part IL The Continuous Absorption of Oxygen 


The continuous absorption of oxygen, extending from 17S0A to 1300A, 
has been measured by L.V.a.B.® They explain this absorption as a transition 
from the normal state of the molecules to the upper state. The Frank- 
Condon principle applied to the potential energy curves, calculated by Morse® 
and Stueckelberg,^® gives the right order of magnitude for v/c. We have 
(xU)^'^kT/hc and A'=A" = 0 for S~»S transitions. Therefore a comparison 
between the experimental curve av=^ap(y/c) by L.V.a.B.® and the theoretical 
expression (13) can be carried out in the following way. We plot 

const. - log Mv/c ) ] = - log/ = (4&V3) [(1 + yY'^ - (1 + (3/2)3-) ] 

+ I log [1 + 3-] 


as a function of y (Fig. 2). To do this we had to assume a value for b — bo. 
As a is a known quantity (wo"== 1566 cm“'^; a = S.16XlO"i® cm) this fixes the 
■^’^alue of 7 = 7o. 

The comparison between —log f and the experimental curve of —log 
(a,/ (v/c)) gives r/c as a function of y. This is also plotted in Fig. 2 
Instead of marking the individual points, an area was drawn. According to 
the theory v/c— (v/c) (y) ought to be a straight line, if M and 7 are constants 
over the region. This seems to be true within the limits of error. We obtain 
a value for d(v/c)/dy. The definition of y and 7 leads to the relation 


^ P. M. Morse, Phys. Rev. 34, 57 (1929). 

E. C. G. Stueckeiberg, Phys. Rev. 34, 65 (1929). 
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7 ^ [32t^' lic/ha^][d{p/c) /dy I ^ 

This newly, determined value of 7 = Ti» gives a new \^alue for 6 = &i. The pro- 
cedure is repeated until 7m = Tm-3. This is the case in 'Fig. 2. The pro.bable 


Fig. 2. -~log/=— log {avl{v/c)) and wave number {vfc) as functions of the parameter 
y=4p/7a^. The experimental points (L.V. and B.) are plotted as a broad stripe. The black 
line has been chosen to determine curve A in Fig. 3. 


r^r,-1.21 r,*1.606 

Fig. 3. Potential energy curves for the upper ^S-state of the Oa molecule. The ordinates 
are the energy in wave numbers {v/c), measured from the lowest vibrational level of the normal 
is the equilibrium separation of the normal ^S-state. {r in 10“®cm”b) 


error in 7 is about 2 percent. The value of v/c for y^p =0 determines the 
height of the potential energy curve over the equilibrium separation ro'h 
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The value of 7 determines the inclination of the potential energy curve at 
this point. 



Fig. 4- Absorption coefficient of O 2 as a function of (v/c). The broad stripe represents the 
experimental result of L.V. and B., while the black line shows the theoretical absorption coeffi- 
cient cxu based upon the potential energy curve A in Fig. 3 . 

The results are: 

= (6.72 ± 0.05) X 
7 = (0.51 ± 0.01) X 1029 cm-3 
{d{v/c)/dr)r^r, - (10.8 ± 0.2) (104 cm~i/10-s cm). 

Fig. 3 is a comparison between the so defined curve A and the curve calcu- 
lated by Morse® and Stueckelberg/® One sees that the extrapolation of 
their calculation (dotted line in Fig. 3) is too steep. However the curve A 
seems to point in the right direction. Fig. 4 compares the theoretical absorp- 
tion coefficient (based upon .4) with the experimental values of L.V.a.B. 
Like in Fig. 2, an area is plotted instead of marking their individual points. 

Eq. (13) permits a determination of ikf(ro) under the assumption of room 
temperature (r = 290°K) and with Bo =1.44 cm~i) :® 

•^(^ 0 ) (4.77 X sec. “-1/2) >< (o.65 X 10“^ cm). 

This is a reasonable result. 
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Photoelectric Quantum Counters for Visible and 
» Ultraviolet Light. Parti 

By Gordon L. Locher^ 

The Rice Institute 

(Received September 28, 1932) 

Extremely sensitive instruments for measuring faint light, from 900A to 7500 A, 

have been made by combining the essential features of photoelectric ceils and Geiger- 

Mlilier tube counters, so that the photoelectrons ejected by the radiation are indivklu- 

ally counted. W ith some of the tubes described, photocurrents of 0.05 electrons per 
second can be measured. Photoelectric surfaces of Sn, Cd, Zn, Co, brass, Ag, Hg, Mg, 
I 2 , and Se, were used for measuring ultraviolet light. Visible-sensitive surfaces were 
made by coating Cu cathodes with fused NaCN, and with amalgams of Na, K, Cs, 
Sr, and Na-K, and subsequently directing intense bombardment against them, in 
a hydrogen atmosphere. In this manner, thin films of hydrides of the respective metals 
were forrned by reduction. The KH-on-Hg cathodes w^ere the most sensitive to visible 
light, while the most sensitive one for ultraviolet light was a thin layer of I 2 on Se. 
Very thin films of about 30 aniline dyes and photographic sensitizers w^ere successively 
coated on the zinc cathode of a counter. The dye usually shifted the photoelectric 
threshold toward the ultraviolet, but increased the total sensitivity of the surface. 
Similar effects were obtained by reversing the direction of field in the counting tube 
and introducing traces of certain organic liquids into the vicinity of the tungsten 
wire, which was then the cathode. I hus diethyl-aniline increased the sensitivity by a 
factor of about 25. Different gases were also tried in the counting tubes; it was found 
n best to use a gas with a high minimum ionization potential, when possible. A counter 

was used for comparing the total ultraviolet luminosities of several light sources. 
Thus a particular quartz mercury arc, using about 120 w^atts, gave 6X10^ times as 
much ultraviolet as did a 1000-w^att incandescent lamp. Amplifying and recording 
^ apparatus is described which is suitable for counting as many as 100 electrons per 

second, arriving at random times. The paper also discusses criteria for determining 
the useful electron-counting sensitivity of a counter, the factors limiting its counting 
speed, an explanation of its mode of operation, and evidence for the exist ence of other 
ionic emissions, besides electrons, from counter cathodes. Some possible applications 
of the counters are mentioned. 


I. Introduction 

devices described here are combined photoelectric cells and Geiger- 
J- Miiiler tube counters. Photoelectrons liberated from the sensitive sur- 
faces cause small individual discharges between the electrodes, which are 
amplified and made to operate an impulse recorder or oscillograph. The num- 
ber of photoelectrons liberated, hence the number of impulses, in unit time, 
is a measure of the intensity of the incident light. 

The main advantage of these counters over other kinds of light detectors 
lies in their enormous sensitivity for measuring photocurrents. This is shown 
by comparison of the counters with a Hoffmann electrometer and photo- 
electric cell. About 1000 electrons per second are required to give a detectable 

* Later, National Research Fellow, Bartol Research Foundation of The Franklin Institute. 
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current in the electrometer, even when adjusted to very high sensitivity, 
whereas some of the counters described here will readily detect a ^^current” 
of 0.05 electrons per second, or about 1/20,000 as much. Other desirable fea- 
tures of the counters include simplicity of construction and use, portability 
while operating, and cheapness of construction. Certain limitations inherent 
in them will be discussed in a later section of this paper. 

In counting individual photoelectrons, occasionally liberated, one seems to 
approach the limit of sensitivity of a photocurrent measuring device. So the 
problem of measuring the faintest light becomes one of preparing stable 
photoelectric surfaces of high quantum efficiency, that have the most suitable 
spectral distribution of response for the light to be measured. 

The work reported here is of a preliminary nature. It includes details of 
construction of the counters, their general behavior while in use, methods of 
amplifying and recording impulses, and most especially, methods of preparing 
numerous photoelectric surfaces that respond to light from the far ultraviolet 
to the infrared.^ The writer believes that these counters will find useful ap- 
plication in numerous problems requiring the detection and measurement of 
faint radiation, and that by their high sensitivity they will make possible the 
performance of others hitherto very difficult, or impossible. One may especial- 
ly cite astronomical photometry, spectroscopy, and physical optics, as fields 
where advantageous application is expected. 

B. Raj ewski® has shown that the usual type of Geiger-Muller^ tube 
counters can be modified to respond to ultraviolet light, by adding quartz 
windows and coating the interior of the metal tubes with cadmium or zinc. 
He believes one of these to be sensitive enough to detect 12 quanta of 2650A 
light per sq. cm per second, and further reports the detection of the "mito- 
genetic rays,” supposed by some biologists to be emitted by rapidly dividing 
plant cells and certain animal tissues. Rajewski’s counters were sufficiently 
large to give a rather high rate of spontaneous counting, in darkness. This is 
due to radioactivity, cosmic rays, and other spurious causes. By surrounding 
the counters with a heavy iron shield, the accidental rate was reduced to 20 
or 30 impulses per minute. 

Rapid spontaneous counting is objectionable for two reasons. In the first 
place, the accidental count is subject to statistical variation, and in the 
second, it forms a background on which the true count is superposed, thereby 
raising the minimum detectable light intensity. In this respect, the use of 
counters exactly parallels that of vacuum photoelectric cells. Statistical varia- 
tion in their dark currents becomes troublesome when very feeble light is to 
be measured; and the superposition of the fluctuating dark current on the 
true photocurrent diminishes the useful sensitivity of the cell. By the useful 

2 The important matter of measuring the quantum efficiencies and sensitivities of par- 
ticular counters, expressed as the least number of quanta that can be detected in a given time, 
has not yet been done. 

® B. Rajewski, Phys. Zeits. 32, 121 (1931). 

^ H, Geiger and W. Muller, Phys. Zeits. 29, 839 (1928); Phys. Zeits. 30, 489 (1929); Phys. 
Zeits. 30, 523 (1929). 
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sensitivity of a cell or counter, one means the best sensitivity for which the 
results may be reproduced, within arbitrarily assigned limits of error, under 
identical experimental conditions. 

The problem in hand is one of measuring light that can be concentrated 
by lenses and mirrors. This offers a means of reducing the accidental count 
inherent in large tubes, by using small ones and focusing the light on the 
photoelectric surfaces. However, the resistance between electrodes must be 
at least 10’^® ohms,® so a modified form of counter construction is necessary in 
order to get the required insulation. The use of alkali photoelectric surfaces 
lowers the resistance and greatly accentuates the difficulty of maintaining 
good insulation. 

The tube described in the next section had a minimum path between elec- 
trodes of about 25 cm, over Pyrex glass. Its resistance is estimated at 10'® 
to 10^® ohms. The rate of accidental counting, in darkness, depended on the 
electrodes. Thus the average for cathodes of copper, zinc, cadmium, tin, and 
mercury was about 1.5 per minute. Similar electrodes bearing alkali metals 
gave accidental counts ranging from about 3 per second to 6 per minute. Sev- 
eral iodine-coated silver and copper ones showed very high sensitivity to ul- 
traviolet light, with rates as low as 0.7 per minute, in darkness. No shield was 
used for stopping penetrating radiation ; the count due to stray 7-rays and 
cosmic rays should be 0.5 to 0.9 per minute, with counters of the size used. 

II. Description OF THE CouNTEEs 

Fig. 1 is a sectional diagram of the counting tube. Essential parts are the 
axial electrodes Ei and E%, the Pyrex tube ^ , and the quartz window B, 
which is attached with wax. Ei is a three-fourths-cylindrical cathode, carrying 
the photoelectric surface on its concave side. The tube is filled with a gas at 
6 to 8 cm pressure. Ei is maintained at a high negative potential with respect 
to £1, so that photoelectrons set free by the impinging light will be drawn to 
El with sufficient velocity to start “bursts” of ionization by collision. These 
cause minute current-impulses that are amplified and automatically counted. 
By means of the ground joint C, the part-cylindrical electrode may be re- 
moved for replacement or treatment. The wire electrode is also removable. 
It is attached to the lead wires Li, by hooks, and is kept under a slight ten- 
sion by a small steel spring. 

This design has been found very convenient for experimentation with 
photoelectric surfaces, and for studying the operating characteristics of the 
tube. The counter used by the writer has been assembled and dismounted 
some hundreds of times during the course of various tests. 

The cylindrical electrodes had an average length of 11 mm, and were 
about 7 mm in internal diameter. Longitudinal slots about 4.5 mm wide were 
sawed in them to admit the light. The wire electrodes were usually of polished 
platinum or tungsten, from 0.038 mm to 0.11 mm in diameter. 

® Othenvise, fluctuations in the leakage current across the insulators are amplified and 
recorded as impulses. This spurious count becomes more numerous as the insulator resistance 
diminishes. The writer found a metal-ebonite G.-M. tube, 1 cm in diameter, to be very un- 
satisfactory for that reason. 
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It has been found desirable to use especial care in centering the electrodes, 
and in making the anode surface smooth. If the wire does not lie nearly along 
the axis of the cylinder, or if there are major irregularities on the latter, the 
field may be so distorted as to render much of the photoelectric surface 
feeble or inoperative. Photoelectrons released with very low velocities in small 
pits in the metal probably fail to get into the field, and are not counted. It 


Fig. 1. Cross section of the counting tube, Ei, wire electrode; E 2 , cylinder electrode, carry- 
ing the photoelectric surface; B, quartz qindow;b4, glass body of tube; C, ground joint; Li 
and leads to amplifier and high-potential source, respectively. 

• j 

was shown that cathodes differing appreciably from cylindrical form were 
completely unsatisfactory. Sharp points on the wires are even more objec- 
tionable than those on the cylinders, because of the tendency to discharging 
action. Hence it is good practice to polish the wire with rouge paper before 
introducing it into the counter. The use of oxide and other coatings on the 
wires will be discussed in the section dealing with the preparation of elec- 
trodes. 

Ill, Amplifiers and Impulse Recorders 

Numerous good amplifiers for use with Geiger-Miiller counters have been 
described elsewhere.® But the requirements of the present work are rather 

^ « For example: J. A. Van den Akker and E. C. Watson, Phys. Rev. 37, 1631 (1931); B. 
Rajewski, reference 3 ; R. Jaeger and J. Kluge, Zeits. fur Inst. 52, 229 (1932) ; N. A. de Bruyne 
and H. C. Webster, Cambridge Phil. Soc. Proc. 27, 113 (1931). 
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more stringent than for other counters, because the tube electrodes are much 
nearer together and less ions are produced by collision at each impulse. The 
impulse current must also be kept sufficiently small that no light will be emit- 
ted by the discharge. Even when this light is far below" the limit of visual 
sensitivity, its photoelectric action will generally cause extended impulses, 
instead of sharp ones. It is little more than a fortunate accident that one can 
get impulses that are strong enough to amplify and record, but too weak to 
generate light in the counters, especially wdien alkali metals are present. 
These remarks apply as w^ell to Geiger-Muller counters for cosmic rays, 
7-rays, and x-rays. On the basis of the behavior of photoelectric counters with 
many different cathodes, filled with different gases, and on comparison of 
their behavior wdth that of ordinary tube counters, the writer has become of 
the opinion that the extension (i.e., ‘klrawling”) of impulses observed wlum 
the operating potential across the tube is slightly too high, results chiefh' 
from this secondary photoelectric action of the light generated by the dis- 
charges themselves. 



Fig. 2. Amplifying and recording circuit. The resistances, R, are in megohms; 
capacities, C, are in microfarads. 
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Another feature of obvious importance is that the amplifier and recorder 
be capable of accurate and very fast counting wffien relatively high light 
intensities are being handled. .Several high-gain amplifiers w"ere tried and 
discarded before a rather satisfactory one was developed. The circuit dia- 
gram of this one is shown in Fig. 2. The use of a thyratron as a relay tube is 
a great convenience; it gives uniform impulses and eliminates the relatively 
slow"-moving mechanical parts of a relay, yet allows enormous gain in ampli- 
cation. The arrangement for stopping the thyratron discharges is jiatterned 
after that of Jaeger and Ringed the condenser is charged through the re- 
sistance when an, impulse causes; an arc to strike in the thyratron, G4 

* The 0.01 mfd condenser used was of rather low resistance, so that R\Ci did not represent 
the true constant for the discharge of Cu In this case, A was added in order to better isolate 
the grid of Vi from the higlvpotential source. 

* " R. Jaeger and J. Kluge, Zeits. fiir Inst. 52, 229 (1932). 
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tliscliarges through the tube and recording device, after which the arc stops. 
jRs is made just large enough to keep the arc from being maintained directly 
from the battery. Fig. 3 shows some typical impulses recorded on an over- 
damped string oscillograph. It will be observed that they normally last for 
about 0.01 .second. With oscillographic recording, the thyratron recovers 
quickly enough to record about 100 random-spaced impulses per second. Con- 
siderable gain in the time resolving-power of the apparatus is effected by 
recording the impulses on an oscillograph so that the wave form of the 
amplifier output can be examined. 

Rq and Ri are liquid resistors each consisting of an appropriate mixture of 
pure xylene and absolute alcohol, sealed in a small glass T-tube provided 
with platinum electrodes. « The resistance is adjusted by altering the propor- 
tions of the two liquid components, while filling the tube. The magnitude of 


4- TIME; 


Fig. 3. Oscillograms showing rapid counting: A, about 30 per second; B, about 225 per second, 


the resistance is not critical, but should be constant, for good operation. Rq 
limits the current that can flow during each impulse, in order to prevent the 
discharges from being luminous. The resistance of the counting tube, itself, 
becomes relatively small while the discharge is taking place, hence it cannot 
be used to limit the current 

A convenient recorder for low-speed impulses has been made by replacing 
the balance wheel of an Ingersoll watch with an electromagnetic escapement. 
The energy required to operate the recorder is about 0.03 watt, and its maxi- 
mum counting speed for regularly spaced impulses is about 40 per second. But 
for impulses spaced at random, the safe counting rate is only about 10 per 


» Similar to that of N. Campbell, Phil. Mag. 22, 301 (1911), and 23, 668 (1912). Other 
constant high-resistance units have been described by J. A. Van den Akker, reference 6., 
H. C. Rentschler and D. E. Henry, Rev. Sci. Inst. 3, 91 (1932), and by H. L. White and E. A. 
Van Atta, Rev. Sci. Inst. 3, 235 (1932). The writer is indebted to Dr. L. M. Mott-Smith for 
the loan of a .shieided xylene resistor and condenser used in the preliminary part of this work. 
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if its results are to have any significance. But the characteristics of operation 
are not constant within this range. In particular, the sensitivity of the coun- 
ter usually increases as the applied potential increases toward the high- 
voltage side of the plateau, a gain as high as 100 percent sometimes being 
observed. The augmented count is believed to be a bona fide efiect, if the 
potential is not too near the edge of the range. The explanation of this is not 
yet clear. Since the increase in field strength never exceeded 10 percent of its 
initial value, it is impossible to account for any large added sensitivity by 
merely supposing that the photoelectric work function of the surface was 
diminished by the increase of field, although this effect undoubtedly takes 
place to a certain extent in counters.^^ So if the quantum efficiency (ratio of 
the number of photoelectrons to the number of incident quanta) remains 
about the same across the voltage plateau, while the sensitivity of the counter 
increases, it is reasonable to suppose that the efficiency of the tube for count- 
ing the photoelectrons liberated is improved by the use of a more intense field. 
Two possible explanations of this appear. The first and more favorable one 
supposes that under normal conditions, a few of the photoelectrons cross the 
inter-electrode space without producing enough ionization by collision to 
give impulses, but that on accelerating them more strongly, a larger fraction 
will be counted. The second possibility is that higher fields may extend more 
deeply into the microscopic crevices in the cathode surface, thereby removing 
and counting photoelectrons that were liberated with almost zero velocity 
in them. In photoelectric counters we have a problem not met in other 
counters, or in vacuum photoelectric cells, namely the difficulty of collecting 
the very slow photoelectrons that are set free by light just shorter than the 
threshold wave-length; if these electrons are in a weak field, many will be 
turned back into the metal by collisions with gas molecules. In practice, it 
seems safest to use a potential slightly higher than the threshold value. The 
voltage plateau of the best visible-sensitive counters is so narrow that there 
is little choice, anyhow. 

V. Preparation and Characteristics of Electrodes 

Photoelectric quantum-counters have characteristics of behavior not less 
distinctive than those of photoelectric cells. The sensitivity, spectral distri- 
bution of response, and wave-length threshold of a counter depend not only 
on the material of its cathode, but on its previous history, its physical state, 
the presence of traces of foreign substances, and amount of previous ionic 
bombardment. The use of outgassed surfaces, or of surfaces in vacuum, is 
precluded by the principle of operation of the counters. Further, the success 
of those with alkali metal surfaces, or any other, is contingent upon the 
maintenance of very high resistance between electrodes. 

Cathodes sensitive to ultraviolet light only 

Experiments were first done with cathodes of zinc, cadmium, tin, copper, 
brass, silver, mercury, and magnesium. Under normal conditions, the sensi- 

On the basis of effects found by Lawrence and Linford, Ives, Schurmann, and Notting- 
ham (see Hughes and DuBridge, Photoelectric Phenomena, p. 110). 
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tivities and dark-rates of these counters were very constant with time; the 
photoelectric thresholds, which were about the same that the metals show in 
ordinary photoelectric cells, were in the ultraviolet, except in the case of mag- 
nesium. Silver, mercury, magnesium, and tin electrodes were more sensitive 
within their ranges of response than were the others. Also, the average rate 
of spontaneous counting in darkness, or dark-rate, for the entire group was 
about 1.5 per minute, while cathodes of magnesium and very pure silver had 
dark-rates consistently less than 1 per minute. This fact, and the discovery 
that the dark-rate of copper could be reduced to a similarly low value by 
covering the entire electrode with a molecularly-thlck coat of iodine, leads to 
the conclusion that the higher rates of uncoated copper, cadmium, tin, etc., 
are largely due to the emission of a-particles by the metals themselves. 

Following the interesting work of Olpin,^^ concerning the effect of dyes on 
the photoelectric properties of alkali metals, many tests were made with 
counters having cadmium and zinc cathodes coated with extremely thin films 
of aniline dyes and photographic sensitizers.^^ The relation of the sensitivity 
to the film thickness makes it appear that the photoelectrons were mainly 
liberated from the metal and drawn through the film. The sensitivity of zinc 
electrodes was markedly increased by the addition of certain thicknesses of 
dyes, but the photoelectric threshold was always displaced toward the ultra- 
violet. This displacement is the reverse of that found by Olpin, in alkali 
photoelectric cells. Furthermore, the thickness and texture of the coating on 
the cathode seems to have more to do with the increase of sensitivity than 
did the color or composition of the dye. An explanation tentatively suggested 
is that the dye merely served as an insulating layer, which allowed the poten- 
tial to be raised above the normal operating value, with a resulting increase 
in the sensitivity. Reasons for the rise of sensitivity with voltage have already 
been discUvSsed. On this theory, one would account for the shift of photo- 
electric threshold by assuming that the slowest photoelectrons failed to 
penetrate the film. A similar effect was remarked in the case of thin oxide 
films on magnesium and copper : the sensitivity increUvSed, but the threshold 
moved toward the ultraviolet. Fig. 4 shows the response of a slightly oxidized 
magnesium cathode to light from a carbon arc. Cadmium was found less 
sensitive to the effects of dyes than was zinc. Much additional work will be 
required to determine with certainty what the action of dyes on counter elec- 
trodes may be. In view of Olpin's results, it would be especially interesting 
to try dyed alkali metal cathodes. 

The total sensitivity of a thin cathode in an air-filled counter was found 
to decay almost exponentially with time, falling to half its original value in 
12 hours. The air was at 6 cm pressure. This decay is due to the formation of 
a film of oxide of increasing thickness. There was also a decrease in the dark- 
rate during the same period (28 hr.), but it was by a smaller percentage. How- 



A. R. Olpin, Phys. Rev. 36, 251 (1930). 

Including: aesculin, alizarine, aniline black, anthracene, China-blue, Congo-red, cyanin, 
eosine, fluorescein, litmus, methylaniline violet, orthochromblau, picric acid, pinacyanol, 
pinaverdoi, pinachromviolett, salicylic acid, uranin, and others. 
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ever, the sensitivity and dark-rate of a clean tin cathode, in nitrogen, were not 
perceptibly altered by standing S| months. 

If either electrode is coated with an insulating film of oil, grease or 
lacquer, the applied voltage can be raised far above the normal maximum, 
without starting a discharge. But once a discharge is started by the action of 
light or other radiation, it continues until the potential is removed. The 
break will then ^^heal’’ in an interval that varies from a small fraction of a 
second, in the case of a light oil, to nearly a minute, for a viscous grease. 
Under some conditions, the disruptions may begin and stop spontaneously; 
they then take place rythmically with a frequency that rises with the applied 
voltage, often to several hundred per second. This action superficially re- 
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sembles that of an electrolytic interrupter. Fast rythmic discharges may 
sometimes take place' only when light falls on the cathode. Under such condi- 
tions they might be mistaken for normal response; but their regularity shows 
that this is not the case. 

A curious displacement of the photoelectric threshold of a tin electrode 
was accidentally brought about by strongly bombarding the surface with 
ionic nitrogen, in a nitrogen atmosphere. The counter showed greatly in- 
creased sensitivity and responded to light well into the visible region, for 
several minutes after treatment of the surface; it then returned to its initial 
state. This effect CGuld be repeated an indefinitely large number of times. 
It is likely that the shift is due to the partial dislodgment of a compact 
gaseous layer from the electrode, in spite of the high pressure of the sur- 
rounding gas (7 cm). Another possibility is that a photosensitive but unstable 
compound is formed. Unfortunately, no other gases have yet been tried for 
the effect with tin, nor has nitrogen bombardment been tried on cathodes of 
other metals. The thresholds of silver and copper did not show any appre- 
ciable shift after strong and extended bombardment with ionic hydrogen, in a 


Fig. 4. Response of two counter electrodes to light from a carbon arc. 
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hydrogen atmosphere. The large ;^emaw.eMi shift of the threshold toward the 
red, effected by bombardment of some salts with hydrogen, is the subject of 
part of the next section. 

Alkali metal cathodes 

The advantages of alkali metal cathodes, arising from their high sensi- 
tHity and response to long wave-lengths, more than compensates for the 
difficulties met in preparing them. Even if it were possible to move the 
photoelectric thresholds of other metals into the visible region by means of 
dyes, it seems cei tain that the cjuantum efficiencies of such surfaces would be 
much infei ior to those of alkali metals. The chief obstacle encountered is in 
finding a good way to introduce the latter into the tube as a deposit on the 
cathode. If sent in by distillation, the metal tends to spread over the interior 
surface of the glass. This results in diminished resistance that is fatal to the 
successful operation of the counter. A possible alternative is to coat the 
photoelectric material on the demountable cathode, while outside the counter, 
and then seal it into the counting tube. Naturally the air and moisture must 
be kept away from the surface during all processes, and this is not easy to do. 
However, two modifications of this second method h liPAn fIm/iCArl a nr! 





Amalgams were prepared by electrolysis of salt solutions, using mercury cathodes The\ 
were then washed with water and xylene. See: J. W. Mellor, A Comprehensive Treatise 'on ll 
organic and Theoretical Chemistry, 4, 1010 (Longmans and Co., London), 

^nVhile preparing this paper, it has occurred to the writer that the use of mercury i«= 
superfluous. The technique suggested is to immerse the counter cathode in clean alkali metaf 
melted under an inert but volatile liquid, and make the transfer to the counter while a film oi 
the liquid remains as a protective coating. 
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this counter subsided from 86 impulses per minute, just after preparation, 
to 2.95 per minute, a few hours later. (The results shown in Fig. 4 were ob- 
tained about a day after forming the surface.) The peaks at 3600Aand 3900A 
are due to groups of lines in the spectrum of the arc used. Three other similar 
surfaces were prepared from sodium cyanide; the kind of surface on which 
the salt was used was found to be immaterial. 

It should be mentioned that during the discharge used for sensitizing 
the cathode, an irregular film was always deposited on the wire anode. These 
films can, and must, be removed by electrically heating the wire to a bright 
glow for a few seconds. 

Several attempts were made to produce potassium hydride surfaces from 
the cyanide by a process like that just described. These met with little suc- 
cess and were abandoned when it was found that excellent surfaces could be 
prepared from amalgams of the alkali metals. 

The second process consists in the formation of alkali hydrides by bom- 
bardment of amalgams with atomic hydrogen. Two surfaces of this type were 
prepared with sodium, three with potassium, one with sodium-potassium, 
and one with caesium. The sodium counters made by this process were sev- 
eral times as sensitive as those previously prepared from the cyanide; but 
their sensitivity was far exceeded by the potassium ones. The latter were, in 
fact, the most sensitive counters for visible light that the writer has been able 
to prepare. 

The technique for forming them was much like that with the cyanide. 
The demountable cathode, of heavy copper, was lightly coated with clean 
mercury and dipped into the amalgam, which was preserved under xylene.^® 
While still coated with a protecting film of xylene, the electrode was sealed 
into the counting tube, from which the air was immediately swept out with 
dry hydrogen. Long pumping removed the xylene, after which fresh hydro- 
gen was introduced to the proper pressure. A discharge was then passed be- 
tween the electrodes, and the coating was evaporated from the wire, as before. 
The copper acted as an absorbent for excess mercury, which presently disap- 
peared into the cathode. At the same time, the physical appearance of the 
surface changed : sodium and potassium ones became dull gray, while caesium 
took on a light golden luster. It is not known whether or not this was ac- 
companied by the expected concentration of the alkali metal on the surface. 
The question hinges on determining whether the light metal sinks into the 
copper along with the mercury, or is filtered out at the surface. The final step 
was to evaporate the film that was incidentally deposited on the wire during 
the discharge. The counter was then ready for use.^® 
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The photoelectric thresholds of the amalgam counters were found by 
means of filters to be roughly the same as for the alkali metals in photO" 
electric cells. Thus for sodium, the threshold was around 6000A, for potas- 
sium, 6500A, and for caesium, >7S00A.^^ Sodium-potassium mainly showed 
the response properties of sodium, which predominated in the mixture 
used. Amalgams of potassium and sodium became granular at fairly high 
concentrations of the light metals, while the mixed amalgam remained fluid 
at similar concentrations. The latter was thus easier to apply to the electrode 
than that of the single metal. 

Minimum rates of accidental counting for the several cathodes were as 
follows: sodium, 4.7 per minute; caesium, 5.8 per minute potassium, 2.3 
per second. It is not known what part of the potassium count is due to jd- 
particles from its radioactivity. This might, of course, be approximately cal- 
culated by measuring the amount of metal, thickness of film, and coefficient 
of absorption of the particles by the film. The writer believes that the major 
part of the count is due to other spurious causes, such as the evaporation of 
charged molecules, or a chemical change involving the emission of electrons 
or light. In support of this view, it may be mentioned that various other 
electrodes that were presumedly devoid of radioactive material showed high 
rates of accidental counting for short periods after their introduction into the 
counter, or after strong ionic bombardment. The duration of this high count 
could sometimes be controlled by the length or manner of treatment of the 
surface, and usually subsided within a period that varied from a few seconds 
to several hours after treatment. 

Several cathodes coated with ammonium amalgam were also tried in the 
counter. But the ammonium always decomposed before it could be used, in 
Spite of the fact that the time between its preparation and exposure as a 
photoelectric surface was less than two minutes. 

A strontium amalgam counter was also prepared by a process like that 
used with the alkali metals. Its response was good for X<4600A, and could 
be detected atX'-^7000A. The sensitivity to light from an incandescent lamp 
was estimated to be about one-sixth that of the sodium counters. The sen- 
sitivity was neither improved, nor was the spectral distribution altered, by 
directing a stream of hydrogen ions against the cathode. Several barium 
amalgam surfaces were also tried, but were not successful. The concentration 
of barium metal was initially small, so it was probably destroyed by com- 
bination before it could be tried in the counter. 

Non-metallic cathodes 

Thin films of numerous non-metallic substances have been tried on 
counter electrodes, in addition to the dyes previously mentioned. Both 
liquids and solids were used ; the latter were usually more easily handled and 
more constant in behavior. A few of the surfaces that seemed especially in- 

Found with filters. See: A. L. Hughes and L. A. DuBridge, reference 14, p. 457-9. 

The electrodes of the Cs counter were not well centered, so the sensitivity and dark-rate 


are not comparable with those of other counters. 
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teresting will be mentioned here. Generally speaking, if the film is exceedingly 
thin, the photoelectric behavior is that of the underlying surface ; if it is thick, 
the characteristics are those of the material of the film itself; intermediate 
thicknesses lead to a variety of effects. 

Iodine was deposited from solution on cathodes of copper, silver, and 
selenium. (The size of crystals and thickness of the deposit can be reduced 
at will by heating the electrode in a flame.) The photoelectric threshold of a 
molecularly thick deposit was between 2300 and 3000A, in air or hydrogen, 
which were the only gases used. It was observed that the deposition of a 
thick film on a particular copper electrode reduced the dark-rate from about 
1.5 to 0.9 per minute; also, that the behavior of the counter was the same 
after bombardment of the iodine with atomic hydrogen, provided that the 
anode wire was subsequently cleaned by heating. The distinctive feature of 
the iodine counters was their extremely good sensitivity. For example, the 
response to light from a flame was about twice as high from iodine-coated 
copper as from clean copper, in spite of the fact that the latter responds to 
longer wave-lengths. After strong heating in contact with iodine, a copper 
electrode became coated with a thin film of light-green material, presumedly 
an iodide. The dark-rate of the counter then increased to 90 per minute, and 
remained practically constant even after extended bombardment with atomic 
hydrogen! 

Selenium, deposited as a thick coat on copper, by evaporation, also had 
a threshold between 2300 and 3000A; its dark-rate was 57 per minute. The 
threshold was shifted to about 4 100 A by hydrogen bombardment, but re- 
turned to its former value when air was admitted to the tube, about IS 
minutes later. The operating potential was also made more critical by the 
discharge. The reason for the change of threshold is not known, but it seems 
reasonable to suppose that the hydrogen bombardment produced a surface 
film of a compound whose photoelectric threshold was nearer the red. 

The counter having the highest sensitivity to ultraviolet light of any yet 
prepared, had a non-metallic cathode. It was made by coating copper with a 
thick film of vselenium, depositing on this a very thin film of iodine, subjecting 
the composite surface to strong bombardment with atomic hydrogen, and 
removing the film from the anode wire by heating. The photoelectric thresh- 
old was again between 2300 and 3000A, and the dark-rate was about 1 per 
second. Light from a small constant flame, which increased the count from 
a good tin cathode by 29 impulses per minute, increased that from the Se-I 
one by 460 per minute. So the sensitivity of the Se-I was about 15 times that 
of tin, to the source of light used! A possibility that should not be overlooked 
in the case of this and similar electrodes, is that the emission of photoelectrons 
may merely be an electrical by-product of a photochemical change. One seems 
obliged to look for the explanation of the high rates of spontaneous counting, 
sometimes got from electrodes in the relative absence of light, or of radio- 
active material, by finding out whether physical or chemical changes are 
taking place that are accompanied by the ejection of charged particles or the 
emission of photoelectrically active light. 
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No substance that was coated on the cathode of the counter, and that 
could be retained there without disturbing the necessary electrical charac- 
teristics of the device, failed to show photoelectric response. Thus barium 
chloride, deposited from solution, responded in the ultraviolet, but also 
showed very weak response to wave-lengths as long as 7200A. After bombard- 
ment, the seUvSitivity to the red was somewhat improved. Similar behavior 
was shown by a film of red cuprous oxide on copper; it showed strong response 
to the ultraviolet and very weak response to X--7200A. The absence of this 
red-response was found a convenient means of testing the '^^photoelectric 
cleanness” of the copper surface. 

The wire anodes 

The anode wires should be very smooth. For successful operation of any 
counter, a high symmetrical field must be maintained between electrodes, and 
this is more disturbed by microscopic irregularities on the anodes than by 
much larger ones on the cathodes. In other kinds of tube counters, some in- 
vestigators® have used oxide-coated tungsten wires, while others^'^^ used 
bare ones. The oxide serves as a partial insulator which allows the operating 
potential across the tube to be raised above its normal value. The writer has 
found that the oxide film is, in general, more troublesome than desirable, be- 
cause of its tendency to become disrupted in spots; even one such break is 
fatal to the success of the counter. Moreover, in visible-sensitive counters, 
and some others, it is necessary to remove other kinds of films from the wires 
by heating them to incandescence (usually in hydrogen), and this excludes 
the use of the oxide. Platinum and tungsten wires were found most conven- 
ient; they may be heated to high temperatures, and will withstand the cor- 
rosive action of bombardment with alkali-metal ions. The size of the wire 
determines the operating potential,®^ but any small diameter seems to serve 
equally well. 

VL Tests AND Measurements Made 
Inverse square law 

Reliable measurements of light intensity cannot be made with any device, 
unless the rates of its response to a given source obey the inverse square law 
of variation with distance. To test this, a small alcohol lamp that burned 
at a constant rate was set at 250 and 500 cm from a tin-cathode counter; 
resulting increases in the rate were respectively 68.4 and 17.4 impulses per 
minute. The deviation of these results from the inverse square relation, (1.8 
percent), is within the limits of statistical error and fluctuation of the lamp 
Pending tests with a better source, we may conclude that the inverse square 
law is applicable, at least to a good approximation. Incidentally, the maxi- 
mum permissible counting rate for any counter and recorder may be taken 
as that at which the departure from the inverse square relation, due to 

H. Kniekamp, Phys. Zeits. 30, 237 (1929), and L. F. Curtiss, Bur. Stds. Jour. Res. 4, 
601 (1930). 

D. Cooksey and M. C. Henderson, Bull. Amer. Phys. Soc., June 9, 1932, give an em- 
pirical formula relating field, applied voltage, and radii of the electrodes. 



J. A. Bearden and C. L. Haines, Bull. Amer. Phys. Soc., April 12, 1932, 
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Source 


Distance 

(meters) 


Computed rates 

Cathode area Counting rate for source at 
exposed (No. per minute) 1 meter and 

electrode area 
of 1 cm2, pgj* min 


Mercury arc® 
Bunsen flame^ 
Alcohol lamp" 
Electric lamp^ 


47.0 

4.0 

4.0 

4.0 


0.000855 cm2 
0.63 

0.63 « 

0.63 « 


48.0 

73.9 

18.7 

7.5 


120 , 000 , 000 . 

188. 

47.5 

19. 


coincidence of successive impulses, becomes as large as the greatest permis- 

sible error. This rate is the reciprocal of the time resolving-power and can 
easily be found by experiment. 

Ultraviolet light from different sources 

Application of the photoelectric counter to intensity measurements is 
illustrated in Table I, which gives the relative total response of a tin-cathode 
counter to ultraviolet light from four sources of widely different intensities. 
The wave-lengths actuating the device lie approximately between 1950 and 
3500A. The dark-rate, 1.7 per minute, was deducted from the rates recorded 
Values in the last column were reduced to a comparable basis by use of the 
inverse square law, and are proportional to the ultraviolet luminosities of the 
several sources. The extreme feebleness of the ultraviolet from all but the 
quartz mercury lamp is made evident by these data. 

Table I. Ultraviolet light intensity from various sources. 


® Cooper-Hewitt quartz lamp; 4 amp., 30 volts, d.c. 

^ Meeker burner; 0,024 cu. ft. methane per minute, mixed with air. 
® Burned 9.3 g of denatured ethyl alcohol per hour. 

^ 1000-watt projection lamp; 8.8 amp., 115 volts, d.c. 


The ultraviolet from the slow oxidation of a small piece of white phos- 
phorus was easily detected; but no "mitogenetic rays” were found from any 
root-tips or bacteria cultures, nor was any radiation that was capable of 
operating the counter detected from the slow oxidation of iron or aluminum, 
or from mechanically distorted crystals or other materials. 

Different gases 

Air, hydrogen, oxygen, nitrogen, and methane were used successfully in 
a counter with a tin cathode. For a given pressure, the operating potential 
was found to be higher for gases with high ionization potentials, than for 
others. Operation was most successful with the gas of highest ionization po- 
tential used, namely nitrogen; the voltage plateau was widest, so that the 
potential was least critical of adjustment. In this connection, one recalls the 
very satisfactory use of helium in other tube counters, by Bearden and 
Haines, who also found the gamma-ray sensitivity of these to be somewhat 
greater than that of similar air-filled counters.' Their observations seem 
significantly related to the fact that helium has the highest (minimum) 
ionization potential of any ordinary gas. 
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The questioB has been raised: Why does the discharge of a Geiger-M tiller 
counter stop, once it has been set going by an ion? The explanation proposed 
here is this: Before the discharge begins, there is a large field between the 
counter electrodes; this is sujBGicient to give the initial ion enough velocity to 
ionize the gas, hence to start a general discharge in the tube. During the 
course of the discharge, the voltage across the tube falls bellow the critical 
value for the gas used, and no new ions are generated. The discharge then de- 
clines and the residual ions are swept out of the field with sufiicieiit quickness 
that none remain when the full potential has become reestablished across the 
tube. The fall of voltage during the discharge is Ri, where R is the external re- 
sistance, and i is the maximum current that flows through the tube. A pos- 
sible inference from the work with different gases is that the use of a gas with 
a high ionization potential is desirable because it assists in quenching the 
discharges. 

Cellophane window 

The short wave-length limit of response of photoelectric counters is de- 
termined by the material of their windows; the cut-off of the counters used 
in most of the work described here was about 19S0A. In order to get trans- 
parency to shorter wave-lengths, the quartz “was replaced with a sheet of 
cellophane, 0.02 mm thick, supported on a thin metal plate that was drilled 
to half its area with 0.68 mm holes. The limit for this window should be about 
900A, but the air between it and the source probably raised the limit to 
about 1450A.^2 In work requiring the measurement of light as short as 900A, 
the source might be mounted in a vacuum chamber of which the thin counter 
window formed one side. 










VII. Modified Counters FOR Other Uses 

The success of the photoelectric counters has led to their use for other 
purposes. Three slightly modified types will be briefly described here. The 
first is a convenient counter for a-partlcles, especially intended for measuring 
the strengths of sources; the second is a counter for detecting and measuring 
faint x-rays and 7-rays; the third is a reversed-field counter which may be 
useful for measuring intensities of spectral lines. 

Alpha-particle counter . . 

This adaptation was made by replacing the quartz window with one of 
very thin mica, 1.05 mm in diameter. The mica reduced the range of the 
a-particles from polonium by 1.73 cm, in air, so that its thickness must have 
been approximately 0.007 mm. In order to have a low^ spontaneous count and 
to avoid response to visible light, an iodine-coated copper cathode was used; 
its dark-rate, 0.7 per minute, was negligibly small. 

Fig. 5, A, and B, illustrates the use of the counter with a polonium source 
about 0.0086 cm- in area; C was made with a source 2 cm^ in area. The 
polonium was electrolytically deposited on platinum foil; different parts of 
the deposit were found to be of similar activity. Distances shown on the 


A. L. Hughes and L. A. DuBridge, Photoelectric Phenomena, p. 458. 



Distance of Source from Window (rnm) 

Fig. 5. Cannes illustrating use of the a-particle counter with a polonium source: A, count 
from a plane source of small area; B, starred portion of A, on a larger scale; C, count from a 
plane source of large area. 

range of the a-particles, as determined with the counter. It seems that if the 
particle gets through the window, it is almost certain to produce enough 
ions to start an impulse. A third test indicated the order of accuracy to be 
expected with short observations. Table II contains the data of this test. 

Table II. Experiments with alpha-rays. 




Time in minutes 

Total number of 
a-particles 

Number per 
minute 

Percent deviation from 
the mean rate 

10 

1431 

143.1 

-0.56 

■ 10 ■ ^ ■ 

1441 

144.1 

4-0.14 

10 

1450 

145.0 

4-1.10 

10' 

1403 

140.3 

-2.50 

" '10 

1475 

147.5 

4-2.50 

10 

1436 

143.6 

Mean: 143.9 

-0.21 


542 GORDON L. LOCEER 

curves are subject to a lateral displacement of about O.S mm, due to the 
uncertainty of the initial position of the micrometer frame that carried the 
source. 

Other tests with the a-ray counter led to favorable results. The first 
showed that the voltage plateau was wider than those of most photoelectric 
counters, so that small fluctuations of the potential applied to the tube did 
not alter the count from a constant source. A second test showed that varia- 
tion of the gas pressure in the counting tube had no detectable effect on the 
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The statistical error of the average count (1.77 percent) is larger than 
the mean of the absolute values of the observed deviations from the mean 
rate (LI 7, percent). . 

X-ray and gamma-ray counters 

Photoelectric counters may be used for detecting and measuring faint 
X-rays and 7 -rays, without modification of form. A series of experiments, de- 
sciibed in a previous note,^*^ were done with a tin-cathode counter used In 
that capacity. The sensitivity of the apparatus was calculated for each ar- 
rangement, in terms of the minimum amount of radium, in eqiiiUbrium with 
its decay products, that could be detected by its 7 -ray emission. 

Shielding against stray radiation is facilitated by the smallness of the 
electrodes; the small external dimensions of the detector also allow it to be 
brought close to the source. It is, of course, very desirable to use a cathode 
with a low dark-rate, such as that used in the <::«-particIe counter. Selection 
of the material and aperture of the window depends on the purpose for which 
the counter is to be employed. 

Wire-cathode counters 

The wire electrode may be used as the photoelectric element of the counter 
by reversing the direction of the electric field. Some interesting results were 
obtained with a cathode of tungsten wire, in the presence of vapors of certain 
organic liquids. These were coated on the cylinder electrode, or thinly on 
the wire itself. Ethyl chloride, ethyl alcohol, ether, methyl alcohol, and 
especially nitrobenzene, increased the sensitivity for ultraviolet light by a 
factor of 1.5 to 3. The effect seems to be due to the presence of vapor of the 
substance in the vicinity of the wire, or on its surface. Sensitizing agents did 
not appreciably increase the sensitivity of the counter for 7 -rays, so their 
action appears to be a reduction of the photoelectric work function of the 
surface. . ■ ' 

Diethyl-aniline vapor caused an unusually great increase, estimated to 
be 25 times the original sensitivity! This occurred when the liquid was 
coated on either electrode, only a trace being required for the purpose. This 
counter maintained its high sensitivity and low dark-rate for 10 hours; at 
that time it was dismantled. After treatment, the photoelectric threshold was 
roughly 3000A, but the matter of a shift due to introduction of the vapor 
was not examined. It was found that this sensitizer also extended the range 
of air pressures at which the tube could be operated successfully. The charac- 
teristics were about the same at 14 cm as at O.S cm, with suitable voltage 
adjustment. 

Water vapor increased the photoelectric sensitivity of the wire nearly as 
much as diethyl-aniline did. But the water had to be introduced in a much 
larger quantity, so that it presently spread over the interior of the tube, 
decreasing the resistance and greatly increasing the rate of spurious counting 

These incomplete experiments with reversed fields were among the first 
tried with photoelectric counters, so that good technique and auxiliary ap- 

“ G. L. Locher, Phys. Rev. 40, 884 (1932). 
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paratus were not yet developed. But the results suffice to show that very 
high sensitivity may be reached with counters having sensitized wire 
cathodes. Obvious extensions of the work would include the use of thoriated 
tungsten and oxide-coated wires, and quantitative tests of the sensitizing 
effects of many other substances, both with these counters and normal photo- 
electric ones. Organic liquids have not yet been tried on the cathodes of the 
latter, / ' ' . ■ 

Since the wire-cathode counters have active surfaces that are very narrow, 
they might easily be applied to the measurement of faint spectral lines. 

VIIL Discussion 
Sensitivity for counting electrons 

We may establish certain criteria for determining the useful electron- 
counting sensitivity of a photoelectric counter, without knowing the mag- 
nitude of the quantum efficiency of its photoelectric surface. The total useful 
sensitivity is taken as the intensity of light that causes the smallest increment 
in the counting rate that can be detected with certainty. An increment is re- 
garded as '^detected with certainty’' when it exceeds the statistical error of 
the count by a pre-determined amount. It is further stipulated that the results 
be capable of reproduction, within pre-assigned limits of error, under identical 
experimental conditions. 

The useful sensitivity evidently improves with extension of the time of 
the observation, for the relative statistical error of the count diminishes as 
the number of electrons recorded increases. It will also be best for a counter 
with a small dark-rate, for reasons set forth in section I of this paper. 

Considerations of the limiting sensitivity are only important when the 
count is small, either due to shortness of the interval over which the observa- 
tion is made, or to extreme feebleness of the radiation measured. But since 
the most important applications of photoelectric counters are apt to be for 
measurement of faint radiation, it is desirable to consider the factors that 
limit their sensitivity for counting electrons, in addition to the limitation 
imposed by the quantum efficiency of the photoelectric surface. 

As an illustrative example, consider a typical counter for which the dark- 
rate is 1. 50 i 0.106 per minute, as determined by a one-hour observation. 
Wffien exposed to a particular faint source of light for an hour, suppose the 
total count is 120. Of these impulses, 90 + 6.36 are due to accidental causes, 
while 30 + 3.67 result from the light. Under such conditions, it is evidently 
possible to detect less than one-half photoelectron per minute, with cer- 
tainty.^ But if the same apparatus is run for only 5 minutes, and if the total 
count is 10, the corresoondins^ distribntinn wnnlrl 4- 1 QA 
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The foregoing discussion applies as well to. counte.rs for measuring other 
feeble ionic emissions, as to. photoelectric, ones. Moreover, S. Smith^^ has 
pointed out that very similar conditions obtain in the measurement of very 
faint light with a photoelectric cell and electrometer, when the dark-current 
of the cell, (>30 electrons per second) is comparable with the additional cur- 
rent due to the light.. 

In cases where the light to be measured can be concentrated on the 
counter cathode, the total useful sensitivity increases as the size of the 
cathode diminishes. But if the light cannot be conveniently concentrated, 
an important question arises: Does the useful sensitivity increase with the sizc? 
of the cathode, and if so, within what limits? To answer this, one must recall 
that both the accidental count and the number of desirable photoelectrons 
increase with the area of the electrode, and that there is an upper limit 
to the speed of counting, imposed by the time required by the counter and 
recording apparatus to recover from each previous impulse (i.e., by the time 
resolving-power). The matter can probably be best settled by experiment. 

Limitations of photoelectric counters 

The following are believed to be the four chief limitations of photo- 
electric counters, which affect their use for quantitative measurement. The 
relative significance of each obviously depends on the specific application of 
the counter. 

(a) The maximum intensity of light that can be measured is restricted 
by the speed at which the photoelectrons can be counted. Pending further 
developments of impulse recorders, the safe counting speed can hardly exceed 
300 or 400 electrons per second; yet photocurrents of such low orders 
(5X10~^'^ ampere) are measurable only with great difficulty in other types 
of instrument. Higher intensities can, of course, be measured with the 
counters by using smaller cathodes, or by diminishing the area exposed, until 
the rate comes within the permissible limit. 

(b) A very constant source of high potential is required. Otherwise, the 
sensitivity is apt to vary as the potential moves across the voltage plateau. 
The permissible variation depends on the requirements of the work, and on 
the wddth and slope of the plateau of the counter used. 

(c) Accurate measurements of very small intensities require extended ob- 
servations. This characteristic is shared in common with all other devices 
for measuring phenomena that are subject to statistical fluctuations. 

(d) The spectral distribution of response may change as the counter is 
used. The existence and magnitude of this effect depend on the kind of gas 
used, the kind of cathode surface, and the intensity of ionic bombardment 
of the cathode. Gas-filled photoelectric ceils sometimes show similar changes.^^ 

It is believed that photoelectric counters will not only provide powerful 
means of measuring faint radiation, but also of studying a variety of photo- 
electric phenomena, such as the photoelectric properties of non-metals, 


S. Smith, manuscript not yet published. 

N, R, Campbell and D. Ritchie, Photoelectric Cells (Sir Isaac Pitman and Sons, 1929). 
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gases, and compounds, the feeble electron emission of substances illuminated 
with light of very long wave-lengths, and the effects of sensitizers on photo- 
electric surfaces. They should also make possible investigations of ionic and 
light emissions accompanying physical and chemical changes and biological 
processes.^^ 

The author wishes to thank Dr. Sinclair Smith for his valuable assistance 
in the early development of the counters, and for making available the 
facilities of the Mt. Wilson Observatory Laboratories, where the preliminary 
work was done. Later development was carried out at the Rice Institute, 
through the kindness of Professor H. A. Wilson, whose council is gratefully 
acknowledged. Dr. W. F. G. Swann jhas very kindly read the manuscript of 
this paper, and has made helpful suggestions concerning its contents. 


“ One form of the apparatus described in this paper was exhibited at the A.A A S meet- 

mg, Dec. 28“31, 1931. 
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Non-Existence of Ion Mobility Spectrum in Air 

By Robert N. Varney 
University oj Califormay Berkeley 

(Received July 19, 1932) 

A modified form of the Rutherford a.c, method of measuriiiig ion, speeds, ,as stig- 
gested by Loeb and Bradbury, has been used to investigate the range of speeds with 
wdiich negative ions in air travel. It differs in that the ions are produced onlv during 
a small fraction of the a.c. period, this being accomplished by interrupting the ultra- 
violet light beam with a rotating shutter. The theoretical ciir\x\s of 'd(i/H)/dV 
against I assuming both the presence and the absence of an ion spectrum are given. 

The experimental curves for ions 0.03 to 0.006 sec. old agree closely with the the- 
oretical curves for a spectrum, but it is shown that on application of a diffusion cor- 
rection the spectrum in clean dry air reduces to negligible width; the presence of 
ozone in considerable amounts, however, produces a spectrum extending 10 to 12 
percent on each side of the mean mobility. 

Introduction 

' I 'HE question of whether normal ions in air travel with a unique speed 
J- or with speeds spread over a range or spectrum of values has been com- 
pletely discussed and all experimental evidence to date on both sides has been 
analyzed in a recent paper by Loeb and Bradbury.^ They suggested that, if 
in the Rutherford a.c. method of measuring mobilities a shutter in conjunc- 
tion with the commutator which produced the square-wave a.c. were used 
to interrupt periodically the ultraviolet light beam, a higher resolving power 
might be obtained for the a.c. method. The principle has been used by 
FontelB and by Bradbury,® both, however, using x-ray ionization, and by 
Hamshere^ using a-ray ionization. The suggested photoelectric method prom- 
ised to be an improvement over the first of these because the exact distance 
travelled by the ions could be more exactly determined; and over the second, 
because it was hoped that ultraviolet light would produce less active sub- 
stances in the air than either .x-rays or a-rays. 

Apparatus 

The apparatus consisted of a metal ionization chamber provided with 
plane plates, the upper being brass and the lower speculum metal. A quartz 
window permitted the light from a quartz-mercury arc to fall on the lower 
plate. The beam of light passed first, however, through a window of the rotat- 
ing shutter. The air from the room was slowly passed over PjOs and CaCL, 
and through a double trap immersed in liquid air. 

* L. B. Loeb and N. E. Bradbury, Phys. Rev. 38, 1716 (IWl). 

“ N. Fontell, Coinmen. Physico Mathematicae Soc. Scientiarium Fennica 23, 7 (1931). 

® N. E. Bradbury, Phys. Rev. 40, 508 (1932). 

‘ J. L. Hanishere, Proc. Camb. Phil. Soc. 25, 205 (1929); Proc. Roy. Soc. A127, 298 (1930). 
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The shutter served at the same time as a commutator to provide a square- 
wave, alternatiiig potential on the lower plate. The shutter, which was vari- 
able in size, allowed the speculum plate to be illuminated from the time the 
negative potential was applied up to any desired time before that at which 
the potential reversed. Ions thus produced during the negative part of the 
cycle travelled upward either until they reached the upper plate or until the 
potential was reversed, when they were drawn back again to the bottom plate. 
(A slight positive bias insured complete sweeping out of the ions from the 
field; see Fig. 1). 




- vO 


Fig. 1. Diagram showing the characteristics of the square-wave a.c. with the positive bias and 
the relative magnitudes of r and a r indicated. 

Procedure 

The following method was used to take and to reduce the results. (1) 
Electrometer deflections for various voltages applied to the lower plate were 
taken with the shutter-commutator moving. These deflections are called i. 
The electrometer could be read to about 0.2 percent of its average deflection, 
and average reading could be repeated to +0.2 percent. The voltmeter could 
be read to a little better than +0.10 volts. 

When a smooth curve of i against V was drawn, the curve usually passed 
directly through all but one or two points. If more than two points deviated 
noticeably in any one curve, the whole curve was discarded as erratic. 

(2) Similar deflections were obtained but with the shutter-commutator 
stationary, giving the io readings. These gave greater difficulty because of the 
relatively short time necessary to produce the deflection. A straight line was 
drawn through the data points and the values of io taken from it. From the 
work of Bradbury^ on the photoelectric current in gases, it appears that over 
ranges of 30 volts or less the use of a straight line is permissible. The probable 
error on this line was around one-half percent. 

^ N. E. Bradbury, Phys, Rev. 40, 980 (1932), 
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(3) The ratio of i to fo was then plotted against voltage. Note that i 
values have not been smoothed. Table I shows a typical set of data. The 
probable erior of points on this curve with respect to the curve lies between 
+ 0.05 volts and +0.02 volts (see Fig. 2). 


Table I, Typical set of data for i/ia. 


V 

(volts) 

i/u 

F 

(volts) 

i/u 

. F , i/io 

(volts) 

F 

(volts) 

i/u 

ISO 

146„7S 
: 142. 7'5' 
138.33 
136.0 

0.0407 

0.0406 

0.0399 

0.0363 

0.0325 

134.5 
132.2 

130.5 

128.5 
126.67 

0.0290 

0.0230 

0.01865 

0.0128 

0.00855 

124.84 0.0054 

122.8 0.0029 

120.8 0.00136 

128.8 0.00039 

116.9 0 

114.9 

112.9 

0.0000 

0.0000 



(4) It was desired to plot d{i/%f) fdV against F, i,e., to plot the derivative 
cui ve. It is a well-known fact that integration smooths out w'hile differentia- 
tion accentuates discontinuities and irregularities in a curve. In this case, 
theoretical considerations given below led the writer to believe that the actual 
discontinuities occurred in the second derivative curve. If so, they would be 
shown much more sharply in the first derivative curve than in the original 
curve, a break in the slope appearing in the former case with only an inflexion 
or hardly noticeable increase in the rate of curvature in the latter case. 

Differentiation was performed by taking the slope at various points with 
a straight edge. An important check was made by placing the straight edge 
successively through every two adjacent data points and using this for the 
slope at the mean of the tw'o, i.e., finite differences were used. As a final check, 
the i / io curve was completely redrawn and redifi-erentiated in several cases 
to check against possible persona! errors. The deviations were well within the 
limits claimed for the method. 
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The probable error in determining the derivative curve is between +0.07 
volts and ±0.10 volts. Adding to this the probable errors in reading all 
instruments, the resulting probable error is between +0.15 volts and +0.20 
volts. The effect of this on the mobilities found is discussed in the conclusion. 



Fig. 3. Curve showing slope of each point of the i/io curve in Fig. 2. This is an experimental 
result of plotting d{ilH)ldV against V and shows the two zeros and the two break points dis- 
tinctly. The triangles are finite difference points, and the double set of circles come from two 
different drawings of the iA’o curve. 



Fig. 4. Another experimental cui-ve of dii/iQ)/dV against V similar to Fig. 3 but taken with a 

slower shutter speed. 

It is important to notice that while an inflexion point in a curve may only 
be found by attempting to discover the point at which the curve crosses its 
tangent, the same point in the first derivative curve may be found as the 
intersection of two smooth curves, that is, in this case, by the use of five or 




more ordinary points instead of a single critical point. Since theory indicates 
a break point and since, experiment gives two curves approaching each .other 
at a sharp angle and showing an apparent .point 'of intersection to an .accuracy 
of ±0.20 volts at worst, the question of whether or not such a single point 
actually exists in the data becomes of no interest. Just what its disappearance 
would mean is unknown, but it certainly would not affect the discussion of 
the existence or non-existence of an ion mobility spectrum. 

Two break points were found in each curve, but only the sharper one, 
occurring at an inflexion point in. the i/io curve, was used (see .Figs. 3 and 4) . 

, (5) The determination of the limits of the spectrum from, the derivative 
curves and the corrections for diffiusion are discussed at a later point. 


Significance OF THE Results 

Loeb and Bradbury^ have worked out the essentials of the theory of the 
method. What happens when the shutter closes and what the derivative 
curve would be, was not considered by them. 

Taking and k2 as the highest and lowest mobilities, respectively, in an 
assumed ion spectrum; V as the field strength; d as the plate separation; T 
the half period of the a.c. ; and aT the length of time the shutter is open ; their 
'work gives directl}^ 

i/io = [l/Vih - h)T] {VkiT -d-d log (kiVT/d)) (1 

holding over the region F=d/^ir to V=d/[k2T and 

i/k = 1 - [d/V{ki - k,)T] log{k,/k^) (2) 

holding from. V—d/k^T on indefinitely. ,. 

When the .shutter is used, it can' be-. shown that .Eq. (2) ceases to hold 
at V— [d / ki(T --aT)] and that a new e^quation' 


i ■ ^ ki{T-'aT) / d 

To " ^ ~ 


Vh[r - a2’] 


holds over the region V —d/[kiiT—aT)] to ■ F=d/[^ 2 (r~-arj] . 

On difl'erentiating- Eqs. (1), (2), and (3) with respect to F, the required 
result is obtained; 


dY.'- ' 

dii/ii)) 


V%h - h)T 

■■■ d ■ 


^iFF 
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Eqs, (4), (5), and (6) hold respectively over the same regions as Eqs. (1), (2), 
and (3). Fig. 5 represents a theoretical curve for a spectrum of negative ions 
having mobilities between 1.6 and 2.2 cm/sec. per volt/cm, neglecting any 
effect of diffusion. 

The shape of the curves is not of so much interest as the voltages of the 
zeros and break points. As the shutter begins to open, the lower zero point at 
a voltage — and the first break point at Vi = d/k 2 Tf are obtained. 

Similarly, when the shutter closes, the second break point at V 2 — d/ki(T 
—aT) and the upper zero at Vz — djk^iT—aT) appear. 



Fig. 5. Graph of the theoretical values of with the following assumptions: = 

^2 = 1.6, shutter size, otT^ T/3^ T'»0.0292 sec., no diffusion. This is a graph of Eqs. (4), (5), 
and (6), 

In obtaining Eqs. (1), (2), and (3), it was assumed that the mobilities 
were spread uniformly over the region bounded by h and h. The spread in 
any case would undoubtedly not be uniform, but this would only change the 
shape of the curves without altering either the positions of the break points 
or of the zero points. Furthermore, it would alter the equation of the middle 
curve only by changing its constant coefficient. 

Two things are apparent from the curve: (1) If there is a unique mobility, 
i.e., no spectrum at aW, the lower break point will occur at the same voltage 
as the lower zero, and the upper break point will occur at the same voltage 
as the upper zero. The curves represented by Eqs. (4) and (6) will then be- 
come vertical straight lines, (see Fig. 6). This corresponds to saying that the 
i/H curve will have no asymptotic feet. (2) At any constant speed the 
smaller the shutter is made the closer together will the two break points lie. 
Care must be taken not to make the shutter too small for it is possible to 
eliminate completely the middle curve, represented by Eq. (5), thus giving 
only one break point which has no significance with respect to the limits of 
the mobility spectrum. 
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One further point of great importance is the diffusion of the ions. The 
effect of diffusion on the curve will be to yield an apparent mobility spectrum, 
i.e., asymptotic feet on the f/fo curve and therefore a derivative curve like 
Fig. 5 rather than Fig. 6. 

The chance that a molecule will move by diffusion in a time t from its 
position to any point between two parallel planes dx apart and at a normal 

distance x away, is given 

where D is the coefficient of diffusion and is given by 2? = 0.0236;%.* 



Fig. 6. This curve is represented by the equation d{ilU)ldV^ Fo/ F*, and it is computed 
on the assumption that there is no mobility spectrum and no diffusion. The other conditions 

are the same as for Fig. 5, 

In order, therefore, to get the number of ions which will diffuse from their 
non-diffused positions in a band of width aTVk to a distance equal to or 
greater than the remaining plate distance, the given probability must be 
integrated with respect to x between the limits d — Vkl and infinity, and with 
respect to i from T—aT to T. This result must be multiplied by iVo and di- 
vided by the elapsed time aT. 


W.=^. 


aT J T~aT j d^Vkt 


{AirDt) 


1/2 




The integrations were performed with the aid of a table of values of the 
probability integral and by a standard method of approximation (vSimpson^s 

rule),. ■ .'■■■ 


® J. Zeleny, Phys. Rev. 34, 310 (1929). 

^ A. Einstein, Ann. d. Physik 17, 558 (1905). 

® L. B. Loeb, The Kinetic Theory of Gases, p, 451. McGraw-Hill, N. Y., 1927, 
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The minimum value of iV/iVo, that could be detected by the apparatus 
was measured, and the value of x, where x is the distance of the upper edge 
of the undiffused band of ions from the upper plate, was calculated for this 
iV/iVo. In other words, the distance was found to which the minimum de- 
tectable number of ions would diffuse. Now ions moved by diffusion as well 
as by electric forces may be regarded in exactly the same light as ions moving 
%vith an extended mobility spectrum. The fastest ions travel a distance 
while the slowest ions travel a distance d-x under the same voltage. By 
applying the same method as was used in obtaining the theoretical mobility 
spectrum curve, it is apparent that under the force of the voltage Fo the 
fastest and most diffused ions will travel a distance d, while the undiffused 
ions of greatest speed will travel a distance d — x; likewise, under the voltage 
Vi, the ions which have been diffusing backward with the greatest speed 
will have travelled a distance d (forward while the slowest undiffused ions 
travelled a distance i+x. 

Therefore, d—x^V^kiT, and dArx^Vih^T where and apply as 
previously defined to the undiffused ions. Thus ki and hi may be calculated 
from the voltages of the zeros and the break points (see Figs. 3 and 4) . ® 

On applying the diffusion correction the results given in Table II were 
obtained (results A applying to ions in clean air, and B to ions in old and 
heavily irradiated air; ki and are in units of cm/sec. per volt/cm) . 

Table II. Values of highest and lowest moUUties, after correcting for diffusion. 



kl 

h 

. d' 

a 


A 

2.22 

2.14 

0.00580 

7/60 

0.08 


2.23 

2,20 

0.00586 

7/60 

0.03 


2.23 

2.13 

0.01150 

1/6 

0.10 


2.22 

2.18 

0.01150 

7/60 

0.04 ■ 


2.22 

2.22 

0.0117 

7/60 

0.00 


2.25 

2 .20 

0.0280 

1/6 

0.05 


2.27 

2.20 

0.01148 

1/6 

0.07 


: '2.4 : 

2.0 

0.0292 

7/30 

0.4 . 


2.4 

1.86 

0.0292 

7/30 

0.54 


Conclusions 

It is interesting to note that when the air is allowed to remain in the cham- 
ber for several sets of readings, a mobility spectrum appears as shown by 
the results in B above. The spectrum did not appear when air was left in the 
chamber for several days without exposure to ultraviolet light from the 
quartz-mercury arc. It was thus shown that ozone and the nitric oxides, 
which are formed in air in cohsiderable quantity by the light from such an 
arc, cause a mobility spectrum. The very small residual spectrum that was 
found in A might be attributed to the inevitable presence of traces of these 

® A consideration similar to the above applies to the case of the second break point and 
zero respectively, but these are not used because of the inaccurate knowledge of the exact time 
at which the shutter closes. 
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impurities, but' it is much more, likely due, in large' part, tO: small iiistru* 

mental irregularities in the measurements. 

It is therefore. safe to conclude that there was, no inobility spectru,m In air 
over the intervals studied, in terms of the magnitude of the spectrum as- 
serted to exist by some writers,4to jf the air was relatively clean. An appre- 
ciable spectrum did appear after prolonged radiation. The resolving power of 
the method is excellent and is capable of greater refinement if needed. At 
the slowest shutter speed, a shift of one volt in the position of one of the 
critical points shifts the mobility by 0.085 cm/sec. per volt /cm while at the 
highest speed the mobility is only altered by 0.017 cm/sec. per volt/cm. The 
probable, error in determining the derivative curve is between ±0.15 volts 
and ±0.20 volts, a small figure in conside.ration of the high .resolving power. 
Whether greater refinement is desirable remains an open question because of 
the difficulties of accurately correcting for diffusion. 

In conclusion, the writer wishes to express his indebtedness to Professor 
L. B. Loeb under whose direction and continual guidance the experiment was 
carried out, and to Mr, P. L. Porterfield, who assisted throughout the work. 
The writer is also grateful to Professor R. T. Birge for his instructions on 
the method of determining the probable errors and for his critical examination 
of the work of reduction of the observations. 


M. La Porte, Ann. de Physique 8, 466, 711 (1927), 
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The Vapor Pressure Constant of Methane 


Theodore E. Sterne* 

Harvard University and The Massachusetts Institute of Technology 
(Received September 12, 1932) 

§L It can be shown by statistical quantum mechanics that the vapor pressure 
constant of a molecule whose principal moments of inertia are all equal to A is 

i = log (647r^^%3/2^3/2/^6) + log {Gr/rm) 

at ordinary temperatures; where m is the mass, k is Boltzmann's constant, h is Planck’s 
constant, the Dr’s are the gram molecular fractions of the two varieties, and where 
the Gr's and rwo’s are constants* 

§2. It is found that Gi for methane is 5/12, G% is 9/12 and Gz is 2/12. 

§3 and §4. It is shown by quantum mechanics that im for methane is 5, 2 Wo is 9, 

and 8«o is 2 ; if the spins of the hydrogen nuclei are taken into consideration but the 

spin of the carbon nucleus neglected, which is permissible. 

§5, With the value A =5.17X 10”^® c.g.s. units, it is found that the vapor pressure 
constant in atmospheres and common logarithms of methane at ordinary temperatures 
should be — 1.94. The experimental result given by Eucken, —1.97 ±0,05, agrees with 
this. 

Introduction 

TN RECENT the author has studied the vapor pressures of 

diatomic vapors. The work was an extension of that of R. H. Fowler,® 
who first investigated, theoretically, the vapor pressure of hydrogen made 
up of the two non-combining varieties para-hydrogen and ortho-hydrogen. 
In a subsequent paper® the author investigated the vapor pressure constant 
of a polyatomic vapor, ammonia. It was shown that the vapor pressure con- 
stant i of a molecule such as ammonia, two of the principal moments of in- 
ertia of which, ^ and 5, were equal with the third C differing from A and S, 
should be given by 

, ^ log — ^ • ..+ log — 

at ordinary temperatures for which the constant part of the specific heat of 
the vapor at constant pressure was equal to 4i? per gram molecule. There R 
was the gas constant; m was the mass of the molecule; k was Boltzmann’s 
constant; h was Planck’s constant; the D/s were the gram molecular frac- 
tions of the different sorts r of molecules present (there were two varieties 
of ammonia molecules); G. was the numerical factor by which the expres- 

* National Research Fellow. 

‘ T. E. Sterne, Proc. Roy. Soc. A130, 367 (1931). 

= T. E. Sterne, Proc. Roy. Soc. ABO, 551 (1931). 

® T. E. Sterne, Proc. Roy. Soc. A131, 339 (193li 
‘ T. E. Sterne, Proc. Roy. Soc. A133, 303 (1931). 

' R. H. Fowler, Proc. Roy. Soc. A118, 52 (1928). 

' T. E. Sterne, Phys. Rev. 39, 993 (1932). 
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sion must be multiplied in order to obtain the rota- 

tional partition function for the gas molecule of typer; and was the 
statistical weight of the lowest quantum state of a molecule of ammonia in 

the crystalline phase "at the absolute zero.” 

This theory yielded a value for the vapor pressure constant of ammonia 
in satisfactory agreement with experiment. It therefore becomes interesting 
to investigate next the vapor pressures of substances for which all three 
principal moments of inertia of the polyatomic vapor molecules, A , B and 
C, are equal to each other. We shall therefore in this paper consider the vapor 
pressuie constant of methane, CH4. The methane molecule appears to con- 
sist of four hydrogen nuclei placed at the vertices of a regular tetrahedron, 


where the scalar product is meant. Then the first variety corresponds to the 
eigenvalue s' = 5/2, the second variety to s' = 3/2, and the third variety to 
^ ~ 2 - By methods similar to those employed in the article on ammonia,® 
§1, it is easy to show that the vapor pressure constant f of a polyatomic 
vapor, for which the three principal moments of inertia of the molecules are 
equal to .<4 , is given by 

j = log + ^tDt log (G,/rOJo) , (1.0) 

Here the symbols have the same meanings as in the introduction to this paper. 
Number Gr is here the factor by which the expression 
must be multiplied in order to obtain the rotational partition function 
for a gas molecule of the rth sort. The derivation of the Eq. (1.0) above pro- 
ceeds in the same fashion as the derivation of Eq. (1.92) in the author’s 
paper on ammonia, except that since a number of selector variables has to 
be used equal to one more than the number of non-combining groups of terms, 
we are obliged to use four selector variables in the case of methane although 

^ Dickinson, Dillon, and Rasetti, Phys. Rev. 34, 582 (1929). 

® Dirac, Principles of Quantum Mechanics^ first edition. Chap. XI. 
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three were sufficient in the case of ammonia. A quadruple integral must occur 
in the case of methane in the equation analogous to the Eq. (1.1) of the ar- 
ticle on ammonia. To find the G^’s, we shall have to determine the rotational 
partition functions i?i, and Rs for the three sorts of methane molecules, 
respectively. 

§2. The Rotational Partition Functions of Free Methane Molecules 
The rotational energy levels are given by® 


w = (kysiruyu -h i) 


( 2 . 0 ) 


where i can take on positive integral values. There is another quantum num- 
ber Z, which can take on the values 0, 1, 2, 3, • • • , j for each value of j. The 
weights of the levels are given by Villars and Schultze,!® and are taken from 
the work of Elert.” The rotational partition functions i?i, i?2 and Rs for the 
three sorts of methane molecules, respectively appear to have been calculated 
correctly by \fillars and Schultze, at least insofar as the asymptotic e.v- 
pressions 

(5/12)0, (9/12)0, i?3~ (2/12)0 (2.1) 


where 


0 = 


are concerned. In deriving Eqs. (2.1) we may use methods similar to those 
used for obtaining the corresponding expressions in the case of ammonia, 
given in considerable detail in the paper® on ammonia. 

It appears, therefore, that 


Gi = 5/12,G2 = 9/12,G3 = 2/12. 


( 2 . 2 ) 


In this paper the spin of the carbon nucleus is neglected, since the vapor 
pressure constant of methane could not depend upon its value in any case, 
and since further the spin is zero. 

We must now determine the values of iWo, 20)0 and 3W0. 

§3. The Spherical Oscillatory Motion of Methane Molecules in 

Crystalline Methane 

It appears from the considerations advanced by L. Pauling^® that at very 
low temperatures, and c foTtiofi at the absolute zero, molecules of methane 
are not rotating in crystalline methane, but on the contrary are oscillating 
about orientations of minimum potential energy in the crystal lattice. It will 
be necessary for us to consider the nature of these motions in some detail 
in order to be able eventually to evaluate the rWo’s for methane. 

It is not necessary, however, to solve in detail in this paper the quantum 
mechanical problem which is involved. Taking into account the geometrical 
symmetry of the methane molecule, we can generalize at once the results 

* Dennison, Rev. Mod. Phys. 3, 280 (1931) 

“ \'illars and Schultze, Phys. Rev. 38, 998 (1931). 

“ Elert, Zeits. f. Physik 51, 6 (1928). 

“ L. Pauling, Phys. Rev. 36, 430 (1930). 
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§4. The Values OF icoo, 20)0 and 3<^o 

The discussion of the symmetry properties of the spherical oscillatory 
wave functions of a methane molecule in crystalline methane is somewhat 
more involved than the discussion of the case of an ammonia molecule in 
crystalline ammonia, because a methane molecule contains one more hydro- 
gen nucleus than an ammonia molecule. There are 24 possible permutations 
of the protons in a methane molecule as compared with the 6 which are pos- 
sible in the case of ammonia. For the sake of simplicity and elegance we shall 
therefore use the methods described by Dirac^*** in order to consider the sym- 
metry properties of the wave functions of methane. Dirac’s procedure can 
be followed as easily for protons as for electrons, because both protons and 
electrons have one-half quantum spins. We shall accordingly depart here 
from the methods which we used for considering ammonia, and in what fol- 
lows we shall assume that the reader is already familiar with Dirac’s theory 
of the permutation observables. ■ ' ^ ' ’ 

We must take account of the spins of the hydrogen nuclei and also of the 
spherical vibrational factors in the wave functions. In dealing with the vibra- 
tional factors we must now take account of the different arrangements of 
the hydrogen nuclei which are possible among the four mean positions, a, h, c 
and d, say, which we specified in §3. If the vibrational factor in a wave func- 
Dirac. Principles of Quantum Mechanics, first edition, §66. 
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obtained in the case of the ammonia- type molecule considered/ in the paper 
on the vapor pressure of ammonia.® We take the origin, 0, at the mass center 
of the mobile; and fixed orthogonal axes OX, OY, OZ such that the orienta- 
tion of minimum potential energy for the methane molecule corresponds to 
the presence of the hydrogen nuclei 1, 2, 3, 4 at the points (0, 0, 6%/2), 
(~'2- 0, 6*a/6) (3b/3, —a, —6^a/6) and (3b/3, a, 6*a/6) respec- 

tively; the carbon nucleus being of course at 0. Let us investigate the forms 
of the potential and kinetic energies of the molecule, regarded as rigid, for 
small displacements of the molecule from this orientation of minimum po- 
tential energy. As in the case of ammonia, we specify a displacement l)y the 
small rotations x, y and s of the molecule about the axes OV", OF and OZ re- 
spectively. The Hamiltonian for the methane molecule is similar to the 
Hamiltonian for the ammonia molecule, but its form is simpler than the lat- 
ter because of the higher degree of symmetry of the methane molecule. W’e 
see therefore as in the case of the ammonia-type molecule that the lowest 
energy level of the methane-type molecule, when the arrangement of the 
hydrogen nuclei is that specified above, can be represented by only a single 
linearly independent wave function describing its spherical OvSdllatory mo- 
tion. 

In order to find the values of the we must now study the symmetry 
properties of the complete wave functions of the methane molecule, taking 
into account the spins of the hydrogen nuclei and the various possible dis- 
tributions of the hydrogen nuclei among the neighborhoods of the four points 
whose coordinates are specified above. 
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tion for the lowest vibrational level with which we are concerned is denoted 
by/, then /(I, 2, 3, 4) would refer to a state in which nucleus 1 was in the 
vicinity of position a, 2 in the vicinity of position 5, 3 in the vicinity of posi- 
tion c, 4 in the vicinity of position d; with analogous meanings for the other 
23 /’s which are possible. In accordance with §66 of Dirac’s book, let us de- 
note the z-component o-* of the spin vector d of the i ’th hydrogen nucleus by 
cTi, so that the representative of a state will be {xi, Xi, X 3 , Xi, cri, 0-2, 0-3, 0-4 1 ) ; 

the single variable x being written instead of x, y, z and the suffix z being 
dropped from the ctz’s that occur in representatives. Then in accordance with 
Dirac’s equation (32) it is sufficient to study the permutations P"" which oper- 
ate only On the c’s, and this results in a considerable simplification since it 
allows us to ignore the a;’s. There are five types of permutations of four par- 
ticles, namely: the types 4, 3-{-l, 2-|-2, 2-f-l + l and l-f- 1+1 + 1. There are 
thus five independent commuting observables x" which are constants of the 
motion: 

xi' = (1/6)SP^4 
= (l/8)SPVi 
X/=(1/3)SPV2 
x/= (l/6)SPVi+i 

Xf ~ 2P°'i+i+i+i = 1 . 

Here, for instance, SP''2+2 is the sum of all permutations which operate on 
the spin variables c, of type 2+2. We shall find it easier to study the x'^’s 
than the x’s- There are 15 simultaneous equations like Dirac’s Eq. (22) in- 
volving the x” s; if we notice that X5''= 1 we have merely the 10 equations 


(xi^y = hf + 1x3^ + 1 
(x/)' = ixf + Ixf + i 
(xs”)^ = 1x3' + I 

(x/)^ = fx/ + hf + i 
(xi'’x2') = ixf + ix/ 


(xi'X3') = ixi' + lx/ 
(xi'x/) = 1x2' + ix3' 

(X2'X3') = X 2 ' 

(x2'x4') = ixi' + 1X4' 
(X3'X4') = fxi' + 1x4' 


and when we solve them for the sets of simultaneous eigenvalues x'' of the 
observables x' we obtain the values given in Table I, where the sets are de- 
noted by s, a, d, A and 7. 

If we introduce the observable z, which we defined in §1, to describe the 
magnitude of the total spin angular momentum we find by the methods of 
§66 in Dirac’s book that 


Xi' = [1/192] [(4z3 - O)!! + 8(4z2 
X2' = (1/16) (4z» - 9) 

X3' = [l/96][(4z2 - 13)2 - 48] 

X4' = (1/24) (4z2 _ 1) 

Xf = 1 . 


13) - 48 1 
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There is therefore one set of numerical values x"' fo'* the x^’s, and thus one 
exclusive set of states, for each eigenvalue s' of s. The eigenvalues of s are 
5/2, 3/2, and 1/2; we readily find that corresponding to these eigenvalues of 
i the exclusive sets of states are those which we have denoted by s, /3 and T 
respectively. There are no other sets possible; the sets a. and A being impossi- 
ble in the case of a set of four protons. The relationship between s' and the 
X''' s is shown in Table I. 


Table I. 


Exclusive sets of states. 

s 

a 


■A . 

' 7 . 

Eigenvalues 

s' 

xf' 

x/' 

X4‘^' 

Xb"' 

. . 5/2 

1 

1 

1 

1 

1 

■ 1/3 ' 

0 

-- 1/3 

- 1/3 

1 

3/2 

- 1/3 

0 

- 1/3 

1/3 

1 

■ . -i 

1 

1 

. -1 

i' ■ 

' 1/2 

0 

- 1/2 

1 

0 

1 


The three sets, however, may be degenerate; and in fact they are de- 
generate. Corresponding to any there are 2 ^' possible values for the z-com- 
ponent of total spin angular momentum which we may denote by 5 ,. 

Thus for the exclusive set of states S, 5 / may be 4, 2, 0,-2 or -4. Similarly 
for the set Sz' may be 2 , 0 or —2. For the set 7 , Si must be 0. Each of 
the states so defined may itself be degenerate, and some of them are in fact 
degenerate. These latter degeneracies are essential and cannot be removed 
by perturbations which are symmetrical between the particles; but we must 
study them in order to enumerate our representatives correctly and thus ob- 
tain our ojo’s. 

Let us choose a representation whose fundamental states are the eigen- 
states of the z-components c of the spin vectors of the hydrogen nuclei, cor- 
responding to the simultaneous eigenvalues of all four cr’s. There will of 
course be 2 «= 16 fundamental states, since the eigenvalues of the <t’s are in- 
dependent and can each be -f -1 or — 1 . We wish to find the number of linearly 
independent eigenstates corresponding to each choice of simultaneous eigen- 
values for Sz and z; that is, we wish to find the number of linearly independent 
wave functions or representatives capable of representing each of these eigen- 
states of Sz and s' in the cr representation. Denoting states by if/'s, we have 

fW, s')=2^|,W)W\sz', s') 

and also 

(s'2 - i)(<s'\sz', s') = S(<r'I s* - l\ <T")(<r"iSz', s'). (4.1) 

To calculate the matrix elements (cr' [s*— | |cr") we use the relation 

J = 6 x 4 "; (4.2) 

to calculate the matrix elements {cr' 1 x 4 ' k") we allow the observable xt" to 
operate on the various ipicr'Ys in turn and we write down the matrix elements 
by comparison with the equation 
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X4¥(<x") = 


(4.3) 


If we write down the set of simultaneous Eqs. (4.1) for any set of eigenvalues 
Sz and and solve it, we shall find thereby a linear relation or linear rela» 
tions obeyed by the representative (cr' [ 5 /, s^) and from this we can find the 
number of linearly independent eigenfunctions (cr^ | ) which are possible; 

or in other words, the number of independent sys. The following calcu- 
lations should make this clear. 

Case!, 

5 ' = 5/2, — The only ^(o-') which can be concerned is ^(1, 1, 1, 1) and 

there is thus only one eigenfunction possible: (o'/, <t 2 , crz , a(\ 4, 5/2) is a 
constant when all thetr'’s are 1, and vanishes for all other values of the 

Case 2, 

s' — 5/2, 5 /== 2. The only fundamental ^{crys which can be concerned 
when sj -2 are those which 'Ea' = 2; they are ^^(l, 1, 1, —1), ^(1, 1, —1, 1), 
—1, 1, 1) and i/'( — 1, 1, 1, 1). We shall denote these states by ^(1), 
\l/{2), ^(3) and ^(4), respectively, for brevity. We find easily from Eqs. (4.2) 
and (4.3) that the matrix representing 


■| is 


3 

1 

1 

1 

1 

3 

1 

1 

1 ./ 

1 

3 

1 

1 

1 

1 

! 

3 


(4.4) 


The set of Eqs. (4.1) in this case becomes 


3(1 1 

)+ (2| 

) + (3| 

) + (4 1 

) = 0 

(ll 

) - 3(2l 

) + (3 1 

) + (4 1 

) =0 

dl:^ 

) + (2| 

) -3(3| 

) + (4| 

) =0 

(1 1 

) + (2 1 

)+:(3| 

) -3(4l 

) = 0 

(1 

1 ) = (2l 

1 ) = (3l 

) = (4l 

) 


and hence 


so that only one linearly independent eigenfunction exists, given by 
(rj2,5/2)=const., f = 2, 3j 4. ^ ^ 

Case 3j 

5' = 5/2, 5/ = 0. The \£'(cr')'s concerned when 5/ = 0 are 1, —1, —1), 
^(1, -1, 1, -1), tA(~l, 1, 1 , -1), >(1, -1, 1, -1/1) and 

^( — 1 , —1, 1, 1); denoted by \^(1), ^(2), ^(3), ^(4), ^(5) and ^(6) respec- 
tively. The other ^(<r')'s can be ignored. The matrix representing — 1/4 is 
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VAPOR PRESSURE OF METHANE 


and we find after solving the Eqs. (4.1) in this case that (r !(), 5/2) ==const.; 
r= 1, 2, 3, 4, 5, 6. This is the only eigenfunction possible. 

Cases 4 and 5, 

for 6'' = 5/2, —4 respectively, are similar to cases 1 and 2 and 

in each case only one eigenfunction exists. 

Case 6, 

<>' = 3/2, sJ = 2. When we solve the set of Eqs. (4.1) in this case, using the 
matrix for — given by (4.4), we find that 

(1 1 2, 3/2) + (2 i 2, 3, '2) + (3 | 2, 3, ’2) + (4 j 2, 3/2) =0. (4.6) 

We can choose three and only three linearly independent eigenfunctions 
obeying Eq. (4.6). All other possible eigenfunctions obeying (4.6) can be ex- 
pressed as linear combinations of these three. Thus we might choose the 3 
eigenfunctions (r | )i, (r | )2, (r] defined by the following table: 


Any fourth function (r\ )i obeying (4.6) would be in the form 


and we should have 


so that it would not be linearly independent, 
Case 7, 

5' = 3/2, s/ — 0. Using the matrix (4.S) w 
-(6l );(2i ) = -(Sl );(3| ) = -(4| 

three linearly independent eigenfunctions. 



and we see therefore that iUo = 5: 2too = 9; 3050 = 2 


§5. The Vapor Pressure Constant OF Methane 

From the results of §2, we have at once that I>^ = 5/16, D^ = 9/16, 
1)3 = 2/16. Hence it follows from the results of the last section and §2 that 
the last term in Eq. (1.0) is log 1/12. We are now in a position to calculate 
the vapor pressure constant of methane. Taking the molecular weight with 
sufficient accuracy to the 16.04 and the moment of inertia A to be^ 
5.17 XIO-*" c.g.s. units, we find that the vapor pressure constant i' at ordi- 
nary temperatures, in atmospheres and common logarithms, is —1.94. 
This is in good agreement with the experimental value given by Eucken'” 
i' = -1.97±.05. 

The writer wishes to thank the National Research Council for a grant 
which enabled these investigations to be carried out. 

« We merely use Eq. (1.0) with common logarithms instead of natural logarithms, and 
subtract the quantity 6.006 from the right-hand member. 

Eucken, Phys. Zeits. 31, 361 (1930). 
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Case 8, 

s' = 3/2, i/= -2. This is similar to case 6, and there are three linearly 
independent eigenfunctions. 

Case 9, 

s' = l/2, j*' = 0. Using the matrix (4.5) we find that 

d! ) = (6| ); (2| ) = (5| ); (3| ) = (4l ); (1 1 ) + (2 1 ) + (3 | ) = 0. 

There are two and only two linearly independent eigenfunctions possible, 
which might be for instance the functions (r [ )i and (r | )2 given by 


r 

1 

2 

3 

4 

5 

, ■ 6 " 

(r\ 

)i 

1 

-1 

0 

0 

-1 

1 , 

(r\ 

h 


0 

> . -1 

-1 

0 

' ■ 1 ■ 


Recapitulating, we can prepare Table II showing the numbers wo of 
eigenfunctions which are possible in the different cases: 

TableII. 


s' Sg' coo Totals 

4 1 

2 1 

5/2 ,0 1 5 

-2 . 1 . 

"~4. : ■ ..l: ■ 

2 "3 • ' 

3/2 0 3 9 

: -2 ■ "3 . 


' ' "is-yr"- 
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On the Origin of the Actinium Series of Radioactive Elements 

By A. V. Grosse 

Kent Chemical Laboratory^ University oj Chicago 
(Received September 13, 1932) 

Data on the actinium series gathered from carefully selected material have been 
correlated. It can be definitely concluded from these data that the actinium series 
is independent and the decay much more rapid than in the uranium-radium series. 

The significance of this fact for geology (age determinations, heat evolution) is 
pointed out. 

T he experimental material on the actinium series and its theoretical in- 
terpretation has been so far extremely conflicting.^ This is chiefly due to 
the fact that the determinations of the chemical composition, geologic age, 
activity ratio of the actinium to the uranium-radium series, the chemical 
atomic weights of uranium leads and lately the isotopic constitution of these 
leads have never been determined with the same material for all investiga- 
tions. 

Thanks to the help and cooperation of Mme. Pierre Curie, Mme. Irene 
Joliot-Curieand Drs. G. Baxter, K. Fajans, O. Honigschmid, A. C. Lane and 
H. Schlundt we were able to gather and to investigate a valuable collection 
of uranium-minerals and preparations from uranium-lead atomic weight de- 
terminations. 

F. W. Aston had the great kindess to investigate in his mass-spectrograph 
some lead preparations from these sources, and it is to him that the credit 
for clearing the problem is due.^ 

We laid special stress on the determination of the so-called ^T)ranching 
ratio or as we may better call it now -‘activity ratio. The older determina- 
tion of (3. Hahn and L. Meitner® (3 percent), and newer ones of J, Wildish^ 
(1.5-5 percent) and E. Gleditsch and co-workers® (2.7-3.3 percent) are all 
based on the separation of protactinium with tantalum and seem to us un- 

^ For older literature see St. Meyer and E. v. Schweidler, Radio klivitUt, 1927, p. 490, J. 
Wildish, Jour. Amer. Chem. Soc. 52, 163 (1930). E. Gleditsch and E. Foyn, Comptes Rendus 
194, 1571 (1932). E. Gleditsch and S, Klementsen, Comptes Rendus 194, 1731 (1932). G. 
Kirsch, Geologic und Radioktivitdt, p. 184, 1928. F. W. Aston, Nature 123, 313 (1929). Lord 
Rutherford, Nature 123, 313 (1929). A. Holmes, Nature 126, 348 (1930). A. F. Kovarik, 
Science 72, 122 (1930). G. B. Baxter and A. D. Bliss, Jour. Amer. Chem. Soc. 52, 4850 (1930). 
For summaries on the actinium problem see: M. C. Neuburger, Sammlung chem. and chem.- 
techn. Vortrage 26, No. 10/11 (1921). G. Elsen, Zeits. f. anorg. Chem. 180, 304 (1929). G. 
Elsen, Chemisch Weekblad 25, 517 (1928); 28, 1, 7, 714 (1931). G. Elsen, Rec. des Trav. chim. 
Plays-Bas 51, 284 (1932). 

2 F. W. Aston, Nature 129, 649 (1932). 

® 0. Hahn and L. Meitner, Phys. Zeits. 20, 529 (1919); Zeits. f. PhysikS, 202 (1922). 

^..'Reference 1. ■ ■ ■ . 

.'^'Referenm 1." . • 
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^ Obtained from H, Schlundt; from the same lot used by J. Wildish (reference 4) for which he obtained Pa :UI *=« 
5 . IdjlOO. 

° Obtained from A, C. Lane, from the same general lot used for G. P. Baxter’s kolm lead atomic weight deter- 
mination. 

® Obtained from Mme. Pierre Curie and Mme. Irene Joliot-Curie. 

° Obtained from F. Kranz, Bonn, Germany. 

® Obtained from A. C. Lane and G. P. Baxter, from the same lot used for the Wilberforce lead atomic weight 
determination. 

* The lead tetramethyl used by F. W. Aston was prepared from the original PbCh used by O. Hdnigschmid, 
According to private information from Dr. Aston the lead from Mme. Curie's sample had an identical isotopic 
constitution. 

® The material used by F. W, Aston was prepared from G. P. Baxter’s original atomic weight preparation. 

» A. V. Grosse, Naturwiss. 15, 766 (1927); Nature 120, 621 (1927); Ber. d. Dent. Chem- 
Ges. 61, 233 (1928). 

^ A. V. Grosse, Jour. Amer. Chem. Soc. 52, 1742 (1930). 

8 Part of these results were reported at the meeting of the Chicago Section of the Amer. 
Chem. Society on September 25, 1931; see also G. Elsen, Chem. Weekblad 28, 714 (1931). 

^ R. C. Wells and R. E. Stevens, Jour. Washington Acad, of Science 21, 412 (1931). 

The Th •was separated with UXi, added as indicator, concentrated and the Th-content 
determined with W. Noddack’s x-ray spectrograph at the Physikalisch-Technische Reichs- 
anstalt, Berlin-Charlottenburg. 

" R. C. Wells, Jour. Amer. Chem. Soc. 52, 4852 (1930). 

“ F. W. Aston, Nature 129, 649 (1932). 

“ Since the mineral contains practically no Th, and therefore no ThD, the absence of 
Pb«* indicates the absence of ordinary lead, the latter containing 49.55 percent Pyus (see 
Aston, reference 12). “ 

“ From the Th-content and age we calculate, using Th = 6, 1.10-“a-i, the percent of 
ThD =6, 0 indicating the absence of ordinary lead, 


..jm 




reliable since it could be shown through the isolation of element 91® that its 
chemical properties widely differ from those of tantalum,^ just as those of 
its neighbors uranium and thorium differ from their lower homologues, tung- 
sten and hafnium. 

Our determination of the Pa:UI ratio was carried out, in collaboration 
with Dr, I. D. Kurbatov, at the Chemical Institute of the Technische Hoch- 
schule in Berlin-Charlottenburg.® 


Table I. 



1 

2 

3 

4 

5 ■ 

1 

Mineral 

Carnotite* 

Kolm^’ 

Pitchblende‘s 

Pitchblende*^ 

Pitchblende® 


Geographical origin 

Colorado, 

Gullhogen, 

Katanga, 

Morogoro, 

Wilberforce, 


U.S.A. 

Westergotland, 

Belg. Congo, 

East 

Canada 




Sweden 

Africa 

Africa 


3 

Chemical analysis U % i 

19.09 

0.439; 0.41 

72.26 

70.45 

53.5211; -52.71 
10.3711 


Th% 

0 

0.0 

0.0119 

ab. 0.2 


Pb% 

trace 

0.0269 

6.68 

8.30 

9.2611 

4 

Isotopic consti- Pb 206% 



93. 3y 

6.7^ 


85.919 


tutionofPb 207% 




8.3« 


208% 



0.0 


5.8 


others 



0.0 


0.0 


Percentage of RaG 



93.313 


85.9 


AcD 



6.7 


8.3 


ThD 



0.0 


5.814 

6 

Chem. atomic weight of Pb 


206.01315 

±0.008 

206.0481* 

, 

206.19517 

7 

Phys. atomic weight of Pb 


206.058 

±0.01 

206.06718 


206.2018 

8 

Pb:U ratio 

very small 

0.061 

0.0924 

0.1178 ' 

0,1730 

9 

RaG :UI ratio 

very small 

0,058 

0.086 

0.1093 

0.1486 

10 

Geological age in years 

<70, 10* 

404. 10« 

591.10* 

748.106 i 

987.106 

11 

Pa-« activity in mg. UsOs 
for every 1 g U in the min- 
eral 

28.0 

27.9 

27.8 

27.6 : 

■ ' 

28.2 

12 

Number of disintegrating 


4.0 + 0.1, mean value, calculated from row 11 


Pa-atoms for 100 decay- 
ing U 1-atoms 

1 . 





13 

Number of AcD atoms for 


4. 8 ±1.819 

7. 2 + 0. 3 


9.7+0.3 


100 atoms RaG in U-Pb 




-1.0 
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ORIGIN OF ACTimUM SERIES 

Our method consisted in precipitating the Pa from a; strongly acid 
(HNOs, HCl) solution of the U-mineral together with added Zr (hi the pro- 
portion of 20-50 mg Zr02, in the form of oxychloride or iiitrate, to 1 g U) 
by an excess of H3PO4, and freeing the filtered Pa-ZrPsO? precipitate from 
adsoibed radioactive impurities (especially lo, Ra, aiid/Po) through the ad- 
dition and subsequent separation (repeated if necessary) of minute quanti- 
ties (2-10 mg) of Th, Ba, Bi (and Te), Pb and La salts. The method was 
tested with radioactively pure Pa preparations in different concentrations 
and found to separate 98-99 percent of the available Pa in a radioactively 
pure, state. The . activity of the Pa preparation was compared with that of 
pure. U3O 8, both in extremely thin layers, in an ordinary Rutherford. ^-elec- 
troscope and expressed in mg UgOs. 

The results of all determinations and investigations with our matcnial 
are correlated in Table I. 

These data all support A. Piccard and especially Lord Rutherfordis^i 
ideas about the actinium series. The following conclusions can be drawn : 

1. The actinium series is independent of the U-Ra series. It is derived 
from a U-isotope, the actino-uranium (Ac-U), which occurs in all U-minerals 
in a constant ratio to UI, independent of the geological age, geographic origin, 
thorium content and uranium concentration. 4,0 atoms Ac-U, or of any other 
member of the Ac-family, decay for every 100 Ul-atoms disintegrating, i.e,, 
the activity ratio of the Ac to the U-Ra series is 4: 100. Our determinations 
completely support the older results of Stefan Meyer, V. F. Hess and G. 
Kirsch.^^'^'^>2^ 

2. AcD, the end product of the actinium series, has an atomic weight of 

207 (or more exactly 207.010 + 0.01), therefore Ac = 227 and Pa = 231. 

3. The AcD content of uranium lead (and therefore also its atomic weight) 
increases with the geological age of the mineral. From the Ac!) content in 
U-Pb of minerals of definite age and the activity ratio the half period of 
Ac-U can be calculated (see formula 2 below); the best value is T,acU) =4.0 
X 10* years, X(AcU) = 5.5 X 10-‘' sec.-'. 

Fig. 1 shows the increase of AcD content in uranium lead with the age 
of the mineral. The theoretical curve is calculated for T (AcU) =4.0X 1 0® years. 

The values of AcD content, derived from chemical atomic weight deter- 
minations of uranium leads of different ages, including kolm-'’ and also oldest 
pitchblendes, for instance, from Black Hills, South Dakota"® (at. wt. =206.07i 

“ G. P. Baxter and A. D. Bliss, Jour. Amer. Chem. Soc. 52, 4848 (19.?{)). 

O. Honigschmid and L. Birkenbach, Ber. Deut. Chem. Ges. 56, 1837 (192.3). 

G. P. Baxter and A. D. Bliss, Jour. Amer. Chem. Soc. 52, 4851 (1930). 

.F. W. Aston, reference 12. 

Value tentatively calculated from the chem. atomic weight of kolm lead. 

A. Piccard, Arch, sciences phys. and natur. 44, 161 (1917); A. Piccard and E. Stahel, 
same journal (5) 3, 541 (1921). 

Lord Rutherford, Nature 123, 313 (1929). 

22 St. Meyer and V. F. Hess, Wiener Ber. (Akad. d. Wiss.) 128, 909 (1919), 

23 St. Meyer, Wiener Ber. (Akad. d. Wiss.) 129, 483 (1920). 

^ G, Kirsch, Wiener Ber, (Akad. d. Wiss.) 129, 309 (1920). 
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corrected age = about 1300.10® years) are, within experimental errors, in 
agreement with this theoretical curve. 

4, The AcU content of the element uranium, independent of source, 
equals at present 0.4 percent by weight. It was much larger in former geo- 
logical epochs, i.e., over 4 percent about 1600X10® years ago; it will dimin- 
ish in the future, for instance in about 1600.10® years the content will be 
only 0.03 percent. Similarly the activity and heat evolution due to the ac- 
tinium series and their importance for geology were much larger in past 
times, equalling about half the value of the uranium series in the earliest 
part of the earth's history. (The determination of the AcU/UI or Pa/UI 
ratio affords a method of measuring the “age of uranium" in meteorites as 
compared with our uranium on earth.) 
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Fig. 1. Theoretical curve for T(AcU) —4.0X10^ years. Triangles with dots are calculated 
from chemical atomic weight determinations. 

5. Owing to the more rapid decay of AcU it is necessary to make correc- 
tions in geological age calculations.^^ 

The exact age (^) is 

/ 238 U Pb \ 

t = l/X(ui)Tog4 1 + “ — — ) (1) 

^ \ 206UI(1 + r)/ 

where r is the ratio of AcD to RaG in U-Pb (see Fig. 1) and 

^ .. ■( 2 )" 

X(Acu)(e^^ui)i ^r) 

when R is the activity ratio of Ac to U-Ra series, i.e., 0.040. 

Compare G. P. Baxter and A. D. Bliss, Jour. Amer. Chem. Soc. 52, 4850-51 (1930). 

2® T. W. Richards and L. P. Hall, Jour. Amer. Ghem. Soc. 48, 706 (1926). 

27 A. Holme's objections (Nature 126, 348 (1930)) to Lord Rutherford’s conclusions 
(Nature 123, 313 (1929)) are only correct so far as Aston’s first value for the AcD content in 
U~Pb was too high, owing to the so-called “hydride effect,” i.e., coincidence of the line 
with the H^ line. With the help of a nearly pure ThD (94.1 percent Pb^®®) which we owe 
to the kindness of Professor K. Fajans (for its source and at wt., see K. Fajans, Sitzungsber. 
Heidelberg. Akad. d. Wiss. 1918 A, Abh. 3, 0. Honigschmid, Zeit. f. Elektrochemie 25, 91 
(19 19)), Aston was able to measure this effect and correct for it in his subsequent determinations. 
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? AcU — — — !• UY Pa — ^ > Ac ^ • ■ • AcD 

235;4.0 X 10«yr. 231; 24.6 hr. 231 ; 32,000 yr. 227; 13.5 yr. 207; ~ 

The only fact not in harmony with the other data on the actinium series 
presented here is the presently accepted value for the atomic weight of ura- 
nium (238.14, 0 = 16). The atomic weights of all members of the three series 
can be calculated with precision, if the atomic weight of their corresponding 
end product is known, by adding to it, step by step, the well-known masses 
of particles and energies emitted during each distintegration. 

From Aston’s recent measurements®^ we have for the physical atomic 
weight of Pb®®“ = 206.01 +0.01 or 205,96 + 0.02 on the chemical scale, using 

V, Grosse, Naturwiss. 27, 505 (1932)* 

29 S. limori and Y. Yoshimura, Sdent. pap. Inst. Tokyo 5, 11 (1926). 

indicates that there still is a possibility for the existence of a second actino-uraniura, 
see also A. v. Grosse, reference 28. 

SI F. W. Aston, Nature 129, 649 (1932)* 


Since if occurs also in the correction factor it is eUvsier to calculate the 
RaG.UI.and U-PbtU ratios for set values of t and derive the age from: the 
Table IT (TcacU) =4.0X10^ years). . ■ 

Table II. 


Age, t (years) 

RaG: UI ratio or g RaG 
for Ig UI 

Ll-Pb; U ratio or gU-Pb 

for Ig U 

0X10« 

0.0000 

0.0000 

100 

0.0139 

0 . 0145 ^ 

200 

0.0280 

0.0293 

300 

0.0423 

0.0445 

400 

0.0569 

0-.0600 '■ ■ 

SOO 

0.0718 

0.0760 

600 

0.0868 

0 „ 0'924 , 

700 

0.1022 

0.1094 

800 

0.1177 

0.1269 

900 

0.1335 

0.1450 

1000 

0.1495 

0.1638 

1100 

0.1658 

0.1835 

1200 

0.1824 

0.2040 

1300 

0.1992 

0.2258 

1400 

0.2164 

0.2492 

1500 

0.2337 

0.2733 


6. 1 g U contains in equilibrium 2.73XIO-’ g Pa, since Apaj =32,000 
years.®® 1 g Ra is associated with O.81 g Pa at the present geological time; 
in the past it was more common than radium (1600X10® years ago about 10 
g Pa occured for every g of Ra) and in the future it will become rapidly 

rarer (in 1600X10® years the Pa: Ra-ratio will be only 0.06). 

7. The pleochroic haloes discovered by S. limori and Y. Yoshimura®® can- 
not be due to the Ac-series, since these have always occurred together with 
the U-Ra-series on earth. 

8. The transformation scheme for the actinium series is as follows (atomic 
weight, period):®® 
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R. Mecke’s’^ conversion factor (1.00022). From this starting point the cal- 
culated values for the following members of the U-Ra-series are ;*® 


Radio element 

RaF (Po) 
Ra-Em 
Ra 
UI 


Phys. at. wt., 0^ 

210 . 02 ' 

222.05 

226.06 
238.08 


^6 


± 0.02 


Chem. at. wt., 0 = 16 

209.97' 

222.00 
226.01 
238.03 


±ab, 0.02 


This atomic weight of UI and Aston’s observation®'* that it constitutes at 
least 97 percent of the element uranium indicate that the value 238.14 for the 
latter is too high. 

The author wishes to express his gratitude to the Notgemeinschaft der 
Deutschen Wissenschaft in Berlin and to Mr. H. J. Halle of New York City 
for financial support in this investigation. 


^ R. Mecke and W. H. J. Childs, Zeits. f. Physik. 68, 362 (1931). 

Our complete data were published in F. G. Houterman’s report — Ergebnisse der exakten 
Naturwissenschaften, p. 199, 1930. 

F. W. Aston, Nature 128, 725 (1931). 
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Permeability of Iron at Ultra-Radio Frequencies 


By J. Barton Hoag and Haydn Jones 
Ryerson Physical Laboratory, University of Chicago 


(Received September 12, 1932) 

Measurements have been made by the self-inductance method at ultra-radio 
frequencies of the “initial” magnetic permeability of iron wire by use of the new fre- 
quency determination method of Hoag. The following values have been obtained: 
30.31, 22.10, 18.69 and 9.65 at frequencies of 469.8, 589.8, 829.8 and 1350 megacycles, 
respectively, corresponding to wave-lengths of 63.81, 50.83, 36.13 and 22.21 cm. 
These values of permeability are appreciably lower than those of Arkadiew in this 
region but show a similar decrease with increase of frequency. 


Introduction 

^T^HE study of permeability of iron at very high radio frequencies is of 
•A great interest in connection with theories of magnetism. Anomalies in 
the measured values of permeabilities at frequencies from 10® to 10® cycles 
per second (3 to 300 meters wave-length) were observed by Kartschagin^ and 
by Wwendensky and Theodortschik^ and discussed by Arkadiew® and Page.^ 
However, the more recent experiments of Sokolow,® Michels,® Strutt,^ Wait,® 
Laville,® and Wait, Brickwedde and HalP® do not show these peculiarities of 
the permeability values in this range. 

Two fundamental procedures employing the skin-effect equations de- 
rived by Maxwell, Heaviside, Rayleigh, Kelvin and others, have been used 
to determine permeabilities at high frequencies. The first is based upon a 
measurement of the damping or high-frequency resistance in two parallel 
(Lecher) wires while the second depends on the measurement of their high- 
frequency inductance. It is found in all cases that the values of permeability 
Ilk obtained by the resistance method are greater than those fin obtained 
by the inductance method. The possible accuracy of measurement by the 
former method is much greater than by the latter. For example, values given 
by Michels for iik in the wave-length range from four to thirteen meters are 
accurate to 3 percent while values are in error by 4-13 percent. The present 
work was undertaken with a view to increasing the accuracy and high fre- 
quency range of the inductance method. 

^ W. Kartschagin, Ann. d. Physik 67, 325 (1922). 

463 (192^^^”^^^^^^^ Theodortschik, Phys. Zeits. 24, 216 (1923). Ann, d. Physik 68, 

® W. Arkadiew, Zeits. f. Physik 28, 11 (1921). 

^ L. Page, Phys. Rev. 21, 456 (1923). 

®L. Sokolow, Ann. d. Physik 83, 1136 (1927). 

® R, Michels, Ann. d. Physik 8, 877 (1931), 

T M. J. O. Strutt, Zeits. f. Physik 68, 632 (1931). 

8 G. R. Wait, Phys. Rev. 29, 566 (1927). 

G. Layille, Coniptes Rendus 176, 573--986 (1923). 

G. R. Wait, F, G. Brickwedde and E. L. Hall, Phys. Rev. 32, 967 (1928). 
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^ : Fig. 1 gives a resume of typical values of the measured permeabilities of 
iron in the range from 1 cm to 500 m. The letters refer to the workers listed 
above and the JT—/ values are those presented in this paper. The anomalies 
of Kartschagin (K), Wwendensky and Theodortschik (W and T), suggestive 
of natural resonance phenomena, are shown, while the constancy of the more 
recent work of the others (excluding Arkadiew) is apparent. The work of 
Hagens and Rubens with long heat waves reflected from metallic mirrors, 
indicated that the value of permeability at these frequencies was unity. It is 
seen in Fig. 1 that the values obtained by Arkadiew with damped waves, 
as well as our values with undamped waves, show a gradual transition as 
the region of heat waves is approached. The intensity of the magnetic fields 
in all eases is less than 0.5 gauss. Variation with field intensity has not been 


0 0 10 20 30 50 Ifh 2 3 5 10 20 30 50 100 200 300 500 
wave-ien^th 

Fig. 1. Permeability of iron at high frequencies. 


Theory OF /Xn Determination 
The J. W. Nicholson^^ form of the 


equation for the inductance of two 
parallel wires whose magnetic permeability at high frequencies is fXn Is given 
by the following equation 

r Ai ^ t ber rr-ber' a: + bei :r-bei' 

L = 4Iog,— d (1) 

r X (ber' x)^ + (bei' x)^ ^ 

where L is the high-frequency inductance per centimeter of the double wire 
system; d is the separation of the wires in cm; r is the radius of one wire in 
cm; ■; : 

X = 2r{7ro)fXn/py^^ (2) 

in which^ o) = 2t X frequency = 2irF/X ; V is the velocity of waves in the lecher 
wires; X is the wave-length in cm; p is the specific resistance of one wire; also 


ber X = 1 — -d — - 

224 V 22425282 

J. W. Nicholson, Phil. Mag. 17, 255 (1909). 


( 3 ) 



HIGH-FREQVENCY PERMEABILITY OF IRON 573 


and 


bei a; = 


+ 


22 224252 22425282102 


The primed values (ber'x, bei'x) are the first derivatives with respect to 
For extremely high frequencies this equation reduces to 

L = 41og,^/f + [{lunR X 100/co]i/2 La + 2Li 


where i?: = ohms resistance of a one cm length of a single wire, and iLa( = 4 
loge d/r) is the inductance per cm of the double wire at low frequencies. 
The second term, which is equal to 2Li, represents that part of the inductance 
which varies with the frequency. This variation is due to the fact that as 
the frequency increases the currents are more and more confined to the sur- 
face of the wire, leaving a larger inner region filled with material of permea- 
bility /Zn. This inductance, Li, is often referred to as the inner self-inductance. 
Therefore, solving Eq. (5) for the permeability, we obtain 


!Xn == o>(2Liy/(2RX 10 ^). 


From the usual cable theory, the velocity of propagation of current waves 
along the parallel wires is given by F==1/(LC)^ which, for our case of high 
frequencies, becomes 


V == [(La + 2Li)Cl 


-1/2 


This velocity is appreciably smaller than the velocity of light c unless Li 
is negligible. Further, we have c^fXs and F=/Xj?*, where / is the frequency 
of the generator, is the wave-length in the magnetizable wires and Xb is 
the wave-length in non-magnetizable wires. Combining these equations, we 
obtain 

2Li = 2La(XB — Xp) /\p ( 3 ) 


where Za = 4 log, d/r from Eq. (5). Substituting this value of the inner self- 
inductance in Eq. (8) gives the following working equation, 

(19207r/i^)(log, d/ry(/KB — XfY/XbXf'^ (9) 




where R is the d.c. resistance in ohms per cm of a single magnetizable wire. 
It is to be noticed that the accuracy with which fXn may be determined de- 
pends on the precision of the wave-length measurements. 


Apparatus 

Fig. 2 shows the apparatus used for determining the permeability by the 
self-inductance or wave-length method. An electron oscillator of the mag- 
netron type was used as a generator of the ultra-radio frequencies. The ele- 
ments of this vacuum tube consisted of a 4 mil tungsten filament surrounded 
coaxially by a mol3^’^bdenum cylinder whose inside diameter was 1 cm. This 
vacuum^ tube was placed in a magnetic field so that the filament was parallel 
to the lines of force. The cylinder was raised to a positive potential of 100- 
1200 volts. Oscillations were produced by slowly increasing the magnetic field 
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j to a value at which the anode current, indicated by the milliameter {A), 

suddenly decreased. The frequencies which were produced with this tube 
ranged from 1.36X10® to 0.47X10® cycles per second (22 cm-64 cm) These 
ultra radio frequency oscillations were fed through two 0.01 mfd condensers 
(c) into a lecher wire system (1T1T). These wires were 0.318 cm in diameter 

and 150 cm long and were suspended 1.90 cm apart. 

The double short circuiting bridge similar to that described by L. Tonksi® 
{B in Fig. 2) consisted of two short-circuiting bars separated by appro.xi- 
mately one-fourth of the wave-length in use. This served effectively to reduce 

the dead-end effect of the portion of the wires to the right of (5). 

A small pick-up coil (e) of copper wire was mounted near the coupling 
condensers as indicated in the figure. Currents induced in this side circuit 
were rectified by the crystal (d). The a.c. components were by-passed by a 
small condenser, while the d.c. component served to deflect the galvanome- 
ter (G). 



Fig. 2. Circuit used to measure high-frequency permeabilities. 


Calculations for this apparatus showed that the impedance of the genera- 
tor was approximately equal to the characteristic line impedance of the 
lecher wires. 

Measurement of the Wave-Length 

I The usual cable theory has been applied by Hoag to the present appa- 

I ratus. This gives the following equation for the galvanometer current ig in 

; termsofthepositionGof the bridge (see Fig. 2), 

■ ‘ ' ^0 = Ig cos® [360(5 — 5)/X] (10) 

Fig. 3 shows experimental values for a 64 cm wave. That the equation of this 

I I correctly expressed by Eq. (10) may be seen by solving the equation 
; ; for the bridge position. Thus 

I i * ; ' '■ ' ■ . ' 

“S' = i + (X/360) COS'l (fj/Jj)!/®. (11) 

If we replot the data of Fig. 3 using values of G as ordinates and cos-‘(f j/J^)!'® 
as abscissae, the points fall along the straight line shown in Fig. 4. The y 


“ L. Tonks, Physics 2, 1 (1932) 
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intercept gives the value of the distance Sj thus eliminating all difficulty in 
determining the end corrections of the lecher wire system. The slope of the 
line is equal to X/360. In order to obtain the wave-length X with greater pre- 



Fig. 3. Galvanometer deflections for various bridge positions. 



rision, an average for symmetrical points on the experimental wavy line of 

was determined. Wave-lengths measured by this method are accurate 
to three significant figures throughout the range investigated. 
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iron and brass lecher wires. In this way, values of and for a definitely 
fixed frequency were obtained. Approximate values of the wave-length were 
obtained by doubling the distance between successive peaks in Fig. 3. 

Results 

The wave-lengths measured by this method and the permeabilities cal- 
culated from Eq, (9) are given in Table 1. The d.c. resistance R was equal to 
0.00032 ohms per cm length of a single iron wire. The separation of the lecher 

' Table I. 

Approx X cm Xi? cm XRcm f 
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LETTERS TO THE EDITOR 

Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are^ for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 

Velocities of Ions and Electrons in Pure Gases 


In a review on “Electrical Discharges in 
Gases,” K. T. Compton (Rev. Mod. Rhys. 2, 
123 (1930)) arrives at a general mobility 
equation which should apply to ions and 
electrons. No test of the equation was made 
by comparison with experimental results of 
the mobilities of positive ions, because at that 
time no determinations had been made in 
which the nature of the ions was sufficiently 
well established. 

In a paper read before the New Zealand 
Institute, I used Compton’s equation to calcu- 
late the mobilities of certain positive ions 
moving in pure gases. These mobilities had 
been experimentally measured with accuracy 
by Tyndall and Powell (Proc. Roy. Soc. A134, 
125 (1931) and 136, 145 (1932); Nature 127, 
592 (1931)). My calculations for the mobility 
of helium ions in helium showed that Comp- 
ton’s equation yields values several times 
greater than 21.4 cm/sec. per volt/cm, the 
value obtained by Tyndall and Powell. Fur- 
ther, for values of X/p ranging from 0.3 to 
4.2 volt /cm per mm of mercury, the mobili- 
ties calculated from the equation change 
rapidly, contrary to the experimental values. 
Hass6’s calculations (Phil. Mag. 1, 139 (1926) 
and 12, 554 (1931)) from Langevin’s general 
equation are in much closer agreement with 
the best experimental values or positive ions 
in the case of helium and in the other cases 
I considered, and, in addition, this equation 
leads to the well-established law connecting 
mobility and pressure and to the fact that 
the mobility is independent of the electric 
field for small to moderate fields. 

In obtaining his equation Compton neglects 
the effect of the attractive forces between ions 
and molecules. The reasons given for this pro- 
cedure (R.M.P. 2, 209 (1930)) justify it in the 
consideration of electrical discharges through 


gases, but the simplification is only a rough 
approximation under the conditions existing 
during mobility measurements. The expres- 
sion there quoted for the force between an ion 
and a neutral molecule is only half the cor- 
rect form. Assuming that this is a typographi- 
cal error, there still seems to be a numerical 
error in Compton’s estimates of the effect of 
attraction, wffiich may have influenced his 
judgment of the relative unimportance of the 
attractive forces. These forces depend on the 
ratio (R) of the energy of dissociation of an 
elementary cluster to the average kinetic 
energy of the ions and molecules. From 
Hasse’s calculations I estimated that the 
effect of the attractive forces for values of R 
up to 1.6 is greater than indicated by Comp- 
ton’s figures. This emphasizes the vagueness of 
his conclusion that “the ion free path is not 
appreciably diminished by the fact of its 
charge unless the mutual kinetic energy is of 
the order of the cluster dissociation energy, 
or less.” The mobility of the ions will be much 
reduced by the attractive forces when the 
cluster dissociation energy is considerable 
compared with the average kinetic energy of 
a molecule. This is the condition that clusters 
of charged and uncharged molecules should 
be formed. Although Tyndall and Powell 
found no evidence of ionic clusters in their 
work on pure helium, even in this case the 
effect of the attractive forces is to reduce the 
calculated mobility by about 50 percent. It is 
not possible yet to make a much closer ap- 
proximation to the forces between ions and 
molecules in close proximity than the inverse 
fifth power law of attraction. 

There appears to be no adequate reason to 
extend the concept of mobility to the case of 
electrons where the velocity in the direction 
of the electric field (TF) is not in general pro- 
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portionai to the field strength {X) (vide V. A. 
Bailey/ Phil. Mag. 46, 213 (1923)). Comp- 
ton s eq'^s.tion for the mobility of electrons 
can be considered as an equation for the 
velocity of electrons under standard con- 
ditions of temperature and pressure (TPo), and 
it appears to be as accurate as any equation 
yet proposed which neglects the large varia- 
tions of mean free path with velocity of agita- 
tion. In my paper I suggested a method 
whereby the agreement between velocities 
predicted from Compton^s equation and the 


have been measured at 15®C and mm pres- 
sure. X is the mean free path of the electron 
at 0°C and 1 mm pressure and has been as- 
sumed equal to the usual kinetic theory 
value. The results in the case of oxygen are 
shown in Fig. 1. Curve I shows the experi- 
mental velocities obtained by Brose (Phil. 
Mag. 1, 536 (1925)), which are believed 
to be the best available for the range of X/p 
considered. Curve II shows the values cal- 
culated from Compton’s equation, and Curve 
III shows the values calculated from Eq. (1) 



best experimental results could be improved 
in the case of typical gases like oxygen, nitro- 
gen and helium. The suggestion was to adopt 
Townsend's expression for the average frac- 
tional energy loss at an encounter between an 
electron and a molecule, i.e., /===2.46 
where C is the velocity of agitation of the 
electrons, instead of assuming that the col- 
lisions are like those between perfectly elastic 
spheres, in which case /= 2.66 m/ilf approxi- 
mately, where M is the mass of the molecule* 
For the purpose of rapid calculation I wrote 
Compton’s equation for electrons (R.M.P. 
2, 234 (1930)) in the form 

Wo « 41 ,600 {p\xyi^ X (1) 

where it is assumed that the drift velocities 


byusingTownsend’sexpressionfor/andBrose's 

values for W and C. The improved agreement 
with the experimental value in this gas by 
using the method suggested is much more 
marked than in the case of monatomic gases, 
where for small values of X/p the collisions 
are nearly elastic. The agreement thus ob- 
tained in the cases of the gases considered is 
as close as can be expected from any theory 
which neglects the variation of mean free path 
of the electrons with their velocity of agita- 
tion. 

C. M. Focken 

Department of Physics, 

Otago University, 

Dunedin, New Zealand. 

October 1, 1932. 
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Variation of the Structure of Scattered Lines with 
the Frequency of the Primary Light 


In a communication by one of us on a new 
type of modified radiation^ mention was made 
of experiments in which the variation in 
structure of scattered lines with the variation 
of the frequency of the primary light was 
examined. These experiments gave some in^ 
teresting results which have not yet been 
published. 

The modification of wave-length w'hen the 
radiation 4047A of the mercury arc was used 
as the primary light has been studied by 
means of an echelon grating and compared 
with that of 435 8 A. In order to obtain greater 
accuracy the experiments were carried out 
with benzene under scattering angle ^“135°. 


a considerable difference in the displacements 
of the modified lines. We have undertaken 
therefore similar experiments with another pri- 
mary line under another scattering angle. 

The yellow radiation 5 791 A of the mercury 
arc was chosen as the primary light. The scat- 
tering was examined in benzene under the 
angle ^ — 90°. In consequence of the smaller 
sensitivity of the photographic plates in the 
yellow region of spectrum and the decrease of 
the intensity of scattered light (according 
to Rayleigh’s law) a very long exposure (80 
hours) was required. 

The results of the measurements for the 
yellow line 5 791 A and those for the blue line 


Table I. 


X 

A' 

AX (obs.) 

A 

AX (calc.) 

A 

AX (4358) 

AX (4047) 
(obs.) 

AX (4358) 4358 • w.(4358) 

AX (4047) ■ 4047 ■ w(4047) 
(calc.) 

4358 

0.063 

0.050] 






1.13 

1.07 

4047 

0.056 

0.047J 




The displacement of the lines modified by 
elastic heat waves ought to vary^ with the 
primary wave-length according to the equa- 
tion 

AX= ±2Xow(z?/^) sin {B/2) (1) 

where Xo is the primary wave-length, v is the 
velocity of sound in the medium, n is the re- 
fractive index of the medium, c is the velocity 
of light in vacuum and 6 is the scattering angle. 

The observed and calculated values of AX 
for 4358A and 4047A as well as their ratios, 
observed and calculated, are given in Table I. 

These results confirm the existence of the 


4358A obtained earlier by one of us^ are com- 
pared in Table II. The observed values agree 
wdth the calculated ones satisfactorily within 
the experimental errors. 

The variation of AX with the wave-length 
of the primary light according to the Eq. 
(1) (as well as with the scattering angle and 
velocity of sound in the medium)^ proves 
again that the observed modification of the 
wave-length is produced by elastic heat oscil- 
lations in the scattering medium and is not 
the Raman effect due to the frequencies of the 
rotation spectrum of molecules of liquids. 

Table II. 


X 

A ■ 

Xj (obs.) 

A 

AX (calc.) 

A 

AX (5791) 

AX (4358) 
(obs.) 

AX (5791) 
AX (4358) 
(calc.) 

5791 ■ b( 5791) 
4358 ■ w(4358) 

5791 

0.055 

0.047) 







1.17 

1.31 


4358 

0.047 

0.036j 




connection between AX and Xo 

given by Eq.(2). 


E. Gross 

The difference between the 

wave-lengths of 


I. Khvostikov 

the lines 4358A and 4047A is not great enough 

Ootical Institute. 


to produce 

in the experiments just described 

Leningrad, 



^ E. Gross, Nature 126, 201 (1930). 

October 5, 1932. 
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Electron Lenses 


We wisfi to amend a statement which ap- 
pears over our names in an abstract in the 
Physical Review for August 1, 1931.i It is 
there stated/ as a result of calculation/ that 
the distorted electrostatic field about a cir- 
cular hole in a charged conducting plate (a 
vacuum tube electrode) has for electrons, or 
other charged particles, the properties of a 
spherical lens of focal length /= 2 F/(G^ 2 ~C?i), 
where F represents the kinetic energy of the 
particles in equivalent volts, and 
represents the difference between the potential 
gradients on the emergence and incidence 
sides of the plate. The part of this statement 
which requires amendment is the formula for 
the focal length, which should read: /=4F/ 
(02 — Gj). 

The original formula, with 2 as the numeri- 
cal factor, is correct for the other case men- 


tioned in the abstract, that of a rectangular 
slit. The field about such a slit acts as a 
cylindrical lens; it was with lenses of this type 
only that tests had been made at the time the 
abstract was written. More recently we have 
made observations on the lens action of the 
fields about circular holes, and have obtained 
results in agreement with the corrected for- 
mula given above. We hope to have a report 
of these investigations ready for publication 
within the next few months. 

C. J.. Davisson,, ; 

C. J/ Calbick: ' . 

Bell Telephone Laboratories, 

New York City, 

October 13, 1932. 

1 Davisson and Calbick, Phys. Rev. (2) 38 
585 (1931). 


On the Secondary Emission from 


There^ are known some deviations from 
Langmuir’s theory for currents to a collector 
in a neon discharge.^ In order to investigate 
the causes of such deviations a number of 
experiments was carried out by us in 1931-32, 
The experiments were made with cylindrical 
tubes of different diameters from 3 to 5 cm 
(pressure ^ = 1~2 mm) with movable col- 
lectors of various geometrical shapes. These 
^ tubes were made with heated as well as with 
cold cathodes. The collectors were made of 
iron, nickel and molybdenum. Before filling 
the tubes neon was purified in the usual way. 
The discharge tube could be illuminated by 
an outside neon source. This illumination 
caused a corresponding change of the col- 
lector current. 

When collector potentials approached the 
anode potential the volt-ampere curves ob- 
tained with probe electrode placed in the 
positive column differ somewhat from those 
given by Found and Langmuir.® 

The shifting of the movable collector across 
the tube permitted the study of the secondary 
emission from the probe electrode on the axis 
of the discharge and also its changes when the 
collector approached the wall of the tube. 
Close to the wall the shape of the collector’s 
characteristic in the ion part approached the 

■ shape of ordinary curves (e.g., mercury vapor) 

■ m absence of secondary emission from the 
collector. Again when the electrode was 


Collectors in Neon Bischarge 

placed on the axis of the positive column or 
beyond it at high negative potentials the 
curves had a shape analogous to that given 
by Found and Langmuir. It is known that a 
considerable increase of the ion current can 
be explained by the ionization in the sheath 
by electrons escaping from the probe elec- 
trode. It should be noted that the conditions 
in some of our measurements were such that 
only a slight part of the positive column ra- 
diation could pass the anode and reach the 
collector behind it. In other cases in order to 
study the influence of the radiation on the 
secondary emission, special tubes with a 
transparent’^ anode (grid-anode) were Used. 
With the increase of illumination intensity, 
from the emission tube the corresponding de- 
crease of ion current to the collector in the 
discharge tube was observed. At probe elec- 
trode potentials near the space potential the 
collector current depends only slightly on the 
intensity of illumination. Ion currents to the 
collector placed near the wall do not depend 
on the magnitude of the discharge current up 
to certain limits. Thus the changes of the col- 
lector current due to illumination also do not 
depend on the discharge current. When the 

^W. Uyterhoeven, Proc. Nat. Acad. Sci. 
15,32(1929). 

^ C. G. Found and I. Langmuir, Phys. Rev. 
39, 237 (1932), (Fig. 9.) 
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same collector was shifted towards the axis 
of the tube not only the collector current 
changed with the change of the discharge cur- 
rent but the influence of illumination from 
the outside source as well. Metastable atoms 
in a neon discharge may firstly, ionize the 
impurities (volume eflect) and secondly, 
liberate electrons from surfaces (surface ef- 
fect). The collector current at high negative 
potentials according to Found and Langmuir 
depends on the sheath conditions. We believe 
that our experiments lead to the conclusion 
that the secondary emission is mainly in- 
fluenced by the metastable atoms. 

Pike’s^ calculations which have led him to 
the conclusion that the efficiency of metasta- 
ble atoms is small compared with the photo- 
effect of the radiation hardly may be applied 
in our and other authors’ experimental con- 
ditions. Pike bases his calculations on Pen- 
ning’s curves‘^ for spark potential referring to 
high neon pressures (18-20 mm). It is well 
known however that the changes in the emis- 
sion from the cold cathode aflect the spark 
potential only at low pressures. At high pres- 
sures the volume effect plays the main role." 
This explains the small value got by Pike for 
the efficiency of metastable atoms in liberat- 
ing the electrons from the collector. Measure- 
ments with a plane collector placed beyond 
the column which could be oriented perpen- 
dicular and parallel with the axis of the tube 
showed that for the perpendicular position 
of the electrode the ion currents were some- 
what greater than for the parallel one. Kent}^® 
assumes that this increase of the current is 


one of the evidences of the direct photoeffect 
from the collector. But in our experiments 
this difference in the current existed even 
when the main discharge was switched off. 
Thus in our experiments the cause of this 
effect was not the radiation diffusing from the 
positive column, but the change of the con- 
figuration of the gap between the collector and 
the anode. In the discharge tube with a 
transparent anode and a collector placed at 
the axis of the tube beyond the anode and 
directly affected by radiation from the posi- 
tive column the ion currents to the collector 
decreased sharply when a glass wall was ap- 
proached by the collector from the side op- 
posite to radiation. When the collector was 
screened from the positive column with vari- 
ous screens the ion current decreased. But 
this decrease was almost independent of the 
optical properties of the screens. All these ex- 
periments point out the existence of a surface 
effect under the action of metastable atoms 
and a comparatively small direct influence of 
the photoeff'ect on the secondary emission. 

G. Spiwak 
E. Reichrudel 

Research Physical Institute of 
the Moskow State University. 

October 14, 1932. 

" E. W. Pike, Phys. Re\x 40, 314 (1932). 

‘ F. M. Penning, Zeits. f. Physik 46, 335 
(1928); 57, 723 (1929), (Fig. 4). 

" L. I. Neuman, Proc. Nat. Acad. Sci. 15, 
259 (1929), (Fig. 3). 

® C. Kenty, Phys. Rev. 38, 377 (1931). 


A Filter for the Study of the Raman Effect 


To excite Raman spectra^ by means of the 
4358 mercury line, it is current practice to 
eliminate the 4047 groups by means of a 
quinine sulphate solution. Since this solution 
turns brown upon prolonged exposure, re- 
course is had to the use of a preliminary filter 
of pale Noviol glass which absorbs the 3650 
line as well as lines of shorter wave-lengths — 
and which, hence, prolongs the useful life of 
the quinine solution. 

Recently, in developing a series of filters 
transmitting, respectively, only the ultra- 
violet, the visible, and the infrared, it was 
found that a solution of sodium nitrite NaNOi 
has a short wave-length transmission limit 
at about 4050. The behavior of a saturated 
solution of sodium nitrite in a cell 12 mm 


thick is shown in the accompanying photo- 
graphs. Actual measurements, carried out 
with a quartz monochromator and a Weston 


TT 



Fig. 1. 

Photronic Cell show that while the transmis- 
sion of the nitrite filter for the 4358 line is 

1 R. W. Wood, Phys. Rev. 38, 2168 (1931). 
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65 percent, the transmission for the 4047 line is 
less than 1 percent. The transmission of the 
Noviol glass was 56 percent for the 4358 line. 
This indicated that the sodium nitrite solution 
\\ ould be at least as effective as the quinine 
sulphate-Noviol combination and possess, in 
addition, the advantage of permanence. Pro- 
longed exposures to the intense radiation of a 
quartz mercury arc have failed to show any 
noticeable effects upon the transmission of the 
nitrite solution. 

A freshly prepared solution of sodium 
nitrite in water show^s turbidity which is not 
removed by filtering. If the solution be al- 
lowed to stand for several days, the suspended 
niatter settles out and leaves the solution 


quite clear. For most cases a saturated solu- 
tion in a 12 mm layer wall suffice. For use in 
Wood’s system of filters, it is suggested that 
2 parts of winter be added to 1 part of the 
saturated nitrite solution and that the mix- 
ture be used to fill the glass tube of 3.6 cm 
internal diameter. 

Actual Raman spectrograms taken by Pro- 
fessor Wood showed that the necessary time 
of exposure with the nitrite filter was no 
greater than that required by the quinine- 
Noviol filter and that the nitrite filter did 
not change its color. 

A. H. Pfund 

The Johns Hopkins University, 

October 22, 1932. 


Note on Perturbation Theory ot Molecules Formed from 
Two 2p Atoms 


Fhe various methods wiiich can be used to 
estimate (either quantitatively or qualita- 
tively) the energy levels of diatomic mole- 
cules do not always give concordant results 
lor the ordering of the levels. Professor Van 
Vleck has suggested that a comparison of 
these methods might yield information of 
some value; this note gives the results of such 
a comparison in a particular instance. The 
case chosen is that of a molecule formed from 
two similar atoms, each containing a single 2p 
electron (plus perhaps non-bonding closed 
inner shells). We shall neglect the “hybridiza- 
tion of the 2.!*, 2p levels; for, though im- 
portant m h3rirogenic atoms because of de- 
geneiacy, it is usually'’ less important in 
heavier atoms. The various schemes of calcu- 
lation include the following: 

1. The Heltier-London perturbation meth- 
od, inclusive of the electron repulsion term, 

Ai 2 , in the potential energ 3 ^ This has been 
done, to the first order approximation, by 
Barlett;^ his results, corrected as suggested 
in a later paper , 2 are shown in Fig, 1. This is 
the method leading to the concept of “electron 
pairs.” 

2. The Heitler-London perturbation meth- 
od, exclusive of the electron repulsion term. 

The results, readily calculated from Bartlett’s 
tables, are indicated in Fig. 2. 

3. The “two-center” or “molecular orbital” 
method, also exclusive of detailed electronic 
interaction. This is the method used exten- 
sively in the “Aufbauprinzip” of Hund and 
Mulhken. It consists essentially of adding the 
attractive energies of the separate electrons. 


each calculated as for the one-electron twm- 
center problem, to the repulsive energy of the 
nuclei. It w'ill be necessar^^ for us to dis- 
tmguish the two following w^ays of applying 

(3a) hirst order perturbation theory, neg- 
lecting electronic repulsion, with unperturbed 
w'ave functions of the type [ut(l) ± /;,•(!)] 
X [ay(2) +5y(2)]. The choice of sign for each 
electron’s orbital determines whether it is 
gerade or ungerade. (Notation: Ui(l) refers to 
the w’ave function of electron 1 on nucleus a 
in the state wz-f, etc.) This method, like (1) 
and (2), has the disadvantage that it is ap- 
plicable only for large internuclear distances. 
It has been wwked out by Lennard -Jones 
the results for our two-electron case are given 
in Fig. 3. 

(3b) Semi-empirical methods of Hun d'^ and 
Mulliken,*’ wffiich are guided by correlation of 
the configurations and levels of known mole- 
cules with those of the united atoms and 

^ J. H, Bartlett, Jr., Phys. Rev. 37, 507 
(1931). 

2 W. H. Furry and J. H. Bartlett, Jr., Phvs 
Rev.39, 211 (1932). 

J. E. Lennard-Jones, Trans. Faraday Soc. 
25, 668 (1929). As a check, the same results 
have been found with the aid of Bartlett’s 
tables. 

^ F. Hund, Zeits. f. Physik 73, 577 (1932). 

® R. S. Mulliken, Rev. Mod. Phys. 4, 1 
(1932); particularly Fig. 43, which is here 
taken as a standard by which to judge the 
accuracy of the perturbation methods. 
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Fig. 1. The Heitler-London method including Fig. 2. The Heitler-London method 

electron repulsion. neglecting electron repulsion. 




Fig. 3. The two-center method neglecting Fig. 4. The two-center method for but 

electron repulsion. one electron. 

All these curves have as abscissa the nuclear separation in units of ao, as ordinate the 
energy in units of Rh. The parentheses about the small Greek letters of Figs. 1 and 2 indicate 
merely that <r or t wave functions were used, not that the electrons were individually distin- 
guished as or or TT (as is the case in Figs. 3 and 4). When a singlet and a triplet level coincide, the 
superscript is omitted. 

All the figures are drawn for the special case of unit nuclear charge. Fig. 3 was constructed 
from Fig. 4 by simple addition of the 2/i? curve and the individual curves for the two electrons. 
One may draw the corresponding curves for the case of any nuclear charge Z and any number 
of 2;^ electrons if one considers the abscissa of Fig. 4 to be ZR and makes the following changes 
in scale of the ordinate: For the 2/R curve (which now becomes 2/ZR), multiply the ordinates 
by Z®; for the remaining curves, multiply the ordinates by Addition of these modified 
curves gives the complete energy, as before. These statements regarding the powers of Z to be 
inserted are consequences of the fact that the electron energy in the field of the nuclei is of the 
form Zy(Zi?), while the mutual potential of the nuclei is, of course, Z^/ZR. 
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thereby give at least the correct ordering of 
energy levels. The results by this method, for 
the one-electron two-center problem, are 
roughly the same as those by (3a), shown in 
Fig, 4 , save that the da:shed o*,, curve should 
be replaced by the dotted one. (This dis- 
crepancy is the reason for dashing this and 
other curves affected by it.) The ag curve 
should also be somewhat higher for the 
smaller values of i?. 

A study of these figures yields the following 
information: 

(a) Figs. 1 and 2 show that the electronic 
repulsion term raises the triplet levels less 
than the singlet ones. This is due to the fact 
that the triplet wave functions are antisym- 
metric in their orbital part and therefore be- 
come zero whenever both electrons occupy the 
same position, which is just where l/ri 2 be- 
comes infinite. (The same effect is well known 
in atomic spectra.) 

(b) Methods (2) and (3a) differ only in 

their choice of unperturbed wave functions. 
(3a) includes “polar” terms, like n* (1) 
ai (2), which allow the possibility of both 
electrons being on the same nucleus at once 
and which keep the 2 ^ or g property of the in- 
dividual electronic orbitals; this method 
should be the better one when inter-electronic 
action is neglected. (2) excludes polar terms 
and thus keeps an electron on each nucleus 
at the cost of spoiling the symmetry proper- 
ties of the individual electronic orbitals; this 
method may be preferable whenever the in- 
clusion of electron repulsion tends to prevent 
the two electrons from accumulating on the 
same nucleus. The best wave function would 
probably be a linear combination of that of 
(2) and that of (3a), as Mulliken^ has em- 
phasized in the case of Is electrons. The two 
ungerade states made up of equivalent elec- 
tron configurations, and TruirgXu, A„, 

are the same in both sets of curves. This, as 
pointed out by Hund,^ is due to the fact that 
the polar terms for such equivalent states 
cancel when one “antisymmetricizes” the 
product wave function of (3a) to form the 
triplet wave function, so that the final func- 
tions are the same in either method. 

(c) The disagreement between methods 
(3a) and (3b) showm in Fig. 4 tells us that, 


for R<S, the first order perturbation theory 
(3a) will give not even qualitatively correct 
results for states, involving a a-u electron — the 
dashed curves of Fig. 3. This indicates that 
probably no perturbation calculation for 
such values of R is reliable. The increase in 
the discrepancy, as R becomes less than 8, is 
accompanied by the change in sign of certain 
integrals in the expression for the energy. 
This change of sign would, if taken too 
naively, indicate a weakness in the criterion 
that the amount of “overlapping” of wave 
functions is a measure of bonding pow’-er; for 
it was upon assumptions as to the definite 
sign and magnitude of such integrals that the 
criterion was first built up. Here, after the 
change in sign, the overlapping would seem a 
drawback, rather than an asset, to bonding 
pow'er. However, the criterion still agrees 
with the empirical results (3 b), even for small 
R. Furthermore, as Professor Mulliken has 
kindly pointed out, the question is of little 
practical significance; for in actual molecules 
ZR (the analogue to R. in hydrogen — see 
caption to figures) is seldom less than 8. 

(d) Neglecting electronic interaction, 
method (3) has the (rg<rg^Zg state lowest; in- 
cluding that interaction, it might instead 
place in that position the lowest triplet state, 
o-gTi^Xlu. Either of these possibilities, however, 
disagrees with method (l)’s choice of 
as the most stable state. Observations (b) 
and (c) combine to explain this discrepancy. 
According to (b), the state is one of 

those for which both the Heitler-London and 
the two-center perturbation methods yield 
the same results; according to (c), it is one of 
those states for wdiich the tw^o-center per- 
turbation method gives definitely wrong re- 
sults. Therefore the Heitler-London method 
also gives incorrect results for this state; that 
is why its curve is dashed in Figs. 1 and 2 as 
well as in Fig. 3. 

J. R. Stehn 

Department of Physics, 

University of Wisconsin, 

October 26, 1932. 

® R. S. Mulliken, Phys. Rev. 41, 65-71 
(1932). 

7 F. Hund, Zeits. f. Physik 73, 11 (1931). 
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Law of Force between Two He Atoms 


During the last few years a number of 
papers^ have appeared dealing with the energy 
of interaction of two He atoms as they are 
brought closer and closer together. The pur- 
pose of the present Letter is to point out that 
the law of force obtained by the most recent 
quantum theoretical considerations agrees 
surprisingly well with that found by Lennard- 
Jones^ from classical considerations on the 
viscosity and equation of state of helium gas. 
Glassically it is found that for fairly large in- 
ternuclear distances a force of attraction pre- 
vails, but that at distance of 2.5 angstroms 
or less, a very strong repulsive force dominates 
the situation. These two types of force receive 
their interpretation in the quantum theory 
as electrostatic polar attraction, and re- 
pulsion due mostly to electron exchange. The 
polar attraction has been calculated by Slater 
and Kirkwood^ taking account only of the 
dipole-dipole interaction. This calculation was 



improved by Margenaud who introduced the 
correction for the dipole -quadrupole and 
quadrupole-quadrupole interactions. The mod- 
ification engendered by these other terms 
is considerable. The force of repulsion, or 
valence force, is known from the work of 
Slater.^ Combining the results of Margenau 
and Slater, the mutual potential energy of two 

He atoms, distance p apart, is 

■f 30/p4)/p6] X ergs, 

P being measured in terms of the radius of 
the first Bohr orbit for H. If the terms in 
1/ p* and 1/pio are omitted, the energy of inter- 


action as calculated b}^ Slater and Kirkwood 

is obtained. 

Lennard-Jones^ has found that in order to 
fit the experimental data on the variation of 
viscosity of He with temperature and on the 
equation of state 

F(p) = 1 . 78 X 10 -Vp'" - 6. 21 X ergs. 

The figure shows the variation of F(p) with 
p for the three laws. It is surprising how 
closely the curves follow each other. The 
agreement is not good at large internuclear 
distances and it is in this region that the 
quantum theoretical calculations are most 
accurate, and are therefore to be preferred. 
At smaller internuclear separations, however, 
the reverse situation may very well apply, 
since the influence of the higher poles increases 
very rapidly as p decreases and these have 
been taken into account only approximately. 
Moreover, in this region the valence term 
may not be accurate although it is probably 
fairly near the truth. 

There have been several attempts to esti- 
mate the second virial coefficient of He, Al- 
though it is not difficult to make approximate 
calculations which agree well with the experi- 
mental values, an exact theoretical treat- 
ment is lacking. The method used up to the 
present is a semi-classical one in which classi- 
cal statistics are assumed for the transla- 
tional energies of the atoms but for the in- 
ternal motions quantum statistics are em- 
ployed. Calculations along these lines have 
given good agreement with experiment as far 
as the second virial coefficient is concerned. 
One can use a similar procedure to obtain the 
coefficient of viscosity. For this calculation 
the weak attractive field of He is not of much 
importance. Since the quantum theoretical 
law of force agrees well with that of Lennard- 
Jones at those values of p where F(p) is about 
equal to the mean thermal energy of the mole- 
cules, it must also give a good value for the 
viscosity. The detailed calculations are rather 
laborious and it hardly seems worth while to 
make them until the law of interaction is 
known with greater accuracy. 

W. G. Penney . 

Department of Physics, 

University of Wisconsin, 

November 1, 1932, 

^ J. C. Slater, Phys. Rev. 32, 349 (1928); 

J. C. Slater and J. G. Kirkwood ibid. 37, 682 
(1931); H. Margenau, iUd. 38, 747 (1931). 

E. Jones, Proc. Roy. Soc. 107, 157 

(1925). 
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PROCEEDINGS OF 
THE NEW ENGLAND SECTION 
OF THE AMERICAN PHYSICAL SOCIETY 

Organization of the Section 

The New England Section has been organized with the approval of the 
Council of the American Physical Society, and is under the general super- 
vision of this Council. 

Only members or fellows of the American Physical Society are eligible 
for membership in the section. 

The oflficers of the section are a chairman, vice-chairman, secretary- 
treasurer, and a program committee, consisting of these three officers and 
two other elected members. 

There will be two meetings of the section a year, one about the middle of 
October and the other about the end of January. The programs of these 
meetings will include, not only the usual ten-minute papers, but also invited 
papers on subjects of interest to physicists in general. 

Minutes of the Amherst Meeting, October 8, 1932 

The first regular meeting of the New England Section was held in Am- 
herst, Massachusetts, on Saturday, October 8, 1932. The presiding officers 
were Professor E. C. Kemble, chairman of the section, and Professor Louise 
S. McDowell. All sessions were held in the Fayerweather Physics Laboratory, 
Amherst College. 

About 80 were present at the morning sessions and about 120 at the 
afternoon sessions. 

The morning session was devoted in part to the reading of contributed 
papers, and in part to a business meeting. 

At the business meeting the organization committee, consisting of Pro- 
fessors E. C. Kemble, S. R. Williams, Louise S. McDowell, G. F. Hull, and 
P. M. Morse, made its report, outlining the steps which had been taken in 
organizing the section. 

The constitution of the section, which had been approved by the Council 
of the American Physical Society at its meeting in Washington, April 28, 
1932, was adopted by the section. 

The secretary of the organization committee reported that 101 members 
had joined and paid their yearly dues. 

The election of officers for the section for the calendar year 1933, then 
took place. The officers elected were : 

Professor E. C. Kemble, Chairman 
Professor S. R. Williams, Vice-Chairman 
Professor P. M. Morse, Secretary-Treasurer 
ProfessorsLouise S. McDowell and G. F. Hull, 
members of the Program Committee 
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Professor W. G. Gady of Wesleyan University kindly invited the section 
to meet at Middletown, Conn., for its October 1933 meeting. This invitation 
was later accepted by the program committee. 

A vote of thanks was extended to the members of the Physics Depart- 
ment at Amherst for their efforts, which had made the meeting such a success. 

The session had its luncheon at the Morrow Cafeteria, Amherst College. 

The afternoon session was devoted to invited papers. The first two consti- 
tuted a colloquium on Magnetism^’ and were on Mechanical Hardness as 
Measured by Magnetostrictive Effects by Professor S. R. Williams of Amherst 
College, and on Recent Developments in the Theory of Magnetism by Professor 
J. C. Slater of Massachusetts Institute of Technology. The third invited 
paper was a lecture and demonstration of High-Frequency Sound Effects 
given by Professor G. W. Pierce of Harvard University. 

The program of the section consisted of 12 papers, the abstracts for 
which are given below. An author index will be found at the end. 

Philip M. Morse, Secretary-Treasurer 

ABSTRACTS 

1. Anomalous rotational temperature of mercmy hydride. Foster F. Rieke, Harvard 
University. — Gaviolaand Wood obtained the spectrum of mercury hydride by sensitized fluores- 
cence, using the mercury resonance line for excitation. The observations were made that with 
the mixture hydrogen, nitrogen, and mercury the intensity distribution showed predominance 
of high rotational quanta, while with water vapor plus mercury, low quanta. An attempt has 
been made to explain the former observation by a sequence of elementary processes involving 
the persistance of abnormal rotation through thousands of collisions.The author has obtained 
the rotational temperature of a band emitted by the mercury plus water mixture; even this 
has proved to be anomalously high (a few thousand degrees) and cannot be explained by the 
hypothesis mentioned. It seems to be more compatible with a theory of the transfer of rota- 
tional energy in which estimates of probabilities of transfer are based on the laws of impact. 

2. Temperature variation of viscosity and of the piezoelectric constant of quartz. K. S. Van 
Dyke, Wesleyan University. — From measurements of the decrement of the longitudinal vibra- 
tions of a quartz resonator at various external circuit loads the decrement under short circuit 
is found by extrapolation. This decrement measures the inherent viscous losses in the quartz 
itself when the damping effects of suspension, silver-plated electrodes and surrounding gas 
have been eliminated. Decrement determinations at different temperatures (same resonator, 
67.5 k.c. mode, and method as in Phys. Rev. 40, 1026 (1932)) show the value of viscosity of 
quartz (defined as the ratio of logarithmic decrement to Young’s modulus) to increase from 
0.7 X lO*"^^ at — 80°C to 2.4 X 10"^^ at 40°C, the increase being about twice as rapid at the upper 
temperature as at the lower. At room temperatures the variation is of the order of one percent 
per degree centigrade. The piezoelectric constant of quartz (11) also obtained from these dec- 
rement determinations decreases from 5.57X10^ absolute e.s.u. at — 80°C to 5.27X10^ at 
40°C. This variation is also more rapid for the higher temperatures, being ten times as large at 
40 as at —80®. At room temperature the variation is about one-tenth of one percent per degree 
centigrade. 

3. The effect of pressure on the electrical resistance of fifteen metals down to liquid 
oxygen temperatures, P. W. Bridgman, Harvard University. — Measurements made 15 years 
ago on the pressure coefficient of a number of metals between 0® and 100®C have been ex- 
tended to — 78® (solid CO 2 ) and —183® (liquid oxygen). In order to avoid freezing of the trans- 
mitting medium pressure must be transmitted with gaseous helium. This introduces a number 
of difficulties of technique, which have been so far overcome that routine measurements have 
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tempemtures but the «c«ase is usually not large, the largest effect being a doubS of thi 

coeiScientofAl.andthereisnosimplecorrelationwithotherpropertiesofthemetal. ^ 

K impacting positive ions in a heUnm arc. 

. . o.niON AOT E. S. Lamar, Massachusetts Institute of Technology. —TYie, momentum 

banker to an aux.haty cathode has been studied in the positive column of a low voltaSum 
ZnZ\ cathode was a flat molybdenum plate insulated on one side by gkL and ^ 

and virvWhr-r rf f ; ’ r agreement with those obtained by Compton 

^ Farnsworth, Brown Uni- 

f^vonnr T ^ ^ Visible) was deposited on the (100) face of a gold crystal bv 

previously found for a more massive silver ciA^stal (Phvs Rev 40 fiSA i10?^^^ !’.f . 

g^mmm 

KfSSSSi 

mental failure to find the electron affinity^p^ctnSi of repeated expen- 

^r„J' cross sections. Philip M. Morse and W P An is 

t voe^of w^ ^ f °{ Technology —An exact solution has been obtained for the separable 

siderable effect on the angle distributlfT t. ”" has a con- 

gie distribution of the antisymmetric type function (which is re- 






AMERICAN PHYSICAL SOCIETY 


AUTHOR INDEX TO ABSTRACTS OF THE AMHERST MEETING 
OF THE NEW ENGLAND SECTION 

Ailis, W. P.—see Morse 
Bridgman, P. : W.— No. 3 
Caldwell, S.-^No. 8 

Compton, K. T. and E. S. Lamar—No. 4 
Farnsworth, H. E.-™No. 5 
.Gnillemm, V., Jr.— No. 9 
Jen, C. K.— No. (5] 


Lamar, E. S. — see, Compton . 
Morse, Philip M. and W. P. AHis- 
Pierce, G. W.— No. 12 
Rieke, Poster. P. — No. 1 
Slater, J., C.— No. 11 
Van Dyke, K, S.— No. 2 
Williams, S. R.— No. 2 ■ 






Second Series December i, igj2 VoL42, No.^ 


THE 


PHYSICAL REVIEW 


The Relative Intensities of the Lai, /Ss, and ri Lines in Tanta- 
lum, Tungsten, Iridium, and Platinum 

Victor J. Andrew 

Ryetson Physical Lahoratotyt UfiivsTsity of Chicago 
(Received October 10, 1932) 

^ ^ The relative intensities of the Lai, A, ^2, and 71 lines in tantalum, tungsten, 
mdium,^ and platinum were measured and corrections were applied for the partial 
absorption of ^ the beam along its path and within the ionization chamber, for the 
partial reflection by the crystal, for the effects of voltage and absorption within the 
target, and for interference from adjacent lines. To verify the method of making 
the target correction, an experiment was performed which consisted of measuring the 
relative intensities of Lai, and 71 of platinum at different angles from the face of the 
target. The following relative intensities were measured at 30 k.v. without correction 
for reflection by the crystal or absorption within the target: 


Tantalum 

Tungsten 

Iridium 

Platinum 


ai 

01 

.52 

100 

49.5 

18.8 

100 

49.4 

20.2 

100 

48.0 

21.2 

100 

46.1 

21.0 


Introduction 



7i 

9.0 

10.0 

10.2 

9.7 


'TpHE relative intensities of x-ray lines have been investigated with consid- 

I are only slightly separated in wave- 

length. Where a considerable separation is present, all the corrections to ob- 
served intensities become more important. Two of them offer some difficulty 
The correction for the fraction of the beam reflected by the crystal can be 
fi, T ^ dependence of the coefficient of reflection on wave- 

length has been determined by using the same crystal in a double crystal 

"Lw absorption within the target requires a 

knowledge of the depth distribution of emission of x-rays and is involved with 

the correction for the tube voItEgc. 

The intensities of the lines in the L series of tantalum, tungsten, and plati- 
num have been measured by Jonsson.^ Hicks,=> and Allison aL Andrew^ 

intensities were made on the elements tan- 
talum (73), tungsten (74), indium (77), and platinum (78). The lines ai, di, 

^ Axel Jonsson, Zeits. f. Physik 36, 426 (1926). 
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ft, and 7 i were chosen because they are widely separated and distributed over 
a rather broad wave-length range. Particular attention was given to the two 
more difficult corrections referred to above. 

Apparatus and Procedure 

The design and adjustment of the apparatus which was used for these ex- 
periments has been described by Allison and Andrew.^ It is a single crystal 
spectrometer with an ionization chamber. The slits were 25.4 cm apart and 
0.013 cm wide. The ionization chamber was filled with methyl bromide to a 
pressure of 76 cm. The x-ray tube was of a type described by Allison.^ The 
target was mounted at 45° to the electron beam, and the x-rays were observed 
at 45° to its face. The various targets were polished in the vicinity of the focal 
spot so that they gave a clear mirror-like reflection, and only the slightest 
scratches were visible to the unaided eye, in order that surface irregularities 
would produce negligible uncertainty in the thickness of the layer in which 
the rays were absorbed before leaving the target. The electron current was 
kept low enough (usually one milliampere) so that the polish was not dam- 
aged. The targets were repolished whenever they became seriously coated 
with tungsten from the filament. Such coating occurred only when the tube 
was operated without a sufficiently high vacuum.® No readings were used in 
which the intensity of tungsten Lax was as great as 1 (relative to 100 for the 
Lolx line of the element being studied) , and in most cases it was not measur- 
able (less than 0.3). When it reached 7, the change in intensity of the other 
lines being studied was approximately 2. 

The electrometer sensitivity was about 3 meters per volt. Adjustments 
were made so that it was found experimentally that the rate of deflection was 
proportional to the current (with a possible constant correction), and that 
the rate of deflection for constant current was the same on all parts of the 


Table I. Tantalum (73). 


Trial 

Line 

i 

% 

% — “th 

A 

Weight 

■■ 1 

ai 

22.46 

0.64 

21.82 


1 


iSi 

16.96 

0.64 

16.32 

74.3 



^2 

7.70 

0.64 

7.06 

32.1 



71 

4.26 

0.64 

3.62 

16.5 


•' : ,2 ' : ' 

Oil 

21.72 

0.69 

21.03 


2 



14.92 

0.69 

14.23 

67.8 



^2 

6.45 

0.69 

5.76 

27.6 



71 

3.57 

0.69 

2.88 

13.9 



ai 

17.16 

0.65 

16.51 


3' 


/3i 

12.20 

0.65 

11.55 

69.7 



32 

5.76 

0.65 

5.11 

30.9 



7i 

3.41 

0.65 

2.76 

16.7 


Weighted averages: 

7(,S0 = 69.8 7 

1 ( 02 ) = 30.0 


/(7i) = 15.7 



^ S. K. Allison, Phys. Rev. 30, 245 (1927) (Fig. 1). 
^ S. K. Allison, Phys. Rev. 34, 7 (1929). 



® This is due to the charge induced on 
Electron Physics f p. 142. 


the quadrant by the moving needle. See J. B. Hoag 


scale. The latter condition may be quite different from that of having the 
deflection proportional to the voltage, and must not be confused with it.® 
Tables I, II, III, and IV give the experimental data obtained on tantalum, 
tungsten, iridium, and platinum, respectively, i is the uncorrected electrome- 
ter current in mm per second observed at the peak of the line. The tabulated 
values are not individual readings, but each one is a peak measured on a curve 
drawn through a group of points (usually five) at intervals of J minute of 
arc, in the vicinity of the peak, ih, the base line intensity, was observed at 
angles sufficiently distant from all lines due to the target material or tungsten 
contamination. The base did not vary perceptibly over the range of the lines 
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ThSLE 11. Tungsten (74), 


Trial 

Line 

i 

ib 

i-'ib 

h 

Weight 

1 

ci:i 

17.54 

0.80 

16.74 


2 



11.90 

0.80 

11.10 

68.7 


f. 

^2 

6.80 

0.80 

6.00 

34.4 


I 

Ti 

4.22 

0.80 

3.42 

19.5 


i '■ 2' ' 

ai 

22.73 

0.84 

21.89 


3 


^1 

15.62 

0.84 

14.78 

67.5 




7.30 

0.84 

6.46 

29.5 



7i 

4.10 

0.84 

3.26 

14.9 


3 

ai 

24.10 

0.83 

23.27 


2 

1 

jSi 

16.67 

0.83 

15.84 

68.0 


i' ' 

^2 

7.87 

0.83 

7.04 

30.2 



71 

4.38 

0.83 

3.55 

15.2 


4 


22.85 

0.70 

22.15 


3 


/3i 

15.74 

0.70 

15.04 

67.9 


1 ' 

^2 

7.49 

0.70 

6.79 

30.7 


1 

7i 

4.28 

0.70 

3.58 

16.2 


Weighted averages: 

, /(/3i) = 67.9 

J(ft)=31.0 


/(7,) = 16.3 



Table III. Iridium {77). 


Triai 

Line 

i 

ih 

2/ I’b 

h 

Weight 

1 

ai 

25.15 

0.75 

24.40 


2 


/5i 

15.73 

0.75 

14.98 

60.7 



182 

8.00 

0.75 

7.25 

29.7 



71 

4,18 

0.75 

3.43 

14.1 


2 

Oil 

25.15 

0.76 

24.39 


3 


101 

15.38 

0,76 

14.62 

59.9 



102 

7.90 

0.76 

7.14 

29.3 



7i 

4.07 

0.76 

3.31 

13.6 


3 

Oil 

23.40 

0.69 

22.71 


2 



14.56 

0,69 

13.87 

61.2 



102 

7.22 

0.69 

6.53 

28.7 



71 

3.81 

0.69 

3.12 

13.7 


Weighted averages: 

/(^i)=60.5 

m)== 29.3 


J' 

11 

Oa 
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involved, and so the same value was used for all of the lines in one trial Care 
was taken to measure a value as accurately as possible near the 71 line, since 

this line was the weakest, and therefore required the most accurate base line 

correction, ^ 

Table IV. Platinum {78). 


Trial 

Line 

i 

4 •, 

i—ib 

h 

Weight 

1 

at 

20.00 

0.68 

19.32 




i3i 

11.80 

0.68 

11.12 

57 5 

A 



6.80 

0.68 

6.12 

31 7 



7i 

3.08 

0.68 

2.40 

12.4 


2' 

'■ <a;i 

18.77 

0.64 

18.13 




^1 

10.73 

0.64 

11 .09 

55 7 

A 


02 

6.22 

0.64 

5.58 

30.8 



Ti 

2.91 

0.64 

2.27 

12.5 


, 3 , 


17.40 

0.65 

16.75 


0 


01 

10.13 

0.65 

9.48 

56.6 

A 


02 

5.83 

0.65 

5.18 

30*9 



Ti 

2.73 

0.65 

7.08 

12.4 


Weighted 

averages; 







i(A) = 56.6 

/(/32)=31.1 


/(7i) = 12.4 



h - 100 


(f - ib)\ 


(i - H),x 

tiol^ ^ (representing ft, ft, or 71) with the base correc- 

foni? Tr etc., relative to the ai line 

of tJ, ' ]J^e^Shts of the different trials were determined by the stability 
of the x-ray tube during the measurements. 

Corrections to Observed Intensities 

observed intensities, the necessary corrections 
tiot transition probabilities. The corrections for partial absorp- 

yhamLr aluminum ionization 

'P l(m^ Mim) a] and Fm exp [(ft<ox— /ima)du,]. ju denotes a linear ab- 
sorption coefficient and d a thickness in cm. The subscripts m, a, and w refL 
respectively to mica air, and aluminum, and the subscripts X and a, respec- 
tively, to the wave-length of the line in question and of the Lai line. 

= (1 — 

rirfy oh wave-length absorbed in the ioniza- 

In the methyl bromide in the chamber, 

the work of Allison and Andrew’ it was shown that the relative intensities 
certain lines were within experimental error the same when the ionization 
chamber was filled with air, sulphur dioxide, methyl bromide, methyl iodide 
argon, or krypton, and so it is reasonable to suppose that when the prooer 
corrections are made, the relative intensities of any lines are independent of 
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the gas in the ionization chamber. The wave-lengths measured were all long 
enough so that no bromine K fluorescent radiation was excited, and all other 
fluorescent radiation was so soft that it was practically all absorbed before it 
reached the walls of the ionization chamber. The dimensions of the ionization 
chamber and the gas pressure within it were such that practically all of the 
j6-rays came to the end of their ionizing range within it. Fc is the ratio of the 
coefficient of reflection of the calcite crystal for ai and for X. As pointed out 
by Allison/ the coefficient of reflection of a single crystal cannot be measured 
experimentally. However, the coefficient of reflection defined as the area un- 
der the rocking curve of crystal 3 of a double-crystal spectrometer is approxi- 
mately proportional to the coefficient of reflection from a single crystal, and, 
since we use only ratios of the coefficient of reflection, the proportionality 
constant will drop out. The values of Fc are derived from graphical interpola- 
tion of data obtained by Professor Allison on a double-crystal spectrometer, 
when using the same crystal, which is numbered V-B in his paper. Ft is the 
correction for the effects of the tube voltage and the absorption within the 
target. The derivation of this correction is discussed in the next section. 

In Table VI are shown the various constants used in the calculation of the 
corrections. The absorption coefficients of mica, air, and methyl bromide were 
taken from Allison and Andrew.^ Those of aluminum were taken from Comp- 


Table VI. Constants. 


Element 

Line 

XU) 

fim 

jUa 

JJiw 


Fo(k.v.) 

Ta 

ai 

1.519 

136.4 

0.0109 

132.6 

0.266 

9.87 



1.324 

86.0 

0.0072 

88.0 

0.174 

11.11 



1.282 

77.4 

0.00655 

80.0 

0.160 

9.87 


7i 

1.136 

52.6 

0.00455 

56.3 

0.112 

11.11 

W 

ai 

1.473 

123.0 

0.0100 

121.2 

0.201 

10.18 



1.279 

76.8 

0.0065 

79,4 

0.158 

11.52 



1.242 

69.8 

0.00595 

72.7 

0.144 

10.18 


Ti 

1 .096 

47.0 

0.0041 

50.8 

0.102 

11.52 

Ir 

ai 

1.348 

91.7 

0.00765 

93.6 

0.185 

11.17 



1.155 

55.4 

0.0048 

59.2 

0.116 

12.80 


^2 

1.133 

52.2 

0.0045 

55.7 

0.110 

11.17 


71 

0.989 

34.0 

0.0030 

37.0 

0.072 

12.80 

Ft 

ai 

1.310 

83.2 

0.0070 

85.4 

0.171 

11.53 



1.118 

50.1 

0.00435 

53.8 

0.108 

13.24 


^2 

1.100 

47.5 

0.0041 

51.4 

0.105 

11.53 


71 

0.956 

30.6 

0.0027 

29,6 

0 .067 

13.24 


=0.0023 

4=43.5 

d to ^ 

0.00165 

d£ = 28,l 

F=30 


ixa and 

iL4< were calculated for 76 cm 

pressure and 20 °G. 





ton.® For mica, air, aluminum, and methyl bromide, curves were drawn for 
ju versus X®* which were nearly linear, and then /x was read from the curves 
for the desired wave-lengths. For the four target materials, the absorption 
coefficients were calculated from the equation® 

7 S. K. Allison, Phys. Rev. 41, 1 (1932). 

^ K. H. Compton, X-Rays and Electrons, p. 180. 

® Ivor Backhurst, Phil. Mag. 7, 353 (1929). 
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m/p = C* + m log X + 4 log Z . 

From the experimental measurements of ju by Allen^^ for tungsten, platinum, 
gold, and lead, by Kellstr5m^^ for silver, by Backhurst^ for platinum and gold, 
and by Uber^^ for mercury, average values of the contants were chosen as 
C= -5.750 and w==2.63 for the lines ai, ft, and ft (above the im absorp- 
tion limit), and C= —5.356 and m = 2.61 for the line yi (between the Lu 
and the L m absorption limits). The constant hjp of the Thomson- Whidding- 
ton equation does not vary rapidly with Z. The value 4.55 X 10^ for all of the 
elements used as targets was chosen by interpolation between values obtained 
for various elements by Terrill.^* p appears in both the factor p/p and the 
factor &/p, but it cancels out in the calculations. 

In several instances the lines measured lie close to other lines. In all such 
cases, the amount of error in the observed intensity of the principal line was 
calculated, and when it exceeded 0.2 a correction was made. Table VH shows 
the derivation of such corrections. 5X and 30 are the separation between the 
principal line and the interfering line, in angstroms and in minutes of arc, 


Table VII. Interfering lines. 


Element 

Line 

Interfering 

line 

SX“ 

dS 

/ 

// 

A' 

li 

Ta 

P2 

Pl5 

0.0016 

0.92 

0.6 

O.P® 

28.3 

1.7 

W 

P2 

Pl8 

0.0016 

0.92 

0.6 

O.P® 

29.2 

1.8 

Ir 

p2 

Pl5 

0.0016 

0.92 

0.6 

O.P® 

27.4 

1.6 

Ir 

P2 

A 

0.0055 

3.2 

0.04 

0.231® 

27.4 

0.3 

Pt 

P2 

Pl5 

0.0016 

0.92 

0.6 

O.P® 

27.1 

1.6 

Pt 

P2 


0.0019 

1.1 

0.44 

0.201® 

27.1 

2.4 


respectively. Since the peak of intensity vs, angle which is found experimen- 
tally is approximately identical with the peak of the principal line, and is in 
general considerably off the peak of the interfering line, a factor / is intro- 
duced by which the intensity of the interfering line must be multiplied to de- 

“ S. J. M. Allen, Phys. Rev. 28, 907 (1926). 

G. Kellstrom, Zeits. f. Physik 44, 269 (1927). 

^ F. M. Uber, Phys. Rev. 38, 217 (1931). 

H. M. Terrill, Phys. Rev. 22, 107 (1923). 

From S. K. Allison, Phys. Rev 34, 176 (1929) and Manne Siegbahn, Spekiroskopte der 
Rontgenstrahlent Ed. II, p. 208. 

S. K. Allison, Phys. Rev. 34, 176 (1929). 

The following sources of data were used for the relative intensities of Pa and pg. All of 
the data were taken at, or corrected to, 30 k.v. Since the lines are very close together, all cor- 
rections other than for the tube voltage disappear, A curve for 1/ vs. Z was drawn from these 
data, and the values used above were read from the curve. 


IT 

Element 

Source 

0.34 

Ta 

Victor Hicks, Phys. Rev. 38, 572 (1931). 

0.33 

W 

Allison and Armstrong, Phys. Rev. 26, 714 (1925). 

0.26 

Os 

S. K. Allison, Phys. Rev. 34, 7 (1929). 

0.35 

w 

Axel Jonsson, Zeits. f. Physik 36, 426 (1926). 

0.23 

Ir 

Fig. 2 of this paper. 
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termine the amount of interference present at the peak of the principal line. 
/ varies from unity torero with increasing 50. It is assumed that the apparent 
shape of all lines is the same (and is due to the width of the slits). Fig. 1 
shows an experimental curve of the iridium ft and ft lines. The values of / 
were measured on the left side of the curve. J/ is the ratio of the intensity of 
the interfering line to the intensity h' of the principal line. The final correc- 
tion for interference I i—JI i I\ is substracted from the intensity Zx in Table 
V to obtain the intensity I\' of the principal line alone. 



Fig. 1. Separation of the and ^3 lines in iridium. 


Theory of the Correction within the Target 

In most intensity measurements heretofore the effect of absorption within 
the target has been neglected. Kulenkampff” and Wisshak^® have used such 
a correction, but it was based on the assumption that electrons falling on the 
target maintain their initial velocity until they are suddenly stopped, rather 
than losing velocity according to the now accepted Thomson-Whiddington 
law, and that the number of electrons decreases exponentially with depth 
within the target. It has been customary to express intensities extrapolated 
to infinite voltage. The expression for transition probability developed here- 
H. Kulenkampff, Ann. d. Physik 69, 548 (1922). 

F. Wisshak, Ann. d. Physik 5, 507 (1930). 








Axe! Jonsson, Zeits. f. Physik 43, 845 (1927). 

S. Rosseland, Phil. Mag. 45, 65 (1923). 

Webster, Clark, Yeatman, and Hansen, Proc. Nat. Acad. Sci. 14, 679 (1928) 
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after does not agree with this convention. It follows an expression developed 
by Jonsson.^® An experiment was then performed to test certain aspects of 
the calculations.' 

The intensity dJ\ of a given spectrum line X, due to the increment of depth 
dx within the target is 

dJx = . ( 1 ) 


c\ is a constant which includes the geometry of the spectrometer, the power 
into the x-ray tube, etc., and of particular interest, the probability of a transi- 
tion which will produce the line X after an electron has been removed from 
the proper inner shell. F{x) is the ionization function or the probability of 
ejection of an electron from a particular shell by an incident electron with 
the velocity which it retains after penetrating the target to the depth x. 

Iq correction for the absorption of the x-rays between the depth 
X of their emission and the surface of the target, when they are measured at 
an angle 6 with the surface, jux is the absorption coefficient of the target ma- 
terial. 

The total intensity Jx observed for the line is the integral of Eq. (1) from 
the surface of the target to the depth xq where the velocity of the impinging 
electrons has been reduced so much that they are no longer able to remove 
electrons from the proper inner shells. 


It is more convenient to use as the variable the velocity of electrons in 
electron kilovolts at the depth x. The relation between Vx and x is taken 
from the Thomson-Whiddington equation F/==F^ — 6x or x={V^—Vx^)/b. 
Eq. (2) now becomes 

2c\ 

= ^-MxV^/bsind (3) 

b Jv^ 


The integration is between the limits F, which is the velocity of the im- 
pinging electrons at the surface of the target, or the voltage across the x-ray 
tube, and Fo, which is the critical excitation voltage for the line X. 

Before Eq. (3) can be integrated, an expression for F{x) must be found. 
Rosseland^® has found from theoretical considerations 


Webster, Clark, Yeatman, and Hansen^^ have an empirical 

EtfW = Ml - Fo/F.)/(3-f-F./Fo). (4iy) 

which they find fits experimental curves of intensity vs. tube voltage with a 
thin target better than Rosseland's expression does, kx in Eq. (4) represents 


/ • Xo 

0 


Fji(x) ^ kx(l/VxXl/Vo - 1/Vx). 
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the relative probability of a particular inner shell being ionized, and the re- 
mainder of the equation gives the variation of this probability with the veloc- 
ity of the impinging electrons. The subscripts R and W are used to denote 
the results dependent on each of the two preceding expressions. 

Inserting Eq. (4) in Eq. (3), we obtain 



2c\k\ 

J\R - -6-^xT^ 

b 

J\W Foe“'‘x^ 

b 


where 

Axr = f — -L.Yf.xvP/iBine^y 

JrAVo Vj 

(5s) 


j r Fo -j- Fa, 

A\w = j 

Fo 3Fo "*h a; 

(5 w) 

Taking the ratio J\/Ja which was defined as 7x' in the preceding experimental 
data, 


/'xir = A(Fox/Fo»)e''^-'‘x>’'^/«’=i”«(a4xTr/vl„w) 

(6b) 

(6pr) 


where 


Px 


^X Ca k(x * 

Geometric, etc., factors in c\ and Ca cancel, so there remains in P\ only the 
ratio of probabilities of transitions which will produce particular lines when 
been removed from the proper inner shells, times the prob- 
abilities of these particular electrons being removed. The purpose of the 
preceding intensity measurements and the subsequent calculations was to 
evaluate P x, called the transition probability. 

For numerical evaluation it is more convenient to have Eq. (6) in logarith- 
mic form. 

log I\r = log Px + 0.4343(/i„ - ixx)Vyb sin 6 -f log^x^ + log 
log I\w log Px + log Fox - log Fo„ -i- 0 . 4343 - /tx) V^/b sin d 
+ logAxw~logAaw. 

The factor 0^343 changes from a logarithm to the base e to a logarithm to 
the base 10. The correction factor F, is the expression which must be multi- 
plied by, or in the logarithmic form, added to, h' in order to obtain Px. 

logFtu = 0.4343(^x - fi^)Vyb sin 6 -f log Aait - log^xre (7 k) 

log For = log Fo„ - log Fox + 0.4343(/ix - i^cdV^b sin 6 

+ l0g.4ajp — log ^XTT. (7w) 
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The definite integrals in Eq. (5) are not readily obtained. It is sometimes 
more convenient to divide log Ft into two parts, such that 

log Fi = log E* 4- log (8) 

Log F„ is defined as the value of log Ft when 1/sin 0 = 0 (an imaginary value 
of 6). Log Fu is then defined by Eq. (8). The advantage of this separation is 
that log Fc can be evaluated by integration, and log Fu is so small that an ap- 
proximate estimate of its magnitude is sufficient. By calculation, F„ was 
found to vary not more than 0.003 per unit of atomic number, for the ele- 
ments from tantalum to platinum, with F = 30 and 1/sin 0 = 1. 

Setting 1/sin 0 = 0 in Eq. (5) and integrating, we get 

Akbo = V/Vo - (1/0. 4343) (log V - log Vo) - 1 (9b) 

Axwo = F - Fo - (4Fo/0.4343) log (F/4Fo 4- f) . (9w) 

Using Eqs. (7) and (9), we find that 

logF^B = log ^ ^ (log F - log Fo«) - 1 r 

IFoa 0.4343 } 

- log I ~ - "--—(log F - log Fox) - ij (10b) 

(Fox 0.4343 ; 

logF^TT = log Foa — log Fox 

4- log |f - Foa - -^^log (F/4Foa 4- I)} 

- log i F - Fox - (.V/4Vox + i) | • (lOw) 

I 0.4343 ) 

At least qualitatively we may call the correction for tube voltage (replacing 
the correction to infinite voltage which has been used heretofore). Then 
may be called the correction for absorption within the target (which has 
usually been neglected heretofore). As log Fu approaches zero the application 
of the foregoing names to F^ and Fu becomes more nearly correct. When log 
Fu becomes numerically large, due to considerable absorption within the tar- 
get, the effects of tube voltage and of absorption within the target become 
interrelated due to the greater absorption of x-rays from greater depth, and 
thus the fraction of the beam produced by electrons of one velocity is not the 
same as the fraction which escapes from the target. 

Experimental Verification of the Correction within the Target 

In order to test the validity of the preceding theory, experimental meas- 
urements pertaining to the correction within the target were made with a 
platinum target and are shown in comparison with the theoretical Galcula- 
tions in Fig. 2. The curves represent the theoretical values of log and the 
points show experimental values. The theoretical values were obtained by 
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evaluating Eq. (7). The integration was accomplished graphically, by draw- 
ing the curve of the function and measuring the area below it. l/sin 0 is used 
instead of 6 as the abscissa since the thickness through which the x-rays from 
a given point are absorbed before leaving the target is proportional to 1/sin 6, 
and the curves with this abscissa are more nearly linear. Table VIII gives the 
data for the theoretical curves. 

Table Ylll. Calculated values of Fu for plafinum at different angles. 


l/sine log log log PuRji log 


1 - 0.020 - 0.013 - 0.004 0 

. 4 - 0.071 ■ . - 0.056 ■ ■ - 0.006 0 , 

S ; - 0.120 . ' - 0,.102 - 0.010 ■ ■ 0 

16 - 0.183 - 0.161 - 0.008 - 0.025 

32 - 0.254 . ' - 0.225 • - 0.026 . .,- 0.018 



Fig. 2. Calculated curves and experimental points tor, the logarithm of the, reciprocal ,of 
the relative intensity as observed at different angles from the surface of a polished platinum 
target, ^ . ■ . ■ ■ , 


The apparatus used for the experimental measurements was the same as 
described previously for relative intensity measurements, with the exception 
of the x-ray tube and its mounting. The electron beam was perpendicular to 
the face of the target. The tube was mounted so that it could be rotated 
about a vertical axis through its focal spot, and the window of the tube was 
made large enough to permit the beam to be observed at angles from 0 to 30° 
y^ith the surface of the target. 




Table IX. Experimental data for I(Pi). 


5 = 28°08' 

1/sin 5=2.19 
/'(ft) =37.6 
log /'(ft) = 1.573 

Trial /03i) I(.Wai) 

1 37.0 10 

2 36.8 10 

3 38.2 IS 

4 36.0 40 

5 36.0 39 

6 37.0 13 

7 37.0 15 

8 37.5 . 3 

5 = 19°22' 

1/sin 5=3.02 
/'(ft) =38.0 
log /'(ft) = 1.580 

1 37.0 3 

2 38.9 3 

3 38.0 3 

5 = 14°13' 

1/sln 5=4.07 
/'(ft) =37.9 
log /'(/3i) = 1.579 

1 37.9 3 

2 37.9 3 

5 = 12°40' 

1/sin 5=4.56 
/'(^i)=38.S 
log /'(^i) = 1.585 

1 35.7 37 

2 39.9 3 

3 39.5 3 

4 38.8 7 

5 38.8 8 

6 38.3 8 

5 = 8°31' 

1/sin 5 = 6.75 
/'(/3,)=39.0 
log /'(ft) = 1.591 

1 38.6 16 

2 39.822 3 

3 38.8“ 3 

5=4°S2' 

1/sin 5 = 11.78 
/'(ft) = 42.5 
log /'Oi) = 1.628 

1 43 .422 5 

2 42.622 5 

3 42.422 5 

5 = 2°06' 

1/sin 5 = 27.3 
/'(ft) =46.0 
log /'(ft) = 1.663 

1 48.522 8 

2 46.222 g 

3 46.622 9 

4 46.622 10 


Table X. Experimental data for l(.yi). 



Trial 

l(yi) 

I(Wai) 

Weight 

5 = 19°22' 

1 

11.9 

6 

3 '■ 

1/sin 0=3.02 

2 

11.9 

8 

1 ■ 

r = 12.6 

3 

12.0 

8 

2 

log/' = 1.100 

4 

11,6 

8 

2 


5 

12.0 

8 

^ 2, ■ 

5=4°S2' 

1 

10.7 

IS 

2 

l/sin 0 = 11,78 

2 

10.9 

.. ' 15 

J 

/' = 12.3 

3 

10.8 

16 

■ 2 

idg/' = 1.090 

4 ^ ■' 

11.8 

6 

: 2 


5 . ■ 

11.7 

6 

■■ , 3 

0 = 2'=^O6' 

1 

12,1 

10 


' 1/sin 0=27.3 

2 

11.3 

10 

' '3 . . 

12.4 

3 

11.0 

12 

■ ■ 3 ■ ' 

0 

II 

0 

4 ' ■■■■ 

11.4 

13 

'■■'/■a":'''"'" 


“ A_^0.0033 cm mica window was used on the x-ray tube. The observed has been 
corrected to be comparable with the values observed with the 0.0020 cm window used elsewhere. 
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Table XI. Experimental values for Fu of platinum at different angles. 


l/sin $ 

log /'(ft) 

log 

log/'(7D 

log/^«7i 

2.19 

1.575 

-0.056 



3.02 

1.580 

-0.061 

1.100 

-0.006 

4.07 

1.579 

-0.060 



4.56 

1.585 

-0.066 



6.75 

1.591 

-0.072 



11.78 

1.628 

-0,109 

1 .090 

0.004 

27.3 

1.663 

-0 . 144 

1.093 

0.001 


The measurement procedure and base corrections were the same as those 
used in the intensity measurements. In Tables IX and X are shown measure- 
ments of I\ at different angles, and Table XI summarizes these data. The 
and /(ti) measurements were made under different conditions of the tube 
window and ionization chamber pressure. They were not corrected to the 
same conditions, since it is unnecessary. Since many of the measurements 
were made with an appreciable tungsten film on the target, the corrected av- 
erage Iff is obtained by plotting I\ versus I{Wa^, the intensity of tungsten 
Lai, and extrapolating to IffWa^ =0. 

When d is varied the transition probability and the corrections other than 
Fu do not vary, so the observed variation in Iff must be inversely propor- 
tional to the variation in Since the transition probability is an unknown 
factor in the proportionality constant, the experimental points are adjusted 
(by an arbitrary additive constant when expressed in logarithmic form) to 
fit the calculated curves as well as possible. 

It is seen in Fig. 2 that there is a qualitative agreement between the two 
different theoretical and the experimental results. In each of the three cases 
decreases sharply and Fuy^ remains nearly constant with 1/sin B. 

The difference between the Rosseland and the Webster calculations con- 
sists of a slight separation of the curves. The difference between the shape of 
the two theoretical curves is less than the separation between them and the 
experimental points. Consequently no information is gained concerning the 
relative accuracy of the Rosseland and the Webster functions. In the calcu- 
lations it is assumed that the surface of the target is a perfect plane. The av- 
erage depth of production is approximately 4000A. It is believed that the ir- 
regularities on the surface of the target were small compared to this depth. 
The calculations do not take any account of ionization in the target produced 
by indirect means, such as reabsorption of x-rays. Presuming that one of the 
theories is correct, both irregularities on the surface and indirect ionization 
may contribute to the disagreement of the experimental points. 

The approximate average depth of production is determined by observing 
that when 1/sin 6 ^1 all the curves of Eq. (5) (the curves which were drawn 
for graphical integration) were roughly linear, touching zero at Fo. The 
abscissa is F® and the ordinate is the intensity contributed at the depth 
corresponding to Therefore the center of gravity has the F® of the average 
depth of production. The center of gravity of the triangle is | of the way from 
F==30 to Fq=^ 12, or Fa;=24 With the use of the Thomson-Whiddington 
equation, the corresponding be 4 X lO''® = 4000A. 
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Application of the Correction within the Target 
Log FtR and log Ftw were calculated for the preceding intensity measure- 
ments, with graphical integration, and are shown in Table V. Since the inci- 
dent beam of electrons and the emergent x-ray beam each make a 45° angle 
with the face of the target, the depth of the penetration of an electron before 
ionizing an atom is equal to the thickness of target material which the x-rays 
must pass through to reach the surface. This is the same condition as ly^sin 
d = l when the electron beam is perpendicular to the face of the target. 



Fig. 3. Intensity relative to Lai -100 at 30 k.v. without correction for partial reflection 
by the crystal. Plus signs, Jonsson; squares with dots, Hicks; crosses, Allison and Andrew; 
circles, Andrew, 

Conclusion 

In Table V the corrected intensities are given in three forms, P', P^, and 
Pw. The first is the intensity with all corrections except for partial reflection 
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at the crystal and for effects within the target. In this form the data are com- 
parable to those of previous investigators, which are also shown in Table V. 
The published data of Jonsson at 20 k.v. werecorrected to 30 k v. by the as- 
sumption that the intensity of a line is proportional to ( F— Vo}^. The pub- 
lished data of Allison and Andrew were corrected for absorption in air and 
in the tube and ionization chamber windows. and Pw are the transition 

lODr— 


73 74 75 —75 -jf ; yg 

Atomic Number 

Fig. 4 . Transition probability relative to = 100 calculated with the Rosseland function. 

probabilities according to the Rosseland expression and according to the 
Webster expression, respectively. In Figs. 3. 4 and 5 the results in the three 
forms mentioned are plotted against the atomic number. In Fig. 3 the meas- 
urements of other investigators are shown for comparison. It is seen that the 
results reported here are in good agreement with former work, and are quite 
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The Webster expression gives transition probability ratios which agree 
much better than those from the Rosseland expression with the theoretical 
predictions of the sum rule of Burger and Dorgelo.^® The predictions are 

P(ai):P(/5i) - P(^2):P(7 i) = 9:5. 



Fig. S. Transition probability relative to Tai^lOO calculated with the Webster, Clark, Yeat- 
inae, and Hansen function. Full curve, experimental; broken curve, sum rule. 

The dotted curves in Fig. 5 show the predictions for P(/3i) ((S/9)P(ai), 
P(a:i)==100) and P( 7 i) {{S/9)P{^^, experimental values of 

It should be observed that the empirical origin of Eq. (4];^-), which may be 
written 

Burger and Dorgelo, Zeits. f. Physik 23, 258 (1924). 
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VsV. + SVo 

permits changing Fo in the coefficient to any other power without invalidating 
the agreement of the function with the experimental data for which it was 
originated (the variation of intensity of one line with F^;, hence Fo was a 
constant). The first power of Fo is apparently a fortuitous circumstance 
which results in making the observed intensities agree so closely with the sum 
rule. Inserting a Fo in the coefficient of the Rosseland function would make 
the observed intensities with the corresponding correction fall much closer 
to the sum rule predictions. However, the theoretical derivation of the Rosse- 
land function shows that such a constant cannot be arbitrarily inserted. 

The writer wishes to take this opportunity to express his thanks for the 
use of the x-ray spectrometer and his appreciation to Professor S. K. Allison 
for the suggestion of the problem and guidance during the investigation. 
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The Band Spectra of MgO, CaO and SrO 
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New measurements of the wave-lengths of the band heads attributed to the 
oxides of Mg, Ca and Sr have been made from moderate dispersion spectrograms. 

For each of these molecules the bands have been classified into two systems. The 
equations of the band heads in terms of half-quantum numbers for the different 
systems are as follows: 

MgO, red bands; 

V = 16,418.06 + {821.95(»' + §) - 4.05(s' + 4)=} 

- {665.74(»" + 4) - 4.41(!." + 4)^“} 

MgO, green bands: 

f. = 19,944.82 + {811.67(/ + 4) - 3.74 (ii' + 4)^} 

- {771.42(!." + 4)-4.81(i."+4)'‘! 

CaO, blue bands: 

V = 23,817.62 + {726.53(!i' + 4) - H -66(2)' + i)^} 

- j 81 1.28(5" + 4) - 6.60(5" + 4)M 

CaO, ultraviolet bands: 

V = 28,849.13 + {565.06(5' + 4) - 4.48(5' + 4)'“} 

- {725.37(5" + 4) - 3.56(5" + 4)2} 

SrO, blue bands: 

V = 24,702.81 + {519.09(5' + 4) - 3.50(5' + 4)"} 

- {653.47(5" + 4) - 4.02(5" + 4)®} 

SrO, ultraviolet bands; 

== 28,622.18 + {497.81(?j' + J) - 5.97(y 4- 1)"} 

- {679.13(z)" + i) - 9.i3(/' + 1)2} . 

Introduction 

T HEearliest spectroscopic workers^ noticed in the spectrum of Mg, Ca and 
Sr or their salts subjected to a variety of conditions of excitation, a class 
of bands, which were ascribed by them either to the metals or to their oxides. 
Kayser was, however, of opinion that both types of bands are present in the 
spectrum. He has collected the old measurements of wave-lengths of the band 
heads but no satisfactory agreement is to be found among the various data. 
With the improvement of the experimental technique, it has however been 
found that some of these bands, although they appear in the ordinary arc or 
flame spectrum of Mg, Ca and Sr or their salts, fail to show themselves if the 
arcing is conducted in vacuum or in a dry hydrogen or nitrogen atmosphere 
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but increase in their intensity depending on the amount of oxygen present. 
It is these bands which have been ascribed to the oxides and they form the 
subject of the present investigation. 

In 1927, Mecke and Guillery^ analyzed one system in the case of CaO and 
Si 0 from the old data then available. The present analysis however dis- 
closes that they have used parts of two different systems for CaO. For SrO 
they have not published any data of band heads analyzed by them. More 
recently a vibrational quantum analysis® of the well-known green bands of 
MgO from measurements on low dispersion spectrograms (about 23A/mm 
at X5000) has been published. 

The present paper deals with the vibrational quantum analysis of the 
bands of MgO, CaO and SrO from new measurements of the wave-lengths 
of band heads, believed to be more accurate than existing data. For each of 
these molecules, the spectrum has been investigated between the region 
X7500-X2300, and the bands have been found to form two different systems. 
Only the bands of MgO lying in the red region appear to offer the best pos- 
sibilities for a fine structure analysis. Such an analysis is being undertaken 
and will be reported in a subsequent paper. 

Experimental 

^ The spectra herein described, except that of magnesium, were produced 
in electric arcs between carbon electrodes with some salt of the element under 
investigation. In the case of magnesium the lower electrode (-f-) was drilled 
to hold magnesium rods about i inch in diameter. During a single exposure 
several rods had to be used. The salts employed were pure anhydrous calcium 
chloride and strontium chloride. The arc was operated on a 220 volt d.c. cir- 
cuit with the current varying from six to seven amperes but in the case of 
magnesium, the current was about an ampere. 

Spectrograms were taken with the Hilger-Littrow-mounted E.l prism 
spectrograph, having a dispersion with the glass optical system of approxi- 

6A/mm at X4400, and with the quartz system 
o 17A/mm at X4500 to 2A/mm at X2300 as well as in the first and second 
orders of a 15 ft. Rowland concave grating set up in a Paschen mounting. The 
ispersion in the first order is about 3.52A per mm. Ilford Empress and green 
sensitive orthochromatic plates as well as special rapid panchromatic plates 
freshly dyed with pinacyanol were used. 

The heads are apparently single and fairly sharp except where they are 
greatly superposed by the structure lines of the preceding bands. With a 
Gaertner comparator (MI201a), the intense band heads were measured on 
grating plates while prism spectrograms of moderate dispersion were used 

for the measurement of the weaker ones. For standards, iron and neon lines 
were taken. i 

Eye estimates of the intensities of the heads were made from the plates 
taken with the prism spectrographs. 

® Mecke and Guillery, Phys. Zeits. 28, 514 ( 1927 ). 

Ghosh, Mahanti and Mukherjee, Phys. Rev. 35, 1491 (1930). 
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The band head data and their vibrational quantum assignments are given 
in Tables I-VL X is the wave-length in air in international angstroms, I the 
visual estimate of the relative photographic intensity of the band heads, and. 
p the vacuum wave-number in cm-b 0-C is the difference between the wave- 
number observed and that calculated from the empirical equation for each 
system. 

Magnified reproductions of typical sequences in the band systems of 
XlgO, CaO and SrO are given in Figs. 1, 2 and v3. 

Magnesium Oxide 

In the spectrum of magnesium arc in air the band groups lying between 
X7000-X5250 and also extending as far as X4700 as well as those at X5205 and 
X5007, which are gb^en in the excellent reproduction of Eder and \ alenta,"^ 
have been attributed to the oxide of magnesium while the ultraviolet bands 
and a number of visible bands at X5125 and X4819 have been ascribed to the 
metal. The bands at X5()07 were observed by each one of the earliest spectro- 
scopic workers" in the spectrum of magnesium or its salts under various modes 
of excitation. Lockeyer'^ found them also present in the spectrum of nebulae. 
The band group at X5205 was obtained only by Eder"^ in the flame and spark 
spectra of magnesium and by Brooks® in the anode spectrum in oxygen when 
a high voltage unidirectional but pulsating discharge was passed between 
magnesium electrodes. In addition to the above two groups of bctnds, the lat- 
ter also observed a number of bands at the red end of the same spectrum and 
gave approximate measurements of seven band heads between X6600"-XvS25(). 
In the present investigation as many as twenty-five heads have been meas- 
ured in this region and the measurements extended on both sides thus bring- 
ing the total number of heads measured to forty-seven for the red bands. 
Spectrograms taken with the glass spectrograph as well as in the first order 
of the 15 ft concave grating were used for meavsurements which are correct 
to ±0.05i\. The two band groups at X5205 and X50()7 were also measured 
from the glass prism spectrograms as well as from those taken in the second 
order of the same grating. They form, respectively, Aj^ == + 1, and 0 sequences 
of the green system, which includes twenty-three band heads. 

The red bands are not of perceptible intensity in the usual flame sur- 
rounding the magnesium arc in air. But they are fairly intense if the arc 
bursts out into a vigorous flame. With an exposure for about an hour with 
this type of flame, they are well developed on the plates taken with the glass 
spectrograph, but the band heads lying below X5210 are very much super- 
posed by the green bands. 

So far as the writer is aware, no new measurements or vibrational quan- 
tum analysis of the red bands have yet been published, while for the green 

N Edtr d.nd VaXQniSi, Atlas Typischer Spektren, Wien 
Kayser, Handbiich der Spectroscopie 5, 717 (1910). 

Lockeyer, Proc. Roy. Soc. 48, 167 (1890). 

PEder, Denkschr. Wien. Akad. 74, 45 (1903). 

® Brooks, Astropliys. J. 29, 177 (1909). 
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bands the analysis has only been done from 

spectrograms. New measurements of hanrl on low dispersion 

assignments are given in Tables I aL II. vibrational 


Table I. 


0 

1 

■ ' 2 ' 

3 

■ 0 
,,4 

't 

2 , 

3 
0 

4 
1 

5 
2 
3 
0 
1 
2 
1 
2 

3 

4 
2 

3 

4 

5 

6 

3 

4 

5 

4 

5 ■ 

10 

6 
10 
11 

6 

7 

12 

8 

13 
9 

14 
10 ■ 

15 
11 


n^bands. New data and vibrational cuantum analysis. 



3 

4 

5 

6 
2 
7 

3 

4 

5 
1 

6 
2 
7 

3 

4 
0 
1 
2 
0 
1 
2 
3 
0 
1 
2 

3 

4 
0 
1 
2 
0 
1 
7 
2 
6 

7 
1 
2 

8 

3 
9 

4 
10 

5 
11 

6 


6870.19 

6783.61 

6699.97 

6617.78 

6581.05 

6537.37 
6506.26 
6432.12 
6359.64 
6311.75 
6289.93 

6246.38 
6220.59 
6181.84 
6118.47 
6060.31 
6003.26 
5947 . 18 
5775.50 
5726.34 
5677.03 
5629.06 

5518.78 

5475.94 

5433.39 

5391.74 

5349.78 

5285.74 
5249.58 

5212.44 

5073.95 

5041 .44 
5034.12 

5010.39 
4887.09 
4855.54 
4851.49 
4825.94 

4824.39 
4797.98 
4794.59 
4772.07 
4764.61 
4744.02 
4736.21 
4717.73 


0 

3 

0 

2 

1 

6 

2 

1 

5 

3 
2 
1 

4 
3 
2 
1 
0 
3 
2 
1 
2 
1 
0 
1 

1 

1 

1 

1 

1 

0 

1 

1 

1 

1 

1 

1 


14 . 551.63 

14 . 737.35 
14 , 921.33 

15 . 106.64 

15 . 190.95 
15 , 292.46 
15 , 365.58 
15 , 542.69 
15 , 719.82 

15 . 839.35 

15 . 894.04 

16 . 004.95 
16 , 071.21 

16 . 171.95 
16 , 339.45 
16 , 496.25 
16 , 552.99 

16 . 810.05 

17 . 309.73 
17 , 458.33 
17 , 609.97 
17 , 760.04 
18 , 114.93 
18 , 256.65 
18 , 399.61 

18 . 541.74 
18 , 687.17 
18 , 913.58 
19 , 043.86 
19 , 179.55 
19 , 703.03 
19 , 830.09 
19 , 858.92 
19 , 952.98 
20 , 456.38 

20 . 589.30 
20 , 606.49 
20 , 715.58 

20 . 722.23 

20 . 836.30 

20 . 851.03 
20 , 949.42 

20 . 982.23 
21 , 073.06 

21 . 108.04 
21 , 190.72 


- 0.35 
+ 1.97 
+ 1.83 
+ 2.29 
- 0.29 
+ 2.56 
- 0.25 
+ 1.57 
+ 2.68 
+ 0.01 
+ 0.16 
- 0.14 
+ 0.12 
+ 0.38 
+ 0.69 
+0.00 
- 0.20 
- 0.78 
- 0.37 
- 0.60 
+ 1.50 
+ 1.30 
- 0.91 
+ 0.08 
+ 1.61 
+ 1.57 
+ 4.12 
+0.10 
- 2.24 
+ 0.12 
+ 0.02 
+ 2.56 
+ 2.00 
+ 0.22 
- 4.52 
- 0.43 
+ 5.63 
- 2.40 
+ 2.94 
+ 0.46 
+ 1.47 ■ 

- 4.98 
+1.68 
- 0.63 
- 4.22 
- 2.99 


the two systems are as half-quantum numbers for 

For the red system : 
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Table 11, The green bands. New data and vibrational quantum analysis. 


vr 

v" 

XHd .( I * A .) 

■ I 

1/ (cm”G 

0 — C (cm“0 

0 

1 

5205.96 

4 

19,203.42 

+0.03 

1 

2 

5191.98 

4 

19,255.13 

+0.00 

2 

3 

5177.37 

3 

19,309.46 

+0.01 

3 

4 

5162.50 

3 

19,365.50 

-0.16 

4 

5 ■: 

5146.85 

3 

19,423.96 

-0 .03 

5 ' 

6 

5130.58 

2 

19,485.56 

+ 1,12 

6 

7 

5113.75 

1 

19,549.69 

+2.68 

7 

8 

5097.04 

1 

19,613.74 

+2.04 

8 

9 

5081.45 

0 

19,673.95 

-4.56 

0 

0 

5007.32 

10 

19,965.21 

0.00 

1 

1 

4996.71 

9 

20,007.60 

+0.02 

2 

2 

4985.92 

8 

20,050.90 

-1.17 

3 

3 

4974.47 

7 

20,097.06 

: -1,62- 

4 

. 4 

4962.10 

6 

20,147.15 

-0.26. 

■ 5 . 

■ 5 

4949.53 

5 

20,198.32 

+0.06 

6 

6 

4935.30 

4 

20,256.56 

+5.53 

7 

7 

4923.87 

3 

20,303.58 

-2.74 

8 

8 

4908.61 

2 

20,366.70 

+3.17 

9 

9 

4895.20 

2 

20,422.49 

-0.37 

10 

10 

4880.69 

2 

20,483.20 

-1.11 

11 

11 

4865.41 

1 

20,547.53 

-0.35 

12 

12 

4849,63 

0 

20,614.39 

+0.82 

13 

13 

4834.05 

0 

20,680.82 

-0.56 


and for the green system : 

V = 19,944.82 + {8n.67(/ + I) - 3.74(/ + 

- {771.42(i»" + J)-4.81(»" + i)2}. 


The intensity distribution among the band heads of the red system fol- 
lows a typical wide Condon® parabola as is usual for high temperature emis- 
sion spectra. The bands associated with either 5y' = G or are developed 

strongly but those associated with z;' = 0 are more intense than those with 

— Q. On the other hand, for the green system, the intensity distribution 
lies on a very narrow Condon parabola. The distribution of the bands in a 
Az; = 0 sequence with only weaker Ay == +l sequence is in theoretical accord- 
ance with the very small change in vibrational frequency as is indicated by 
Eq. (2), and with correspondingly small change in moment of inertia which 
it accompanies. In fact, in the extreme case, the small percentage change in 
moment of inertia is indicative of a very narrow Condon parabola in the 
v\ v" array of bands and only the Az^ == 0 sequence is to be expected. Probably 
for the green bands, the sequence Ay = is present but the bands are too 
weak to be measured under the high magnification of the comparator. 

It is evident from Eqs. (1) and (2) that while ^ ^ 

As a result of this, the successive heads in a sequence diverge with increasing 
quantum number. The heats of dissociation calculated for the lower levels 
of the two systems are, respectively, 3.06 and 3.76 volts. 

Calcium Oxide 

In 1906 Olmsted,^® during the course of his investigation of the spectra of 
the flame of the oxy-hydrogen blow-pipe fed with calcium salts, measured 

9 Condon, Phys. Rev. 28, 1182 (1926). 

Olmsted, Zeits. f. Wiss. Photo. 4, 255 (1906). 
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thirty-two heads between the region X4400— X3300 and attributed them to the 
metal. Later on Eder and Valenta“ photographed the spectra of the flame 
of the arc as also of the oxy-coal gas with different salts of calcium introduced 
into it and published measurements of a number of band heads lying between 
X6650-5300 and also between X4600-X3400. They, however, ascribed all these 
bands to the oxide. In 1914 Harnacki^ was led to the same view from a sys- 
tematic investigation into the spectra of the flame arc in the atmosphere of 
oxygen and hydrogen as also of the flame formed by spraying finely powdered 
salts of calcium across an uncondensed spark. In the present investigation 
only the bands lying between X4600-X3200 have been definitely ascribed to 
the oxide while those between X6750-X5300 are probably emitted by the 
metal. They are very much superposed by the well-known CaCl bands lying 
in this region. Seventy-seven heads have been measured on prism spectro- 
grams for the oxide bands and the wave-lengths are correct to +0.1 A. Their 
analysis is presented in Tables III and IV. In 1927, Mecke and Guillery^ 
classified twenty-eight heads from the measurements of Olmsted into a single 
system but it now appears that they used parts of two different systems. 

Table III. The blue hands. New data and vibrational quantum analysis. 


^Hd. (I.A.) 


p (cm"^) 


0— C (cm”^) 


4597.0 

4573.9 

4553.4 

4535.1 

4519.1 

4505.0 

4449.9 

4425.8 

4403.9 

4384.3 

4366.7 

4351.2 

4336.7 

4309.5 

4284.6 

4261.8 

4240.8 

4221.9 

4205.1 

4175.4 

4149.8 

4126.0 

4104.1 

4084.3 

4075.5 

4047.3 

4020.9 

3996.5 

3973.9 
3953 . 


21,747.24 

21.857.07 
21,955.48 

22.044.07 
22 , 122.12 
22,191.35 
22,466.13 
22,588.46 
22,700.79 
22,802.27 
22,894.18 

22.975.73 
23,052.55 

23.198.04 
23,332.86 
23,457.68 

23.573.84 
23,679.37 
23,773.97 

23.943.08 
24,090.77 

24.229.74 
24,359.03 

24.477.11 
24,529.96 
24,700 .88 

24.863 .05 

25.014.85 

25.157.11 


-0.23 
+0.65 
+0.23 
+0.10 
-0.43 
+0.33 
- 0.22 
-0.04 
+0.26 
-0.17 
-0.05 
-0.17 
-0.41 
-0.39 
-0.92 
-1.33 
-0.28 
+0.26 
- 0.01 
-0.63 
-1.49 
-0.95 
+0.03 
-0.08 
—0.36 
-1.31 
-0 .89 
-0.72 
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Table IV. The ultraviolet hands. New data and vibrational quantum analysis. 


/ 


XHd.(I*A.) 

I 


0— C(cm-q 

2 

7 

4000.0 

1 

24,992.96 

-0.79 

1 

6 

3979.5 

1 

25,121.71 

-0.44 

0 

5 

3959.4 

2 

25,249.23 

+0.53- 

4 

8 

3937.3 

0 

25,390.95 

-1.80 

3 

7 

3915.7 

1 

25,531.01 

-0.93 : 

2 

6 

3894.7 

2 

25,668.67 

-0.62 

1 

5 

3874.2 

2 

25,804.49 

-0.31 

5 

8 

3858.3 

1 

25,910.83 

-2.18 

0 

4 

3854.1 

2 

25,939.07 

-fO.60 

4 

7 

3836.2 

1 

26,060.10 

-1.06 

3 

6 

3814,7 

1 

26,206.97 

-0.49 

2 

5 

3793.7 

2 

26,352.04 

+0.11 

1 

4 

3773,2 

2 

26,495.20 

+0.64 

5 

7 

3761.2 

0 

26,579.73 

-1.68 

0 

3 

3753. 2 

3 

26,636.39 

+1.04 

4 

6 

3739.2 

1 

26,736.12 

-0.56 

3 

5 

3717.8 

1 

26,890.01 

-0.10 

2 

4 

3696.9 

2 

27,042.02 

+0.32 

1 

3 

3676.5 

3 

27,192.07 

+0.62 

5 

6 

3667.9 

0 

27,255.82 

-1.12 

0 

2 

3656.6 

4 

27,340.05 

+0,69 

4 

5 

3646.1 

1 

27,418.78 

-0.55 

3 

4 

3624.8 

2 

27,579.90 

+0.02 

2 

3 

3604.0 

2 

27,739.06 

+0.47 

1 

2 

3583.7 

3 

27,996.19 

+0.73 

0 

1 

3564.0 

5 

28,050.38 

-0.11 

4 

4 

3556.6 

0 

28,108.74 

-0.36 

3 

3 

3535.4 

1 

28,277.29 

+0.52 

2 

2 

3514.8 

2 

28,443.02 

+0.42 

1 

1 

3494.7 

3 

28,606.60 

+0.01 

0 

0 

3475.0 

6 

28,768.77 

+0.03 

4 

3 

3470.5 

0 

28,806.07 

+0.08 

3 

2 

3449.6 

1 

28,980.59 

-0.19 

2 

1 

3429.1 

2 

29,153.84 

+0.11 

1 

0 

3409,1 

4 

29,324.87 

+0 .03 

4 

2 

3387.7 

0 

29,510.11 

+0.11 

3 

1 

3366.9 

1 

29,692.41 

+0.50 

2 

0 

3346.7 

3 

29,872.52 

+0.53 

5 

2 

3329.0 

1 

30,030.44 

+0.18 

4 

1 

3308.0 

2 

30,221.08 

-0,05 

3 

0 

3287.4 

3 

30,410.45 

+0.29 

6 

2 

3273.3 

0 

30,541.44 

-0.12 

..5^ 

1 

3252.0 

' 1 

30,741.47 

+0.08 

4 

0 

3231.2 

2 

30,939.35 

-0.03 


The ^equations of the band heads in terms of half-quantum numbers for 
the two systems are as follows. Blue bands: 

y = 23,817.62 + {726.53(/ + I) - 11. 66(»' + 1)2} 

- {811.28(0" + 1)- 6. 60(z;" + 4)2} ^ 

andultravioletbands: 

V = 28,849.13 + {565.06(0' + 4) - 4.48(0' + 4)2 j 

-{725.37(0" + 4) -3.56(0" + 4)=}. 

As in the case of MgO band systems, the bands of CaO forming a sequence 
diverge with increasing quantum number. This is evident from Eqs. (3) and 
(4) that while w.' <co/', w^'x.' >c<)/'x/'. 
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The relative intensities of the bands in each system lie on a wide Condon 
parabola as in the case of the red bands of MgO. 

The heats of dissociation calculated for the lower levels of the two systems 

are respectively 3.03 and 4.56 volts. 


Strontium Oxide 


The earliest spectroscopists^® noticed a class of bands between X7000-- 
X5800 in the flame and spark spectra of strontium salts and attributed them 
to the oxide. In 1905 Hagenbach and Konen, in addition to these, measured 
another class of bands between X4500-X3600 and attributed them both to 
the metal as their emitter. Later on, Olmsted^® pointed out that the bands 
lying below X3800 were due to the oxide. He photographed the spectrum of 
the oxy-coal gas flame fed with different salts of strontium and published 
measurements of sixty-six heads between X4800— X3600 with a concave grating 
of one meter radius. Afterwards Hartley^® noticed these bands in the spark 
spectrum of Sr(N 03)2 in solution as well as in that of oxy-hydrogen flame 
fed with SrCb and ascribed a part of the spectrum to the oxide. The bands were 
also measured by Auerbach, Eder and Valenta,^® and by Harnack,^® who 
extended the measurements up to X3200. These authors ascribed all the bands 
to the oxide. Kayser^® was, however, of opinion that the bands in the long 
wave-length region might be due to the metal. In the present investigation 
the bands lying between X7100-X5300 have been definitely attributed to the 
metal and those between X5300y-X3200 to the oxide. In the latter region as 
many as 108 heads have been measured from prism spectrograms and an- 
alyzed into two systems (Tables V and VI). The analysis of Xlecke and 
Guillery^ is essentially correct for the blue system. It may here be pointed 
out that the metal bands in the long wave-length region are very much super- 
posed by the well-known SrCl band systems as in the case of calcium. 


Table V. The blue hands. New data and vibrational quantum analysis. 


v" XHd.(I-A.) I 0—C (cm-i) 


12 

5279.5 

0 

18,935.93 

-0 

.57 

11 

5263.0 

0 

18,995.30 

-0 

.10 

10 

5246.5 

1 

19,055.04 

-0 

.30 

9 

5229.8 

1 

19,115.88 


.44 

12 

5146.0 

0 

19,427.17 

-0 

.42 

11 

5128.6 

0 

19,493,08 

-0, 

.41 

10 

5111.0 

1 

19,560.21 

-0 

.22 

9 

5093.3 

1 

19,628.18 

-0, 

.23 

8 

5075.5 

1 

19,697.02 

-0, 

.41 

12 

5021.0 

0 

19,910.81 

-0 

.87 

11 

5002.6 

0 

19,984.05 

-0 

.53 
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"TKmJEV. {Continued), 

v" 

XHd.(I*A.) 

I 

V (cm™^) 

O—C (cm' 

10 

4983.9 

0 

20,059.03 

+0.51 

9 

4965.6 

0 

20,132.95 

-1.55 

8 

4946.9 

1 

20,209.06 

-0.46 

7 

4928.1 

1 

20,286.15 

-0.43 

12 

4903.5 

0 

20,387.92 

+0.15 

11 

4884.3 

0 

20,468.06 

-0.61 

10 

4864.8 

0 

20,550.11 

+0.50 

9 

4845.5 

1 

20,631.96 

+0.37 

8 

4826.1 

1 

20,714.89 

+0.28 

7 

4806.7 

1 

20,798.50 

-0.17 

6 

4787.2 

2 

20,883.22 

-0.55 

11 

4773.1 

0 

20,944.91 

-0.85 

10 

4752.8 

0 

21,034.36 

+0.66 

9 

4732.9 

1 

21,122.81 

+0.13 

8 

4712.8 

2 

21,212.89 

+0.19 

7 

4692.7 

5 

21,303.75 

-0.01 

6 

4672.6 

4 

21,395.39 

-0.47 

5 

4652.4 

3 

21,488.28 

-0.72 

10 

4647 .4 

0 

21,511.40 

+0.61 

9 

4626.9 

1 

21,606.71 

-0.06 

8 

4606.2 

2 

21,703.81 

+0.02 

7 

4585.5 

3 

21,801.78 

-0.07 

6 

4564.8 

5 

21,900.65 

-0.30 

5 

4544.1 

5 

22,000.41 

-0.68 

9 

4526.9 

1 

22,084.00 

+0.14 

4 

4523.3 

4 

22,101.58 

-0.69 

8 

4505.7 

1 

22,187.91 

+0.03 

7 

4484.5 

3 

22,292.80 

-0.14 

6 

4463.3 

4 

22,398.68 

-0.36 

5 

4442,1 

3 

22,505.58 

-0.60 

4 

4420.9 

5 

22,613.50 

-0.86 

8 

4410.9 

0 

22,664.77 

-0.20 

3 

4399.6 

6 

22,722.98 

-0.60 

7 

4389.2 

1 

22,776.72 

-0.31 

6 

4367.6 

2 

22,889.46 

-0.67 

5 

4345.9 

3 

23,003.75 

-0.52 

4 

4324.3 

3 

23,118.65 

-0.80 

3 

4302.7 

4 

23,234.71 

-0.96 

7 

4299.2 

0 

23,253.62 

-0.50 

2 

4281.0 

5 ■' 

23,352.48 

-0.45 

6 

4277.2 

0 

23,373.23 

-0.99 

5 

4255.1 

1 

23,494.62 

+0.26 

4 

4233.2 

2 

23,616.16 

-1.38 

3 

4211.2 

3 

23,739.54 

-1.22 

2 

4189.1 

4 

23,864.77 

-0.25 

1 

4167.2 

5 

23,990.19 

-0.13 

4 

4147.0 

1 

24,107.04 

-1.59 

3 

4124.7 

2 

24,237.37 

-1.48 

6 

4110,6 

0 

24,320.51 

+0.11 

2 

4102.3 

2 

24,369.72 

-0.39 

5 

4087.9 

0 

24,455.56 

+0.02 

1 

4080.1 

2 

24,502.31 

-0.10 

4 

4065.4 

0 

24,590.91 

■•'-1.81'' 

0 

4058.0 

■ 3 ■■■ 

24,635,75 

0.00 

3 

4042.8 

' '1 "■ 

24,728.37 

-1.57/ 

2 

4020.1 

2 

24,868.00 

-0.20 

S' . ' 

4010.8 

0 

24,925.66 

-0.97 

1 

3997.7 

' 2 ■ 

25,007.34 

-0.16 

4 

3988.0 

0 

25,068.16 

. ' -0 .65 

0 

3975.4 

3 

25,147.61 

■-0':.23', 

3 

3965.2 

■■ 1 ■ . 

25,212.30 

-0.73 

2 

3942.3 

■' 1. : 

25,358.75 

.-0„.54 , 

: 1 ■: 

3919.6 

2 

25,505.61 

+0.02 

'■ 4 . " 

3914.6 

0 

25,538.19 

-1.71 
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Table V. {Continued), 



v" 


I 

V (cm“^) 

0 — C (cm~^) 

2 

0 

3897.1 

3 

25,652.86 

-0.07 

6 

3 

3891.6 

0 

25,689.12 

-2.00 

5 

2 

3868.5 

0 

25,842.51 

-0.87 

4 

1 

3845.6 

1 

25,996.40 

-0.28 

: 3 

0 

3822.4 

2 

26,150.76 

-0.26 

6 

2 

3798.4 

0 

26,319.43 

-1.04 

5 

1 

3775.3 

0 

26,480.47 

-0.30 

4 

0 

3752.4 

1 

26,642.07 

-0.04 


Table VI. The ultraviolet hands, Netv data and vibrational quantum analysis. 


y 


XHd (I.A.) 

/ 

p (cm“*^) 

0 — C (cm~^) 

2 

4 

3708.5 

0 

26,957.44 

-0.72 

1 

3 

3690.2 

1 

27,091.12 

-1-0.79 

0 

2 

3671.5 

2 

27,229.10 

-i~0 .28 

3 

4 

3646.0 

2 

27,419.53 

-0.63 

2 

3 

3627.0 

1 

27,563.17 

-1.10 

1 

2 

3607.1 

2 

27,715.22 

-f-0.53 

0 

1 

3586.9 

3 

27,871.30 

-0.14 

3 

3 

3567 . 1 

1 

28,026.00 

-0.27 

2 

2 

3546.6 

2 

28,187.99 

-0.64 

1 

1 

3525.4 

3 

28,357.50 

4-0.19 

0 

0 

3503.8 

6 

28,532.31 

0.00 

3 

2 

3489.3 

1 

28,650.87 

-0.39 

2 

1 

3467.5 

2 

28,830.99 

-0.89 

1 

0 

3445.2 

4 

29,017.61 

-1.20 

4 

2 

3435.3 

1 

29,101.23 

-0.10 

3 

1 

3412.8 

2 

29,293.08 

-0.85 

2 

0 

3389.8 

4 

29,491.83 

-0.92 

4 

1 

3361.2 

1 

29,742.76 

-0.56 

3 

0 

3337.5 

3 

29,953.96 

-0.16 

5 

1 

3312.4 

0 

30,180.93 

-0.52 

4 

0 

3288.1 

2 

30,403.97 

-0.22 

5 

0 

3241.4 

1 

30,842.00 

-0.32 


Besides the bands included in the two systems, there are a few unidenti- 
fied heads. These were also measured by Olmsted and others, strongest of 
these are X413S.0 (4), 4113.6 (5) and 4092.6 (4). 

The equations representing the band heads of the two systems are as 
follows. 

For the blue bands: 

V = 24,702.81 + {519.09(»' + |) - 3.50(0' + l)^} 

- {653.47(0" + I) - 4.02(0" + 1)2} 
and for the ultraviolet bands : 

= 28,622.18 + {497.81(0' + J) - 5.97(0" + 1)2} 

- {679.13(0" + i) - 9 . 13 ( 0 " + 1)2}.' 

Unlike the band systems of MgO and CaO, the bands of SrO in a sequence 
converge with increasing quantum number as is to be expected from the co- 
efficients of We , co.'xe', cpe" and We"xe" in Eqs. (5) and (6). On the other hand, 
the distribution of intensity among the various heads of the two band sys- 
tems is very much similar to that of CaO. The heats of dissociation calculated 
for the lower levels of the two systems are, respectively, 3.24 and 1.52 volts. 

My best thanks are due to Professor P. N. Ghosh for offering me all the 
facilities to carry out this investigation. 
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The Infrared Absorption Spectrum and the 
Molecular Structure of Ozone 

By Sherman L. Gerhard 
University of Michigan 

(Received October 13, 1932) 

Of the seven known infrared absorption bands of ozone, four (4.7^, 7.39ju, 9.6/i, 
and 11.38ju) have been investigated for the first time with a grating spectrometer. 

The band at 4.7/z shows three branches, not very sharply defined, while the one at 
7.39 /l shows only a single peak. The strongest band, at 9.6ju, has been resolved into 
two main branches which probably belong to two different vibrations. The band at 
11.38/z has been tentatively ascribed to nitrogen pentoxide, which often occurs as an 
impurity in ozone. Three fundamental vibrational frequencies, m., 528 cm“*S 1033 
cm“'^ and 1355 cm”\ have been selected from the observational data. The rotational 
fine structure could not be completely resolved; it appears to have the irregularity 
characteristic of an asymmetrical rotator. The envelopes of the four observed bands 
have been completely mapped out. The infrared absorption spectrum of ozone is dis- 
cussed and it is shown that the molecule cannot have the form of a straight line nor an 
equilateral triangle but it is probably represented by an isosceles triangle where the 
angle at the apex is less than 60°. By making use of these assumptions it was possible to 
order the observed frequencies in a fashion consistent with their envelopes. This gen- 
eral shape of isosceles triangle is the only one allowed by the observational data; the 
other shape of isosceles triangle, with apex angle greater than 60°, is ruled out. 

TVURING the past ten years ozone has attracted considerable interest and 
A-' many attempts have been made to determine its structure. It is one of 
the few triatomic molecules whose infrared absorption spectrum has not here- 
tofore been investigated with the high dispersion of a grating spectrometer. 
It is true that very many data have been collected on its absorption bands 
in the photographic region of the spectrum, but from these it has not been 
possible as yet to give a satisfactory description of its molecular structure. 

John Tyndalh in 1872 discovered that ozone absorbs infrared radiation 
and, in 1904, K. Angstrom® first measured its infrared absorption spectrum. 
With low concentrations of ozone he found bands at 4.8^i, 5.8 m, 6.7m and 9.6/i. 

A more thorough investigation of the ozone absorption in this region was 
carried out by E. Ladenburg and E. Lehmann® in 1906. By using a more effi- 
cient method of preparation they were able to observe it in higher concentra- 
tions and consequently found some weaker bands which Angstrom had 
missed. They found bands at l.l^i, 3.7m, 4.8m, 5.9m, 6.6m, 7.6m, 9.9m and 11.35;:t. 
Of these, the one at 5. 9^ was later shown by E. Warburg and G. Leithauser^ 
to be due to nitrogen penfexide. 

^ John Xyndall,, ConiTibutiofis to Physics in the DoftuiiTi of RcLctiunt Heotj London (1872). 

2 K. Angstrom, Arch. f. Mat., Astron., och Physik 1, 347, 395 (1904). 

® E. Ladenburg and E. Lehmann, Ann. d. Physik 21, 305 (1906). 

^ E. Warburg and G. Leithauser, Ann. d. Physik 23 , 209 (1907). See also another paper 
by these same two investigators, Ann. d. Physik 28 , 313 (1909). 
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Quite recently A. Jakowlewa and V. Kondratjew® made measurements 
on some of the ultraviolet electronic bands of ozone. They concluded from 
the results of their own measurements and those of others that ozone is a 
linear moleculej but this is not in agreement with our conclusions, as will be 
shown later. 

Experimental 

The classical and most common method of preparing ozone is one using a 
Siemens' ozonizer, in which a silent electric discharge is passed through air 
or oxygen. This gives only a low yield; the exit gases contain at best only 
about 10 percent of ozone. 

A more efficient method of preparing ozone, described by A. K. Brewer 
and J. W. Westhaver® was used in the present investigation. In this method a 
glow discharge is maintained in oxygen while the discharge tube is immersed 
in liquid air. Under these conditions liquid ozone condenses out on the walls 
of the discharge tube. Practically pure ozone gas may be obtained by dis- 
tilling the liqui4 ozone thus formed. This last procedure, the distillation of 
the liquid ozone, was a hazardous one in spite of the fact that all organic 
matter was excluded from the entire system. On four different occasions the 
discharge tube exploded violently during the course of the distillation. 

The absorption cells were glass tubes 4.5 cm in internal diameter and 25 
cm and 1 m in length, respectively. Rocksalt windows were fastened on the 
ends by means of a thin, quick-drying lacquer. This method of fastening the 
windows had the advantage of enabling one to remove them when necessary 
by merely soaking in acetone or wood alcohol, thus avoiding the application 
of heat. The ozone was kept in the cells at atmospheric pressure by means of 
traps filled with phosphoric acid. 

The spectrometer was of the usual type employing a rocksalt prism as a 
monochromator for the radiation falling on the grating. The thermocouples 
were very kindly supplied by Dr. J. D. Hardy. They were of the Pfund 
design and were connected to the familiar type of Moll relay, where the de- 
flections of the first galvanometer were amplified. The aperture throughout 
the spectrometer was f5. A 25 cm parabolic mirror of 120 cm focal length 
was used in front of the grating. The slit widths used for each band are in- 
dicated in Fig. 1. With 0.88 ampere passing through the Nernst glower, which 
was used as a source, and the lamp in the Moll relay operating at 2.83 volts 
a deflection of about 70 mm was obtained at 9,6jLt through the empty cell, 
and with a slit width of 0.3 cm^h Two gratings were used, with 1440 and 1200 
lines per inch, respectively. The calibrations were obtained from charts pre- 
viously prepared for them by means of standard infrared lines. 

On account of the difficulty and hazard involved in handling highly con- 
centrated ozone no attempt was made to perform a quantitative analysis 
of the contents of the absorption cell. It was, however, possible to make a 

^ A. Jakowlewa and V, Kondratjew, Phys. Zeits. d. Sowjetunion 1, 471 (1932). 

^ A. K. Brewer and J. W. Westhaver, J. Phys. Chem, 34, 1280 (1930). 
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rough estimate of the amount of ozone in the cell from considerations of the 
general behavior of the preparation. 

The results of the investigation are shown in Fig. 1 as a group of curves 
giving the envelopes of the four different absorption bands studied. Most 
of the envelopes shows persistent irregularities, which indicate that the re- 
solving power of the spectrometer was almost great enough to reveal the 
fine structure. It seems probable not only that the fine structure lines ob- 
served are real but also that they are distributed in the irregular manner 
which is characteristic of the asymmetrical rotator. This point will be dis- 
cussed later. 

The 9.6/x band was investigated with both the meter cell and the 25 cm 
cell. Curve I was taken with practically pure ozone gas at atmospheric pres- 



sure in the shorter cell, and curve II with a very low concentration in the 
meter cell. This band has apparently three branches. The one on the high- 
frequency side of the center (9.62ju) is the strongest, and the one on the low- 
frequency is the weakest of the three. The low-frequency branch becomes 
weaker than the other two at low concentration. The high-frequency branch 
was not studied in detail at low concentrations but a few readings taken at 
9.47/i at the same time curve II was taken showed an absorption of about 
48 percent, showing that this branch remained the strongest of the three. 
This behavior indicates that the high-frequency branch may be associated 
with one fundamental frequency, and the rest of the band with another. 

The 7.39ju band lies in a region where the absorption due to water vapor 
is very noticeable. It also was observed with the same high concentration 
of ozone in the 25 cm cell that was used in obtaining curve I for the 9.6/x band. 
The curve shown for this 7.39/4 band represents the average of two separate 
and consistent sets of data taken under the same conditions. The high back- 
ground on each side of the strong single branch might be fictitious on account 
of the uncertainty in calculating the percentage absorption in a region where 
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water vapor absorbs as strongly as it does here. However, it is stronger than 
the 4.7ju band, which could not be detected under the same conditions. 

The bands at 9.6ju and at 7.39^ are the two strongest ones; the others 
were looked for but could not be detected with the same concentration of 
ozone in the 25 cm cell. 

The two curves shown for the 4.7/^ band were obtained with two slightly 
different ozone concentrations in the meter cell, and also with different slit 
widths, as indicated in Fig. 1. 

The small single peak of absorption at 11.38ju was observable only with 
very high concentrations of ozone in the meter cell. The curve shown for 
it was obtained with a higher concentration of ozone in the meter cell than 
was used to obtain the 4.7/x band, in fact it was not observable under the 
conditions which yielded the curves for the 4.7/i band. 

In the first two columns of Table I is a summary of the wave-lengths and 
relative intensities of the absorption maxima of ozone obtained in this in- 


Table I. 


Wave-lengths 

Relative 

intensities 

Ladenburg and Lehmann^ 

W ave-lengt h s ^ Relative 

intensities 

— 



l.U 

1 

— 

— 

3.7 

2 

4.74m 

5 

4.7 

5 

— 

— 

6.6 

2 

7.39 

' 7 

7.7 

3 

9.47 

10 



9.62 

8 

9,9 

10 

11.38 

2 

11.3 

3 


vestigation. In the last two columns are given the values reported by Laden- 
burg and Lehmann,^ it is seen that there is very satisfactory agreement be- 
tween these two sets of results, considering the fact that Ladenburg and 
Lehmann used a prism spectrometer. 

The weak band at 11. 38^^ does not fit with the other observed bands into 
any scheme of frequencies. It may possibly be due to nitrogen pentoxide, which 
has a very strong band at 5.75^, for the band at 5.75^ may be the first over- 
tone of a fundamental at 11.38iu. 

Several attempts were made to find the Raman spectrum of liquid ozone, 
using pure ozone as well as solutions of ozone in liquid oxygen. The details 
of these attempts have already been published.'^ The extreme faintness of the 
doublet observed, corresponding to a mean frequency shift of 1280 cm~^ 
(7.81 a£), and the fact that this frequency does not fit in with the infrared fre- 
quencies makes it doubtful whether it is real. 

Theoretical 

' 

The data obtained in this investigation of the infrared absorption bands 
of ozone are not as complete as might be desired. In the first place its insta- 

^ G. B. B. M. Sutherland and S. L. Gerhard, Nature 130, 241 (1932). 


626 


S. L. GERHARD 


bility caused several explosions and made the gathering of data expensive 
and difficult, and in the second place the rotational fine structure is so closely 
spaced that it was not possible to resolve it. It is therefore necessary in the 
interpretation of the data to approach the subject from a rather general point 
of view and this requires the discussion of all the possible models for its struc- 
ture. It will be shown that the data are consistent with only one model, and 
that furthermore this model has certain other properties similar to the known 
properties of ozone. 

The frequencies observed for ozone have been satisfactorily correlated in 
the following way. The single band at 1355 cm-Ms taken as the first funda- 
mental frequency, vx, then the band at 2710 cm-i, reported by Ladenburg 
and Lehmann, is its first harmonic, 2 vi. The strong band at 1055 cm~i is 
assigned to the first overtone of a fundamental V 2 , at 528 cm'S which could 
not be observed because of the high absorption of the rocksalt windows in 
this region. The minimum at 1033 cm-i is taken as the center of a doublet 
type band representing the third fundamental frequency, v^. The 2108 cm-i 
band may be called 2vz\it is apparently multiple and contains other com- 
binations as well. The weak band reported by Ladenburg and Lehmann at 
1515 cm-i may very well be the combination V 2 +V 3 . Except for the 11.38jt 
band, which is ascribed to nitrogen pentoxide, all the known bands of ozone 
are thus accounted for. There are three fundamental frequencies represented. 
The fundamental of two of them and the first harmonics of all three have 
been observed, as well as several combinations. 

These bands display different kinds of envelopes. The fundamental, vi 
at 1355 cm-i, has certainly a zero branch type of envelope, with the zero 
branch very strong in comparison with the positive and negative branches. 
The 2 v 2 band, at 1055 cm has also a zero branch type of envelope, while 
that for V 3 , at 1033 cm-i, is of the doublet type. The envelope for 2vs, at 
2108 cm-i, is apparently of the zero branch type. Unfortunately the en- 
velopes of the remaining bands of ozone have not been observed, however, 
it will be possible to gather from the data in hand sufficient information to 
decide on the shape of the molecule. 

For a triatomic molecule, such as ozone, there are three plausible shapes, 
viz., linear, equilateral triangle and isosceles triangle. The three atoms of 
oxygen making up the ozone molecule need not all be alike; the force fields 
and electron configurations may not be the same for all the atoms. The pos- 
sibilities of these three types of structure will now be discussed in connec- 
tion with the data obtained and with the aid of the results of the wave me- 
chanical analysis of infrared spectra given in a recent paper by D. M. Den- 
nison.* 

;■ 

There are two possible linear models for ozone, a symmetrical one, with 
the three atoms symmetrically arranged along a line, as is the case in carbon 

® D. M. Dennison, Rev. Mod. Phys. 3, 280 (1931). 



ABSORPTION SPECTRUM OF OZONE 


dioxide, and an unsymmetrical one. The symmetrical type of linear mole- 
cule would display absorption bands resembling those of carbon dioxide.^ It 
would have similar vibrational properties and would obey the same selection 
rules, namely, that combinations or overtone frequencies which are the sum 
of any two observed frequencies cannot occur.® These conditions are not niet 
by the frequencies observed for ozone, viz., the band at 2108 cm“^ has twice 
the frequency of the 1033 cm-^ band, and the one reported at 2710 cm ^ 
has twice the frequency of the 1355 cm“^ band. With 528 cm ^ as a funda- 
mental the band reported at 1515 cm-i is assigned to the combination 1033 
-j-528. The occurrence of these overtones and combinations is definitely in 
disagreement with the requirements for a linear symmetrical model and is 
sufficient to rule it out as a possible structure for ozone. 

The other possible linear model would resemble the molecule of nitrous 
oxide, NNO. The selection rules for this model allow three active funda- 
mental frequencies and all possible combinations and overtones. The vibra- 
tion-rotation bands consist of fine structure lines regularly spaced in fre- 
quency.® There are two types of bands, both having essentially similar posi- 
tive and negative branches, the one having a strong zero branch and the 
other none. When the ozone bands are examined it is found that none of them 
have regularly spaced fine structure lines. The positive and negative branches 
of the several bands do not stand out distinctly as they do in the case of 
nitrous oxide. There is no similarity between even the general outlines of 
the envelopes of any two bands. If ozone were this unsymmetrical linear 
type of molecule, then the positive and negative branches of the 1033 cm'^ 
and 1355 cm-^ (fundamental) bands should be similar and should have al- 
most equal doublet spacings, but this is obviously not the case. These funda- 
mental differences between the observed bands of ozone and those to be ex- 
pected from linear molecules make it evident that the ozone molecule can- 
not be*a linear one. 

§3 

In the isosceles triangle model for ozone the oxygen atom at the apex is 
taken to be different from the two at the base. The general solution of the 
vibrational problem has already been given by several investigators.i®-*^! 
Three fundamental frequencies are to be expected for the general isosceles 
triangle. According to the conventions adopted in labelling these frequencies 
the electric moment vibrates along the Y axis (i.e., the bisector of the apex 
angle) for the frequencies Vi and Vi, where vi § v^, and along the X axis (which 
is perpendicular to the F axis) for the frequency 

In specializing to the equilateral triangle all three atoms become identical. 
In this case the frequency vx is certainly inactive, since it corresponds to a 
motion in which all the atoms vibrate along the bisectors of their respective 
(apex) angles with the same amplitude and in the same phase with respect 

’ E. K. Plyler and E. F. Barker, Phys. Rev. 38, 1827 (1931). 

N. Bjerrum, Verb. d. Deut. Phys. Ges. 16, 640, 737 (1914). 

“ D. M. Dennison, Phil. Mag. 1, 195 (1926). 
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to the center of gravity of the molecule. The two frequencies and ys be- 
come equal, thus forming degenerate states. Whether or not the frequency 
would also be inactive depends upon the interaction of the electron clouds 
surrounding the three nuclei when they execute this normal vibration. It is 
conceivable that at one extreme displacement in this vibration the electrons 
surrounding the two lower nulcei could so repel those surrounding the upper 
nucleus that the center of the negative charges would lie above the center 
of the positive charges, thus producing a change in the electric moment of 
the molecule. Even if it were active it is very likely that it would be compara- 
tively weak because of the relatively small amplitude of the oscillatine elec- 
tric doublet. 

If ozone were this type of molecule it should be possible to correlate all 
the observed bands with only two fundamental frequencies, and one of these 
should be inactive. On the contrary the bands observed for ozone cannot be 
arranged in any scheme with only two fundamental frequencies unless very 
ow frequencies are chosen and the observed bands ascribed to combinations 
and high multiples of them. This sort of procedure is evidently unreasonable 
in view of the simple relations existing between the frequencies observed for 
substances heretofore investigated. It takes three fundamental frequencies 
to account for all the ozone bands, and these three all appear to be active. 

t his is^very strong evidence against the equilateral triangle as the correct 
model for ozone. 

Another source of evidence which is equally important is the almost com- 
plete absence of the Raman spectrum of ozone. Up to the present it has been 
Observed that molecules possessing a highly symmetrical configuration, which 
results in an inactive vibrational frequency, have fairly strong Raman spec- 
ra, as m the cases of carbon dioxide and carbon tetrachloride. On the other 
hand it has also been found true that molecules lacking an inactive frequency 

such as water, have a weak Raman spectrum.12 

§4 

The solution of the vibration problem for the isosceles triangle model has 
already been described. There are three different and active fundamental 
frequencies^The question of the overtones of these frequencies has been dis- 
cussed by Dennison,* who showed that in general they would all be active. 

_ he overtone IS represented by = Wai'a+Wsi'a the change of the elec- 
f^odntlLs ^ ^ for even values of and along the X axis 

The shapes of the envelopes of the bands at these various vibrational fre- 
upon the direction of the change of the electric moment 
with respect to the principal axes of inertia. If in the case of ozone the apex 
angle IS less than 60 , then the axis of least moment of inertia, A , will be along 
axL ^ middle moment of inertia, B, will be along the X 

Placzek ZeL"T explained on a theoretical basis by 





Wave-lengths vi 

Frequencies 

observed Calculated 

Type of envelope 
Observed Predicted 

(18.9m)* *^2 

9:67 

9.47 2p2 

7.39 n 

6.6t Vi-\‘Pz \ 

3>'2 / 

4.7 

4^2 j . 
3.7t 2pi 

— 528 cm""^ 

1033 cm-i — 

1055 — 

1355 — 

{1111 

f2066 

2108 {2088 

1.2110 

2710 2710 

— Z 

D D 

z z 

z z 

— D 

Z 

L 1 


* This band was not looked for, because it is in a region where the absorption due to the 
rocksalt windows on the cell made observations impossible. 

t Reported by Ladenburg and Lehmann. The wave-lengths are not known as accurately 
as those of the other bands and nothing is known about the envelopes. 

of tlie observed envelopes and those predicated for ozone on the basis of the 
isosceles triangle model. In the last two columns D stands for doublet type 
and -Z" for zero branch type of envelope. 

The fundamental vi displays a zero branch type of envelope, with very 
weak positive and negative branches; the same holds true for 2i^2. The en- 
velope for is of the doublet type, while that for 2 vz is of the zero branch 
type, as it should be for even values of nz if the apex angle is less than 60 °. 
The observed envelope for the combination Iv^+vz is somewhat obscured by 
the envelopes of the overtone bands in its immediate vicinity, but the shape 
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The axis of greatest moment of inertia, C, is perpendicular to the plane 
of the figure. No changes of electric moment can ever lie along this axis be- 
cause no vibrations can take place outside the plane of the triangle. Thus in 
the general overtone ^213^1+ ^22^2 +^32^3 the change of electric moment will lie 
along the A axis for even values of % and along the B axis for odd values. 

On the other hand, if the apex angle in the case of ozone were greater than 
60 ° the inertial axes A and B would be interchanged, and then in the general 
overtone the change of electric moment would be along the B axis for even 
values of nz and along the A axis for odd values. 

According to Dennison^ the envelopes of the bands produced by vibra- 
tions of the electric moment along the least axis of inertia should show a de- 
cided zero branch, while those produced by vibrations along the middle axis 
of inertia should show a doublet structure. 

Whatever the disposition of the axes of inertia may be in the molecule 
the two frequencies vi and will have the same kind of envelopes, and vz will 
have a different kind. If only one fundamental frequency displays the doublet 
type of envelope, then the apex angle is less than 60 °, whereas if only one of 
the fundamental frequencies displays a zero branch, then the apex angle is 
greater than 60 °. 

When the envelopes of the ozone bands are examined it becomes evident 
that they can be very nicely arranged to fit the requirements for an isosceles 
triangle with the apex angle less than 60 °. In Table II is given a comparison 

Table II. 
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of the whole envelope does not rule out the possibility of a doublet type en- 
velope for this particular combination frequency. 

The types of the envelopes of the bands observed show that ozone has the 
shape of an isosceles triangle with the apex angle less than 60°. This is proven 
by the occurrence of the zero branch type of envelope for and 2.2. If the 
molecule were to be represented by an isosceles triangle with an apex angle 
greater than 60 , then .i and 2.2 would have the doublet type of envelope and 
Pz wou^ld have the zero branch type of envelope. The preponderance of zero 
branch tpe over doublet type envelopes in the bands observed for ozone in- 
dicates that it has the shape of an isosceles triangle with the apex angle less 
than 60 . Except for the unknown envelopes of other combinations and over- 
tones the observed data for ozone agree very well with the predictions for 
this model. The ordering of the ozone data under this scheme may not be 
unique, but it is a self-consistent one. Other ways of allotting the observed 
frequencies are possible, but they must all fulfill the requirements of the 

types of envelopes for the various frequencies.^^ 

Conclusions 

critically compared with the 
theoretical predictions for various possible models and also with the data 
for certain molecules of known structure. 

The combination and overtone frequencies observed in the ozone spec- 
trum do not obey the selection rules for a linear symmetrical molecule The 

metrSl I those to be expected of a linear unsym- 

metrical molecule. The equilateral triangle is very definitely ruled ou/be- 

cause the frequencies observed for ozone do not obey the requirements that 

^uenL^rf fundamental fre- 
quency, and only two fundamental frequencies in all. In addition to this ozone 

inThe forUZar ^P^ctrum, while a highly symmetrical molecule 

spectrum ^^“^‘^teral triangle should certainly have a strong Raman 

requirements for the isosceles triangle 
mode %ere_is the correct number of active fundamental frequencies, vl., 

tionVnf i Overtones Ind combina- 

s^rL fimt observed. Each fundamental 

tones Thp ae • "2 apparently displays its second and third over- 

conStlt fr” the fundamental frequencies thus form a self- 

Tn wbl t? T’ <=alculated frequencies are in fairly good agree- 

lubleTtS envelopes, zero branch or 

combinationsan?? f the fundamental frequencies and the various 
binations and overtones appear in the observed bands for the proper fre- 

rotationS pro^ as an koLZ f the same vibrational and 

™nt would no longer be so simply 
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quencies. On the whole, the observed data for ozone fulfill the requirements 
for an isosceles triangle with the apex angle less than 60°. 

The writer gratefully acknowledges Professor D. M. Dennison^s many 
helpful suggestions in the interpretation of the experimental data, and the 
generous cooperation of the various members of the Physics Department who 
made possible the completion of this work. 
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An investigation is made of the relative importance of singly-excited, doubly- 
excited, and continuous states in the dispersion and absorption spectrum of helium. 

The /-values of the lines due to singly-excited and doubly-excited states are calcu- 
lated by using wave functions of a screening-constant type, the most important of 
them having been obtained by variational methods. The /-sum of the continuous 
spectrum is then obtained by difference, from the Kuhn-Reiche sum rule. It is shown 
that the role of the singly-excited states is moderate, of the doubly-excited states 
small, and of the continuous spectrum very large. A table is given of relative in- 
tensities in the principal series absorption spectrum. Incidentally, a variational cal- 
culation of a wave function for the doubly-excited state (2s){2pyp places this level 
302,000 cnr^ above the limit of single ionization. The corresponding absorption line 
comes out about one-thirtieth as strong as the first absorption line of the principal 
series or about as strong as the fifth line of this series. 

TT IS our purpose to investigate the relative importance of the discrete and 
continuous energy states of atomic helium in dispersion and absorption. 
The refractive iadex of a gas is given by 1 + 4x1,0;, where /i is the re- 
fractive index, L the number of atoms per unit volume, and a. the polariza- 
bility of the atom. The polarizability of an iV-electron atom is given by an 
expression of the form : 


■T r 


m( I Xoit I 2+ I yoh I 2+ I zok I 


VkO' 


Here e and h have their usual meanings, j/m is the frequency difference be- 
tween the excited state h and the normal state 0, v is the frequency of the 
incident radiation, and ezo*, e.g., is the matrix element between the states 0 

and & of the z-component of electric moment, so that : 


Zu = J* t^'o^ 



where and are the wave functions of the state 0 and k. The summation is 
to be extended over all the excited states of the atom, continuous included, 

which have dipole combinations with the normal state. 

We can most easily investigate the role of the various parts of the energy 
spectrum by writing the above formula for a in atomic units, expressing 
lengths m terms of Co (Bohr radius) as unit, and energies in terms of eV(2flo) : 

(DCff’T — fFo)([ Xn \ ^+1 yak \ I Zoji| 

Here Wy is the energy in atomic units of a quantum of the incident radiation. 
If the applied frequency v is not too large (not greater than that correspond- 
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where t/'o refers to the normal state, to the state (1^) {npyP, and the in- 

1 By the Laporte rule no other configurations have dipole combinations with the normal 

State. 
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ing to 600A), we liaye For any state beyond the limit of single 

ionization (i.e., any doubly-excited or continuous state), Then, 

since lTo= -5.81, we have ITo^ 1.81, and {Wu- 1. Thus the 
numerator for such a state gives an upper limit to its contribution to the dis- 
persion formula; this numerator is called an /-value. The sum of the /-values 
of all the doubly-excited and continuous states thus gives an upper limit to 
their dispersion contribution. 

The only singly-excited states which have dipole combinations with the 
normal state are the “principal series” (1^) {npYP. One can show that their 
/-sum gives a lower limit to their dispersion contribution, since for most of 
them (the lower and thus more important ones) the denominator is less than 
unity. 

These /-values satisfy a simple sum rule by means of which we can esti- 
mate the role of the continuous spectrum without handling any continuous 
spectrum wave functions. Using atomic units, let 

N 

^ ~ ^0/c ~ 

and 

Ao = - fro)( 1 h+ 1 Joib h+ I zoi- h) . 


/ 


pO^ipkdTi 


etc., 


Then 


= N. 


For atomic helium, N = 2, so that 

'HfkO 

k 


(The summation sign is used for all the states, but is understood to include 
an integral over the continuous spectrum.) We obtain the form pertinent to 
our problem by splitting the sum into the parts:/', referring to the states 
(I 5 ) {npyP;f\ referring to doubly excited states arising from the configura- 
tions spy pdy dfy ctc. ; ^ and/c, referring to the mixed and purely continuous 
states lumped together. 

Then 


/'+/"+/c-2. 

We proceed to calculate/'. Now 


SnO 


Pn{ri cos + r 2 cos B 2 )^odTidr 2 , 
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tegration is extended over the coordinates of both electrons. For we use 
a function due to Eckart:® 


^0 [u{y\)uib2) + u{y2)u{n)y[2{l + (3) 

where the m’s are hydrogenic functions for with parameters 7 = 2.14 and 
3 = 1.19 in place of Z = 2. 

This function has the property of giving slightly too large a value for the 
diamagnetic susceptibility | x| ; the calculation of j x| , involving as it does 
(Sjr,-2)oo, weights comparatively heavily the values of the wave function for 
large values of r. This means that is likely to be too large rather than too 
small at large distances ; any error in \zj\^ due to is thus likely to be posi- 
tive (since 2„o contains n, h in the integrand). The error in is thus such as 
to make the calculated/' slightly too large, so that if in spite of this, we find 
a large value for/c from the sum rule, we know that such a result is not due 
to error in ^q. 

Letting ^2 refer to (I5) (2pyP, we use the function of Eckart:® 

Pi = [u{aX)v{p2) + u(a2)v{p\)]/2^l\ (4) 

where u and v are hydrogenic functions of I5 and Ip, and a = 2.003, ^ = 0.965, 
are parameters replacing Z = 2. For we take the hint from and use a 
function with zero screening for l5, and unit screening for np, since the p elec- 
tron is now at least two shells farther out than the 5-electron : 

^n = [uiZl)v,,m + KZ2)vnm)]/2^'\ ( 5 ) 

where u and w„ refer to the hydrogenic functions for I5 and np, Z now re- 
placing a, which in ^2 differed negligibly from Z, and j8=Z-l = 1. Because 
of this slight difference we treat 020 and 0no separately. By integration, 

I Z 20 I ® = M(3)B(t) - f ^(7)B(3)]V(H- c®), 

where 

c® = 64(73) ®(7 -f 5)-6 = 0. 775 
^(e) = 4(2/3 V)i/ 2(€ -f /3/2)-5 

i?(e) = 8(ae)®/2(a -b £)-3. 

Inserting the values of a, jS, 7, and 6, |02o| ® = 0.224. Similarly, for n>2: 

I 0«o I ® = [£(3)F(7) -f- E(7)T(3)]V1 . 775 (6) 

where; ; ■■ 

E(e) = J M(Zl)«(£l)dTi = 8(Ze)®'®(Z -f e)-® 



1— HM, > . — 
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= 16^-V/3V3)^'W^-1)«®[(» +!)«(«“ (7) 

(6»//3 - + 1)-'”+®^ 

By using E{y) =0.998, Eih) =0.905, we get the Table I : 

Table I. {Energies and lengths are in atomic units.) 


n 

i SnO 

{Wn-Wo) obs. 


2 

0.224 

1.5593 

0.349 

3 

0.0547 

1.6966 

0.0928 

4 

0 ,0204 

1.744'8 

0.0357 

5 

0.0100 

1.7671 

0.0177 

6 

0.00588 

1.7792 

O.OIOS 

7 

0.00351 

1.7866 

0.0063 


We find ^1=2/110 = 0.512, and we get an upper limit to /8,o+/9,o+/io,o by 
taking 3/7,o = 3X0.0063 = 0.0189. Thus X)2'l/»o = 0.53, and by using asymp- 
totic values of PF^ — TTo and F{t, n) for large n, we find that the sum from 
11 to CO is of the order 0.0095. Thus essentially, 

f^j:u = 0.54. ( 8 ) 

n—2 

Since hv^nB^n (where B^n is the usual probability of induced transition) is 
proportional tofony the relative intensities of the lines of the absorption spec- 
trum are given by the last column of Table I. Taking the intensity of the 
first absorption line (1^)^ ^S—>(ls) {2p)^P arbitrarily as 100, the relative in- 
tensities of absorption are given by Table IL 

Table IL Relative intensities of absorption per unit intensity of incident radiation. 


26.6 


4ip 

10.2 


5P 

5.07 


6P 

3.01 


7P 

1.80 


Table II can be continued by means of formulas (6) and (7). For n>10, 
the asymptotic calculations previously referred to show that \zQn\^ and thus 
fon and the entries in Table II fall off inversely as 

We now consider the doubly-excited states. From the Laporte rule,^ or 
directly from the angular parts of the wave functions, we see that such states 
as (2^)^ ^5, etc,, do not combine with the normal state, and that the only 
doubly-excited states which do so are the singlet states arising from the con- 
figurations {np)r {mp) {nd), {md) (nf), etc. In order to obtain an idea 
of the order of magnitude of the transition probabilities involved, we next 
investigate in detail that state from this group which is expected to be the 
most important, namely (2.y) (2^)^P. 

If % and V are hydrogenic functions of 2s and 2p, respectively, the ^^un- 
perturbed” wave function of (2^) {2pyP is: 

[u^Zl)v{Z2) + u^{Z2)v{Zl)]/2^iK 

^ L; Pauling and S. Goudsmit, Structure of Line Spectra^ McGraw-Hill, 1930, p. 94. 
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Suppose we should introduce a parameter j3 in place of Z in the function v 
leaving Ms unchanged. Then ’ 

^ = [m2(Z1>(;S2) + m2(Z2)»(/S1)]/2‘«. 

Now Eckart s function for (Is) {Ipyp, which is presumably good because of 
the close check which it gives for the energy, has the form (4), where a is 
very closely equal to Z, and ;S = 0.965. For (Is) [npyP, where m> 2, we have 
used (5). We see then that the above trial function (j> for (2s) {2pyp is orthog- 
onal to the wave functions of all the states (Is) {npyp-, this statement fol- 
lows from the presence of the function m (Z) without parameters. Because 
of the angle functions it is orthogonal to the wave functions of all singly- 
excited singlet states not included in (Is) {npyP, and to the wave function 
of (2s) 2 ^S. Finally, because of its symmetry in electrons 1 and 2, it is orthog- 
onal to the functions of all the triplet states. It is thus a function with the 
proper symmetry to represent (2s) {ipfP, possessing the property of or- 
thogonality to the wave functions of all lower states. The minimum of the 
integral with respect to the parameter /? is thus expected to fur- 

nah a value of the energy better than the usual first approximation, and 
higher than the true energy.® 

This trial function leads to the variational integral: —£ = ZV4 + 
[2(Z-a)-0]l3/4, where = and / = (4/^) /(m 2(Z1) | n(/32) [ ^lni)drxdT^ 


or 1 


(1 + -v) 




Sac 


15x3 105x® 

,+ 


(1 + x) 




X® 

X)3_ 


+ x (1 -j- a;)3 (1 + x)3 

3(1 — x) 3(x3 — 4x -f 2) 


1 + X (1 -f xy 

^ 5(3x3 _ 2) ^ \5x{3x - 4) 105x3 - 

(1 + x)* (1 + .x)« (1 + x)®. 

= J <Zl)u{Z2)i>{0\)vm)/rx',dndri 


4x* 


3(1 + x) 


: 14 


98x 


— -j- 


185x3 


l + x (l-fx)3j 


, X = Z/0. 


The minimum of E occurs at 0 = 1.58 and has the value -1.25 atomic 
units, thus placing the level 3.02X10® cm-i above the limit of single ioniza- 
tion. This va ue can be checked against the value of 2^P extrapolated from 
. The nucleus of boron plus its iT shell we take as equivalent to a nucleus 
of charge Z , and treat BII as a helium-like atom of nuclear charge Z*. Ex- 
pressing the term value in atomic units as (Z*-sy/2\ the assumption of 
perfect shielding by tee K shell leads to Z* = 3 and x = 0.90 ; the assumption 

electron (from Slater’s rules) leads to 
and 5 - 1 .20. These values of ^ applied to (2x) {2pyp of helium lead 

® C. Eckart, Phys. Rev. 36, 880, 881 (1930). 
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to —1.30 and —1.16, respectively, for the total energy, so that our value 
— 1.25 lies in the correct range. _ _ 

A direct application of Slater’s® shielding rules to (25) (2p) of helium gives 
the value —1.36. Majorana’’’ also has computed this energy, using a varia- 
tional method due to Fock,® and obtains the value —1.31 ; this value, how- 
ever, is apt to be lower than the correct value, because the variational rnethod 
of Fock does not make the trial function orthogonal to the wave functions of 
the lower states. 

With our wave function for j = {2s) {2pyP and Eq. (1) for the normal 
state 0, we find : 

1 so,- 1 =* = [Ji'(5)-V(7) + M(7)i\^(5)] VI • 775, 

where 

N{e) = 2{2Zh^y^\t - Z)(€ + z/iyK 

By inserting y = 2.14, S = 1.19, jS = 1.58, Z = 2, we find that | z^j | ^ = 0.00251 . 
Since = 4.56, we ohta,m foj = 4:.56XOm251 =0.01 14. By comparing 

with Table I, we see that the absorption line due to (25) {2pyP comes out about 
one-thirtieth as strong as the first absorption line of the principal series, or 
about as strong as the fifth line of the principal series. 

We have now the problem of finding a wave function valid in the general 
case (ms) (npyP, where n^2, computing the matrix elements, and 

summing /oj over the whole square array of such states. We picture the array 
as follows : 

( 2s)(2p) (2s)i3p) • • • ( 25)(10^) • • • ( 2s)inp) • • • 

( 3s)i2p) (3s)(3p) • • • ( 3^X10^) • ; • ( 3s)(np) • • • 

(io 5)(2^)‘ : X : (io5)ao^) • ■ • ; 

{ms){2p) • • • (w5)(10^) • • • lms){np) • • • 

We must consider separately the upper right half, the lower left half, and 
the main diagonal of this array. To treat the upper right half, we can write 
the unperturbed wave function for {ms) {npyP: 

( 10 ) 

replacing in Vnpt however, Z by the parameter /3 = Z — 1 = 1, That is, we con- 
sider the ms electron to be a perfect shield when n>m \ this procedure is sug- 
gested by the similar one for (I5) {npyP. 

6 J. C. Slater, Phys. Rev. 36, 57 (1930). 

’ E. Majorana, Nuovo Cimento VIII, (2) 78 (1931). 

s V. Fock, Zeits. f. Physik 63, 855 (1930). 
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^ To treat the main diagonal (ns) (npyp, we use the same form of wave 
function, taking for ^ the value 1.58 found by actual calculation in the case 
(25) (2^)ip (justification later). 

The lower left half is not amenable to treatment in this way, since we 
cannot expect a p electron to be as complete a shield as an 5 electron, because 
of the non-spherical symmetry. Since, however, we have no reason to believe 
that its/-sum would be greater than that of the upper right half, we take its 
/-sum equal to that of the upper right half. This procedure gives us an upper 
limit, which is all that we need. 

The total /-sum of all the doubly-excited sp states can then be expressed 
as 2i?-|-P, where P is the /-sum of the upper right half and D that of the main 
diagonal. 

To obtain i?, we first calculate |so/| ^ between the normal state 0 and the 
excited state/, using Eq. (1) for and Eq. (9) for We find: 

|zoyh = [P(5)G(7) 4 -F(t)G(5)]V1.775, (H) 

where P(e) is given by Eq. (7) with /3 = 1, and 

G(e) = 8(w/Z)»(Z€)3/%-i/2[(6»j/Z - \)l(tmlZ -f l)]”-2(e/Z - 1)(1 -f &n/Z)-K 

( 12 ) 

By using the asymptotic values of P(e) and ^(e) for large m and n, and 
rep acing the double summation by a double integral which can be shown to 
be larger, one can show that X!'”Z)»>«>io/o/ is of the order 10-/ so that the 

infinite “tail” of i? is negligible. 

i? thus consists essentially of the sum of the /-values of the finite half- 
array: 

(25) (3^) (25)(4/) ■ • • • . ■ (25)(10/>) 

(35)(4/) • (35)(10^) 

(45)(5/) . . • (45)(10^) 

V ■■■(9s)(10p) 

Using formulas (11) and (12), we obtain for the sum of I ^ for the first 
row^ the value 0.000568/1.775, and since W~Wo is of the irder 5.807 - 

the/-sum of the first row is less than 
4.807X0.000568/1.775 or 0.00154. There are eight rows in all, each row con- 
taining one less member than the preceding, and each member lies higher in 
the diagram of energy levels than the one immediately above, so that its 

^00154 T' by multiplying 

0.00154 by the factor 8, so that ie< 0.0123, and 2i?< 0.0246. That is, 0 k 

an upper limit to Je/-sum_of all the doubly-excited sp states in which the two 
electrons have different principal quantum numbers 

f ^^^Sonalf-sum. We must obtain a wave function 

(9) wL Tl^'lTx ^ function for (25) (2p)^F of the form 

(9), where ^ = 1.58. As the best improvement that we can make over the 
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unperturbed zeroth approximation (without encountering prohibitive labor), 
we can write down such a function for {ns) {npYP , where m and z; now refer 
to the states ns and np\ we take /3 = 1.58. The argument for such a procedure 
is this; Such a function with /3 = 2 is the zeroth approximation, in which the 
interaction of the electrons is entirely neglected; we know, however, that the 
deviation from “hydrogenness” can be expressed in most cases sufficiently 
well by considering that the interaction of the electrons results in a screening 
effect. If the screening were perfect, we should have ^ = 1 ; no screening means 
(8 = 2. (8 thus lies between 1 and 2, and since it equals 1.58 for n — 2, 1.58 is 
our only possible estimate for the general case (ns) (npyP . 

With this function, the squared matrix element ] Znol ^ is given by Eq. (1 1) , 
where now G(e) is given by Eq. (12) with m replaced by n, and F{i) is given 
by Eq. (7) with |3 = 1.58. 

By using the asymptotic values of E(e) and (?(€) for large n, we can then 
show that the diagonal /-sum from w = lltow='X! is less than an integial of 
the order 2X10-/ so that it is negligible. 

To obtain the diagonal /-sum from « = 3 to w = 10, we use the formula just 
found for |znol^ and estimate Wn by means of Slater’s shielding rules, ob- 
taining lT„~-2(Z-0.35)Vw/= -5.44 /w/ Thus 1^0—5.807 -5.44/«/ 
The /-value of (3^) (3^)iP turns out to be 7.55X10-^, and we can obtain an 
upper limit to the /-sum from w = 3 to w = 10 by applying to this the factor 8 ; 
this limit is 0.006. On adding 0.0114, the /-value of (25) (IpYP, the diagonal 
/-sum P becomes ^0.017. Since 

2i? g 0.0025, and D g 0.017, we have f" = 2R + D ^ 0.042. (13) 


We wish now to investigate the question as to whether allowance for all 
the other doubly-excited states which combine with the normal state would 
affect appreciably the value of /". We have to consider the states (mh) 
(nhyp, where I 1 +I 2 is odd (by the Laporte rule). In our screening constant 
functions, the function of (mh) (nh) differs from that of (ms) (npYP only in 
the angle functions. Since the latter contribute a factor to Is^o^ which is 
less than unity, we can obtain an upper limit for each (miy (nh) by taking it 
to be equal to that of (ms) (np). Wn—W^ for a state (mh) (nh) is of the same 
order as for the state (ms) (np ) , since the principal quantum numbers play the 
principal role in the determination of the energy. We can thus obtain an up- 
per limit to the /-contribution of a given part of the array which gives/", 
when all these other states are included, by applying to the /-value of each 
(ms) (np) a factor gmn denoting the number of configurations which have 
values of m and n in common. Neglect of the Laporte rule leads to gmn'^mn; 
recognition of the rule leads to a smaller value. If, accordingly, a portion of 
/ which was negligible before is found still to be so when the factor mn is 
applied to each part, we know that it will still be negligible when the Laporte 
rule is used. In this way it is found that the infinite tails that we met before 


Using Eqs. (2), (8) and (13), we have: 

/, = 2 - 0.54 - 0.04 = 1.42. 
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are still negligible. On applying the factor mn to the other parts, we find that 
/"go. 043. Thus Eqs. (13) and (14) remain essentially unchanged by this 

correction. 

It is interesting to compare these figures with some obtained by Mar- 
genau.^ He finds by a semi-empirical method / = 0.18, and = 1.82. 
From the large value of the latter he concludes that the neglect of “double 
Jumps” is responsible for the inaccurate value found in the simple theory of 
London for van der Waals forces in helium. The present work makes it ap- 
pear very probable that the inclusion of states beyond the ordinary series 
limit is essential, but it indicates that of these states, the continuous ones are 
by far the most important; namely, that part of the continuous spectrum 
which lies at the limit of the principal series. Stated in another way, the 
principal series lines in the absorption spectrum of helium are of moderate 
intensity, the lines due to jumps from the normal state to doubly-excited 
states are very weak, and the continuous absorption spectrum is very strong. 
These results are certainly in qualitative agreement with experiment, as evi- 
denced by the measurements of Herzfeld and Wolf on the dispersion of 
helium.^ Quantitative comparison can be made only after the absorption 
spectrum, which lies in the far ultraviolet (around 700A) has been photo- 
graphed and measured. 

The author wishes to acknowledge his indebtedness to Professors J. C. 
Slater and P. M. Morse for interesting discussions and suggestions during 
the course of this work. 
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We have developed expressions describing radiation emitted by an electron in 
the field of a neutral atom, using as a model for the latter a point charge Ze sur- 
rounded by a spherical shell of radius a carrying a charge —Ze. In the introduction 
we formulate the physical foundations of the problem. In section I we set up expres- 
sions for the matrix components of acceleration and give methods for evaluating the 
integrals involved. In section 11 we use results of section I to compute the intensity 
of radiation Jy and the polarization P. For low velocity electrons {Va^<it where V is 
the energy in volt-electrons and a is in angstrom units) we give simple formulas for 
both Jy and P. For heavier elements Jy is independent of Z and is nearly proportional 
to Va^, while for lighter elements Jy as a function of Za exhibits a series of striking 
maxima and minima. For higher velocities we give our results for the most part 
graphically. We find that the criterion of applicability of bare nucleus model to 
neutral atoms is {Z^/lvy<^l. Except for high voltages however Z should be less than 
the nuclear charge of the actual atom. We also show that the radiation from protons 
in the field of our model is simply related to the radiation from electrons in the field 
of an unscreened nucleus. In section III we discuss how Z and a should be chosen in 
order that our model, or a nuclear model, may represent an actual atom, and make 
comparison with experiment finding agreement in the order of magnitude. The last 
part of the paper is a summary containing all the formulas of importance. 

Introduction 

T he first quantum-theoretical treatment of the problem of continuous 
radiation emitted by an accelerated electron was done by Kramers.^ On 
the basis of the correspondence principle Kramers computed the intensity of 
radiation from an electron which passes through the coulomb field of a point 
charge Ze. He obtained the following well-known formula 

J hr = hr^ (To) 


with 


Jhr = SlTT^Z^e^/S^^VmV and 70 = I'KvZe^jmiP ( 1 ) 


where v is the initial velocity of the electron. The value of the factor g'(7o) 
does not differ greatly from unity except for small values of 70 where it be- 
comes logarithmically infinite. Kramer extended this result to the case of a 
thick target by using the Thomson-Whiddington law for the loss of velocity 
of a charged particle in its passage through matter. The resulting expression 
for / has been found in very good agreement with experimental values for 
Bremsstrahlung generated by electrons with energies corresponding to sev- 
eral kilovolts. 
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The more recent quantum-mechanical investigations of the same problem 
by Oppenheimer,^ Gaunt,* Sugiura,* and finally by Sommerfeld,® confirmed 
substantially Kramers’ formula. The agreement between the results obtained 
by the two methods has been shown by Gaunt to be especially good for the 
cases in which the energy of the electrons is not too great. However, even for 
fast electrons, Oppenheimer and Sommerfeld obtained formulas which con- 
firm Kramers’ results in the region of relatively soft radiation. 

Agreement between the results predicted by Eq. (1) and the experimental 
values in the x-ray region is indicative of the fact that for the range of volt- 
ages there used the neutral atoms of the target are sufficiently well repre- 
sented by the nuclear model. This representation fails, however, in the fol- 
lowing two cases: (1) low voltages; (2) long wave-length end of the spectrum. 
In the first place, we notice that the total amount of radiation 

H 

J4v 

0 

is independent of the voltage and therefore remains finite and large as the 
voltage goes to zero. In the second place, the intensity of radiation is infinite 

for vanishing frequencies; i.e., 00 as 

Both the finiteness of the total amount of radiation for zero voltages and 
the infinite value of the intensity for zero frequency are explainable by the 
fact that the field of an unscreened nucleus falls off very slowly. We therefore 
thought it desirable to investigate the effect on the intensity and on the 
amount of radiation of the screening by the electrons of the atom. We shall 
give later a criterion for the approximate validity of calculations based on 
the nuclear model; but we know on physical grounds that screening becomes 
important chiefly for slow electrons. The case of fast electrons and low fre- 
quencies is of no physical interest since the soft radiation emitted is of finite 

total intensity, hard to observe and of small practical importance. 

Of several simple approximate models of the atom we have chosen that of 
a positive point charge surrounded by a negatively charged spherical shell, 
the whole system being neutral. We have also made a few computations with 
a model having two charged concentric shells and obtained results of the 
same order of magnitude as those for the single shell model. We believe that 
this qualitative agreement indicates that our model with its sharply defined 

boundaries is not unsuitable for representing an actual atom. 

' I : : 

We first consider a system of an electron and an atom~in our case an 
electron moving in the screened field of force of a nucleus— and find the sta- 
tionary states of this system with the neclect of radiative forces. Transitions 
between these states will occur in which the energy of the system diminishes 

® Oppenheimer, Zeits. f. Physik 41, 268 (1927); SS, 72S (1929). 

* Gaunt, Proc. Roy. Soc. A126, 654 (1930). 

^ PkTrr. ha Oeo /4nnf\\ 
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by an amount E — E' and appears in the form of radiation of frequency 
v^{E-E')/h. The intensity per unit frequency range of this radiation is 
given by the well-known formula 

Jy = (Ae^/Sc^) 1 aE,E' ! ^ 

where ajs ,E' is the matrix component of acceleration of the radiating electron 
corresponding to the transition E~->E'. This classical formula may of course 
be justified quantum-mechanically on Dirac’s radiation theory. In order to 
find aE,E' we must know the wave functions corresponding to the initial and 
to the final states of the system. We shall suppose the former to consist of a 
uniform stream of electrons incident on the atom together with electrons 
moving radially away from the atom with velocities equal to those of the in- 
cident beam. Since with our model of the atom but a few disci ete states are 
allowable we shall carry out calculations for the continuous radiation only. 
Then to a transition involving emission of radiation of frequency we have 
an infinite multitude of possible final states corresponding to various direc- 
tions of ejection of the electron. Various choices of orthogonal functions to 
represent the final states have been made by different authors. In our case 
we shall choose those final states which are characterized by the values of the 
energy, the angular momentum, and the component of the angular momen- 
tum in the direction of the incident beam, i.e., by the quantum numbers /, 
and m. These final states present themselves when we separate the wave 
equation in polar coordinates. 

We have chosen polar coordinates because due to the spherical symmetry 
of our model it is only in these coordinates that the boundary conditions are 
simple. A further advantage of this choice can be seen as follows. In order 
to obtain the total transition probability of emission of radiation of a given 
frequency we must perform a summation over I and nt. Now, classically, an 
electron possessing an angular momentum greater than the product of its 
linear momentum and the radius of the screening shell would not enter the 
field of our model and therefore would not radiate. By analogy, we should 
expect that in quantum mechanics most of the radiation from a slow electron 
would be produced in transitions between states characterized by small val- 
ues of /, and that the sum over I would therefore be strongly convergent. 

1-L Wave functions 

The wave functions are the solutions of the Schrodinger equation 

+ {8ir^m/h%E - F)# = 0. (2) 

If we call the screening radius, i.e., the radius of the negatively charged shell, 
a, we must take for our potential function 

F = Zeya - Ze^jf for r S a, (3a) 

F = 0 forf^a. (3b) 

In polar coordinates the Eq. (2) is separable, and the normalized solution 
can be written in the form 




where,' 
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= krPi^{e, 4>)u{E, I, r) 


(4) 


Pi^{e, <j>) = (I 


fe”)-® = 


47r 


21+1 


0! — ~ — \ 

\d cos 9/ 

(I — m) l(l + m) 1 


^+^^(cosH - 1)' 




$!”■ is the normalizing factor for the angular function P;”. u(E, I, r) is the 
normalized radial function; for the two cases (3a) and (3b) it is known to be 

u{E, I, r) = ■^{n, I, r) = 4:{mhlhyi^ | 8i [ x^e-==iW{a, p, x) 

= 4:{mb/hyi^\5i\{MM/oc) 

u{E, 1, r) = ^(5, r) = ( | iV | Ulryn) } (, ^ <,) ( 4 b) 

with the following notation. 

Jp{br) is the Bessel function of the order p 
i^(a, p, oc) is the confluent hypergeometric function® 
oi^l+l-n k {2TT/h)[2m{Zeya - [ ( 5 ) 

p = 21+ 2 J) ^ (2'w/h)mi} 

X ^ 2kr n = iir^mZe^lk^k ^ 

^ constants which are to be determined by the requirement 

PA '') be normalized with respect to thelequency 

and be continuous and possess continuous derivatives at the boundary 

Following Oppenheimer we normalize «(£. I, r) by the condition 

r"® ( ps+AE N 

J^ r^dr->u*(E', l, r) J^ 1 as AP 0 

and P < P' < £ -j- AP. 

WpSllktheTiforr^^^'ll^® if taken over a finite range, vanishes as AP-.0. 
Irp ; i asymptotic expansion of d>(6, 7, r) in place of 

m(P, /, r). This condition determines the value of iV 

bou^a,?Swon? ft by imposing the 


<b{b,l, a) - I, a) 
{dfdr)4){b, I, a) — {d/dr)ip{n, l, a) 


}• 


(7) 


We thus obtain 
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Hi(y) sin where is Hankei’s function of the 

ond kind. See Jahnke-Emde, p. 95. 

^ Gordon, Zeits. f. Physik 48, 180 (1928), 


_ y^>Vi+idy)M'n.iiz) - iy/z)Mn.iiz)(y^>Ui+miy)y 
{y/z)Mn,i(z)(y^'^J-i-in(y)y — y'-'^J-i-in{y)^'n,i{z) 
Si = (- iy+^/[M'n.i(^)Hi(y) - (y/z)M^,i(z)H/(y)] 


wliere’^ 


Hi{y) = {y^'^e<^’+^>^^"Ji+in{y) - J-i-u^iy)} 
(- iy-^-'{l + v)l 


= (7) 


1/2 I 

„=o 


v\{l - vY-ilyy 


ha and z = 2ka. 


1-2. Form of solution 

We shall now proceed to form the wave functions corresponding to the 
initial and to the final states of our system. The wave functions for the final 
states are given by the complete orthogonal normalized set (4). According to 
our plan we wish the wave function for the initial state to represent a uniform 
stream of electrons together with a stream moving radially away from the 
atom with velocity equal to that of the incident beam. Following Gordon® 
we take as the wave function for the initial state 


$0 = ( — ) + l)Fi(cos 0)ai- 

\ 2v/ 2=0 \ 


/ J i+iiiQ>r) 


(hr) 


1/2 


/Si- 


/- 


1 - 1 / 


lir) 


(r^ a). (10) 


at is the normalizing factor to be used for determining the intensity of the 
electronic beam. It can be found in the following way. At large distances 
from the atom #0 should be a plane wave ; its amplitude is determined by the 
requirement that it represent a stream of one electron crossing unit area per 
unit time. The expression for such a plane wave is known to be 


(lr/2^)‘'®E^•'(2^^-l)P^(cos9)[/2+l/o(6r)/(^.r)l/®]. (11) 


Asymptotically we have 


Ji+inibr) 

(bryi^ 

J-i-i/sibi") 


(br) 


1/2 




y-zi 




+ «• 


i—vill2p~-ibr I 


Substituting these values in the expressions for $o(10) and for the plane wave 
(li) and equating the coefi&cients of e~^^^fbr (representing the ingoing wave) 
we arrive at the desired result of having a plane wave of the correct amplitude 
as a part of the wave function for the initial state. We thus obtain 




LEO NEDELSKY 
oil — [l + 


( 12 ) 

The remainder of $o, namely the terms containing e''‘''/br, when we have sub- 
tracted from it the similar terms of the plane wave (11) can be shown for any 

field of force which vanishes faster than 1/r^ as r-^oo, to give a spherical 

. scattered wave*; , 

To obtain the wave function for the initial state for r<a we apply the 

boundary conditions (7) to (10). Our result is 


^0 = (2/x.)i/8 + l)P,(cos e)h a). 

M X 


1 3. Matrix components of acceleration 

The matrix component of acceleration corresponding to the transition 
E I I' m ■ 


is defined by the integral 

(E, l, m\a\E\ V, n') = J < r, e, 4>)a^{E, I, m, r, 6, 4>)dr (14) 

the integration being over all space, a is the vector acceleration which in our 
case IS given by 


a = - {zeyr^)0.lm)j (r < a) 


a = 0 


(r > a) 


where/ IS a unit vector with components (sin d cos <t>, sin 6 sin d>, cos 0). Con- 

with respect to r is from 0 to a. We notice further 
thatthe initial state of our system (13) is characterized by a single parameter 
n, / bemg absent, and m being equal to zero. The final state (4), on the other 
an ,^is specified by n', I', m'. We shall accordingly denote the matrix com- 
\ acceleration corresponding to the transition from the initial to the 

and IfSw rJw substituting for ^{Elmre<l>) 

and^iEl m rd4,) in (14) the wave functions given by (13) and (4), respec- 
tively, and for a expression (15). W, respec 

n\a\n m) == -- ^ (^0 1 j | r (16) 

with the abbreviations 

(fl)|ji;V)=J^ r ( 17 ) 


to total transition probability corresponding 

to the em„s.o„ of rad.at.o„ of a given frequency r, i.e., corrospondfng to a 
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transition in which only the initial and the final energies 
must square the matrix components (16) and sum over all t 
of V and m\ We thus obtain 

/„ = (4eV3c®) ! an.n' i ^ where I oin.n' h = S X) 1 I ^ I 


1~4» Evaluation of {lo |i j/'w') and summation with respect to 
We first observe that the integrals (17) vanish unless 

I = r ± 1 w' = ± 1 orO. (20) 

Consequently the summation in (16) reduces to two terms l — V±l. 

The transition corresponding to w' = 0 gives rise to radiation with its elec- 
tric vector polarized in the direction of the incident beam of electrons; we 
shall call the intensity of this radiation /«. The other two transitions, i.e., 
to ± 1 give rise to radiation polarized in the plane at right angles to the 
direction of the incident beam ; we shall denote the corresponding intensity by 
J±, We thus have 

/II = (4eV3c») Z I (« 1 a U', 0) 1 ' 


We shall define the degree of polarization of the emitted radiation as ob- 
served in the direction at right angles to the incident beam by the usual 
formula 

(/ii-|/x)/(/ii + |/-L). (22) 

When the selection rules (20) are satisfied the integration in (17) can be 
carried out giving the following easily verifiable results 

\{i-i,Q\j\i,o)\^ = My{2i + i){2i-\y 
I (/ - 1 , 0 I i I /:, + 1) I 2 = 2itI{1 + \)/{2l + 1){21 - 1)2 
|a+l,ojylZ,0)l2 = 4,ra+l)2/(2^+l)(2; + 3)2 . 

I (;+ l,0li|Z, + 1)1 2 = l)/(2Z + l)(2Z + 3)2 

(I -1,01/1 h o)(/ + 1, 0 1 / 1 1, 0)* = 4x/(i + i)/{2i - mi + mi + 1) 

(^ - 1, 0 1 / 1 ± 1)(Z 4- 1, 0 1 / 1 /i + 1)* = - 2m + 1)/(2^ - 1) (21 + 1) (21 + 3) . 

It follows immediately that 

Z i (^ - 1, 0 I y 1 l, m') I 2 = 4irl/(21 - 1)2 



(1-1,01 

j\ l> 

0)1 

l(^ 

- i.o|il 

1, ± 

1)1 


(1 + 1, 0 1 

j\ l> 

0)1 

1(^ 

+ i,oli| 

1, ± 

1)1 

\l, 

0)(1 + 1,0 

1-/1 ' 

1, 0) 


(23b) 
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Substituting (23b) into (16) and (19) we obtain an expression for Jp in 
which only and Ii,v{n, n^) remain to be evaluated. 






El 

y i-o 


+ (/ + 1) I 5^+1 1 ^ I 7^4.1 j(«, 

1-5; Evaluation of Jz,i^(w, nO 

We must now evaluate the radial integrals 


5/1 =*1 Ii_r,i{n,n')\y 




(24) 


n') 


/; 


ai'^) / xHx . 


First we express .17n, i(x) in terms of the confluent hypergeometric functions 
F(a, p, :r) by (4a) 

p, x) , 

From (5) we see that either both x and n are. real or both purely imaginary. 
Using the identity. 

F(ajPjX)-e^F{p — a,p^-x) (25) 

, or in our case F(/+l“-?^, 2/4'2, x) 2/'4'2j — x) we conclude 

that Fia, p, x) is always real since it is equal to its own complex conju- 
gate. Except for a constant factor, which is unity if x is real and ( — 1)^+Fif 
X is imaginary, we may thus write 


n') 




r ^®F(q:, p, x)F{a% p\ €x)dx 


(26) 


where . 


€ = x'/x 7 = (x' +7^)/2x = (e -h l)/2. (27) 

. Definite integrals of the type' (26) and ' with the upper limit ' ±. ico occur 
whenever one deals with wave functions in a Coulomb field of force. In our 
case, however, .the integral iS' indefinite, and requires different methods 'of 
treatment.: The evaluation of, this integ,ral is much more' difficult than that .of 
the definite one and we have not been able to obtain a closed form except in 
eertain .special, cases.. Thus we have computed numerical values of / only for 
real values of the .parameters involved. . Fortunately it is for the real parame- 
„ters,, that, our results differ .appreciably. from those obtained with, the nuclear 
model. 

Since, in m,ost, cases, which, we shall, treat, thevalue-ofs is mot very large, 
the most convenient method is to use expansions in small powers of x 

r(p) ^ r(a + fi)x^ 


F(a, p, x) = 
F(a', p', €x) = 


T(a) r(p + n)T(n + 1) 
r(pO ^ r(a^ + ,)(6x)^ 

r(o:') p^Q r(p' + v)r(v -f i) 


( 28 ) 
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Integrating term by term and using symbol yijx, z) for the incomplete gamma- 
function defined by 


we obtain 


r(p)r(pO 

r(a)r(«') 6^+^'+^ 


The value of 7 (iU, s), since ju is always an integer can be computed from the 
terminating series 


Substituting (31) into (30) we obtain / = where 

, r(p') ^ Tia^+v)Til+r+l+v)ie/b)nc^J+^^ 


r(p)r(pO€^'+'€-^^ 


The above method is especially convenient in two special cases. (1) a and 
a' are negative integers. In this case both series of (30) terminate. (2) s is 
large and imaginary. This case corresponds to very high voltages, or large 
radii of the model, (s-^+co corresponds to infinite nuclear charge and the 
integral diverges.) We can now use the asymptotic expansions 


and conclude that all the terms in the summation of J'' are small of the order 
1/^^, remembering that a == (p/2) +n where n is now imaginary. 

Another simple case is that of very small z. Provided az/p and a'se/p' are 
much smaller than unity, we can take only the first term in the expansion 
(2'8).' Hence' 
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F(a, p, x) = F{a', p’, ex) S 1 
and the integral (26) becomes 

€ 




Ii.i'(n, n') = 


hi+i’+i 


y{l + l' +\,bz). 


For certain values of the parameters the integral (26) can be evaluated 


in terms of Bessel functions. Thus for m=w' = | we have 

2T(; + 1) 


e--lW{a, p, x) = e-l'^FQ + ^21 + 2, x) = 

where y=ixl2. We now have 

h.i+iii, §) - 2«+’r(; + i)r(; + 2)(- i)'+i 


{Uy) + iJi+r(y)} 


^ is!2 

j+i + iJ i+i } dy 

0 


which with the aid of 


and 


r Ji+i^}dy = y[ji+i^ — 

Jo 

f -di+il-di Ji+i\dy — f 2J i^iJ' ij^idy = /; 4 ,i*(j;) 

Jo Jo 

becomes 

i) = 2 «+T(; + i)r(/ + 2 )( -!)'+!{ ( 2 / 2 ) [/,(rV2)7i+2(*V2) 

— Ji+i^{iz/2)] Ji+i^{iz/2)\ . ( 35 ) 

II 

2-1. Parametric analysis of 

In the preceding section we have given methods for evaluating n'). 

J, could now be computed by assigning definite values to the parameters in- 
volved; namely Z, a, v and v' . Before doing this, however, we shall find out in 
what combinations these parameters enter, for the purpose of reducing, if 
possible, the number of cases to be considered. On inspecting the expressions 
(24), (8), and (26) we notice that //is a function of 

z,z',:n, n', y, y' 

if we neglect for the moment the factor Now 

z = 2ka = ^Tr{2mZae^Jk^-mVayk^)^!z = ^(^^Z^^^ 
n = 4:Tr^mZe^/h^k = 87r^mZae^/hh = n{mZae^/h^, mva/h) 

y = {2T/h)mva = y{mmlh). 
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It follows therefore that 








/{mZae^jh^, mvaf h, mv'al h) . 


(36) 


We notice that (1) m enters only in the form of the product ma except for the 
factor l/m^; (2) Z enters only in the form of the product Za. 

The first of these conditions we shall utilize in estimating the radiation 
emitted by a particle of large mass in the field of a screened nucleus. The 
second condition will allow us to limit our investigations to the relevant 
range of values of the product Za without specifying the values of the two fac- 
tors Z and a. We shall use throughout the parameters Za, Va^ and v/vq. 

2-2. Low voltages 

2-21. Intensity of radiation. We shall consider the case of low voltages 
first. As is seen from (9) |5i given by (8) diminishes roughly as for small 
value of y, i.e., for slow electrons. Hence provided y«l we need consider 
only two transitions /O— >1 and 1-^0, contribution to the sum (24) from higher 
values of I being negligible. Further if y is sufficiently small for the inequality, 
mv^l2^Ze^la, to be true, we have approximately n=n', Z = Z' = ^n, and 
therefore Ii'.i(n, n')=Ii,i-{n, n'). (24) now simplifies to 


J. = 


16«^/2%'^ y 
y' 




Substituting for their values and neglecting y^ in comparison with unity 
we further reduce (24) 






Io,i(n,n) 


1 M'n,o \^\M'„,i + M„.i/z I 2 y 


(j,2 + ^2). 


We can write Jp in terms of the frequency v of radiation emitted and the energy 
V of the incident electron in electron-volts. Thus defining vq by and 

using Fa^==300/zy/87r^ew==3.8y^, we obtain the following expression 


4^2 

= —J{n)VaKl 

3r 


v/voy^K2-v/vo) (IV < 1) 


where 


f{n) 


Sire 

300m 




lo.iin, n)\ 2 




X 10- 


(37) 


(38) 


and is a function of the parameters of the model only. We have also found by 
numerical computation that the two inequalities limiting the region of ap- 
plicability of (37) can be replaced by a single one Fa* <1, where V is in volts 
and a in angstrom units. In its dependence on the frequency, J„ of (37) is a 
monotonically decreasing function of v having a negatively infinite derivative 
at the Duane-Hunt limit. 
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■ 2-22. The total amount of radiation. To obtain the total amount of radiation 
R we integrate (37) with respect to the frequency 

= I J,dv ^ {64:e/4:Sc^){e/mh)V^a^f{^^ (39) 

Jq 

We notice especially that R yanishes rapidly as the voltage goes to zero in- 
stead of remaining constant as was the case with the nuclear model. 

2-23. Dependence on the parameters of the model. The dependence of Jy and 
R on the central charge Z and the screening radius a is given by a^f{n) . For 



Fig. 1. Variation of f(n) with respect to n. (Circles indicate points com- 
puted from the approximate Eq. (38b).) 

very small values of we can use (34) to evaluate n) ;to the same ap- 

proximation we obtain 

fin) — {Siren^/300m)10~~'^^. (n<2^1), (38a) 

For larger values of M we have used Eq. (38) to calculate /(w) and found that 
for the range 1 < «<6 the calculated points lie rather accurately on the curve 
represented by an “empirical-theoretical” formula 

/(») = 6.5 I 1 H- (2/#/2) cos 25rw I , (1 < n < 6). (38b) 

In Fig. 1 we show/(«) as a function of n indicating by means of circles 
values computed from (38b). We observe that/(«) exhibits a series of maxima 
corresponding to integral values of «. For large values of nJin) has a nearly 
constant value of about 7. In this region therefore J, is independent of the 
central charge and is proportional to the cross-sectional area of the atom. 

In order to find a physical explanation of the oscillatory character' of 
f{n) we have computed the values of the integral \Hr for several 




AIHs and Morse, Zeits. f. Physik 20, 567 (1931), 
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values of n. We have found that In,i exhibits even more pronounced maxima 
for integral values of n than does/(?z). Now, since is equal to the prob- 

ability of finding the electron at r = the integral /n ,z is a measure of the time 
spent by the electron in the region 0<r<a, i.e., inside the screening shell. 
We may suppose therefore that for certain values of Za the electron stays in 
the field of the model for a very long time, executing several revolutions about 
the nucleus before escaping. 

A similar phenomenon has been found by Allis and Morse® in their study 
of the cross section for elastic scattering. These authors used a model which 
is identical with ours. The variation of the cross section go for slow electrons 
with respect to parameters n and y is shown in their Fig. 3. Their jS is our n 
and their x is our y. For small values of x, i.e., for slow electrons, go exhibits 
maxima near integral values of n, 

2-24. Polarization. Using relations 


h,i{n, n) = n) 

h i 3i I V I So h Ui' h = y'V3'" = 1 - J'/^o 


and considering as before only the two transitions /I— >0 and /O— >1, we obtain 
for the degree of polarization P defined by (22) 


P = 3/(5 “ 2v/v ^ . 


2-3. Moderate voltages 

In this section we shall consider radiation from electrons whose velocity 
is limited by the relation 


mv^ll < a . 


For this range of velocities both s and are real with the result that the 
evaluation of the radial integrals (18) is simplified. 

In contradistinction to the analysis of the preceding sections, now we may 
no longer assume that y<$Cl and must therefore take into consideration 
contribution from several values of /. In carrying out the summation over I 
w-e have noticed some interesting analogies to classical mechanics. Just as 
was the case for low voltages the contributions from terms with (V 27 r) • 
l>mva, i.e., />y is negligible. Further, for a given voltage, the most impor- 
tant values of I are for relatively soft radiation, and smaller values for 
higher frequencies. As we increase the voltage, thus increasing y, the value 
of I contributing the most also increases but not as rapidly as does y. These 
facts seem to indicate that— as was to be expected— most of the radiation 
from fast electrons and relatively hard radiation from all electrons is emitted 
in the intense field in the neighborhood of the nucleus, while softer radiation 
is more likely to be produced with weaker fields and larger paths, the time 
spent in the field being here the dominant factor. We have also noticed that 
for the important values of I the transitions 1 are much more probable 
than the transitions ^ ^ ^ ^ 
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We have carried out calculations for three different values of Za, namely 
37, 25.7, 12.6. The range of the parameter Va^ was from 140 to 350, where 
F is in volts and a in angstroms. Except for a few control computations, we 
have chosen the values of Va^ and v/vq in such a way as to make both a and 
a' negative integers. For these values of a and a' formula (30) takes an es- 
pecially simple form. The range of v for which this is possible is <0.6 and 
for Za-37 or 25.7, and v/v(i<Q,1 for Z (2 = 12.6. For frequencies other 
than these we have estimated the values of n') by interpolation. Al- 

though Iij'ifij n') is in most cases a monotonic function of p, because of rapid 
changes of the slope of this function the interpolation is extremely difficult 
and therefore the values oi n') unreliable. In this region the more ex- 

act methods such as direct application of the formula (30) proved to be 
exceedingly laborious, and we have not used them in view of the doubtful 
importance of precise values of 

The results of these calculations in their dependence on the various param- 
eters involved are given below. 

2-3L Duane-Hunt limit. Near the Duane-Hunt limit y'<<l and prac- 
tically all of the radiation is emitted during the transition /l~->0. Proceeding 
as in section 2-21 we obtain 


J. = G{Ya\ Za){\ - v/v,y^^ (1 -- v/v, « 1) 

valid for all voltages, where 

n 


GiVa\Za)^ 




/i,o(w, n') I 


(42) 


(43) 


Of special interest is the behavior of X with respect to the frequency v, 
given by (1 We see that at the high-frequency limit Jv vanishes for 

all finite values of V and n, and that dJv/dv==- — <3o . The physical reason for 
the vanishing of X can be seen as follows. On the one hand X is known to be 
continuous at the limit p =pq; on the other hand a spectral line of frequency 
would correspond to an orbit of infinite radius and is therefore disal- 
lowed as long as we keep the value of a finite. 

We shall now investigate the case of a = od , i.e., the case of an unscreened 
nucleus. In this case we can use formula (32). We now have | s [ = oo and there- 
fore Limiting ourselves to high voltages and hard radiation, i.e., \n |<<i 

and \nln* |<<1, we shall take only the first two terms in the summation of 


We thus obtain on neglecting 


^ ... P and \nln^ p in comparison with unity 

/i.o p = 144 p/tz' p and j/o,! P= 16 1^/^' p. The normalizing factors hi can 
be easily evaluated by using the asymptotic expansions (33) and (9). 

| 5o| ^ /(I — 

I I ^ ~ I j 7^36(1 — , 

Contribution from values of / and /' greater than unity can be safely neg- 
lected to the approximations which we are using. Substituting the above 
values of hi and 1 into (24) we finally obtain 
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SchnH 


(1 — 

\ n\^ 


SchnV (1 — € ^ 2 x | 7 i ' 1 ^ 


In the limit of small \n | and \nln^ | Eq. (44) agrees both with the Sommer- 
feld’s^ Eq. (99b) and with Oppenheimer's^ equation for D on p. 733. 

Since in either formula, (42) or (44), only one transition /I— >0 is important 
the radiation at the Duane-Hunt limit is always plane polarized in the direc- 
tion of the incident beam of electrons; i.e., P = L 

2-32. J„ as afunctiofz of the frequency . Fig, 2 below shows the variation of 
Jp with respect to v/vq for various values of parameters Va^ and Za, In each 


Za«37 




^)ZaI2.6 

Fig. 2. Intensity of radiation as a function of the frequency, 

(F is in volts and a in angstroms.) 

of the three parts a, b and c of the figure, vq represents the frequency of the 
Duane-Hunt limit for the highest value of W indicated. The straight line 
curves give the values of Jjcr and the dotted curves values of Ik/ computed 
from Eq. (1) for the appropriate values of the ratio Z'^a^lVa^. 

We notice that the general shape of the curves is approximately the same 
for all the values of Za and Va^. At z^ = 0 all the curves start with a small 
slope from a value of Jp near 0.6X10"^^ ergs cm^ sec.; they reach a maximum 
near the middle of the spectrum and come to zero at the Duane-Hunt limit 
with an infinite slope. The maximum corresponds approximately to the 
smallest integral value of n\ As stated in the beginning of section 2-3, beyond 
the fnaxiffiurri the curves are defifiitely unreliable* They have been determined 
from the known fact that the slope is infinite at the Duane-Hunt limit and 
by the use of a few points obtained by difficult graphical interpolation. 

2-33. Dependence of average intensity or V, Z, a. Despite the uncertainties 
in values of Jp for the high-frequency range we can obtain the average values 
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of J, fairly accurately by computing the areas under the curves of Fig. 2. 
For convenience of interpolation and extrapolation we shall give a “theoret- 
ical-empirical” formula which gives within 10 percent the six values of 7 
computable from Fig. 2 and which agrees with Kramers’ value Jur as either 
F or a becomes large, or Z becomes small. 


J 


JUZ, V) 


1 -j- 1 


z® Y 


,2F/ 1-f (Za/22)*J 


(45) 


As always, V is in volts and a in angstrom units. It must be remembered that 
this formula can be relied upon only within the range of values investigated. 
We know that it is wrong in the region of very small F or a where Eq. (37) 
should be used. We feel, however, that (45) could be safely used for large F 
or a, for then it differs from Jkt{Z, V) only by a small quantity the exact 
value of which is not very important. 

The region in which J is nearly equal to JiCr(Z, F) is defined for all values 
of o by the inequality 


izy2vy«i. 


(46) 


This inequality may thus be used to define the region of applicability of a 
nuclear model to a neutral atom. We must remember, however, that even in 
the region (46) the equality T ^/xr(Z, F) is true only provided the central 
charge Z is the same for either model. It is clear that Z should always be less 
than the nuclear charge of the actual atom. We shall discuss the choice of Z 
in section III. 


2-4. Double shell model 

Since the model consisting of a point charge surrounded by a negatively 
charged shell is but a crude approximation to the actual atom it is of interest 
to find what changes are introduced when the model is varied. For this pur- 
pose we modified our model by adding a second negatively charged shell 
concentric with the first one, the whole system as before being neutral; and 
carried out calculations only as far as it was necessary in order to ascertain 
the order of magnitude of Jp. 

The proceduie for setting up an expression for Jp is essentially the same 
as in the case of a single shell. We shall consider a point charge Ze, surrounded 
by an innei shell of radius a and an outer shell of radius R, the latter carrying 
a charge -Zje. In order to make the whole system neutral the charge on the 
innei shell must be (Z Zi)e. The potential F in the Schrodinger Eq. (2) 
must now have 3 different values 


F = 0 

V = Zie^/R - Zieyr 

V = ZeVtt - Ze^r 4- ZjeVJ? 


■ Zie^/ a. 


(.r^R) 
(a^r^R) 
{r^ a) 
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Proceeding as before it is easy to show that 


j. = — — - 

v' CO 

- SU/ 

hhi 5j_i| 2 

ei'%-1 

k 

Z (1) 

i Z-1,2 

3 6'%%^ 


=* + 0 + 1) 1 

5z+il ** 

s 

e/* 

Zi 

h Z 
e;+i— — 

5 Lx 

where 






- 

I I I, 

r® M*n 

,r(2k'r)M.j(2kr) 
2Mr 


J 0 

i2krY 




.... 

I i,v — 

r ” 

v(2s'r)4fp,i(2s 

-2sdr 




J a 

{2sry 




^p,i{2sr) = 

— {Wpj+i/,(2sr)+\i 
2sr 


- 2sr) 1 1° 


+ /Z+1.Z 




{k/s)M^n,ii:2ka)W^j,,i^w{2sa) ~ lfn,z(2/M)IF%.z+i/2(2^'a) 


rpA2kR)Hi{y) - (b/2s)i^p,i{2kR)Hi^{y) 

€i \pp,i{2sa)/Afn,ii2ka) 
s = {27r/h)[2fn{Zie^/R - E}Yf^ 
k = {27r/h) [2m{Zie^/R + (Z - Zi)e^/a ~ 
p ~ AirhuZie^lh^s. 

The result of the few calculations carried out seems to show that has 
the same order of magnitude whether we represent an atomic field as given 
by Slater^^ by a single shell model or by a double-shell one. This is very 
satisfactory, for since a charged shell model is not very sensitive even to such 
radical changes as increasing the number of shells, we may hope that our 
crude model represents fairly accurately the actual atom with its diffuse 
boundaries. 

2~5. Radiation from protons 

In this section we shall use the results of the parametric analysis of section 
2-1 to estimate the intensity of radiation emitted by a proton in the field of 
our model. In section 2-1 we have shown that the mass of the incident par- 
ticle, w, and the radius of the shell, a, enter only in the form of the product 
may except for the factor 1/m^. Let us now consider two particles of equal 
initial velocities, ez, and of masses M and w passing through fields limited by 
radii a and i?, respectively. Further, let the values of the radii and masses 
be so chosen as to satisfy the relation Ma = mR. We shall consider transitions 
in which the final velocity, z;', has the same value for both particles. The fre- 
quency j'l of radiation emitted by the particle of mass If is then given by 

See Modern Analysis, Whittaker and Watson, section 16.12 of the 4th edition. 

Slater, Phys. Rev. 36, 57 (1930). 
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kvi -^ \{v^ - 

The other particle emits radiation of frequency v% 

hv2 — v'^)m. 

It therefore follows from (36) that the intensities of radiation for the two 
particles per unit ranges of the respective frequencies are connected by the 
relation 

a) = ( 47 ) 

where z^i /^2 = — ilT/m. 

We shall apply (47) to the case of a proton of mass M in the field of an 
atom whose field may be considered limited by a radius, a, of the order of 
magnitude of lA, We shall compare the intensity of radiation emitted by the 
proton to that of an electron of mass m in the field limited by the radius 
R^(M/m)a. From the known ratio of the masses M/m = 1850 we conclude 
that R is of the order of magnitude of 2000A. Now it is obvious that a model 
with a radius of 2000A is very nearly equivalent to an unscreened nucleus. 
W^e therefore obtain quite generally, provided the velocities of the two par- 
ticles are equal 

(proton, atom) = (electron, nucleus) (48) 

where as before = M/m = 1850. 

If we use Kramers^ formula (1) for M in (48), the resulting expression 
for 7,1 is identical with Kramers’ formula for a proton radiating in the field 
of a.n unscreened nucleus. It is perhaps not surprising, however, that a proton 
radiates nearly as much in a limited field as it does in the field of an un- 
screened nucleus, for the mass of the proton is so large that its acceleration 
is negligible except in very intense fields. 

'■ III. 

3-1. Choice of Z and a 

In the preceding section we have given formulas describing the radiation 
emitted by an electron in the field of a model consisting of a central charge Z 
surrounded by a negatively charged shell of radius a. Before comparing''our 
results with experimental data we must give methods for the proper choice 
of Z and a in order that our model may correctly represent an actual atom. 
We shall see that this choice can be made unambiguously in two limiting 
cases: (1) high voltages and (2) low voltages. In the intermediate region Z 
and a must be found by interpolation. 

In section 2-33 we saw that there exists a region, 
(.^ / 2 «1, in which the radiation is independent of a and depends only 
on Z. In this region therefore the nuclear model should give correct results 
provided Z is properly chosen. In order to determine Z we shall proceed as 
follows. U'e shall assume that in the actual atom the effective charge Z at a 
distance r from the nucleus is given by an expression 
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Z N{\ - r/Ry 


where 


we obtain 


where N is the nuclear charge, and R and s are constants at our disposal to 
be determined for each atom by investigating its field, for example by 
Slater's^^ method. We shall novr determine the region of the field, say near 
f = in which most of the radiation is produced when a stream of elec- 
trons is incident upon the atom, and take the corresponding charge Zeff = 
7 \r(l — foj. central charge of our model. Now for each electron of 

the incident beam characterized by the distance p of the original path from 
the nucleus there is a region of the field say about r = in which this particu- 
lar electron radiates most. We shall assume further then that the radiation 
of this electron does not differ greatly from that emitted in a coulomb field of 
central charge Zp — N^l—fp/Ry, The difference is the smaller, the closer the 
path of the electron approaches a circular orbit of radius fp. 

We may now use Kramers'^ expression (Eq. (70)) for the intensity of radi- 
ation 


ivdpdv 


STT^ZpV P(y) 
chnV 


y = 2TvpVm^lZ , j 


and find the value of p corresponding to the maximum of u. This will give 
us Tp of the electron which radiates more than any other electron of the beam, 
i.e., it will give us the value of feti. Before doing this however we must postu- 
late some functional relation between fp and p. We shall take it to be 


rp = kp 


where k is independent of p. 
Letting 


7 = x^; kp/R = w; s = 3m/2; e* = N^e^k^/l-irvvhn^R^ (53) 


iv = cv^P{,x^)/x^. ( 55 ) 

Since we have to deal only with small values of %y j3 we have used expansions 
about the origin of the Hankel’s functions in the expression (51) for P(x'’) 
and retained only the first two terms for each iT<». The maximum of i, can 
now be found in the usual way by equating the derivative of L to zero. 

We carried out our calculations for three special cases: (a) small e- ('b') 
large e; (c) 5 = 3/2. ^ ^ 
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■ \(a) When e is small, and hence w are also small. Thus to the first ap- 
proximation we have from (54) €X—w, Going to the second approximation 
we let w — ex+g where g is small of the order w^. Putting this value of w into 
(54) we obtain 


€X == 


+ g 


1 


€X + g 


(1 -- ex*)- (1 ~ g/1 
whence on neglecting g^ 


x)'”‘ I 


mg 


ex 


w 


1 + €x(m — 1) 


ex)- (1 ~ ex) 


[(1 — ex) + w-ex] . 


+ 


ex 


(56) 


Substituting (56) into dip/dx==0 we obtain an equation in x. By using special 
values for m we found that the maximum lies near x = 0.7. We have therefore 
introduced a new variable y = x — 0.7 and neglecting y® we have obtained a 
quadratic equation in y which we have solved. Our result is 


and 


Zqu “ 


Tqu/R = 


N 


(1 + 0 . 75 €)« 
0.75e 


(1 + 0.75€) 


2«/3 


provided 


8 


1 5 ( 25 - 3 ) 
or if 5 = 3/2, 0.75€ < 1 


(57) 


(b) When we have 7<3Cl, and may take only the lowest power of y 
in the expansion of P{y), namely We thus have 

and without further approximations 


Zeff = N/(l + 3/25)- r,n/R = 3/(3 + 25 ) . 


(58) 


'/(c) 5=3/2.: ■' 

Locating the maximum of L is especially easy when 5 = 3/2, for then 
w = €x/(l + €x). Using the method outlined in (a) we have determined the 
maxima for all values of e. The resulting ratios Z^u/N and ren/R are plotted 
against € in Fig. 3. ^ ^ ^ ^ 

In all the above formulas we have three adjustable parameters 5 , R and k. 
The first two are determined by the field of the atom; the third parameter, 
is some function of N, F, r and i?. The following considerations seem to 
show, however , that ^ should not differ greatly from unity ; i.e. , ^p. 

In the first place the path of the incident electron is certain to traverse 
both regions T'>p and r <^. For very fast electrons the closest distance of ap- 
pioach to the nucleus, fm, which is certainly the most important region for 
these electrons, is nearly equal to p. As we go to slower electrons becomes 
smaller than p but at the same time the strength of the field becomes less 
important in comparison with the time spent in the field with the result that 
the relation between Vp and p tends to remain constant. 


661 



'rA dm TION FROM SLOW ELECTRONS 

We may also arrive at a rough estimate of fp in the following ivay. We 
shall assume that the total radiation from an electron which is deflected 
through an angle less than 90° is equal to the radiation which would be emit- 
ted if the path of the electron consisted of a quarter of a circle of radius fp. 
For the latter case we have 


R 




-NV 


Zc^nthrj, 


On the other hand for such deflections, Kramers^ gives a formula 

R = TNhyZcVvp. 

Hence if the two R's are to be equal we must have = p. 


Zetf/N 


Fig. 3. 

Having obtained an estimate of k we may now determine the regions of 
applicability of Eqs. (57) and (58). For this purpose we shall take $ — 3/2, 
and R = 2A, i.e., equal roughly to the radius of an atom. Eq. (57) then be- 
comes: 

(57a) 

with the condition for its validity 


(4.4A72/Yy5/6)^/^)l/3 < 


(59) 


It is clear that (59) is satisfied in all cases of physical interest, especially in 
the region in which the nuclear model could be used, i.e., in the region defined 
by (Z^/2 F)^«1. Hence Eq. (58) need be used only for the long wave-length 
end of the spectrum. 

3-12. Low voltages. We have seen that in the region where our 

Eq. (37) should be used J, is nearly independent of Z (at least for larger val- 
ues of n) and is proportional to a^. Hence in this region a must be taken some- 
what larger than the radius of the atom whileZ may be equated to some sort 
of average of the effective charge inside the atom, the exact value of Z being 
of little importance. 
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3-13. Moderate voltages. In the region intermediate between the two dis- 
cussed above, i.e., where Eq, (45) is to be used, the proper choice of Z and a 
is difficult to determine. For want of better criterion we may suggest that 
provided is not too large or Vor too small, Eq. (57) be used, and Z 

taken to be equal to Z^u and a equal to, say, twice the value of feff. In the 
other limiting case the method of section 3-12 may be used with the modifica- 
tion that a should be given a value which is the smaller (and therefore the 
average value of Z the larger) the harder the radiation. 

3-2. Comparison with experiment 

Perhaps the greatest applicability of our results and the test of their cor- 
rectness should be sought in the field of astro-physics, for it is known that 
certain portions of stellar atmospheres contain a great many neutral atoms. 
Comparison with terrestrial experiments is made difficult by the fact that our 
calculations apply only to infinitely thin targets, while the only available 
data, for the region of voltages in which w^e are interested, are on radiation 
from thick targets. On the other hand, we cannot use the Thomson-Whidding- 
ton law— as was done by Kramers — to extend our results to the case of thick 
targets for the following reasons. As we have seen, for slow electrons the 
cross section for radiation of an atom is small in comparison to its gas-kinetic 
cross section ; as a consequence only a small part of the energy lost by the 
incident electron appears as radiation, the rest being consumed in increasing 
the thermal agitations of the lattice. Further it is known that for such elec- 
trons the cross section of an atom for inelastic collisions and its gas-kinetic 
cross section are of the same order of magnitude. Thus only a very few atomic 
layers contribute appreciably to the radiation since the range in matter of 
low velocity electrons is extremely short. It is clear therefore that the Thom- 
son-Whiddington which implies continuous loss of energy while applicable to 
fast electrons with their longer paths and small losses in a single collision, 
must be replaced in our case by much more detailed and less general calcula- 
tion. Moreover in the case of metal targets it is questionable whether our 
spherically symmetrical model is a good approximation to the field about each 
lattice point of the metal crystal. The problem is simpler in its astrophysical 
applications since there we have to deal with a gas and the velocity distribu- 
tion of electrons may be supposed known. 

^ In view of these difficulties and the further difficulty that in the case of 
thick targets and soft radiation a large part of the radiation may fail to escape 
due to internal reflection and to absorption we can hope to obtain agreement 
with experimental results in the order of magnitude only. The only available 
data in the region of low voltages are to be found in the work of Mohler and 
Boeckner.i2 These authors, using a small metal probe, measured the absolute 
intensity of continuous radiation emitted by electrons of energies below 30 
volts.- 

We have made the comparison with their values on the assumption that 
the amount of radiation emitted by an electron is proportional to the number 

Mohler and Boeckner, Bur. Standards J. Research 6, 673 (1931); 7, 751 (1931). 
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of atoms it encounters. Knowing the number of atoms per unit volume of 
target and calling the depth of penetration of the electron I we can compute 
the intensity J of radiation per atom per unit intensity of the electronic beam. 
Thus for the case of a copper probe, 9.1 volts and 3700A we have 


J — (3 .87 X 10“®®)// ergs cm^ sec. (60) 

We may now evaluate I by equating the experimental and the theoretical 
values of /. Thus if we use Kramers’ formula (1) we obtain /a> = 0.004SA. 
This absurdly small value of I indicates that the nuclear model cannot be 
used for very low voltages. 

Mohler and Boeckner tentatively used a formula, which Kramers derived 
for the case of a thick target by using the Thomson-Whiddington law, and 
found agreement within a factor of 2. We have seen however that neither the 
nuclear model nor the Thomson-Whiddington law can be applied to the case 
of very slow electrons; the agreement must therefore be considered acciden- 
tal. 

Before comparing (60) with the equations derived with the aid of our 
model we must decide upon the values of Z and a corresponding to a neutral 
copper atom. Using methods of section 3-12 and Slater’s atomic fields we 
obtain a=1.73A and Z = 9. We notice that (58) with 5 = 3/2 gives nearly 
identical results ; namely Z^n = 10.3 and^l = 2reff = = 1 .73/1 . By using the for- 

mer values of a and Z in Eq. (45) we obtain in conjunction with (60) , I — 18^4 , 
a value which corresponds to the penetration of 7 or 8 atomic layers. This 
value of I seems altogether reasonable for very slow electrons and thus pro- 
vides us with a partial experimental verification of the validity of our formulas 
at least as to the order to magnitude. 

Summary 

We have developed expressions describing the radiation emitted by a 
stream of electrons in the field of a model consisting of a point charge Ze sur- 
rounded by a negatively charged spherical shell of radius a, the whole system 
being neutral. In all the formulas below, a is in angstrom units and F, the 
energy content of the incident electrons, in electron-volts. We have labeled 
(emp) formulas which have not been theoretically derived but merely set 
up to give approximately the same values as those obtained from exact ex- 
pressions. 

We have divided our field of investigation into three regions: (1) lovr 
voltages, (2) moderate voltages and (3) high voltages. 

(1) Low voltages (Va^<l) 
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Sttot* 

J{n) = 10-1® 


300?w 


m = 6.5 


1 4 cos Ivn 

^j3/2 


{n 1) 


{n > l)(emp) 


P = 3/(5 — 2vfvo). 

(2) Moderate voltages (Fa^<3X10‘“eZa) 

F) 


/ = 




— (emp) 


\2Vj l + (Za/22yj 


where ■ ■„ 

JkriZ.V) = (16007rV/3i/Vm)(ZVF). 
(3) High voltages ({Zy2Vy<^l) 


where 


and 


Ji> J Jcr(Zefi) T' } 

Z.„-iV/(l+0.75,).( 

\ or if r = 3/2, 0.75e < 

Zeff = N/(l + 3/26')® (€ 1) 

gS — N'^e^/2'rrvmVR^ 

P — I ioi V = vq. 


J 


(38a) 

(38b) 

(40) 

(45) 


( 1 ) 


(57) 

(58) 

(53) 


We have also carried out a few calculations using a model having two con- 
centric spherical shells of different radii and obtained results of the same order 

of magnitude with those for the single shell model 

From the fact that the mass of the particle m and the radius of the screen- 
ing shell a enter into the expression for only in the form of the product ma 
we ha\ e deiived an expression connecting the intensities of radiation from a 
pi oton in the field of our model and from an electron of the same velocity in 
. the field of an unscreened nucleus. 


atom) = (w/lf 2)/j,^(electron, nucleus) 


( 48 ) 


where 


vilv< 2 , = Mjm ^ 1850 

and J s are the intensities per unit range of the respective frequencies. 
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In section III we have discussed the proper choice of Z and a in order 
that our model may represent an actual atom. There we have also compared 
our results with the experimental data of Mohler and Boeckner^^ and found 
agreement in the order of magnitude. 

The writer wishes to thank Dr. H. A. Kramers for suggesting the problem 
and Dr. J. R. Oppenheimer for his friendly and helpful supervision of this 
work. 
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The present paper is concerned with the calculation of the paramagnetic sus- 
ceptibility of highly hydrated crystals of the iron group elements Ni, Cr and Go. On 
the assumption that the metallic ion is subject to a crystalline electric field, pre- 
dominantly cubic but also with a smaller rhombic term, the Hamiltonian function in 
a magnetic field H is given by 

+ z^) 4- ^.^2 + By^ - (A -f B)z^ -j- X(L*S) + (L -f 25) 

the numerical value of X being known from the work of Laporte but the other con- 
stants yet to be determined. It actually proves possible to formulate and solve ap- 
proximately the resulting secular equations and so obtain the first and second order 
Zeeman effects and hence the susceptibility. For all three ions L ==3, so that the orbital 
problem is the same for all. This problem is exactly soluble, the energy levels con- 
sisting of two triplets and a singlet, the singlet not lying between the triplets. The 
effect of the introduction of the spin and its coupling to the orbit then leads to a de- 
terminant of order 21 for Ni and of order 28 for Cr and Co. That for Ni factors into one 
of order 10 and one of order 11, while those for Cr and Co factor into two determi- 
nants, identical except for the sign of the coefficient of F. On the assumption of a cubic 
field of the aame sign and of approximately the same magnitude for all three ions 
the orbit-spin, together with the rhombic field, is able to remove the degeneracy of 
the lowest level in Ni and Cr only in a high approximation, while with Co the de- 
generacy IS remot^ed in first approximation. This difference accounts for the isotropy 
of Ni and Cr compared with the anisotropy of Co. In order to obtain agreement 
with experiment it is necessary to assume that in Ni the singlet of the orbital problem 
lies lowest. It then follows from the work of Van Vleck that the singlet also lies lowest 
for p but that for Co the singlet lies highest. When the singlet lies lowest, the square 
of the magneton number is given by the “spin only” value 45(5 -fl), together with 
a small orbital contribution of order \/D, whose sign can be either positive or nega- 
tive. Actually it is positive for Ni and negative for Cr. In order to fit the results on 
the^ principal susceptibilities of Ni, it is necessary to take i) = 1260 cm~^ .<4 = 176 
cm-V B =352 cm-y the magnitude of X being -335 cm"i. For Ni and Cr the theory 
r^equires that for the mean susceptibility x-C+F/F, where P and 0 are constants, 

Q being uniquely determined when P is fixed. Choosing P so that xT passes through 
the expenmental point at 170°K we find that good agreement is obtained over the 
whole temperature range. For Cr X = 87 cm^i and we find D = 3 730 cm~'b but we cannot 

detemine .4 or jS since there are no data on the principal susceptibilities. 

Computational difficulties prevent the accurate solution of the Co problem. 

The situation is complicated by the experimental data not being complete. It proves 
necessary to consider a sextet which is soluble only numerically in the general case 
but perturbation theory can be applied when either the orbit-spin is large compared 
with the rhombic field or mce-versa. We obtain fair agreement with experiment and 

our calculations indicate that good agreement would be obtained in an intermediate 

. .case. ■ " ■ ■ ■ 

* Commonwealth Fund Fellow. 
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Introduction 

I N THE following paper the idea of crystal fields of definite symmetry, de- 
veloped by Van Vleck and others,^ and already used in a previous article 
by the authors,^ is applied to calculate the susceptibilities of salts of the ele- 
ments Ni, Co and Cr. There are two respects in which the present problem 
differs from that of susceptibilities in the rare earth group. In the first place, 
the incomplete shell which is responsible for the paramagnetism of the iron 
elements consists of 3d electrons, which are much more strongly affected by 
the crystal fields than the more sheltered 4/ shell of the rare earths. In the 
second place the orbit-spin coupling, which determines the multiplet width, 
is usually smaller in the iron group than in the rare earths. For the latter it 
was allowable to suppose that each multiplet component underwent a ^^Stark 
effect'^ due to the crystal field, without distortion on account of the other 
multiplet components. In the iron group, however, the electric field of the 
crystal is able to break down the relatively weak coupling between orbit and 
spin, producing an electric Paschen-Back effect; the orbit-spin coupling may 
be treated hence as a perturbation on an unperturbed problem which neglects 
the spin. This unperturbed, or orbital problem, as we shaU call it, is the same 
for all three ions Co++ Cr++, since they all have an Estate (X = 3) as 

ground state. 

We assume that the crystal field has no more than rhombic symmetry.^ 
The high degree of isotropy of Ni salts suggests that in this case the departure 
from cubic symmetry is small. Now it is known that a field which is nearly 
cubic decomposes the seven coincident levels of the F state (without spin) 
into a single level and two triplets, the single level lying outside the triplets 
and the triplet widths being small compared with the singlet-triplet or the 
triplet-triplet separations. If the spin and its coupling to the orbit be in- 
cluded, further decompositions of these levels occur. The general theory of 
susceptibilities shows that Curie's law will cease to be obeyed at low tempera- 
tures if kT becomes comparable with the separation of the lowest group of 
levels. The close conformity of Ni salts to Curie’s law over a range of tempera- 
ture from 300°K down to 14°K thus requires that a very narrow group of 
levels must lie considerably below all others. These conditions are satisfied 
if the single level of the orbital problem lies below the others, and on this as- 
sumption it is possible to account qualitatively for both the small anisotropy 
and the conformity to Curie’s law. This arrangement of levels, however, ap- 
pears to preclude an explanation on the same lines of the much greater 
anisotropy of the very similar and sometimes isomorphous salts of Co, and 
of the considerable departures from Curie’s law which they exhibit. To ac- 

^ J. H. Van Vleck, Theory of Electric and Magnetic Susceptibilities, Oxford (1932). 

2 W;G, Penney and R. Schlapp, Phys. Rev. 41, 194 (1932). Attention may be called here 
to a printers error in this paper. Minus signs were omitted in Eqs. (8) and (9) which should 
read — 7/10395 for (8) and q= —1/32670 for (9). Moreover, in the secular determinant for 
(not :^D) and similarly for =6a^(14)^/2. 

® The assumption of a rhombic field not predominantly cubic was found to lead to very 
large asymmetry, in contradiction with experiment. 
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count for the behavior of Co salts it is necessary to suppose that the levels 
of the orbital problem in Co are inverted relatively to those in Ni. That such 
an inversion is actually to be expected in passing from Ni and Cr to Co has 
been neatly demonstrated by Van Vleck*^ 

Experimental Data 

It is useful at this stage to review the experimental data available on the 
hydrated salts of Ni, Cr and Co. We restrict ourselves to salts of large mag- 
netic dilution, so that exchange effects may be neglected. Determinations of 
the three principal susceptibilities of the double sulphates of Co with am- 
monium, potassium and rubidium, have been made by RabP at 300°K. Jack- 
son® has measured the susceptibility of powdered Ni(NH4)2(S04)2 -6^120 and 
Gorter, de Haas and v. d. Handeb^ that of powdered NiS04- 7H20 over a range 
of temperature between lA^K and 290°K. The graph of 1/x against T is ap- 
proximately a straight line through the origin in both cases. Jackson® has 
measured the three principal susceptibilities of Co(NH4)2(S04)2-6H20 at 
various temperatures down to 14°K. His values of the susceptibility extrapo- 
lated to a temperature of 300"’K differ considerably from Rabi's, and there is 
only one determination between 20° and 290°K. As far as one can judge, 
however, the graph of 1/x against T is a straight line for each of the three 
principal susceptibilities, down to a temperature of about S0°K, below which 
the curve bends downwards slightly, so that the susceptibilities are higher 
than those predicted by the relation x = C'/(r+A) of Weiss. 

Very recently determinations over a temperature range from 250°K to 
360°K have been made by Bartlett® for crystalline cobalt ammonium sul- 
phate and certain other crystals. They seem to be the most reliable measure- 
ments yet taken, being consistent and in agreement with Rabi's at the single 
temperature used by him. We are indebted to Dr. Bartlett for communicating 
these results to us in advance of publication. 

The susceptibility of potassium chrome alum in powder form has been 
measured by de Haas and Gorter® at various temperatures between 290°K 
and 14°K. They find that the law x~C/T is closely obeyed over the whole 
range. Chrome alum forms crystals in the cubic system so that it may be 
expected to be magnetically isotropic.^® 

^ J. H. Van Vleck, Phys. Rev. 41, 208 (1932). 

5 1. 1. Rabi, Phys. Rev. 29, 184 (1927). 

6 L. C. Jackson, Phil. Trans. Roy. Soc. London, 224, 1 (1922), Leiden Cora. 163. 

^ C. J. Gorter, W. J. de Haas and v. d. Handel, Proc. Amst. Acad. 34, 1 (1931), Leiden 
Com. 218d. 

s B. W. Bartlett, Phys. Rev. 41, 818 (1932). 

nV, J. de Haas and C. J. Gorter, Leiden Cora. 208d. 

^^Measurements of the susceptibilities of the pararaagnetic cubic crystal pyrite were 
made long ago by Voigt and Kinoshita (Ann. d. Physik 24, 492 (1907)) who found it to be 
magnetically isotropic. There does not, however, seem to be any reason why magnetic dis- 
symmetry should not exist in cubic crystals, as the electric field acting on the ion may have 
a lower symmetry than the lattice. See also reference 18. 
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The Ion IN A Perfectly Cubic Field 

Before considering the secular determinant explicitly, it is instructive to 
look at the problem from a more general point of view. The analysis of Bethe^* 
shows that the cubic field breaks up the F level into three, corresponding to 
the irreducible representations r 2 , r 4 , Ts, of the cubic group, in his notation. 
The level Pj lies between Pa and r 4 ; r 2 is single, while r 4 and Pj are each 
triply degenerate. We shall see later that the intervals between Pa, P 4 , Ps are 
of the order 10^ cm-b The reader is referred to Van VleckV paper for the 
demonstration of the fact that in Ni and Cr Pa lies lowest and in Co P4 lies 
lowest, for a given sign of D in the Hamiltonian. The level Pa is non-magnetic; 
that is to say an atom in this state has no average orbital magnetic moment. 
The level P4 is magnetic. Hence if Pa is lowest the orbit is “quenched”, i.e., 
contributes nothing to the susceptibility except a term independent of tem- 
perature. If, however, P 4 is lowest a certain portion survives. 

We have now to consider the influence of the spin. Inclusion of the spin 
S ( = 1 for Ni and 3/2 for Co and Cr) without interaction with the orbit 
makes each level of the orbital problem have an additional (25-f l)-fold de- 
generacy, which is partially removed by the interaction. By the methods of 
Bethe’s paper the decomposition of the levels is found by reducing the six 
direct products P.P>a, (f = 2 , 4, 5; *= 1, 3/2) to represent the cubic group. 
Here is the representation group for the rotation of the spin k alone. The 
result is, in Bethe’s notation, 

TiDi = Ps, PaOa/s = Ps 

r4Z>i = Pa + Pa + r4 + Pe, r4A/2 = Ps + Pr + 2r8, (1) 

TsDi = Pi -b P 3 + P 4 + Ps, PsOa/a = Ps + P? + 2r8. 

Here r«, Py, Ts are the “zweideutig” representations of the cubic group, of 
dimensions 2, 2, 4, respectively, which always arise with half-integral quan- 
tum numbers. These equations state that for Ni, Cr and Co the orbit-spin- 
interaction does not split the cubic level Ta but splits each of the levels 14 , Tb 
into four components. 

Let us suppose that the level Fa of the orbital problem lies lowest. The 
above reductions show that under the orbit-spin interaction this level does 
not break up, but remains triply degenerate (in Ni) or quadruply degenerate 
(in Co and Cr) ; no energy differences arise in consequence of different ori- 
entations of the spin, which therefore remains entirely free at all temperatures 
to orientate itself along the magnetic field. If the orbital contribution to the 
moment be neglected, the magneton number would be the Bose-Stoner or 
“spin only” value [45(5-|-l) A further deduction is that the orbit-spin 
interaction causes the state Fa to interact with components of F 4 and Fb as is 
seen from the threefold occurrence of Fb or Fs on the right-hand side of ( 1 ). 
This produces a sharing of properties, and in particular gives rise to an or- 
bital contribution to the magnetic moment in the state Fa which is of order 

“ H. Bethe, Ann. d. Physik 3, 133 (1929). 
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X/Z). Thus the orbit-spin coupling produces, in an ion in a cubic field, de- 
partures from the Bose-Stoner value which may be either positive or negative 
according to the sign of X/D. 

The circumstances are not quite so simple if the state r 4 lies lowest. Here 
the orbit-spin coupling partially removes the degeneracy, so that different 
orientations of the spin have different energies, although, of course, it is not 
possible to associate a definite axial quantization of the spin with each of the 
levels. Thus the spin is only partially free and the orbital contribution will 
also be modified. 

The Constant A 

In a cubic field the quantity A of the Curie-Weiss formula x = C/(r+A) 
is given to a first approximation by the ratio of the coefficients of l/T and 
1/P in the expansion of the susceptibility in inverse powers of T. If we make 
the usual assumption that the magnetic moment in the absence of the mag- 
netic field contains, besides low-frequency elements Ii(n, n')\ only high- 
frequency elements, and none of intermediate frequency, it is easily shown^*^ 
that 




= I ZW'n ! M{H, n') I V E 1 M{n, «') | 1 - 

V nn' j 


w 


the summation being over the group of levels connected by low-frequency 
elements, and W being their mean energy. When the level r2 of the orbital 
problem, which is not split up by the orbit-spin interaction, lies lowest, the 
magnetic mean center and the energetic mean center, whose difference gives 
M according to the last equation, necessarily coincide. Hence in this case the 
susceptibility is of the form x = C/T, correct to terms in 1/P. To this ap- 
proximation the ion in a cubic field behaves as if it were in the gaseous state. 

If the level r4 lies lowest, the magnetic mean center and the energetic 
mean center do not necessarily coincide, so that the susceptibility will in gen- 
eral have a term in 1/P. Thus leaving aside the question of asymmetry 
produced by a rhombic field, which is considered in the next section, we 
should expect Ni and Cr to conform much more closely to Curie’s law than 
Co, as is indeed found to be the case. 

Asymmetry Due TO A Rhombic Field 

Let us for the moment neglect the spin. The effect of superposing a 
rhombic field on the cubic field is, as shown by Bethe.^ to remove all the de- 
generacy in the orbital problem, the appropriate reduction being 

Ta = Gi, r 4 = G2 + C3 TC4, Ts = Ca + C3 -f C4, p;2) 

where Gi, Ga, G3, G4 are the four one-dimensional representations of the 
rhombic poup. Fig. 1 shows diagrammatically the decomposition of the 
levels under the various fields. The level Ta is seen to be completely isolated 

(3)- 183 (1932). This formula can readily be ob- 
amed from the equation for M on page 197, reference 2. W in this case having been chosen 

to De zero,' .'V' 




If Ts lies lowest, as in Ni and Cr, it is possible to prove a result very similar to that which 
was shown to hold for the rare earths, namely that the expansion of x for a crystal powder 
should contain no term in 1/T^. The Hamiltonian inclusive of the magnetic field is invariant 
for a half turn about the magnetic field. The group consisting of this operation and the identical 
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from the others. The rhombic field alone, unlike the orbit-spin coupling, does 
not lead to a sharing of properties between r2 and the other states. If r2 is 
lowest the rhombic field does not give rise to any orbital contribution to the 
part of the susceptibility depending on the temperature. The part independ- 
ent of the temperature is rendered slightly asymmetrical. Although no asym- 
metry is introduced directly by the rhombic field, the orbit-spin interaction, 
as we have seen, evokes an orbital contribution to the susceptibility, and this 
will be rendered anisotropic by the rhombic field. The anisotropy is thus a 
second order effect; the rhombic field may be comparatively large without 
producing much anisotropy. Neither the rhombic field alone nor the orbit- 


Fig. 1. Fig. 1 shows how the state in nickel is affected by the cubic field, the rhombic 
field and the orbit-spin coupling. By starting at the left with the free ion, the cubic field splits 
the single level into three, the numbers and symbols underneath denoting to which representa- 
tion, in Bethe’s notation, the levels belong. The application of the rhombic field splits r 4 and 
Fs each into three, leaving Fg single. The addition of the orbit -spin then removes all the re- 
maining degeneracy. Making the rhombic field zero leaves only orbit-spin and cubic, the way 
the levels come together being shown. Removal of the orbit-spin leaves only the cubic field, 
and making this shrink to zero gives once again the free ion. 


Spin interaction alone can split the level of the cubic field. Both acting 
together will remove all degeneracy, but the separation produced will de- 
pend on a cross term and in addition is a second order effect in X owing to the 
vanishing of the mean orbital angular momentum. If the level r4 is lowest, 
these conclusions do not hold, both the anisotropy and A being first order 
effects of the rhombic field. 
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operation has two one-dimensional (eindeutig) representations, associated respectively with 
the odd and even series of values of the quantum number M. {M is not a good quantum num- 
ber when the electric field and (L-S) are diagonalized.) It is clear that of the three constituent 
levels €1, €2, €3 of r2, two, (ei, €2) belong to one representation, and the third (eg) to the other. 
The third level has therefore no magnetic or other connection with the other two, which are 
linked to each other. In the presence of the magnetic field, the level €3 is unaltered, while ei, eg 
undergo equal and opposite displacements away from each other. This neglects the high-fre- 
quency shift, which is practically the same for all three levels. The value of is therefore 
(€i + e2 + €3)/3“(€i + €2V2 = (2€3--€i“”€2)/6, an cxprcssion which is of course invariant of the 
origin of energy. On permuting the axes the ‘‘field free” levels €1, €2, es undergo a correspond- 
ing permutation; if we average the above expressions for over three cyclic permutations, 
which corresponds to finding the value of kA for a crystal powder, the result is seen to vanish. 

We now turn our attention to the secular determinant of the problem in 
order to give the considerations of the foregoing sections a more quantitative 
form. 

The Secular Determinant 

The Hamiltonian 

We assume a Hamiltonian function 
'Z[D{xi* + yi^ + Zi^) + Ax^ + Byi^ - {A ^ B)z^] 

+ X(L-S) + |3n-(L + 2S) (3) 

where A, B, D are constants specifying the crystal field, X is the constant of 
the orbit-spin interaction, is the Bohr magneton ehlAwmc and H is the 
magnetic field. 

In the Hamiltonian (3) the dominant term is the term in D. The most 
general field of rhombic symmetry which is nearly cubic would give a Hamil- 
tonian containing other terms in addition to those written down. These 
would be of higher order and no greater generality would be obtained by their 
inclusion. The rhombic term and the orbit-spin coupling are of comparable 
magnitude. The magnetic energy may always be regarded as a small pertur- 
bation in calculating the susceptibility, even though the field is strong enough 
to produce a Paschen-Back effect, always provided that the magnetic separa- 
tions do not become comparable with kT so that saturation effects occur. 
This follows from an application of the principle of spectroscopic stability due 
to Van Vleck.^® 

The matrix elements 

The following matrix elements in the (M^, M^) system of quantization 
are required. They have been obtained by the method used in the previous 
paper.^ 

^ + yi^ + Ml) 

= const. + q'DML^[7ML^ + 5 - 6L{L + 1)], 

D + yi^ + Ml ± 4 ) 

= k'D[(L + Ml)KL ± Ml+ 4 ) 1 /(L ± Ml)K^ T Ml - 4 )!]i/ 2 , 

Reference 1, page 231 . 
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- const. + |a(^ + B) [UIl^ - L{L + 1)], 

J:IAx^ + ByA - (A + B)zA]{Ml, Ml ± 2 ) 

= - a(A ~ B)[(L T i¥L)l(i: + Ml + 2) !/(i: T ¥l - 2) 1(L ± ilfL)lp^V4. 

Here q and a are the ratios of the matrix elements calculated for a system of 
n electrons to those for a one-electron system ; the sign of q has been discussed 
by Van Vleck.^ The summation is over all the electrons of the incomplete 
group. The two additive constants, as well as q and a, are independent of 
These matrix elements are all diagonal in L. The elements non-diagonal in L 
are not required, since the crystal field is assumed not to destroy the Russell- 
Saunders coupling of the vectors U, Since the elements do not involve the 
spin, they may be regarded as diagonal in We also require 

{L^S){Ml,Ms] Ml,Ms) ^ MlMb, 
{L‘S){Ml,Ms]Ml±1,MsTI) 

= 4[(5 ± ¥^)(5 + ¥5 + 1)(T + ± ¥l + 1)]'^^ 

The secular determinant 

The orbital problem, being common to all three ions Ni, Co, Cr, may be 
treated first. The orbital terms of the Hamiltonian are all of type A¥£, = 0, 
± 2, ±4, so that the secular determinant 

^{Ml, Ms]Ml\ Ms') - KMl, Ms; Ml\ ¥^^0^" = 0, 

breaks up into two factors, one of the fourth order involving Mj^ = ±3, ± 1, 
and one of the third order involving ¥j^ = 0, ±2. These factors are sym- 
metrical about the principal and secondary diagonals, so that it is necessary 
to write down only the first row and central elements of the second row of 
each V . ' . 


-3Z)?H-15<r - 151/23 0 


- UDq - 301/25 SDq 

— SDq — 9cr — 6S 


-I2a 


Here cr, S have been written for a(A ±B)/2 and q = 12q\ The terms in D can 
be diagonalized^^ by means of unitary transformations 55“"^ with 
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We may denote the matrices 5, T by 5(iV, Mj ^) , T(N, ¥j^) . The columns are 
numbered by ¥^ having values —3, —1, 1, 3, for S and -2, 0, 2 for T, The 

The wave functions S^p, which the transformations 5, T introduce are precisely those I 

given by Bethe (reference 1 1, page 166). They diagonalize the cubic and rhombic fields except I 

for matrix elements of the rhombic field between different cubic levels. 
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rows are numbered by a new “cubic” quantum number N which may be 
supposed to take on the same set of values as iV' has no obvious physical 
meaning, but served to identify the roots Wj^ in the cubic field according to 
the scheme ' ; . 

=Wo = Wz = 0 , = W^i = Wi = - 8Dq, W2 = - 18%, 

The relations (2) show that the transformation which diagonalizes the terms 
in D will factorize the orbital problem into three quadratics and a singlet. 
These are 


- SDq 

- 5) 

- 18Dq 


6(0- - 5) - (15)1/2(30- + d) 

- (lS)i/2(3(r + 5) -8% 

-SDq - 2 ( 15 ) 1/25 

- 2(15)1/25 - 12a- 

We denote the roots of these by (r„ 3 , r_i), (fi, Tz), (‘r_ 2 , 
the suffix is a new “rhombic” quantum number taking on the same values as 
N or Ml‘ This set of roots is, of course, invariant if the coefficients of the 
rhombic field be permuted cyclically, (^4 +^) but they undergo the 

cyclic permutation r-a-^ro-^fs, while f 2 is invariant. Let the 

transformation matrices which diagonalize these quadratics for given values 
of D, A and B he 


(15)i/2(3<j - 8) 

6(0- + 8 ) 


and f 2 , where 


~ 3 
- 1 


- 3 

- 1 


1 

3 


- 2 

0 


2 

■ ' r 

s 

1 

t 

u 

- 2 

p 

2 

2 

”1 

— g 

r 

3 

— u 

t 

0 

- ? 

P 




(4) 


The values of the elements can be calculated for any given values of D, .4 
and B. The columns are numbered by the “cubic” quantum number N and 
the rows by the “rhombic” quantum number Q, We now introduce the spin 
and have to differentiate between Ni, Cr and Co. 

; Nickel- 

Mathematical theory 

For nickel S == 1, so that Ms = — 1, 0, 1. The secular determinant, of order 
21, breaks up into one of the tenth and one of the eleventh order, involving, 
respectively, even and odd values of if = This follows since the 

complete Hamiltonian contains only terras of the type Aif = 0, ± 2, ±4, We 
are interested primarily in the root -18% which lies below the others. It 
occurs once (with if^ = 0) in the eleventh order determinant, and twice 
{Ms — ± 1) in the tenth order determinant. Transforming the eleventh order 
determinant to the (AT, if ^) representation, we require the element 

5C(2, 0; .W, Ms') = ^(2, 0; if x, 0; Ml',Ms')R~^KMl\ Ms'l N'^ Ms'), 

where R stands for 5 if if^'== ± 1, and for 2^ if if^' = 0. We have induded 
the quantum number Ms in T and R as though they were diagonal in if^g. 
They are indeed independent of ifg. In the iV, ifg representation the only 
non vanishing elements of the orbit-spin and magnetic energies are found to be 



We know from (1) that the diagonalization of the orbit-spin terms in- 
volves the solution of cubic equations, so that it is simpler to diagonalize 
rhombic field terms instead. This is accomplished by the matrices (4). The 
relevant matrix elements in the (<2, Ms) system of representation are 

3C(2, 0; - 3, - 1) = 3C(2, 0; - 3, 1) = 

3C(2, 0; - 1, - 1) == 5C(2, 0; -1,1) = 

0C(2, 0; 1, - 1) = 3C(2, 0; 1, 1) = (2)^^^^ 

JC(2, 0; 3, - 1) - 3C(2, 0; 3, 1) = ~ 

3C{2, 0; - 2, 0) = 2co^,3C(2, 0; 0, 0) = - 2coq, 

from which the first approximation to the energy can be found. The tenth 
order determinant is not quite so simple, for the root — I 8 D 5 occurs twice, 
with ± 1, the degeneracy not being removed by the rhombic field. Sup- 
pose the Hamiltonian has been transformed to the {Q, Ms) system, i.e., to 
the form 3 Co+Xo 3 Ci+ 6 }oX 2 , where 5Co is diagonal andJCi has no diagonal terms. 
Apply the transformation 

(1 -f X50(5Co + + co3C2)(1 - X5 + ) 

and choose 5 so as to make the coefficient of X vanish in this expression. Then 
the Hamiltonian becomes 

m) = 3Co(w, ni) + X^ n 2 )/hv(n^ i) + ni) 

+ Xw 0 M)lhv{n^ i) — i) 5Ci(i, ‘m)/hv{i^ m)\ 

+ • • • . 

5 

There are now terms in X^ on the diagonal which remove the degeneracy^ 
and the coefficient of o) is altered by a term of order X \D. \Ne can now set up 
the quadratic secular problem connected with the two coincident roots, and 
solve it on the assumption that the magnetic field is small. The two resulting 
values of together with that obtained from the eleventh order deter- 
minant, are given below. 

— 18Dq + 4X^(ai + ^ 2 ) + <^^(1 + 8 Xai)/X^(a 2 — a^) + 4co^q;i, 

— ISDq -f- 4X^(ai "h ^ 3 ). — co^(l -f- 8Xai)/X^((X2 — olz) -j- 4a)^Q;i, 

18£)^ “f* 4X^(a2 Hh <^^ 3 ) “h 4co*^o'i. 


Here, 


= p^/ir2 
q '2 = r^/in 
tVir, 


r^2) + gV(^2 
r^{) -f .y V (^2 ’ 
ri) + u^/ {h — 


J. H. Van Vieck, Phys. Rev. 33, 467 (1929). ^ 

There are actually first order terms in the magnetic field of order (XVcubic sepn.)^ 
but the contribution of these to the susceptibility is so small that they can be completely neg- 
lected. ■ ■ . ■ ■ ■ ■ ■ ■ 
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3C(2,0;1,1) =ac(2,0; - 1,1) =5C(2,0;1,- 1) = -3C(2,0;- 1, - 1) = (2)'/"X 
3C(2, 0; - 2, 0) = 2a). 


676 


R, SCELAPP AND W, G, PENNEY 


If the axes undergo a permutation, represented by +5) it is 

readily verified that the roots r undergo a corresponding permutation, and 
ai~~>a 2 ~^a 3 . The susceptibility along the 0 axis is found from the general for- 
mula 

X = - (N/H) 

On the assumption that the exponentials can be expanded, this gives 

XI = (SN^^/SkT) [1 + 8 XC .1 + 6i/kT SN^^ai, (5A) 

where terms in 1/T^ and above have been discarded, and 

^i = 2X2(a2 + as-2afi)/3. 

The term independent of temperature arises as usual from the term in 
in the energy. The other two principal susceptibilities are obtained by per- 
muting the axes cyclically, so that the mean of the three principal suscepti- 
bilities is 

X = mySkT) [1 + ( 8 X /3 - kT)(ai + + as)], (SB) 

in which there is rigorously no term in 1/ri 

If the crystal field is assumed to have cubic symmetry, the lowest level 
has a first order effect, and the susceptibility is 

X = (8W3^r)(l - 4X/5I)) + 4W5Z). (SC) 

Comparison with experiment 

In the Hamiltonian the constant X of the orbit-spin coupling is known, 
while Aa, Ba, Dq are to be determined from the observed susceptibilities. A 
measurement of the mean susceptibility at one temperature will enable us 
to determine the one parameter D if we assume as an approximation that 
Ad and Bd vanish. The assumption of a purely cubic field is a convenient 
approximation in estimating the order of magnitude of D. We shall consider 
later the effect of the rhombic field. 

In Ni the multiplet is inverted; its over-all width is given by [Ar- 1 = 
X5(2L H-l) . By using the value 2347 cm-i given by Laportei^ for Av we obtain 
X=-335 cm-i. The observed value 26.56 XlO"® of the susceptibility at 
170°K,'^ giving xr= 45.15 X10-^ then leads, to a value of Dq from Eq. (5) 
equal to 1485 cm which corresponds to an over-all separation due to the 
cubic field of the order of 3 volts. Thus according to (5) the graph of 
against T is a straight line which we have chosen to pass through the experi- 
mental point at 170°K, and which cuts the xT axis at xr=43.64X10~^. If 
we had calculated Dq from experimental points at different temperatures, 
slightly different values would have been obtained. In Fig. 2 we have plotted 
the experiinental values of xT obtained by Gorter, de Haas, and van den 
Handel,^ using T as abscissa. It is seen that the experimental points, with the 

0. Laporte, Zeits. f. Physik47, 761 (1928). 



exception of those at low temperatures, lie fairly close to the theoretical 
curve. The relation proposed by Gorter, de Haas, and van den Handel is 
x(r+3) =coiist. In Fig. 2 we have also plotted the experimental values of 
A(r+3) as a function of T; the approximation of this function to a constant 
is seen to be very poor indeed. We conclude that the observations are repre- 
sented much: more closely by xT = const, than by x(T+3) — const. It should 
be remembered that this method of plotting the experimental data, which is 
equivalent to plotting the square of the effective magneton number as a func- 
tion of r, is a much more severe test than plotting 1/x against T, as is usually 
done.,. 


x(T+3)xlO 

XTxlO"^ 

X{T--0-5)x10 


4-XTxm Theo 


Fig. 2A. Fig. 2B. 

Fig. 2. The curves in Fig. 2A serve a double purpose. In the first place they show that a 
formula of the type xT—A-{-BT demanded by theory for Ni, represents the experimental 
points better than the curve x(r-}-3*0) — const, given by Gorter, de Haas and v. d. Handel. 
In the second place it is seen that the experimental values of x(F— 0* 3) = const, fit the theo- 
retical curve for xT exactly. The addition of —0.3 to T is a minor effect and perhaps represents 
the result of exchange forces not envisaged in the crystalline potential we have assumed. The 
one arbitrary parameter in the theory has been chosen to fit the observed magneton number 
at 170°K. The slope of the xT curve is then uniquely determined and its agreement with ex- 
periment is a good confirmation of the theory. Fig. 2B shows the theoretical principal suscep- 
tibilities xF of Ni plotted against T, and the experimental points of Jackson corrected by 
Gorter, de Haas and v. d. Handel,^ which are marked in circles (see text). 

There still remains the deviation of the three low temperature points from 
the theoretical curve. The present calculation takes no account of inter- 
molecular actions, such as exchange effects, which are not describable by an 
electric field of definite symmetry. These effects are known to be capable of 
giving rise to a term A which will however be small on account of the high 
dilution of the salt. This correction will be important at low temperatures. 
If we plot x(T"- 0.3) against F, the experimental points are brought to lie 
much more nearly on a straight line. It may be that the term A = 0.3^ is a 
measure of inter-molecular actions other than the crystal fields here con- 
templated, 
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We must now consider the effect of the rhombic field in producing 
asymmetry in the principal susceptibilities. Using RabiV values for 
NiS04(NH4)2S04 -61120 and equating them to the three expressions obtained 
by permuting cyclically the indices in ( 5 A), we obtain three simultaneous 
equations for ai, as, a3, whose solution is 

ax = 7.94 X 10"^ aa = - 8.12 X 10”% as = - 8.29 X 10”^ 

From these we have to determine the three parameters Aa and Ba 
which specify the crystal field. To set up and solve the algebraic equations 
connecting these parameters with the a’s would be very lengthy, so we have 
to recourse to the method of trial and error. Thus we find that a crystal field 
having the Hamiltonian 

1260(.t4 + y + z ^) + 176(a;2 4. 23,2 _ 3^2) 

gives 

ax = ~ 7.96 X 10”^ ag = - 8.13 X 10”^ ag = - 8.24 X 10”®. 

Better agreement could be obtained by using a slightly larger value of the 
constant of the rhombic field and by changing the ratios of the coefficients 
of the rhombic field, but it is not, perhaps, worth while pursuing numerical 
accuracy when the experimental precision is not very high. It is instructive, 
particularly for comparison with cobalt, to observe how little dissymmetry 
is produced by a comparatively large rhombic term. Thus the field given 
above produces an over-all separation of the cubic level r4 amounting to 
about one-half the interval separating this cubic level from the level Fg. The 
separation produced in the level r2 has an over-all width of 1.5 cm”^ so that 
the individual values of A for the three axes are almost negligible, and the ex- 
pansions of the exponentials which we have used is legitimate even at liquid 
hydrogen temperatures. At extremely low temperatures A is relatively im- 
portant and it is this fact that accounts for the different behavior of the 
principal xF for small values of F, shown in Fig. 2 B. 

Gorter, de Haas and v. d, HandeF have given values of the principal 
susceptibilities of Ni(S04) * 7H2O using their own values of the mean suscep- 
tibility together with the differences in the principal susceptibilities found by 
Jackson.® The exactitude of these values is open to question, but to illustrate 
how they check with the theory we have plotted the experimental values 
(shown by circles) and the theoretical curves using for the constants of the 
crystal field those valms found The agreement is 
very good, considering the sensitivity of the method of plotting the results, 
and the experimental results confirm the existence of a l/F^ term for the 
individual axes although there is none in the mean. The values found by Rabi® 
on the ammonium salt are marked by squares. Since, as far as we can tell, 
the constants of the crystal field acting on the Ni ion are exactly equal in the 
two salts, it seems likely that the ions surrounding the Ni ions are the same 
and in the same relative positions in the two salts. 
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Chromium 

Chrome alum, whose susceptibility at temperatures down to that of liquid 
helium has been measured by de Haas and Gorter,® forms cubic crystals, so 
that no differences in the principal susceptibilities are to be expected.^® It 
will be sufficient to suppose the crystal field to have cubic symmetry. Van 
Vleck^^ has shown that for Cr, whose ground state is the matrix elements 
have the same sign as those of (x^ + y^ + s^) calculated 
for a single electron system; that is the coefficient q is positive. The root 
— 18Dg (Fs) is accordingly lowest. The secular problem inclusive of spin is of 
order 28; but on account of the selection rule AiF = 0, ±2, ±4, obeyed by 
the Hamiltonian (Ailf = 0, ±4 if the rhombic field is absent) the secular de- 
terminant breaks up into the product of two, which are identical except as 
regards the sign of the terms in H, This is, of course, an example of the 
Kramers degeneracy.^® Reference to the diagram in Bethe^^ shows that the 
orbit-spin interaction is incapable of removing the degeneracy of r 2 in any 
approximation, so that we need consider only the terms in iJ, which give 
rise to first and second order Zeeman effects. Fixing our attention on one of 
the two secular determinants of order 14, we observe first of all that the root 
r 2 occurs twice (iV=2, with Ms = — ■§> say). In passing from the original 
Mif Ms representation to that in which the cubic field is diagonal, the spin 
terms 2Ms will of course remain on the diagonal, so that the two occurrences 
of the root r 2 have first order moments Soo and — o) from this determinant 
and “-3co and o) from the other. If this were all, the magneton number would 
have the ^^spin only” value (15)^^^, verifying that the spin is free. But we 
have still to consider the off-diagonal terms involving oj, which represent the 
contribution of the orbit, and which are diagonal in Ms- We readily find for 
the elements satisfying this condition 

3C(2, — I; — 2, — I) = — X + 2a> 

3C(2, 3/2; - 2,3/2) = 3X + 2a? 
which gives for the levels in the presence of the field 

- 2\/5Dq) - 2c^^/5Dq, 

± 3cu(l - 2\/5Dq) - 2o^ySDq, 

Disregarding the high-frequency term for the moment, we obtain for the 
susceptibility 

X = (15iV^V3^r)(l - 2X/5D^)®. 

The chrome alum KCr(Se 04 ) 2 * 12H20, which forms cubic crystals has in its absorption 
spectrum a narrow doublet whose separation is roughly 4 cm"”! (cf. K. Schnetzler, Ann. d. 
Physik 10, 373 (1931)). If this doublet is due to the doubling of the basic level r 2 , the Hamil- 
tonian must contain non-cubic terms, besides the predominant cubic terms. This follows since 
the orbit-spin coupling does not decompose T 2 . If this is so, this alum should exhibit slight 
asymmetry in its principal susceptibilities. 

H. A, Kramers, Proc. Amst. Acad. 33, 959 (1930). 
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Here X is positive, so that the magneton number should be less than the 
“spin-only” value, which is actually found to be the case. From the value 
912 cm-i given by Laporte^^ for the over-all separation of the multiplet 
in chromium, we deduce X = 87 cm-^ and taking de Haas and Gorter's® value 
19.02 for the Weiss magneton number of Cr, we obtain Dq = 3730 cm-b This 
justifies our neglect of the high-frequency term, which is proportional to 
'k/D. The experimental results do not show any trace of high-frequency ef- 
fects. It is not possible to place much reliance on the above estimate of the 
magnitude of the separation due to the cubic field, since a small change in 
the experimental magneton number would produce a very considerable 
change in the calculated value of Dq. It need scarcely be pointed out that for 
Cr, as for Ni, the introduction of even a large rhombic field will not appre- 
ciably affect the isotropy of the susceptibility. As yet, however, no measure- 
ments have been made on the principal susceptibilities of Cr salts. 

Cobalt 

Mathematical theory 

It may be stated here that our calculations on Co are not as complete as 
those on Ni and Cr, but the difficulties are only in the numerical computation. 
There seems to be no doubt, however, that good agreement with experiment 
could be obtained by a more exhaustive tfial-and-error procedure. The 
ground state of cobalt is *F, and the secular determinant is of order 28. On 
account of the Kramer’s degeneracy, it breaks up into two determinants of 
order 14, identical exception the sign of the terms in the magnetic field. The 
orbital part of the problem is the same as for nickel, where the ground state 
was also an F state, so that in a cubic field the roots are 0, —8Dq, —18Dq. 
On account of the inversion discussed above, the level 0 (denoted K above) 
IS now lowest, and occurs six times in each secular determinant of order 14 
namely, with N= -3, 0, 3 and i¥« = f, | or -f, -§. The portion of the 
determinant mvolving these roots, which coincide in the absence of a rhombic 
field and Orbit-spin coupling, is 
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Here 7 = 1 -k i^/32D, m = 3X/4, « = 3(3) i/^X/4. Interaction between the levels 
U,-8i2g, -18Dq has been taken account of with sufficient accuracy by the 
diagonal terms ni cak/D. This amounts to discarding the high-frequency part 
of the susceptibility; if we do this we may restrict ourselves to this sixth order 
determinant in calculating the levels. As the sextic secular equation is not 
soluble when the rhombic field is comparable with the orbit-spin coupling, 



we must assume that the former is much smaller than the latter or vice-versa. 
Our calculations indicate that the two influences are in fact of comparable 
magnitude, which makes close numerical agreement difficult to obtain with- 
out more elaborate computations. Here we deal with the two extreme cases 
only. 

Orbit-spin greater than rhombic field 

Consider first the case where the orbit-spin coupling is greater than the 
rhombic field. The orbit-spin interaction alone is capable of partially remov- 
ing the degeneracy in (6). When we do not restrict ourselves to interactions 
within the sextet the degeneracy which survives the cubic field and the orbit- 
spin interaction is given by the resolution r 4 l) 3/2 = red- F t + 2rs, i.e., two 
singlets and a quadratic occurring twice. When we restrict ourselves to inter- 
actions within the sextet the degeneracy must at least be as great as this, 
which ensures that the sextet will have simple roots when cr, S, cc all vanish. 
These are readily found to be 15X/4, 3X/ 2 (twice), — 9X/4 (three times), 
and the corresponding form of the sextet, with these roots on the diagonal, 
can easily be written down. The energy levels in the presence of the magnetic 
field have now to be found on the assumption that the rhombic field is small 
compared with the orbit-spin interaction. In cobalt X = — 180 cm""^ so that 
the triply degenerate level — 9X/4 will have such a small Boltzmann factor 
that its contribution to the susceptibility may be neglected even at room 
temperatures; this level does not affect the moment of the level 15X/4, and 
in calculating its influence on the moment of the levels 3X/ 2, which is rela- 
tively less important in any case, we may suppose it to remain undecom- 
posed by the rhombic field. But in obtaining the moments of the two levels 
3X/2, it is necessary to allow the rhombic field to remove this degeneracy. 
We have calculated the level 15X/4 correct to a third order approximation 
and the two levels 3X/ 2 to a second order approximation. The calculation 
is straightforward but too elaborate to be given here. To illustrate the type 
of result obtained, we give the energy levels in the presence of the magnetic 
field only for the lowest level, correct to a second order perturbation calcu- 
lation. For brevity the third order terms have been omitted. We find 

IF = 15X/4 - w(13/6 + 5X/8Z)) 

-f [(36cr - 35co - 16SXa?/16D)2 + 43252]/405X + • • 

The expressions for the other levels are of the same type. 

At sufficiently low temperatures the square of the effective Bohr mag- 
neton number nB^ — SxkT/N^^ is given by three times the square of the co- 
efficient of the term in H. Hence, if we extrapolate the experimental values 
of xT to r = 0, we obtain three equations which theoretically enable us to 
determine o', 5 and D. The values obtained in this way are however so sensi- 
tive to variations in xT at r = 0 within the range of possible error that it is 

20 The details of the inclusion of the third order terms in the perturbation problem will 
be considered by Mr. Jordahl in his paper on Cu. 
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preferable to proceed differently. The argument of Van Vleck** shows that if 
the cubic field acting on the metallic ion be the same in nickel ammonium 
sulphate as in cobalt ammonium sulphate the constant Dq has the same value 
numerically. We accordingly assume Dq = — 1200 cm“b thereby giving up the 
possibility of obtaining values of a and 5 for arbitrarily given values of (xT)o ; 
instead we assume values for cr and S and calculate the susceptibilities at 
various temperatures. The values which have been chosen for illustration are 
<r = 5 = 20, corresponding to a term 40(x^ — z^) in the Hamiltonian, which gives 
roughly the right degree of asymmetry. It is of course possible to choose 
different values for the individual coefficients of x^, y^, z^, but the computa- 
tions are laborious and do not give any new information. Two points deserve 
mention. In the first place, a much smaller rhombic field is required in cobalt 
salts to produce the observed asymmetry than is needed for nickel salts de- 
spite the much greater isotropy of the latter. In the second place the calcu- 
lated mean susceptibility for the three orientations is consistently greater 
than that observed. Fig. 3A shows the calculated values oi nB^ = 2>hTx/N^^ 
plotted against T for the three magnetic axes of Co(NH 4 ) 2 (S 04 ) 2 - 6 H 20 . The 
trend of these curves may readily be understood in a qualitative way. At low 
temperatures the only level contributing to the susceptibility is the lowest. 
Since this has both a first and a second order Zeeman effect xT=a-\-bT, a and 
h Ijeing constants. At higher temperatures the two states 3X/2 begin to con- 
tribute to the susceptibility, but this is counteracted by the depopulation 
of the lowest level ; these higher levels have smaller Zeeman effects than the 
levels 15X/4 so that the curve of xT against T rises less steeply and tends to 
an almost constant value. At still higher temperatures the three levels 
-9X/4 would also contribute to the susceptibility but these temperatures are 
not reached experimentally. 

The value of ub^ is plotted also for the case where there is no rhombic 
field and this curve is shown dotted in Fig. 3A. It should be noticed that 
the effect of the rhombic field is to produce asymmetry and also to lower 
the mean value of the three principal susceptibilities.^^ Unfortunately, it is 
not within the limits of the present approximation to make the rhombic field 
sufficiently large to give agreement with experiment, as then the convergence 
would be poor. It is very reasonable, however, to suppose that a larger 

2* Let us imagine the magnitude of the rhombic field is varied from a very large value 
down to zero. The behavior of the three principal susceptibilities is as follows. Orientation (3) 
starts at the spin only” value, decreases and then starts to increase again, finally ending on 
the curve tor zero rhombic field shown in Fig. 3A. Orientation (2) starts slightly above the 
• L T the introduction by the orbit spin coupling of small diagonal elements 

in the orbital angular momentum, representing the contribution of the higher cubic levels, 
‘^^P^tatures but increases at higher temperatures, ending finally 
with (3). Orientation (1) is rather complicated. It starts with (2) but the susceptibility in- 
creases rapidly with decreasing rhombic field, and develops a hump at low temperatures. This 
IS because for this orientation the lowest level has a large first order Zeeman effect. The sus- 
Mptibihty then begins to fall again, passing through a representative cur\'e shown in Fig. 3B. 
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rhombic field would give good agreement with experiment, except possibly 
at low temperatures. Since the only measurements at low temperatures are 
those of Jackson,^ made as long ago as 1922, and which at other tempera- 
tures are known to be greatly in error, this discrepancy is not worth consider- 
ing, When better experimental data are available another effort will be made 
to obtain a better solution of this troublesome sextet. 

40A 


100 2DD 

Fig. 3A. 


300°K 


^ 100 ZOO 300"K 

Fig. 3B. 

Fig. 3. The heavy lines in Figs. 3 show the calculated values of nB^ for Co (NH4)t2(S04)2 
'6H2O for the two rhombic fields (3A) (3B) 200(x2~s‘^), while for comparison, the 

experimental points obtained by different obser\’-ers are given. The numbers on the GurA-j-es 
denote the axes to which the curves refer. The dotted lines in Fig. 3A is for zero rhombic field; 
the horizontal straight lines in Fig. 3B are for extremely large rhombic fields. It is reasonable 
to suppose that a rhombic field intermediate to the values we have taken would give agree- 
ment with experiment. It is significant that the results of Bartlett® along axis (1) do actually 
seem to be falling with increasing T, as would be the case for an intermediate field. The agree- 
ment at low temperatures is not good but the experimental values are those of Jackson® and 
may easily be in error. 
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Rhoitibic field greater' than orbit-spin , 

In the hope that a perturbation calculation from the other limiting case 
would be more effective, calculations were also made from this end. Here the 
orbit spin is subsidiary to the rhombic field. The rhombic field can be seen 
to decompose the sextuply degenerate level into three doubly degenerate 
ones, with separations proportional to the coefficients of the rhombic field. 
The orbit-spin interaction does not remove the remaining degeneracy in the 
first approximation, but only in the second. Expressions for the energy levels 
and their first and second order Zeeman effects can be written down, and 
the susceptibility calculated for given values of the constants D, A, B, C 
of the crystal field, such that the rhombic field alone produces a separation 
which is small compared with that due to the orbit-spin alone. In the ab- 
sence of the spin the energy levels are 6Aa, 6Ba, —6a{A-\-B), We suppose 
that --“6a(.d+5) lies below 6Aa and 6Ba and calculate the Zeeman effects 
of the two lowest roots correct to a third approximation, retaining terms in 
the magnetic field up to in the usual way. The Zeeman effects are differ- 
ent according as the magnetic field acts along the x, y, or z, axes. The exact 
expressions are long, but for illustration we give the two lowest roots, when 
the magnetic field acts along the y and z axes, correct only up to a second 
order perturbation calculation. For brevity the third order terms have been 
omitted. 

W±{x) = W± - co+[l ± (a+ 2^)6] ± 2o:+^a^d^/3\\ ' 

W±(y) = TF± - a)_[l + (2a + ^)^] ± 2w„W/3X2, 

W±(z) = W± + o)[l ± (a - ^)6] ± + p)y3 \^ , 

where 

W± = - 6a(A -f B) + 45\%p - a)/16 ± 9X^/4, 

6 ^ c^+ = c^{l + 9\/mD + 9X^/4), 

= £o(l + 9X/128Z) ~ 9Xa/4). 

We have written <x = l/6a(^ — C) and jS, y for the cyclic permutations. From 
these expressions the principal susceptibilities may be calculated. For illus- 
tration, a rhombic field represented by 200(:)(;^— in the Hamiltonian has 
been taken. The result is shown by the curves in Fig. 3B. It is readily verified 
that the curves correspond with those in Fig. 3A as shown by the numbering. 
The values of for a very large rhombic field are also shown by the hori- 
zontal straight lines. These are only limiting curves, however, since we have 
assumed the cubic field to predominate and therefore we cannot make the 
rhombic field as large as we please. 

We have now calculated the susceptibilities (i) for a rhombic field 
40(x^ — z^) (u) for a rhombic field 20Q{x^~z'^), inclusive of orbit-spin coupling 
in both cases. The latter alone produces an over-all splitting of the level 
r 4 of the cubic field amounting to roughly 1000 cm~h while the separations 
produced by fields (i) and (ii) are respectively 480 cm~^ and 2400 cm“h The 
principal susceptibilities calculated on the basis of field (i) show roughly the 
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right degree of asymmetry, but are too high. Interpolating between {i) and 
(«:), it seems that a rhombic field of magnitude intermediate between {i) 
and {ii), but much nearer (i), will give good agreement with experimental 
values, except possibly at low temperatures, where however, the experi- 
mental values are in considerable doubt. Neither of the two methods of ap- 
proximation used above are applicable in this intermediate region and the 
calculation would consist in the numerical solution of the original sextic secu- 
lar equation. 

It is interesting to notice that there would have been no gain in generality 
if we had added to the Hamiltonian terms representing a field of tetragonal 
symmetry or terms of rhombic symmetry of higher degree, provided the field 
of cubic symmetry always predominates. In order to see this we need only 
observe that in the orbital problem the lowest level r 4 of the cubic field is 
split by the rhombic field into the three levels G 2 , G 4 , no two of which 

belong to the same representation of the rhombic group. Consequently it is 
not possibly to change the moments of these levels by changing the type of 
rhombic field nor can this be accomplished even by the superposition of a 
tetragonal field, since this is only a particular form of rhombic field. Because 
the moments are fixed, the susceptibility can be changed only through the 
relative position of the energy levels and as there are three levels, it needs 
only two parameters to specify them. The two parameters .4 and B are cap- 
able of doing this. 

Conclusion 

In the present paper no account has been taken of the variation with 
temperature of the constants of the crystal field. The very small changes in 
interatomic distances caused by thermal expansion may possibly affect these 
constants quite appreciably because the force between ions in a crystal is 
known to vary very rapidly with the distance. We have moreover assumed 
that the principal axes of the various types of crystalline fields all coincide. 
Perhaps a better approximation to the actual state of affairs would be to 
assume fields of different symmetry, whose principal axes were inclined to 
each other, the relative orientations depending on temperature in some com- 
plicated way. There would then arise the possibility of an explanation of the 
results of Bartlett,® who finds that the orientation of the principal suscepti- 
bilities relative to the crystallographic axes depend on temperature, the total 
variation being of the order of 5 degrees in a range of temperature 100®C. 

From the considerations developed in this and the preceding paper, it 
should be evident that it is only rarely that the constant A of the experi- 
menters has any theoretical interpretation. In order that it may have, it is 
necessary that the expansion x = C/r~ CA/T^+ • • • , should converge very 
rapidly. This condition may be expressed in another form, that the Stark 
separations of the levels contributing to the susceptibility should be small 
compared with kT. This is not satisfied in the rare earths nor with Co but 
our calculations have shown that it is satisfied with Ni and Cr, That the 
susceptibility of the rare earths can be represented by the Curie-Weiss law 
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is merely fortuitous. Even here the value of A obtained depends on the tem- 
perature at which the measurements are made and in this sense A has no 
theoretical significance. 

One of the most surprising facts revealed by our calculations of the sus- 
ceptibilities in crystals is that a field of cubic symmetry should be capable 
of allowing such excellent agreement to be obtained with experiment. At first 
sight there seems to be no reason whatever for the field to possess cubic, or 
even nearly cubic, symmetry. In the case of Ni it was definitely established 
that a field predominantly rhombic and of the form 

was incapable of giving the observed principal susceptibilities. The next as- 
sumption is naturally a field of cubic symmetry together with a much smaller 
rhombic term, an assumption which has proved completely successful with 
Ni, Cr and Co. For the rare earths, where measurements of the principal 
susceptibilities are lacking, and only the variation with temperature of the 
mean susceptibility has been observed, good agreement with experiment is 
obtained on the assumption of a cubic field alone. Without understanding 
why complicated crystals should have such simple crystalline fields, it must 
at least be conceded that the evidence in favor of a predominant field of cubic 
symmetry is strong. Whether or not there are other types of field which will 
give equally as good agreement with experiment remains to be seen. 

In our calculations of paramagnetic susceptibilities, both of the rare 
earths and of the elements of the iron group, the sign of D in Eq. (3) has 
been consistently positive. In a Letter to the Editor^^ Qorter finds that this 
choice of the sign of D agrees with there being water molecules (or else oxygen 
ions) arranged at the corners of an octahedron around the paramagnetic ion. 

The writers wish to place on record their thanks to Professor J. H. Van 
Vleck, to whose constructive and stimulating criticisms the present work 
owes a great deal. 
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Attention is called to the discordant results found by different observers for 
the diamagnetism of water at different temperatures. A new and very sensitive de- 
vice called a manometric balance is described. The device was designed for the pur- 
pose of investigating the variation of the specific susceptibility of water with varying 
temperature. Experiments with water which had just been boiled in order to^get rid 
of dissolved air indicated less diamagnetism at temperatures higher than 23.5°C; and 
experiments upon water which was boiled and left standing for several days in con- 
tact with helium gas indicated greater diamagnetism at temperatures higher than 
23.5°C; the change in the specific susceptiblity was less than one percent in each case. 

T he subject of the present communication has already received consider- 
able attention from various experimentalists. The results obtained by 
different investigators/ using different methods, are not in agreement j in 
fact, the variations found for the specific susceptibility of water do not always 
agree as regards sign ; for example, Piccard, using a modified Quincke method, 
found that the diamagnetism of water is greater at higher temperatures, 
while Cabrera and Duperier, using a torsion method, found it to be less. The 
magnitudes of the variations found were in all cases less than 3 percent of the 
specific susceptibility (susceptibility per unit mass) of water at 20°C, which 
from previous absolute measurements is known to have a numerical value of 
-0.72 X10~^ approximately, in c.g.s. units. 

At a recent meeting^ of the French Academy a summary of the results 
obtained by the various investigators referred to above was presented in the 
form of a diagram. This diagram on a somewhat different scale is reproduced 
in Fig. 1, a curve representing the results of Math ur, obtained in 1931, being 
added. The lack of agreement in the results obtained by these investigators 
for the diamagnetism of water at different temperatures is very remarkable, 
and the reasons therefore seem very obscure. 

The purpose of the present paper is to describe a new method for the in- 
vestigation of the phenomena in question, and to present the results of some 
preliminary experiments which may serve to throw some light upon the 
anomalous results previously obtained. 

The device which we employ is called a manometric balance and operates 
on the principle of balancing the actions of two magnetic fields, one acting 
upon water at some specified temperature and the other upon water at a 

^ Du Bois, Wied. Ann. 9S, 167 (1888); Jager and Meyer, Wied. Ann. 67, 427, 707 (1899); 
Piaggesi, Phys. Zeits. 4, 347 (1905); Piccard, C, R. 155, 1497 (1912); Marke, Bull. Acad. 
Danemark p. 395 (1916); Cabrera and Duperier, Jour. d. Physique et le Radium 6, 121 (1925); 
Mathur, Ind. Jour. Phys. 15, part 3, 207 (1931). 


2 See Comptes Rendus 191, 589 (1930). 
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standard temperature. The theory of the balance will be given after the ap- 
paratus itself has been described. 

The Manometric Balance 

In Fig. 2 the letter M designates one of the two coaxial cores of an electro- 
magnet, each core being about 10 cm in diameter, and Mi, i¥2 designate two 
of four equal pole-tips in the forms of truncated cones, cemented on If; the 
smaller circular faces of these pole-tips were about 1.5 cm in diameter. The 
second core iff' (not shown in the figure) is also provided with two pole tips 
Ml, 1/2' (not shown in the figure) facing Mi, M^; the gaps between Mi, Mi 
and ¥2, Ifa' were approximately 1 cm in length. 



Fig. 1 . Summary of results obtained for Xi/x20. 

The manometric balance itself is made of Pyrex glass throughout, and 
consists of two branches, a left branch and a right branch. Its essential fea- 
tures are represented in Fig. 2 with designations whose significance is given 
in the legend below the figure. 

The procedure of filling and adjusting the balance is as follows. After 
mercury has been introduced to the same level in the bulbs Ei, E2, the stop- 
cock connecting these bulbs is closed, and liquids are then admitted to the 
two branches through the filling-funnels 4 1, A2^ After the liquids have reached 
the tubes h, h at the bottom, the 3-way stopcocks Bi, B2 are so set as to con- 
nect each branch with a corresponding mercury cup which, by a vertical ad- 
justing screw Cl, or C2, can be raised or lowered so as to bring the correspond- 
ing nieniscus mi, or m2, to approximately the desired position in the meniscus 
tube h, QT h, between the pole-tips ¥1, ¥/, or ¥2, M/. The stopcocks Bx, B2 
are then closed and further adjustments of the menisci mi, m2 are made by 
varying the currents through the resistance coils designated in the figure as 
coil 1 and coil 2, whereby expansion or contraction of the portions of the liq- 
uid columns which they enclose is produced. 




could be observed through the microscope designated Mic. The device desig- 
nated Cell through which the capillary tube passes is essentially a tube of 
brass provided with glass ends and filled with Canada balsam. 

The letter designates a jacket enclosing the meniscus tube li, provided 
with an inlet tube Ii and ah outlet tube Oi, through which liquid at any de- 


DIAMAGNETISM OF. WATER 

The liquid used'in the right branch was water at the standard temperature 
To, (23.5°C), and in the left branch water at some temperature F, or a calibrat- 
ing solution of nickel chloride at the standard temperature. ^ 

The positions of the menisci with respect to their respective pole-tips are 
determined by two telescopes (not shown in the figure) provided with mi- 
crometer eyepieces.' ■ ^ 

The right branch of the balance is connected with a funnel F through 
which water containing suspended particles of anise oil can be admitted 
when desired, the motion of which in the capillary tube designated Cap 


Fis^. 2 . Manometric balance. 


^ 1 ,- 42 — Filling funnels 
Bu B2 — 3 -way stopcocks 
Cl, C2 — Adjusting screws 
Cap —Capillary tube 
Cell — Canada balsam container 
Coil 1 — Resistance coil 
Coil 2 —Resistance coil 
Pi, P2— Auxiliary tubes 
El, E2 — Equilibration bulbs 
F — Inlet funnel 


H — Helium container 

Hg — Mercury 

lu It — Inlets for water jackets 

Ji, J<i — ^V^'ater jackets 

M — Core of electromagnet 

Ml, M2 — Pole tips of electromagnet 

mi, m2 — Menisci of liquids 

Oi, O2 —Outlets for water jackets 

ti, t2 — Menisci tubes 

Ti, T 2 —Thermometers 
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sired temperature can be passed for the purpose of regulating the temperature 
of the water or other liquid in the meniscus tube /i. The letters J2, h, O2 have 
a similar significance with respect to the meniscus tube h* The letters Ti, 
designate thermometers which serve to indicate the temperatures of the liq- 
uids in the menisci tubes h, fe. 

The manometer is mounted on a slate frame which is supported in a ver- 
tical plane perpendicular to the axis of the magnet by a suitable cast-iron 
structure, the latter being bolted to the cement base upon which the magnet 
rests. 

The method of operation of the balance is exemplified by the procedure 
followed when pure water is under experimentation. While the temperatures 
of the water in the menisci tubes /i, h are maintained at the standard tempera- 
ture To, the positions of the menisci mu are varied until a balance is ob- 
tained as estimated by the lack of motion, upon throwing on and off the 
magnetic fields, of the suspended particles in the capillary tube, observed 
through the microscope Mic, The two magnetic fields acting upon the menisci 
mi, m2 are then the same, iJo, say. These positions of the menisci are called 
their zero-positions. Upon changing the temperature of the water in the 
meniscus tube /i, the balance is destroyed; a new balance is obtained upon 
moving the meniscus m2 (by varying the currents through coil 1 and coil 2 ) 
through a distance D, say, into a slightly stronger or weaker field J/, say, as 
required. During this procedure the meniscus mi is kept in its fixed zero- 
position. The distance D through which the meniscus m2 is moved in order 
to effect a balance is measured by the micrometer telescope focussed upon it. 

The field fJ relative to iTo is derived from a calibration curve, obtained by 
substituting for the water in the left-branch dilute solutions of nickel chloride 
at the temperature To and of different known concentrations.® 

Sensitivity OF Balance 

In calculating the sensitivity of the balance, we suppose that the water 
columns in the menisci tubes have the same cross sections, a; that the mer- 
cury columns in the bulbs Eu -E2, have the same cross sections h ; and that the 
water column in the capillary tube Cap has a cross section c. Furthermore, we 
suppose that the menisci tubes are each inclined downwards at an angle 6 
to a horizontal plane. 

Assuming an initial state of equilibrium, if we let A/ denote the apparent 
dirolacement, observed in the microscope Iff c, of a suspended particle in the 
capillary tube Cap Aue to a difference of pressure A^ on the menisci mt, m2, 
then the sensitivity 5 , say, of the balance will be proportional to M/Ap. A 
simple calculation shows that: 


^ _ 01 a a / a 

b — — pJ h sin d 

g b \h 


The method does not require a knowledge of the absolute values of H and Ho; in our 
experiments these values were probably in the neighborhood of 18,000 c,g.s. units. 
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where a is the factor of proportionality, g the acceleration due to gravity, 
Pm, Pw the densities of mercury and water, respectively, and M the magnifying 
power of the microscope. It can also easily be shown that the condition for 
stable equilibrium is : ' 

sind < (a/b)(pm/pw — 1)- 

For the special case in which the menisci tubes are horizontal we have sin 
6 = 0, and hence: ■ 

S = a{b/c)(pm ^ Pw)'~^M , (2) 

For the balance used in our experiments: 0 = 0, and a = 0.070, 5=34.0, 
^ = 0.0064, ilf = 400, pm = 13, pw = l, approximately, in c.g.s. units. The pro- 
portionality factor a could be determined without great trouble if desired. 

The sensitivity of the balance used by us is such that changes in the sus- 
ceptibility of water as small as one ten-thousandth part can easily be de- 
tected. 

We estimate, with the aid of Eq. (2), that the sensitivity of our balance 
could easily be increased one thousand times but, owing to vibrational dis- 
turbances, this would not be feasible. 

Theory of the Method 

Let K, kq designate volume susceptibilities of water at the temperatures T, 
Tq. When balance obtains: 

iKHo^ = iKoH\ 

If Xi Xo denote specific susceptibilities and p, po densities of water at the tem- 
peratures r, To, then K=px and kq=poXo] and hence: 

x/xo= (po/p)(£rV//o')v (3) 

We now recall that Hq represents strength of the magnetic field at the menis- 
cus Ml in its zero-position, while H represents the strength of the magnetic 
field acting on the meniscus m 2 when it has been displaced from its zero- 
position by the amount D, say, necessary to obtain the balance. When the 
quantity pqH^/TIq^ as a function of D is known, formula (3) can be used to 
calculate the ratio x/xo, the density p being taken from a table for water. A 
calibration curve giving this quantity as a function of D is obtained as 
follows: — - 

A water solution of nickel chloride is prepared which is neutral at the 
standard temperature To (23.5°C). From this neutral solution several di- 
amagnetic solutions are made, each of which is prepared by adding to a mass 
m of the neutral solution a mass p of water, so that the total mass of the di- 
amagnetic solution is m+p. If Xn denote the specific susceptibility of such a 
diamagnetic solution at the standard temperature To and xo that of pure 
water, then by Wiedemann's law: 

{m + p)xn = PXo. 

Xn/xo = 1/(1 + 5), where: 5 = m/p. 


Hence : 


(4) 
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If such a diamagnetic solution be introduced in the left branch of the bal- 
ance with its meniscus mi in the field Hq, and if the right branch contain water 
with its meniscus Wa in a field H which is such as to give a balance when the 
two liquids are at the standard temperature To, then it is evident from Eq. 
(3) that: 

X»/xo = (Po/w)(ffVW), (5) 

where pa denotes the density of the diamagnetic solution at the standard 
temperature To. Hence from Eqs. (4) and (5) ; 


P8 

1 -f" 5 


( 6 ) 


Now, supposing the values of 6 and pa to be known, if D denote the necessary 
displacement of the meniscus from its zero-position in order to obtain a 
balance, and if the values of B for several diamagnetic nickel-chloride solu- 
tions are known by experiment, a calibration curve can be constructed with 
the quantity po-f/V^^o^ plotted against D. 

From the calibration curve the values of the quantity pqH/IIq^ can be 
taken for use in Eq. (1), after the value of D has been found for the case in 
which water at temperature T is balanced against water at the standard tem- 
perature To. 

Calibration OF THE Balance 

The data used in the construction of a typical calibration curve are given 
in Table 1. The quantity 6 represents the ratio of a mass ni of neutral solution 
to the mass of water added to it in forming the diamagnetic solutions num- 
bered 1, 2, • • • 6; Pa represents the density of a diamagnetic solution at the 
standard temperature Tq (23.5®C); and D represents the displacement of the 
meniscus m 2 from its zero-position, expressed in terms of head divisions of 
the micrometer telescope focussed upon it, in order to produce a balance of a 
diamagnetic solution against water at the standard temperature To. 

Table L 


Solution number 

: 5; ' 

PB 

D 

P5/(1+5) 


0 

0.99742 

0 

0.99742 

2 

0.003749 

0.99750 

65 

0.99377 

■■ ' 3. ^ 

0.007516 

0.99758 

119 

0.99014 

4 

0.011241 

0.99767 

175 

0.98658 

,■ 5' : 

0.014999 

0.99775 

236 

0.98301 

•6 . 

0.018767 

0.99783 

316 

0.97945 

7 

0.026858 

0.99800 

413 

0.97190 

$ ' ■ . 

0.031305 

0.99806 

484 

0.96776 


A calibration curve constructed with the aid of these data is shown in 
Fig. 3. It is the one used in the construction of curve 2 shown in Fig. 4. 

Results 

In Fig. 4 there are shown two curves, one labelled curve 1 and the other 
curve 2. In the case of each curve the ratio of the specific susceptibility of 
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The two curves have certain characteristic features in common, notably 
the correspondence of maxima and minima points. They differ essentially, 
however, in that curve 1 indicates that at higher temperatures the diamag- 
netism of water is less than at our standard temperature 23.S°C, while curve 
2 indicates that it is greater. Each curve was satisfactorily checked by an in- 
dependent run under corresponding conditions. 

The results represented by curve 1 might be cited in support of those 
found by Cabrera and Duperier (1925), while the results represented by curve 
2 might be cited in support of those found by Piccard and Johner (1930) ; 
in fact, for temperatures up to 40'^C the agreement of curve 2 with the corre- 
sponding curve of Piccard and Johner (see Fig. 1) is rather good. 

Since the sensitivity of the manometric balance is such as to permit easy 
detection of changes in relative susceptibility of the order the differ- 
ences between curve 1 and curve 2 must be looked for elsewhere than in the 
errors of observation. 


water at temperature T to that at 20°C, is plotted against the temperature, 
the temperature 20°C being chosen instead of 23.5®C as the standard tem- 
perature in order to facilitate comparisons with the curves of Fig. 1. 

The figures associated with the observation points on each curve indicate 
the corresponding observation times reckoned in minutes from the time at 
which the zero adjustment of the manometric balance was made. The sig- 
nificance of these annotations will presently become apparent. 


.sso 


Fig. 3. Calibration curve. 
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Various experiments led us finally to the conclusion that these differences 
have their origin in differences in the procedures followed in preparing the 
samples of water used in the two sets of experiments. 

The water used in both sets of experiments was distilled in the apparatus 
of the Department of Chemistry, Columbia University. That used in the first 
set was afterwards boiled vigorously for about 15 minutes in a Pyrex con- 
tainer just before the experiments whose results are represented by curve 1 
were begun. The water used in the second set of experiments was similarly 
prepared, except that after boiling it was sealed in its container after the air 
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Fig. 4. 


therein had been displaced by helium gas and then left to stand for 3 days 
before using. Throughout each set of experiments the water was kept in con- 
tact with helium gas with no air present. 

The calibration curve used in the construction of curve 1 was obtained 
by balancing diamagnetic nickel chloride solutions which had stood for sev- 
eral days in contact with helium gas against recently boiled water at the 
standard tempei'ature 23.5°C, and the calibration curve used in the construc- 
tion of curve 2 was obtained in the same way, except that the water used had 
stood for several days in contact with helium gas. 

We are now of the opinion that curve 2 approximates fairly closely a true 
equilibrium curve, but further rather lengthy experiments will have to be 
carried out before this opinion can be fully substantiated. 

The observations upon which curve 2 was constructed are recorded in the 
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first three columns of Table II, captioned respectively T, H-D, and T'E; 
the first column contains the values of the temperatures at which the observa- 
tions were made expressed on the centigrade scale; the second column con- 
tains the values of the displacements of the meniscus W 2 from its zero position 
expressed in terms of head divisions on the micrometer telescope focussed 
upon it ; the third column contains the values of the times elapsed expressed 
in minutes reckoned from the time at which zero adjustment of the mano- 
metric balance was made. In the fourth column are found the values in c.g.s. 
measure of the quantity which captions it, taken from a calibration curve 
; whose derivation is explained above. The fifth column contains the values for 

the densities of water at the corresponding temperatures. In the sixth column 

f 

I Table II. . ' 


} T IDD T-E PoID/H,\ p x/xo 


23.50 

0 

0 

0.99742 

0.99742 

1.0000 

26.80 

6 

63 

0.99710 

0.99660 

1.0005 

30.45 

18 

83 

0.99640 

0.99554 

1.0008 

33.90 

28 

101 

0.99579 

0.99443 

1.0013 

37.45 

30 

123 

0.99565 

0.99318 

1.0024 

40.60 

51 

141 

0.99440 

0.99201 

1.0024 

43,85 

98 

165 

0.99145 

0.99070 

1.0007 

46.90 

106 

180 

0.99100 

0.98944 

1.0015 

50.50 

145 

212 

0.98860 

0.98784 

1.0007 

53.50 

176 

235 

0.98670 

0.98646 

1.0002 

57.60 

210 

252 

0.98480 

0.98455 

1.0002 

61.00 

238 

275 

0.98300 

0.98272 

1.0002 

63.00 

260 

294 

0.98180 

0.98167 

1.0001 

66.70 

280 

315 

0.98060 

0.97966 

1.0009 


As regards the numbers in the last column of this table, we estimate that, as far as our 
actual observations are concerned, they may be in error one way or the other by 1 or 2 units in 
their last places. 

are found the ratios of the specific susceptibilities of water at temperatures T 
to its specific susceptibility at the temperature 23.S°C. 

The curve shown in Fig. 5 represents the results of a cyclic run on water 
which, after boiling, was left for several days in contact with helium gas. The 
figures associated with the observation points have the same significance as 
with curve 1 and curve 2, Fig. 4. 

An entirely reliable interpretation of the anomalies in the results repre- 
sented by the curves in Fig. 4 and Fig. 5 cannot, we believe, be given at 
present. We are confident, however, that the apparently anomalous behavior 
of water as indicated by these curves cannot be ascribed to errors of observa- 
tion or to peculiarities of the apparatus; for the susceptibility-temperature 
curves for benzene and for toluene show no such anomalies. 

Questions arise, of course, as to whether the curves for water represent 
reliable values for the diamagnetism of water or values vitiated by the action 
(catalytic, perhaps) of unknown impurities or, possibly, by some unsuspected 
action of a magnetic field upon the surface tension of water, although action 
of this sort has been fruitlessly sought by various investigators. 
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If, however, it be granted that the results represented by the curves in 
Fig. 4 and Fig. 5 are trustworthy, they might, we believe, be explained on the 
assumption that polymerization changes in water produced by variation in 
temperature required for their completion a considerable time; but such an 
assumption is difficult to justify on theoretical grounds. 
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.996 


Fig. 5. Cyclic run for water. 

A more exhaustive investigation, suggested hy the results of our prelimi- 
nary investigation, will be undertaken in the near future. 

We wish to express our appreciation of the very helpful collaboration of 
Mr. Donald Woodbridge during the later stages of the present investigation. 
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The work of Becker and Kersten is amplified in that, starting with a convenient 
expression for the energy of a magnetically saturated and homogeneously distorted 
cubic ferromagnetic lattice, the problem is treated with especial reference to the 
crystallographic symmetry, rather than with the assumption of an isotropic medium, 
as was done by the above named authors. Application is made of the foregoing to the 
magnetostriction and magnetization of samples of iron' nickel, and their alloys under 
tension and compression. The agreement with experiment is qualitatively satisfac- 
tory. Further experimental data are needed for a quantitative check. Finally, there is 
a brief discussion of the effect of magnetization on elastic properties and of hysteresis, 
and a few important problems are listed. 

I N TWO very interesting papers by Becker,^ and Becker and Kersten,^ the 
magnetic properties of distorted lattices are discussed. These authors as- 
sume an expression for the energy of the lattice that is a linear function of 
the tensor components representing the distortion, and a quadratic function 
of the direction cosines of the direction of magnetization. In applying this 
expression, however, they use an approximation which eliminates the sym- 
metry of the crystal present in the original expression for the energy. It is 
the purpose of this paper to carry out the various calculations without mak- 
ing such simplifying approximations. 

Assumptions 

Although the models of Ewing and Honda have been very useful in the 
development of ideas about ferromagnetism, recent advances indicate that 
it is time to examine them critically. It seems desirable, to a certain extent, 
to get away from such unobservable quantities as the individual magnetic 
moments of the various atoms in a crystal. Indeed, since wave mechanics has 
taught us to treat the electric charge surrounding an atom as a continuum, 
it is only logical to treat the magnetization of a solid as a property of the 
electric density which occupies the entire space surrounding the nuclei. This 
indicates that we have to deal, not with an aggregate of dipoles, but with a 
vector field. We may expect to derive the laws governing the behavior of this 
vector field from general quantum-mechanical principles, but since the at- 
tempts so far made have not been entirely successful, it may be worth trying 
to formulate them independently, with reference to experimental results only. 
The first of these laws relates to saturation phenomena. It gives the energy of 

^ R. Becker, Zeits. f. Physik 62, 253 (1930). 

2 R. Becker and M. Kersten, Zeits. f. Physik64, 660 (1930). 
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a saturated ferromagnetic lattice as a function of the direction of magnetiza- 
tion. This part of the problem has been attacked from an atomic point of view 
by Heisenberg,'"* who discusses the existence of magnetization of the type un- 
der discussion, and Bloch and Gentile^ who take up the orientation in the 
crystal lattice. An attempt to establish a corrective term applicable to dis- 
torted lattices forms the body of this paper. In addition to these laws govern- 
ing the orientation of the vector J, we need to know how I changes in magni- 
tude. The most generally accepted suggestion is that I does not change in 
magnitude at all, if we measure it in sufficiently small volumes, but is always 
equal to Iwy the Weiss spontaneous magnetization. These small volumes must, 
nevertheless, contain a large number of atoms. In other words, a crystal is 
divided into small regions whose directions of magnetization are determined 
by a probability function. This model surely contains some truth, but has 
not been very useful in explaining the detail of demagnetization, perhaps be- 
cause other phenomena, such as a periodic reversal of the direction of mag- 
netization,® for instance, obscure its implications. An interesting alternative 
possibility is to assume that in this problem, as in the case of other vector 
fields, two separate treatments are called for, corresponding to geometrical 
optics on the one hand and wave optics on the other. In fact, in view of the 
general orderliness of nature on a small scale, as contrasted with the general 
disorder found on a large scale, one might almost suspect that all polarization 
and diffusion vector fields, when examined in detail, would reveal a wave 
structure rather than random fluctuations. However that may be, experi- 
mental evidence has recently been found, which shows that the magnetization 
of a single crystal is not uniform, that inhomogeneities exist, and are arranged 
according to well-defined geometrical patterns.® Therefore on purely empirical 
grounds we may expect a wave equation to govern the intensity of mag- 
netization, that is, one whose solutions are some sort of oscillating functions. 
The existence of such an equation will then somehow have to be reconciled to 
the existence of spontaneous magnetization as postulated by Weiss and 
Heisenberg. 

The above discussion has been introduced in order to emphasize two 
points. (1) The magnetic properties of a saturated lattice are representable 
by a function derivable from symmetry considerations and containing a few 
constants which it is the business of atomic theory to interpret. (2) Whenever 
other than saturated lattices are discussed, further assumptions must be 
made. The simplest and most convenient for our purposes are given below. 

We shall assume that when the energy of a saturated lattice is less for 
magnetization along some one direction than for any other direction, then the 
lattice will actually be magnetically saturated in this one direction of mini- 
mum energy. Further, when the energy of a saturated lattice is less for mag- 
netization in n specified directions than in any other directions, then the 

5 W. Heisenberg, Zeits. f. Physik 49, 619 (1928). 

^ F. Bloch and G. Gentile, Zeits. f. Physik 70, 395 (1931). 

® P. S. Epstein, Phys. Rev. 41, 91 (1932). 

8 F. Bitter, Phys. Rev. 38, 1903 (1931); 41, 507 (1932). 
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In addition we put for the elastic energy of distortion^ 

^ A review is contained in F. Bitter, Phys. Rev. 39, 337, 371 (1932). 

® This is the expression used by Becker^ and is correct for isotropic media. In general, 
three elastic constants are required to describe cubic crystals. The energy is (Love, MaiK 
Theory of Elasticity, 

which reduces to the above for 2<;44~ 01 —^ 12 . The use of this complete expression does not 
alter the form of Eqs. (7) or (11), but does alter the relationships 10 and 12 to 
c^c' +XiV 2 (i^ii — Ci%) '-K^/4:CuV Xi = —^ 12 ) ; X2 = 


lattice behaves as if a fraction \/n of its total volume were magnetized to 
saturation in each of the directions. The justification for these assumptions 
is that they are very simple to handle, and that to a first approximation they 
have been found to represent certain facts very well,’^ and seem to be ade- 
quate here also. As a rule, however, they fall down when applied to problems 
in which two or more directions have almost equal energies, or when hyster- 
esis is important. 

We shall further assume that the energy Eq* of a perfect cubic lattice in- 
sofar as it depends on the direction of magnetization may be written 

= + + ( 1 ) 

El = const. + r' ( 2 ) 

const. + Ki + K2 (^) 

(4) 


Ef 


E. 


Here Ef refers to the undistorted cubic lattice, and results from the spin- 
orbit coupling.^ The tensor components Bij give the position x\ y\ of a 
point after distortion in terms of its coordinates before the distortion. 

x' = {Bii + l)x + Bijy + BikZ, etc. (S) 


The quantities ai are the direction cosines of the magnetization along the 
i,jj k axes which are assumed parallel to the tetragonal axes of the crystal. 
Ez is the energy component due to the external field II. The summations ex- 
tend over all values of f, j, k, the primed summation indicating etc. The 
constants include all terms independent of ai, etc. 

These equations are inconvenient because they refer to an ideal cubic lat- 
tice which is not experimentally available. In order to correct this we must 
calculate the equilibrium configuration of the lattice under no external forces, 
and use this as our starting point. 


Lattice under no External Forces 
Let us write =.4^7+ Ct/, where the quantitites B^ refer to total distor- 
tions measured from the original cubic form of the lattice, Ca are the distor- 
tions produced in the lattice by internal forces, and are the distortions 
produced by external forces alone, measured from the equilibrium configura- 
tion of the lattice. We can write 
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£4 = ix[ + G XCiA 

G being the modulus of shear, or rigidity, and (X+2G/3) the modulus of com- 
pression of the (non-magnetic) cubic lattice. The quantities Q/ are then so 
determined that in the absence of external forces 

(a/aCiy)(E/ + £ 4 ) = 0 . 

Carrying this out, we obtain 

^Cii = const. 

Cii = const. — {Ki/2G)ai^ 

Cij = const. (K 2 / 2 G)aiaj 

and, remembering that 

we obtain 

^4 = const. + [(AV - Ai2)/4G] 

£2' = - AV)/ 2 G] 

Consequently, putting and lumping all the terms independent 

of the direction of magnetization into a single constant, we obtain 


Ee == El "f* E 2 “f* Ez "T const . (6) 

where 

El = ^ (7) 

£3 = Ki + £2 'E'Atiaiai (8) 

Es^Iw'H (9) 

r = ^' + (Ax^ A2V4G ( 10 ) 

where Eiis the energy of the lattice including magnetostrictive strains, and 
where the -/are measured from that configuration of the lattice in which it 
is in equilibrium with itself. Further, the magnetostriction given by the ten- 
sor Cij is more conveniently expressed by the formula for the change in length 
per unit length in the direction /3i, /3y, (Sa; 

5/// = Xo + Xi + X 2 (11) 

which can be derived by noticing that 

and substituting the values of Ca found above. On doing this, one obtains 
Eq. (11) with 


XI = - Ax/2G; 


AV2G, 


The expression for bl/l gives the difference in length between the final mag- 
netically saturated state and the initial cubic state. Since this initial condition 
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indicating that the energy is independent of the orientation of Iw in the plane 
normal to the extension, and is a maximum in the direction of extension if 

£2 for extension parallel to [l 10 ] axis 

Substituting the appropriate values of -4 1 */ into Eq. (8) and putting 
Ui — sin 0 sin a/ = sin 6 cos 0; a^ = cos 6 we obtain 
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cannot be realized experimentally, we must choose some other cubic condi- 
tion as our starting point and correct the above expression by choosing xo to 
fit experimental observations, instead of using for it that function of X, G, 
etc., which results from the foregoing calculation. It is convenient to use as 
our reference configuration one with no applied field i7, in which the sample 
is completely demagnetized. For the present we need not specify further what 
this demagnetized condition is. It should be noticed that formula (11) may 
be checked without any special assumptions regarding xo by measuring the 
difference in magnetostriction between various directions of magnetization 
and observation, xo will then drop out. 

Insofar as the foregoing considerations are correct, Eqs. (6) to (12) should 
describe the behavior of saturated crystals. There appear five constants, Iw, 
c\ Ki, K2, and G which are to be interpreted by quantum theory. This has 
been attempted for the first two only. 


Evaluation of £2 

In the following we shall not be concerned with the elastic properties of 
crystals, but confine ourselves to the description of strains, and moreover to 
extensions with transverse contractions. The tensor components have been 
calculated for the following cases. 


Extension parallel to [lOO] axis 

An = A; Ajj = Akk = Ai^ = A^k • • • = 0. 


Extension parallel to [llO] axis 

An = Ajj = [(1 — jx)/ 2 ]A; Akk = “ 

Aij ^ An = [(1 + fJ^)/2]A; A^ = = 0 . 


Extension parallel to [ill] axis 

An = Akkr= [(1 - 2 m)/ 3]4; 4,7 = 4,-, = • • • = [(1 -Fm)/ 3]4. 

A measures the extension, and ix determines the extent of the accompanying 
change in volume. In the ensuing formulae additive constants are neglected. 


£2 for extension parallel to [lOO] axis 

Substituting the values found above into Eq. (8) and putting 0 ;^ = 
ojj- = sin 0 sin = sin 0 cos ^ one obtains 

£2 = [(1 +m)/2]£:i 4 cos2i9, 


cos d\ 
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£2 = - ii)/2] [sin^ e - /icos^e] + £3^(1 + b ) sin^ 0 sin ^f. cos <^) . ( 14 ) 

Putting d = ir/2, this gives for the ( 001 ) plane, which contains the direction 

of extension ^ 

■Ea = [(1 + M)/2]if24 sin 2 < 5 !) 

which expression has a maximum for 4 > = 7r/4, or in the direction of extension, 
if £:2>0. However, by putting <^ = tt^, this gives for the ( 110 ) plane which 
also contains the direction of extension, 

£, = - [(1 + p)/ 4 ](ri + £3)41 cos 20 

or for the (110) plane perpendicular to the direction of extension, for which 
£3 = - [(1 +iu)/ 4 ](£i - A'2).4 cos20 

which shows that the energy is not independent of the orientation of in 
the plane normal to the extension unless Ki = i^ 2 . Further, E% will have its 
maximum or minimum value in the direction of extension as long as Ki+K^ 
has the same sign as Z 2 . But if Ki+K^ has the opposite sign of Z 2 , then both 
maximum and minimum of Ez will lie in a plane perpendicular to the exten- 
sion. This latter case is of considerable importance in describing the Villari 
reversal in iron, as discussed further on. 

£2 for extension parallel to [ill] axis 

Substituting the appropriate values of Ai^ into Eq. (8), and writing for 
the angle 6 between the direction a*, ak and the [ill] axis whose direction 
cosines are 

cos^ = + o:/ + ak) 

we obtain 

£2 = [(1 + M)/2]ir2.4 cos 2^, 

an expression similar to that for extension along the tetragonal axes, except 
that i ?2 replaces 

Magnetostriction 

The formula given in Eq. (11) expresses a complicated relationship be- 
tween the parallel and transverse components of magnetostriction in their 
dependence on the direction of magnetization in the crystal. Existing data 
are not sufficiently reliable for a satisfactory quantitative check, but are per- 
haps sufficient for a rough estimate of xi and X 2 for iron and nickel. From 
Eq. ( 11 ) we find the following values of Sl/L We shall evaluate these con- 

T ABLE 1. Table of theoretical magnetostrictions. 


Case Direction of magnetization 

Direction of observation 



81/1 

a 

[100] axis; 

a,* — 

1 , 

aj 

~0, ak 

=0 

i3i = 

= 1 , 


=-0, 


-0 


Xo + A 

i 


h 

a 

a 



a 



=0, 


= 1, 

Bk 

=0 


Xo 



c 

u 

it 



u 

u 

Bi-- 

=0, 


= 2- 

-1/2 

ft- = 2 - 1/2 


Xo 



d 

[110] axis; 


2" 

- 1 / 2 ^ 

aj = 2 ” 


Bi- 

= 2- 

- 1/2 

. 


= 2- 

■l/^0A, = O 


xo+i 

(xi 

+X 2 ) 

e 

(1 


u 


u 

il 

Bi'- 

= 2- 

- 1/2 



2-1/2,04 = 

=0 

Xo+I 

(xi 

■“X 2 ) 

f 



u 


(t 

a 

^r- 

=0, 


=0, 

^k 

= 1 


XO 



g 

[111] axis; 

ai — 

3 - 

• 1 / 2 ^ 

a/ = 3 - 

at = 3 - 1/2 

/?** = 

= 3 - 

- 1 / 2 ^ 


-3- 

-1/2,04 = 3- 

-1/2 

Xo+'l 

(xi 

+ 2 x 2 ) 

h . 






a 

u 


= 2- 

- 1 / 2 ' 



2-1/2,04 = 

=0 

xo+i 

(xi 

““X 2 ) 
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slants for iron and nickel, assuming that in the experiment the zero reading 
corresponds to the length for perfect demagnetization. The observations on 
iron are taken from Honda and" Masiyama,® and those on nickel from 
Masiyama.^® The observations are tabulated in Table IL 


Table II. Comparison of theoretical and experimental magnetostrictio^is. 



Case 

Theoretical value 

Experimental value X 10® 




Iron 

. Nickel 


a 

Xo + Xi 

/17.1 

115.3 

/-54.4 

1-50.7 


b 

%o 

-15.7 

. 21.1 


c 

Xo 

-15.4 

24.0 


d 

X 0 + KX 1 + X 2 ) 

/-7.2 

\-2.7 

14.0 

/-31.3 

1-33.9 


e 

xo+i(xi — X 2 ) 

14.5 


f 

xo 

-9.1 

18.3 


g 

xo4“i(xi+2x2) 

-12.9 

■ -27.1 


h 

xo4‘i(xi-X2) 

20.6 

■ 7.2 ' 


In order to fit these values we have chosen the constants shown in Table 
III. 

Table III. Magnetostriction constantsX 10^. 


Iron 

Nickel 

Xo 

-15.5 

21.0 

Xl 

32.0 

-73.5 

, , ■; X2' ■ 

-12.3 

-23.5 


These values fit the observations in Table II fairly well, except case h in 
iron, which becomes 0 instead of 20.6, and case e in nickel, which becomes —4 
instead of 14.5. A better all-around fit might be attempted, but this is hardly 
worth while, since the observations were made on disks cut perpendicular to 
tetragonal and digonal axes in which the demagnetization is probably struc- 
turally different. The constants as evaluated in Table III are therefore only 
roughly reliable. 

As to the dependence of the volume on the direction of magnetization, we 
have^^ 6z;/y =2!^ = constant, a relation which holds independently of the 
choice of constants iTi and ir 2 . 

In order to calculate the change in magnetostriction produced by tension 
we shall make use of the assumption regarding the nature of demagnetization 
—the material behaves as if a fraction 1/n oi the total volume is magnetized 
in each of the directions of easy magnetization. This assumption requires 
that the observed longitudinal magnetostriction, or the total change in 
length from a demagnetized state to saturation can be written: 

® K. Honda and Y. Mashiyama, Sci. Rep., Tohoku Imp. Univ. IS, 755 (1926). 

Y. Masiyama, Sci. Rep., Tohoku Imp. Univ. 17, 945 (1928). 

XCii is invariant to a rotation of axes, and is therefore equal to the sum of 1 he principal 
axes of the tensor ellipsoid. 


704 


FRANCIS BITTER 


For iron 


T. 


For nickel 


a 


ij ^3} \ 

»> Pk / 


1 an/i, 0, 0 

T 1 

1 an 


3 i 


-n, 0, 0 \ 

- Pk ) 

/O, 0, 1 \ 
Pi, pk ) 


sr 


0 , 1 , 0 

Pi, Pi Pk 


dl 

Tj 


^/c 

Pi, Pi, Pk 


\ 1 5n/3-i'^ 3-1/2, 3-i'2\ 1 an/ 

/ " 7 TJViS,-, Pi, Pk / 7 ii\ 

1 5n/3-i/2, -3-1/2, a-i/^Y 1 5n/ 

/“7 TJv 


3-1/2, -3-1/2, 3-: 


-3-1/2, 3-1/2, 3-1/2' 
/3i, Pi, Pk 
'3-1/2, 3-1/2, _3-i/ 


4 ; JV^i, i3,-, / 4 I J\Pi, Pi, Pk 

where the quantities in brackets indicate the directions of magnetization 
and observation, respectively. Both of these expressions reduce to 

— Xl/3 -b Xl + X2 

which is equivalent to our original expression (11) provided xo = — Xi/3. The 
values in Table III are not quite consistent with this result, so that we may 
expect discrepancies when making use of the above assumption concerning 
demagnetization. 

We proceed to discuss the longitudinal magnetostriction in crystals under 
tension and compression in the direction of magnetization. This tension or 
compression, whenever it is referred to in this article, means tension or com- 
pression so large that Ei may be neglected in Eq. (6). The procedure is here 
outlined, by way of illustration, for nickel under tension along a trigonal axis. 
Tension along a trigonal axis in nickel makes the energy a minimum for mag- 
netization in the plane perpendicular to the tension. Therefore the magneto- 
striction under tension will be that observed without tension plus the change 
due to the new configuration for demagnetization, which change is given by 


dr 

7. 


/2-1/2, 

\3-i/2. 


- 2 - 1 / 2 , 0 
3 - 1 / 2 , 3 - 1/2 

or for the total magnetostriction under tension 
xo + Kxi 4- 2 x 2 )— - [xo ■+ Kxi 


[xo + Kxi - X2)] 


X2)] 


X2- 


In this case, as in all others, the magnetostriction under tension does not in- 
volve xoi and is therefore independent of our special assumptions about de- 
magnetization. Various other cases have been calculated and are tabulated 
in Table IV. Here xo has been put equal to — xi/3 to show in which cases the 
relation 

3 sr 


sr 

T. 


tension 


2 rj 


no tension 
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12 O, E. Buckley and L. W. McKeehan, Phys, Rev. 26, 261 (1925), 
L. W. McKeehan and P. P. Cioffi, Phys. Rev. 28, 146 (1926). 

I'l K. Honda and S. Shimizu, Phil. Mag. 4, 338 (1902). 

W. L. Webster, Proc. Roy. Soc. A109, 570 (1925). 
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which was found by Becker for nickel, holds. In Table IV the values of U/l 
only are affected by the special choice of Xo. 

Table IV. Longitudinal magnetostriction in crystals with and without tension or compression 
in the direction of magnetization^ assuming a special mechanism for demagnetization which requires 
that xo = — Xi/3. 


Material 

Ki 

K2 

Ki-^K2 

] 

Direction of 
magnetization 

Sl/l 

81/1 with teo' 
sion 

8l/l with 
compression 

Fe 

— 

+ 

— 

[100] 

2xi/3 

0 

XI 





[110] 

i(xi/3+X2) 

X2 

Kxi+xs) 





[111] 

2xV3 

X2 

0 

. Ni 

+ 

+ 

+ 

[100] 

2xi/3 

Xi 

0 





[110] 

2(Xi/3 + X2) 

i(xi+X 2 ) 

0 , 





[111] 

2x2/3 

X2 

0 

80 % Ni 1 
20 % Fe / 

? 

0 

? 

[111] 

0 

0 

0 

45% Ni 1 
55% Fe, / 

? 

- 

? 

[111] 

2x2/3 

0 

? 


The sign of ir 2 for the alloys containing 80 percent Ni and 45 percent Ni is 
taken from data by Buckley and McKeehan. Further, McKisehan and 
Ciofh^^ found that the magnetostriction of a wire of the 80 percent Ni alloy 
with and without tension is zero, while Honda and Shimizu^^ found that for 
a wire of the alloy containing 45 percent Ni the magnetostriction under ten- 
sion is zero. In nickel and iron wires, the last named authors find the mag- 
netostriction with and without tension as shown in Table V. 

Table V. Magnetostriction of wires. 


Without tension 


With tension 


in iron 


-4X10-® 


<-9X10-6 


in nickel 


-30X10-® 


—42X10-6 


All these results are in general agreement with the predictions of Table IV 
provided we assume the iron wires to be fibered with a digonal axis parallel 
to the wire axis, and all the other wires to be fibered with a trigonal axis 
parallel to the wire axis. 

The calculation of magnetostriction under tension as a function of H is of 
course quite possible in accordance with the above. We shall here be content 
with pointing out that both for iron and nickel wires under sufficient tension, 
I is proportional to H up to saturation, and the magnetostriction is propor- 
tional to P, This is of especial interest for iron, in that it predicts the disap- 
pearance of the change in sign in the magnetostriction which has often been 
observed in wires and single crystals^^ magnetized in a [110] direction. The 
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change in sign, or Villari reversal, is discussed from a theoretical point of view 
by Heisenberg^® and Akulov. Its disappearance has been observed by Honda 
and Shimizu. 

Magnetization^® 

The magnetization curves for crystals under tension may be calculated 
with the help of Eq. (6) by finding the minima of Eq, If tension produces a 
maximum in the direction of magnetization, the material will be more difficult 
to magnetize under tension, and conversely. Since Ee has a maximum in the 
direction of extension for extension in nickel along the tetragonal, digonal and 
trigonal axes, and in iron along the trigonal axes, these conditions will give 
rise to properties similar to those found in nickel wires, and discussed at 
length by Becker and Kersten.^® On the other hand, iron under tension along 
a tetragonal axis has a minimum of Eb in the direction of extension. The four 
minima at right angles to the direction of extension have been bulged out. In 
other words, suppose an iron crystal is placed with its tetragonal axes parallel 
to the axes of a cartesian system of coordinates. Eb has a minimum along the 
±x, ±y, and ±z axes due to the fact that C>0 in Eq. (7). Extension along 
the z axis changes Ee so that it has a minimum in the ±z directions but a 
maximum in any direction in the x-y plane. In order to see the effect of ex- 
tension on magnetization let us assume a small field in the direction of the 
+z axis. We shall here give up the simple assumption that this small field 
produces saturation, and assume instead merely that there is a slightly 
greater probability of finding a volume element magnetized in the +z direc- 
tion than in any other direction. If, now, we apply tension along the z axis, 
we effectively dump the contents of the minima along the ±x and ±y axes 
into the minima along the ±z axis, which, because of the small magnetic 
field in the direction, will fall more into the +z than —z direction, and so 
increase the magnetization. Iron under tension along a digonal axis is more 
complicated. Let us assume that extension is along the [l lO] axis in the model 
just discussed. This extension will produce maxima of £0 along the ±0 axes, 
and minima along the [llO] directions, as may be seen by substituting the 
values for Ki and K 2 as given by Table III and Eq. (12) into Eq. (14). A small 
field in the [llO] direction will make the minima of Ee in the x and y direc- 
tions less than the minima in the -y, and ±0 directions. If tension is 
gradually applied along the [l 10 ] axis, the minima in the ±0 directions are 
first emptied, producing an increase in magnetization. Further extension 
shifts the minima along the x and y directions into the (110) directions, pro- 
ducing a decrease in magnetization. This is in accordance with the observa- 
tions of Honda and Terada^® and others. In general, if a substance is easier 

W. Heisenberg, Zeits. f. Physik 69, 287 (1931). 

N. Akulov, Zeits. f. Physik 69, 78 (1931). 

^8 A further discussion of magnetization with illustrations of the function Eq will be pub- 
lished in a further paper. 

See references 1 and 2, and M, Kersten, Zeits. f. Physik 76, 505 (1932). 

K. Honda and T. Terada, Jour. Col. Sci., Tokyo 21, Art. 7 (1906). 
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to magnetize under tension, it is more difficult to magnetize under linear 
compression. This, however, is not true of iron along a [llO] axis. Changing 
from extension to compression changes the sign of A in Eqs. (13) through 
(15), and consequently reverses the positions of the maxima and minima of 
Eb^ But iron under tension along a [llO] axis has both maxima and minima of 
£0 at right angles to the extension. Compression will reverse these, and so 
will not produce a minimum in the direction of compression. 


Elastic Properties 

Since the energy of distortion as given in Eq. (9) is a linear function 
of the distortion, we may say that the atomic interactions responsible for 
E 2 give rise to forces that are independent of the distortion, and dependent 
only on the direction of magnetization. Consequently, in order to discover 
any change in the elastic properties of iron due to a change in magnetization 
from a [lOO] axis to a [OlO] axis, for instance, it would be necessary to use 
methods that were capable of detecting the change in elastic properties due 
to the application of a constant force.^^ 

Finally, it follows from Eq. (12) that the modulus of shear G may be writ- 
ten 


Since xi or X 2 can be determined by measurements on magnetostriction, 
and Ki or Z ‘2 by measurements on the change in magnetization or magneto- 
striction under tension, it follows that we can determine G, an elastic con- 
stant, by purely magnetic measurements.® 


Hysteresis 

Whether or not homogeneous strains are important in determining hys- 
teresis depends entirely on the mechanism by which magnetization changes 
from one direction, say A, to another B, If this is essentially a rotation, so 
that the nature of Ee between A and B actually enters into the problem, then 
homogeneous distortions certainly will be important. Such a condition is to 
be expected in rotating fields. It may very well be, on the other hand, that 
the values of £0 between A and B are in some cases quite irrelevant. In such 
cases homogeneous strains would not be important. 


Problems 

The following problems appear to be among the most interesting and im- 
portant ones confronting students of ferromagnetism today: (1) The inter- 


21 If the direction of magnetization depends on distortion the elastic behavior will be modi- 
fied in a complicated way which will be discussed elsewhere. 

22 F, Bloch discusses a mechanism for such changes in direction of magnetization, Zeits. 
f. Physik 74, 295 (1932). 
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pretation of the constants c, and Kz in Eqs. (7) and (8). (2) The effect 
of alloying on these constants, both from an experimental and theoretical 
point of view. (3) The establishing of Eq. (8) for the energy of distortion and 
its derivative Eq. (11) for magnetostriction on a firm experimental basis. 
(4) A determination of the law stating how magnetization changes from one 
direction to another, together with the related but perhaps more difficult 
problem of describing demagnetization. 
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Hall e»mi. and Intensity of Magnetization 


E. M. Pugh and T. W. Lippert 
Carnegie Institute of Technology 


(Received October 3, 1932) 


Previous experiments have indicated that the Hall e.m.f. depends on intensity 
of magnetization rather than upon applied field or magnetic induction. Additional 
evidence is offered, the most important being that provided by a material in which H 
and B-H are of the same order of magnitude. 


I T HAS been shown by one of us^ that in certain ferromagnetic materials 
the Hall e.m.f. £ is a linear single-valued function of the intensity of mag- 
netization B-IT, but is neither a linear nor single-valued function of either the 
induction B or the applied field H. 

The nature of the apparatus used at that time was such that it was pos- 
sible to obtain accurate results on only two substances, namely, K.S. magnet 
steel and high carbon steel, and only after they had been hardened by proper 
heat treatment. 

Whether the above rule is general or is merely characteristic of the two 
materials tested, should be thoroughly investigated on account of its theoret- 
ical importance. This is especially true since these two substances had some- 
what similar magnetic properties. It was therefore decided so to modify and 
improve the apparatus that accurate measurements of E, B and H could be 
made on a great variety of materials. 


Apparatus 


In the old apparatus^ the method of measuring the Hall e.m.f. with a 
Kohirausch slide wire made the sensitivity proportional to the resistance of 
the test bar, forstalling the testing of low resistance bars. The Kohirausch 
slide wire was replaced with a Wolff potentiometer which, together with de- 
cided improvements in the storage battery current supply, reduced the un- 
certainty in the e.m.f. measurements on all materials to ±10“® volts— less 
than half the uncertainty previously obtained in high-resistance materials. 

The magnetic measurements were also considerably improved by the use 
of a high-sensitivity galvanometer shunted with a very low resistance which 
gave it excellent fiuxmeter characteristics. Such a well-damped fluxmeter is 
essential for the accurate measurements of the slow magnetic changes occur- 
ring in the bars. ■ 

Procedure 


The bar under test was first heat treated in an atmosphere of hydrogen, 
and then placed in the apparatus where it was measured by the step-by-step 
method described in the former paper. ^ The quantities £, £, and H were ob- 


E. M. Pugh, Phys, Rev. 36, 1503 (1930). 
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tained over the virgin curve and over several succeeding hysteresis loops. 
These same quantities were then measured over the normal magnetization 
curve by the method of reversals. 



Fig. 1. Variable permeability cylinder to find value of H for samples of low permeability. 

The following materials were tested after they had been carefully an- 
nealed and also after they had been quenched from a suitably high tempera- 
ture,^ — electrolytic iron, high carbon steel, K.S. magnet steel, an iron-cobalt 



Fig, 2. Hall e.m.f. E in annealed K.S. magnet steel taken along the ascending branch 
of the first hysteresis loop. Plotted (A) against if, (B) against (C) against B-if. Current 
density 40 amperes per cm2. 

alloy (Fe SO percent, Co 50 percent), and an iron-nickel alloy (Fe 70 percent, 
Ni 30 percent). The iron-nickel alloy is only slightly magnetic at room tem- 
perature, having a maximum permeability between 3 and 4. It loses its ferro- 
magnetic properties at about 140°C, 



io:^voy:s 


Fig. 3. Hali e.m.f. in quenched iron-nickel alloy (Fe 70 percent, Ni 30 percent), (yl) and 
(B) show the multiple- valued character of the curves with JEf or jB as abcissae; (C) shows the 
single-valued character of E with B-H as abcissae. Current density 40 amp. per cm^. 
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The tests on this slightly magnetic bar were far more conclusive than on 
any other specimen because in it the quantities H and were of the same 
order of magnitude whereas in the other bars H was never more than 5 per- 
cent of B-H, 

The saddle coil method^ of measuring H was inapplicable to this slightly 
magnetic alloy and was discarded. Instead H was measured by substituting 
in place of the bar two concentric cylinders (Fig. 1) between the pole pieces 
of the electromagnet. The space between the cylinders was filled with a mix- 
ture of heavy oil and iron filings in such a proportion that the additional flux 
due to the iron filings was the same as the additional flux previously due to 
the test bar. Under these conditions the search coil around the inner cylinder 
enclosing air only measured the desired value of H, 


Fig. 4. Hall e.m.f. in baked iron-nickel alloy taken along the normal magnetization curve, 
where greatest accuracy is obtainable. Current density 40 amp. per cm^. (.4) and (B) show defi- 
nite curvature of E with FT or B as abcissae; (C) shows the linear character of JS with B-H 
as abcissae. 


Results 


Figs. 2, 3 and 4 are good examples of the results obtained. Fig. 2 shows 
the results obtained on the ascending branch of the first hysteresis loop fol- 
lowing the annealing of K.S. magnet steel. While the intensity of magnetiza- 
tion was different on the different successive hysteresis loops, no change was 
found in the ratio of £ to B-PL In each material tested the ratio E/(B-II) re- 
mained constant, dependent on temperature and previous heat treatment only , for 
all of the magnetic changes to which it was subjected. 

The best results were obtained with the iron-nickel alloy (Figs. 3 and 4) 
which, because of its low permeability, furnished a very exacting test of this 
relationship. It is here obvious that the graph of £ is curved and multiple 
valued (Figs. 3A and 3B) when plotted against either H or B but is straight 
and single valued against Fig. 3C. The greatest accuracy is attained in 
taking a normal magnetization curve because the method of reversals elimi- 
nates the cumulative errors of the step-by-step method. Fig. 4 shows the Hall 



HALL EFFECT 


713 



e.m.f. curve taken along the normal magnetization curve of the iron-nickel 
alloy. 

It was not possible to make measurements over a large range of tempera- 
tures with the apparatus but the variation of the ratio E/ (B-H) in elec- 
trolytic iron and in the iron-nickel alloy was investigated over the range 
available (Fig. 5), In this region the ratio E/{B-H) varies linearly with 
temperature whereas both and E/H plotted against temperature give 
curves. 


' ELECTROLYTIC IRON 
■HEATING CURVEo^K^ h 


IRON -NICKEL ALLOY- 
COOLING CURVE 


TEMPERATURE - C‘ 


Fig. 5. Variation of ratio E/(B-H) with temperature in electrolytic iron 
and in the iron-nickel alloy. 


These and previous results furnish convincing evidence that the Hall e.mf, 
should he considered as a function of the intensity of magnetization alone. 

The authors wish to thank Professor Honda of Japan for the K.S. magnet 
steel and Dr. Elmen of the Bell Telephone Laboratories for other alloys used 
in this work. 
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Mono-Crystal Barkhausen Effects in Rotating Fields 

Fred J. Beck, Jr.* AND L. W. McKeehan 
Shane Physics Lahoratoryj Yale University 

(Received October 10, 1932) 

The directions of Barkhausen effects in a single crystal disk of silicon steel, held 
stationary in a magnetic field rotating slowly in the plane of the disk, have been de- 
termined. Search coils at right angles picked up impulses proportional to selected rec- 
tangular components of the changes in magnetization. Measurements on an oscillo- 
graphic record were made at two values of magnetization, 190 and 100. Values of the 
angle <p between the change in magnetization AI and the corresponding variation 
in the applied field, {dH/dt)At were determined for various positions of the applied field 
relative to the crystallographic axes. The normal to the disk made angles of 30°, 60°, 

90° with these axes. For these low values of magnetization the effects are mainly trans- 
verse with respect to H (and therefore nearly parallel to dH/dt) and are more nearly 
transverse for the greater value of magnetization. The average value of is about 
20° {AI lagging dHjdt) for the lower value of I and is less than 5° for the higher value. 

The average magnetization apparently lags the applied field and makes a small angle 
with it. The direction and frequency of effects seemed unaffected by changing the 
direction of H in the plane of the disk, so that no dependence upon the crystallo- 
graphic directions of I, H or dBldt have been established. 

Introduction 

A GREAT deal of experimental evidence relating to discontinuous changes 
in magnetization has been presented since the discovery of the Bark- 
hausen effect.^ Data have been obtained concerning the effect in various ma- 
terials, the size of the volume element, or rather the magnitude of the change 
in magnetic moment, the relation between mechanical strain and effect and 
the relation between the effect and the slope of the magnetization curve or 
hysteresis loop. Various methods have been employed for the detection of 
the discontinuities principal among which are, the measurement of the noise 
from a telephone receiver, the measurement of the average current output 
from an amplifier by means of a galvanometer, and the measurement of the 
instantaneous current output from an amplifier by means of an oscillograph. 
All but the most recent studies have concerned themselves wholly with the 
changes in magnetization which take place in the direction of the applied 
field. Recently Bozorth and Dillinger^ and Bozorth® have studied in addition 
the change in magnetization occurring in a direction at right angles to the 
applied field. It is recognized that a knowledge of this so-called transverse 
effect may give additional information as to the nature of processes occurring 
in the elementary domains. 

* Part of a dissertation presented for the degree of Doctor of Philosophy at Yale Uni- 
versity. 

^ PI. Barkhausen, Phys. Zeits. 20, 401 (1919). 

2 R. M. Bozorth, and J. F . Dillinger, Phys. Rev. [2] 38, 192 (1931); 41, 345 (1932). 

3 R. M. Bozorth, Phys. Rev. [2] 39, 353 (1932). 
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Fig. 1. Side view of mechanism. 


chanism. Here A is the field-producing coil consisting of 65 turns of 9 A. W. 
gauge (diameter 0.289 cm) double cotton covered wire. The winding is ex- 
cited from a storage battery source of supply and produces a field of strength 
4.8 gauss per ampere directed in the plane of the crystal. The main field is 
electrically driven through reduction pulleys and the worm and wheel B, 
Throughout the course of the investigation the rate of rotation of the field 
was 1 revolution in 5.63 minutes. This low rate was found to be necessary 
in order to secure sufficient resolution between successive discontinuities. To 
pick up two mutually perpendicular components of magnetization due to a 
single discontinuity it was necessary to employ two search coils mounted at 
right angles to each other. These coils are indicated in the diagram as C 
and D, referred to herein as the outer and inner coils, respectively. The outer 
coil consists of 12,000 turns of 44 A. W. gauge (diameter 0.0051 cm) enameled 
wire wound in two sections. The inner coil consists of 11,000 turns of 44 
A. W. gauge enameled wire also wound in two sections. The sections of each 
individual coil are connected in series so that the induced e.m.f.'s will be ad- 


In the present investigation a single crystal of silicon steel was employed 
as a test specimen. An apparatus was devised so that an indication of the 
longitudinal and transverse components of the change in magnetization aris- 
ing from one and the same discontinuity could be obtained. As a means of 
causing the effect a uniformly rotating field was employed, the specimen be- 
ing held stationary. It was felt that an investigation along these lines would 
give some insight as to the transverse effect, relate the direction of the change 
in magnetization with the position of the exciting field and disclose any de- 
pendence of the direction of the change in magnetization upon the crystallo- 
graphic directions of A H and dH/dL It seemed likely that a better indication 
of the actual phenomena taking place could be had by obtaining the ratio 
of the change in magnetization along the field and at right angles to the field 
corresponding to each individual discontinuity and then averaging this ratio, 
rather than considering the ratio of the average longitudinal component to 
the average transverse component. 


The Apparatus 


The apparatus devised to give the information desired consists essentially 
of the main exciting field and the search coils, the amplifiers, and the oscillo- 
graph. Fig. 1 illustrates the essential features of the effect producing me- 
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ditive. The coils were wound on specially constructed Bakelite forms so ar- 
ranged that the inner coil could be slipped out of the outer coil and the crys- 
tal disk E inserted. The coil holder F maintains the coils with 90° between 
their axes and permits shifting of the arrangement relative to the field coil. 

In order to obtain measurable impulses it was necessary to amplify the 
outputs from each search coil. Fig. 2 is a wiring diagram of the amplifiers 
employed. It was found advisable to use an output transformer in the last 


OUTPUT 


\NPu-r 


Fig. 2, Wiring diagram of one amplifier. 

stage to increase the output current to a value which would actuate the oscil- 
lograph. The value of the coupling resistances, coupling condensers and by 
pass condensers are given below in Table I. Considerable difficulty was met 

■ Table,!. 


with in securing the high amplification necessary, consistent with good sta- 
bility. In order to eliminate feed back, extreme care was taken in the wiring 
of the amplifiers. Each individual stage of both amplifiers was separately 
shielded. The input leads from the search coils and the output leads to the 
oscillograph were also separately shielded. Further, to eliminate disturbances 
of an electromagnetic origin, the entire apparatus was placed in a large copper 
box. The search coils arid main field were, in addition, separately shielded. 
The effect of sound vibration was almost wholly eliminated by using non- 
microphonic tubes and by suspending the amplifiers from rubber tubing 
which served to damp out the vibrations. 

The oscillograph used was a G. E. Type PM-12-A 1 two element instru- 
ment. The sensitivity of the elements was 0.7 m.a. per millimeter. 

The specimen employed in the experiments was a disk one inch (2.54 cm) 
in diameter and 0.018 inch (0.0457 cm) thick cut from a single crystal of 
silicon steel grown by W. E. Ruder of the General Electric Laboratories. 
Precautions were taken in the cutting to minimize the effect of strain as 
much as possible. The analysis of the steel used is as follows: 
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BARKHAUSEN EFFECT 


X-ray analyses showed the specimen to be a single crystal and determined 
the direction of the cubic axes relative to an indicating mark ruled on the 
crystal. These directions are indicated in the diagram of Fig. 3. 




Fig, 3. Relation of cubic cr 3 ^stal axes to plane 
of disk and fiducial line thereon. 


Fig. 4, Relation between magnetization and 
applied magnetizing field. 


A curve showing the relation between the field strength of the main field 
and the intensity of magnetization is plotted as Fig. 4. The curve was ob- 
tained by suspending the disk by means of a fiber in a uniform magnetic 
field. The disk was then set into oscillation and the period of the system de- 
termined at various field strengths. Measurements of the effect were made at 
two values of J, 190 and 100, corresponding to a main field current of 10 
amperes and 5 amperes, respectively. 


Method of Procedure 

In taking observations the crystal was placed in position in the apparatus 
so that the indicating mark on it was perpendicular to the base of the ap- 
paratus. The main field was then excited from a storage battery source of 
supply. With the amplifiers in operation the field was slowly rotated at a 
uniform rate. The rotation of the field caused the appearance of Barkhausen 
discontinuities, the effect of which could be viewed or photographed by means 
of the oscillograph. The crystal position was maintained fixed during the 
course of the measurements. The positions of the field are designated by the 
angle \}/ which is the angle between the field vector and the mark on the crys- 
tal. The positions of the search coils relative to the field are designated by 
means of the angle 6 which is the angle between the field vector and the axis 
of the inner coil. 
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^ W field is a given position, e.g., f = Q and the search coils at the 

position 0 = 0, a photograph is taken of the discontinuities affecting each coil. 
With the field in the same position, i.e.;^ = 0 photographs are taken for values 
of 0 from 0 = 0® to 0 = 90® at 10® intervals. The above process is repeated for 
values of i/ from t/' = 0 to ^ = 180®. Photographs have been taken in the man- 
ner outlined above for a main field current of 10 amperes corresponding to 
an intensity of magnetization of 190 gauss. Another run was taken at a field 
current of S amperes corresponding to an induction of 100 gauss. Here the 
search coils were always maintained at a position 0 = 45® with respect to the 
field. 

The change in magnetization taking place when a discontinuity occurs is 
proportional to the area under the corresponding curve traced out by the 
oscillograph. The areas corresponding to each discontinuity were obtained 
by considering the impulse to be triangular in shape and measuring the base 
and altitude of the triangle. From these measurements the ratio of the change 
in magnetization in the outer coil to the change in magnetization in the inner 
coil can be obtained for the various values of 4^ and 0. Curves of this ratio 
plotted as a function of 0 are then obtained corresponding to various values 
of 4^, In order that these curves have any significance it is necessary that the 
over-all amplification of both the outer and inner coil circuits be the same in 
magnitude. The amplifiers employed were matched as closely as possible and 
the outer coil wound with more turns than the inner coil in order to compen- 
sate for the relatively smaller efficiency of the outer coil. Adjustment of the 
over-all amplification of both circuits was then made by comparing the ratio 
of the impulses at 0 = 0® and 0 = 90®. If the over-all amplification is /o for the 
outer coil circuit and fi for the inner coil circuit we have 




Here (ilo/.di)o is the ratio of the impulses in the outer and inner coil circuits 
at 0 =0® and (.4 p/i4i) 90 is the same ratio at 0 = 90®. 

From the data obtained in the manner outlined above the ratio of the 
change in magnetization along the field and perpendicular to the field may 
be determined. From this information the angle 4> which the change in mag- 
netization makes with (dH/dt) may be determined. These data can be aver- 
aged for the various positions of the field and a curve of average 4> plotted 
as a function of 


Results and Discussion 


The results of the investigation are contained in curves of which Fig. S 
is typical and in the curves of Fig. 6. In Fig. 6, curve 1 is for a field current 
of 10 amperes while curve 2 is for a field current of 5 amperes. 

The data indicate that changes in magnetization sometimes occur which 
give a component in a direction opposite to the applied field. This result is 
in apparent contradiction with expectation in that it seemingly involves a 
change in magnetization for which there is an increase of the potential en- 
ergy. However, Bozorth® points out that in all probability the volume element 
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undergoing a change is exceedingly small, approximating 10“ ® cm^. It seems 
reasonable to suppose that the actuating field causing a Barkhausen discon- 
tinuity is the field in the immediate vicinity of the volume element which 
subseque^ntly undergoes a change. This field is the resultant of the externally 
applied field and the field due to all other surrounding elements. With this 


Fig. 5. Relation between ratio (Ao/Ai) of impulses in outer and inner search coils to th 
search coil setting B for a single value of xp. Magnetizing current 10 amperes; At,/Ai has bee) 
corrected for inequality of amplifiers. 

supposition the discontinuity may give a longitudinal component in an op 
posite direction to the applied field and still give a component in the direc 
tion of the actuating field in its immediate vicinity. From the curves of aver- 
(j>-vs , -"ip we vSee that the average change in magnetization involves a trans- 
verse componen t which has a direction alwavs in the direction of the in ore. 


Fig, 6, Relation between mean ^ and xp for two magnetizing c 
amperes, curve marked 2 for 5 amp 

ment of the applied field. Changes in magnetizatii 
impulse opposite to this would give values of <t> gn 
to the Gonclusion from these results that the avera^ 
tion always lags the direction of the applied field, 
for these low values of magnetization and for the j 
lion, the change in magnetization has a larere com 
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applied field. The average angle (j> appears to decrease as the field strength 
is increased. This apparently indicates that the angle between the average 
magnetization and the applied field is small at large values of magnetiza- 
tion. When saturation is reached the average intensity of magnetization 
should be directed along the applied field. 

It will be interesting to consider the data in light of the possible modes 
of change in magnetization as indicated by the recent theoretical considera- 
tions of Akulov/ On the basis of energies involved Akulov concludes that 
the changes in magnetization which occur are most probable when these 
changes occur between pairs of the six [lOO] directions in a crystal. The 
theory further indicates that two possible modes of change must be consid- 
ered in attempting to explain experimental results. The first is the so-called 
Umklappungprozess in which the magnetization vector of a small single 
magnetized region reverses its direction but retains its absolute value un- 
changed. A change of this type is that in which the change is from the [lOO] 
direction to the [lOO] direction. The second mode of change is the so-called 
Drehprozess in which the magnetization vector turns through 90° but 
again suffers no change in absolute value. An example of this type would be 
a change from the [lOO] direction to the [OlO] direction. The first type of 
change involves smaller energies than the second and occurs for lower values 
of magnetization. At the low values of magnetization at which our experi- 
ment was performed it is more probable that changes of the first type would 
occur. Changes of this type are illustrated by the diagonal lines of Fig. 6. 
As is seen, there occur regions in the interval ^ = 0 to 180° for which the 
expected impulses are of the longitudinal type. The actually observed curves 
indicate that impulses occur which are transverse in character. 

If one considers the distortion of the lattice due to mechanical strains as 
the guiding factor a similar variation of cl> with \p would result as was found in 
connection with Akulov’s theory. On Becker’s theory® one would have to 
conclude from the experimental data that the distorted regions travel with 
the applied field in order to account for the small deviations in the average 
angle <l> between ^ = 0 and ^ 180°. This is contrary to Becker’s postulate 
that the strains are nearly independent of the condition of magnetization. 


^ N. S, Akulov, Zelts, f. Physik 67, 794 (1931). 
s R. Becker, Zeits. t Physik 62, 253 (1930). 
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The theory of velocity propagation in a gas as conditioned by interna! energy ex- 
changes is considered in detail for the simplest case in which the ^^lags” may be differ- 
ent—namely, the model with three sets of states. This “second order” theory is re- 
quired for the interpretation of experimental results where the wave period is of the 
order of the lag for some states. Assuming the first vibration state of CO 2 to have the 
largest lag in accordance with Kneser’s interpretation of his recent experiments, the 
necessary approximations are given explicitly and the results are directly applicable 
to CO 2 . The apparent lag as measured in sound velocity experiments is not the simple 
stationary state mean “collision life” nor the mean life of the energy quantum except 
under special conditions and then for only one of the states. The velocity increment in 
the “resonance” region is given more accurately in terms of transition probabilities 
and is not described completely by the specific heats as might be expected from the 
“first order” theory. Contrary to the indications of the simple theory with an empirical 
constant the external energy is always merely the translation term. The status of the 
assumed lag assignment in CO 2 is discussed in the light of the results and underlying 
theory of this paper. 

TN TWO earlier papers^ the author has presented a theory of the propaga- 

tion of sound in a gas and gas mixtures which deals directly with the 
fundamental kinetic and atomic qualities of the system. The problem of a 
gas whose rate of adjustment to fluctuation in translational energy is the 
same for all internal states was taken up as a special case, or first approxima- 
tion, under this theory. It was pointed out that this special case corresponded 
to the macroscopic theory of Herzfeld and Rice.^ Recently 0. Kneser® in dis- 
cussing his important experimental results has used essentially this macro- 
scopic theory and has tried 'to utilize the ideas of transition probabilities, 
etc., in connection with it. Such a procedure is artificial and seems limited to 
first order approximations any more thorough investigation must pro- 
ceed on some such lines as those pursued in I and II and the present paper. 

Because of the highly suggestive nature of Kneser's data and the increas- 
ing interest in the field of supersonics, it was felt desirable to refine the 
pertinent formulae in the same measure as the increase in experimental tech- 
nique. In the interest of the general reader that part of the theory of I and II 
germane to the present discussion is briefly reviewed in section I. In section II 
the pi oblem of a gas model with three internal states is taken up in some de- 
tail and the calculations are developed with special reference to Kneser’s^ 
research on CO 2 . 

' D. G. Bourgin, Nature 122, 133 (1928); Phil. Mag. 7, 821 (1929); Phys. Rev. 34, 521 
( 1929 ). (These last will be referred to as I and II, respectively.) 

® K. F. Herzfeld and F. 0 . Rice, Phys. Rev. 31, 691 (1928). 

® O. Kneser, Ann. d. Physik 11, 761, 779 (1931). 

^ Kneser s remark in a footnote that the writer’s developments “nicht zu experimentalle 
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Section I 

The principle of detailed balancing yields at equilibrium*^ 

(A]V,)r = 0 = {NiKf,, -/,■,•) + NNifi,-} - {NjVh - /,.) + AW,/,,} . (1.00) 
If we disturb equilibrium 

ANi= - EdN{Nifii- Nifii] + 5Ni{2Ni(fi,- - fij) + Nf,j] 

- W,-{27V,.(/„ -/„) + A7,,} + AV{5(/i, ■ + /•,•)} + NN,5f,, + . (1.01) 
We introduce 

Rii = [2Ni{fi,- - /,-,•) + A?/.-,-]/iV. (1 .02) 

Suppose the effective temperature for the state i is a>idT+To, i.e., the 
number of molecules in state i may be considered to be that corresponding 
to this temperature at ecjuilibrium, then the change in A/, due to increase 
of the temperature of this state to WiSr is 

dNi= (S]VNi + NNii^i5K)/N (1.03) 

where AT = (3/2) ^2" and Ni=dNi/dK and the first term corresponds to a 
density increase. 

We now observe that if = 1 then the AA/ of Eq. (1.01) is the difference 
between the number of molecules leaving state i at temperatures To and 
Toi-dT because of collisions. Since for each fixed temperature (AA'i)i' = 0, 

therefore A A'i for 1. 

If the first term of Eq. (1.03) were alone active we should have (neglecting 
the effect of variation of AT on /i,- for the moment) 

(AArOr,/= (5Ar/A)[(AA,)r] = 0. (1.011) 

Accordingly we may neglect all terms in Eq. (1.01) with SAf. Collecting 
the remaining terms and bearing in mind 

= 0 = XA(WA,- - 5A,-i?,,) 

+ (AWr- A^/)S/,/+ AT^/i,- (1.012) 

We may therefore replace the sum of the terms in 5/ (where involves 

^iVand 5i^) by ^ ^ ^ ^ ^ ^ ^ ^ ^ 

- N\SNiRii - 


Prufung durften” must be ascribed to insufficient acquaintance with the contents of I and II. 
In fact on adopting the expression for « given in I. p. 831 footnote, the resulting formula for 
, cf. Eq. (_.02) and reference 6 of this paper, is (except for one important point of difference 
taken up in section II) Kneser’s main equation. Even the present paper which provides a 
more solid basis for interpretation of Kneser’s experiments is again only a special case of I. 

f fWT/2 be the number of collisions per unit time in a gas at temperature T then the 
number involving meetings is iVA-y/2 (where Ni is the number of molecules per unit 

volume m state *) The number involving Ni-N/ meetings is Ni(N-Nt)y. If ?<,i and /sA are 
the probabilities of transition correlated with each type of collision and i(j{s=fiH/2 and 
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Eq. (1.01) becomes 

ANi = - - 1) - - 1)| S/C. (1.013) 

The change of energy due to collision is defined as 

AK = - 'EANtet. (1.04) 

The equation of continuity is 

dW/dt = - (d/dx)Nv (1.05) 

where v equals the .x component of the mass velocity. 

Also 

+ AiV^^ (1,06) 

(d/dt)m-Nv = - (2/3)(dK/dx)N (1.07) 

(dK/df)N == - (5/S)id/dx)KNv + AK, (1.08) 


Assume a plane wave in the gas then 

dN = 1 8N I 

where v is frequency and X is wave-length, and j = (— 1) ^ 

ar = 1 6r| 

= j 2; I 0-Kvt-xl\)^ 

In the undisturbed gas clearly y is 0. 

For small amplitude waves v is so small that v8N and vbT may be neg- 
lected. From Eq. (1.05) we have 

>1 5.V| = jW| /X. (1.051) 

From Eq. (1.06) we get, on referring to Eq. (1.02), 

jv I iViOJiSA' + I 5iV I Ni/N } = jvNi/X + ANi . (1 . 061) 

Eq. (1.061) yields 

jvNm=~NY.iURii{oii-l)-Ni{wj-\). (1.062) 

i 

These are a set of n non-homogeneous equations in the n quantities wj with 
a unique solution for, because of the presence of jv on the diagonal, the deter- 
minant will not vanish, i.e., the coefficient of the ii term is jViV.-f/VS/iViAf,- 
and is the only term in the 7th row containing v. 

The elimination of the moduli of K, N and v, leads to one of the key for- 
mulae of I and II, namely: 

E(«i - l)(AA)i 


JV 


•3wF2 - lO/C/3- 
. ZmV^ -2K 1 


( 1 . 10 ) 
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where (AK) t is NiA ,■€; V is the complex velocity of sound, and 

Ai= NiRii)/Ni. ( 1 . 11 ) 


Section II 


Before taking up the second order calculation which is the primary object 
of this paper it seems appropriate to make some preliminary remarks having 
a direct bearing on Kneser’s paper. First we exhibit in slightly more detail 
than given in I the special case 


( 2 . 00 ) 


( 2 . 01 ) 


( 2 . 02 ) 


It follows immediately from Eq. (1.062) that 

o)^NAi/jv + NAi. 

We remark that, with E the internal energy, 

'ZNni dE/dK 

3 

= NCi/i3/2)k 

where Ci is the internal specific heat pro molecule. 

Thus 

' K r (5/2)^ +Ci + jv{3k/2)AiN - 
3mLi3/2)k-\- Ci+ jv{Zk/2)AiN. 

This is essentially the equation derived in I expressed in experimentally 
meaningful terms.® It is the same as Kneser’s except in the one respect that 
the external energy (Kneser’s notation C„) is here given explicitly as 3k/2 
while it is left undetermined in Kneser’s formula and is indeed finally given a 
value greater than that corresponding to the translational energy. 

It will be shown in this paper, however, that it is physically inaccurate 
to assume that the external energy differs from 3 /2k — the apparent departure 
is due to the deficiency of the simple theory. In order to avoid repeti- 

tion the w = Wi, or Herzfeld-Rice, Kneser theory will be referred to under 
the properly descriptive head, first order theory, to distinguish it from the 
second order theory of this section. 

Kneser has shown by straightforward, detailed computations that the 
dispersion formula used by him as well as that of Lorentz and Herzfeld-Rice, 
yields an inflection point with respect to log v. Since Eq. (2.02) is, with the 
exception mentioned, the precise analogue of Kneser’s formula, it is clear that 
properties of this sort hold for Eq. (2.02) also. However, the existence of an 
inflection point is immediately evident without calculation for a wide class 
of formulae including the extremely general case taken up in I on the basis 
of the most simple considerations. One observes merely that for all natural 
dispersion formulae r.p.V^ is a function of finite together with its' first 
derivatives at the end points of the interval 0 Si'S oo and continuously differ- 

® The only difference is that Eq. (2.02) involves the full expression for whereas I eni- 
ploys the first terms only of the series expansion. 
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entiable twice on this range. Rollers theorem is all else that is needed (for 
with these restrictions r,pdV^jdv = Q for v = Q and oo). 

For a very general case r.p, is a rational function of with poles not on 
the real axis. Since the poles of the derivatives of a rational function are 
at the same points as the poles of the function and all the derivatives of 
are rational functions, it follows that this satisfies the conditions stated. For 
exhibiting the data, it may be convenient to introduce z=f{p) which, gen- 
erally, will be some simple*^ functional relation. Accordingly the conditions 
just stated in terms of ^ are as easily applied with z. 

It is worth, while to point out that if n — 1 states have the same o) then 
oon = o) also. Hence one cannot talk about a two state gas model having differ- 
ent 0 ) values.^ The proof is immediate and involves the assumption that z; 
is very small. 

From Eq. (1.061) we derive: 


Manifestly, AiV the change in A due to collisions is 0. We observe next 


dN/dK = 0 


Therefore if o)i = co for i — n 


Accordingly the next simplest gas model consists of three states (or classes 
of states) correlated with different CO values. 

In order to maintain symmetry, Eqs. (2.03) and (2.04) are not used in 
what follows now. 

Eq. (1.061) yields: 

Ni(jv + Nsx)o)i-NN2R2iOii,-NN3 

. = NN^z (2.031) 

. : . ■ . iWsffs „ ■ 

where The constant term in the determinant of the equations 

vanishes and there results 

jpNAi + N^S 


7 It is therefore of perfunctory interest only to state sufficient conditions on z^f(v 
sure finite inflection points in z and dependent on the parameters of V{v) when there 
flection points in v. 

® This is not clear in some recent papers. 
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and accordingly 


jv[jv - N(Ai - 


(jvY + jvN + ms ( 2 . 0 Si) 

' ■ where 

.'.33^ 

i j 

Eq. (2.051) allows of direct physical interpretation. NAiNibK expresses 

for r difference in valuLf iV). 

To and ro+eris iViSiT. Hence the fictitious time required at constant rate 

S equdibrium_value would be the ratio of these two quantities 

i A-J ■ ’ Static” lag.® Since increase of the K.E. chanees N- 

direction it follows from Eq. (1.013) that A->Q A) 
though for the first order theory the important low frequency 

^ ^s,)/N S. The important point to notice is that the order of th^ 

states according to lags is the same as that given by this last formula Th' 
follows from the fact that Whu. • • formula. This 

tnat ZjS.i>Ai, While m some instances, because of tfiA 

Approximation that may be made the lao* fr»r * ' i i t 

.-^.u . / maae, me lag tor state » is closely the mean life 

I of course! '‘f=“ 

work le, us 

(a) ala, ^3»^i (5) 6i» e 2 , ea. 

+ + ( 2 . 06 ) 

From 

o, a ' 

a.e furerua. euer^ (c) ir .eurp^ifS "ff feTsllt'/r 
used with a different connotation from that emor 

We remark also that it is the rmSt ^ characterizes the (.)^ term. 

of N. In the notation of I our present A hAEw Tnd 5 " W V f “v independent 

corresponds to 2^/3B of I. and B For the case, UiV)-i 

Kneser. p. 779. ibid.^^nd HenrOVuTFtb 6 / 932 ^ iives_ are much longer. (Cf. 

likely be the longest. In the case of HPI W* ' Actually the radiation “lives’^ will most 
life for the first vibration state as a? % “^icate a 

a927) and Phys. Rev. 32. 237 (1928^ 
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i — €i 


(2.08) 


which carries with it Nz. With these assumptions 5' = 5i(j2+-J3), 

.4 1 = ^1 and as may easily be verified, 

cai - 1 = - jv/jv + Nsu (2.052) 

We remark now that 

N 


i \ 7 / » 


Hence on substituting Eq. (2.051) in Eq. (1.10) and using A one finds: 
2K 


F2 


3m 


1 + 


1 + 


\ i 


ijv + NSNiei/(Jvy +jvN E^*' + 


(2.09) 


for determining the inflection point we need only the second term in the 

bracket. The real part is expressible as . 

E^K E^i+ Y,NiAiu/N)-S-S[l+{Ci/{3k/2)]+mSKi+Ci/{3h/2) 

+ i^V[(i:5i + Y.N'iAi^ilNY - 25[1 + {Ci/{3k/2)] +N*SHl + Ci(3k/2)r 

(2.091) 

For comparison with Kneser's result we find the inflection point with refer- 
ence to log v = B, To a fair approximation^^ the abscissa of the lowest inflec- 
tion point is: , 

, = iV^i(3V2+C0 _ ^ 

(3/2)k - (Asi/s, + Sz)({3k/2) + C,-) ^ 


The first order theory yields in this notation : 

[Nsxi3k/2 + Ci)]/i3/2)k. 


( 2 . 101 ) 


The subsequent discussion uses with the sense of the real part of the 
squared velocity and the subscripts 0, ju distinguish between the low and the 
intermediate frequency velocities. Our immediate concern is the magnitude 
of the increment FF~ Fo^ =AF^ through the resonance region. Kneser ob- 
tains numerical agreement with his experimental data by assuming that the 
external energy is not simply the translational energy but includes^*^ the rota- 
tional energy as well while the total specific heat remains unaltered. This 
statement is not correct physically. In fact for the “first approximation” 
theory involved in Kneser’s formulae, one may reason on aitogether general 
grounds as follows. Under assumption A it is clear that at high frequencies 

In this approximation the next higher order terms are retained till the end. 

It is again to be pointed out that we are assuming tentatively with Kneser that the 
vibration states are the large lag states but the substance of the discussion is independent of 
this special circumstance. 
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the vibrational transitions will play a negligible role because of their large 
lags. Hence one would expect as an approach to the truth that the apparent 
total specific heat would omit these terms though Ca as always remains the 
translational energy. Kneser's mistake arises from the fact that his presen- 
tation of the simple theory is not really descriptive in that first the shorter 
lag states are neglected and then the resulting formula is analyzed with re- 
spect to behavior in a range where just these states are dominant. 

On going to the second approximation it develops that the statements 
just made are in need of modification and it is evident how a more precise 
estimate of A is to be arrived at; namely, one needs to determine the 
value of 5^2^ ^^2 > We shall use Eq. (2.091) for this purpose. 

Neglecting terms restricts the validity of this equation to the low-frequency 
region. For high frequencies the constant term in the quotient may be omitted 
and there is obtained thus a sort of asymptotic approximation. In both these 
extreme cases (real) is a quotient of monomials in in formal analogy with 
the first approximation problem. The low-frequency equation corresponds to 
Eq. (2.02) with the important difference that the coefficient of is no longer 
Ca- F;,^ lies in the intermediate region of validity of both subsidiary equa- 
tions. Unless l^si/si i = 2, 3 a good approximation will noU® be obtained 
if either the constant or v* terms are neglected. However, in the interest of 
analytic simplicity we shall consider the F term as alone being of conse- 
quence. 

This implies 


>SV(52 + = 0 

- 1 = -f (- > + ]V(A{ - + N Y^jS,) 

If, besides, terms in S are dropped then 


2,3. ( 2 . 11 ) 


F® = 


2Kr 

3m 


1 + 


I 

{3k/2 -f TAi^idNi/dT/N{s^ 

The first order approximation discussed above indicated a relationship 
of the form 

-1+ ‘ 


F/ 


2K 

3m 


U/2 -b Ci 


(dNi \ 

XiR-'n 


( 2 . 021 ) 


Eq. (2.092) and Eq. (2.021) differ except under special supplementary con- 
ditions. (For instance if {dNi/dT)Axeils 2 -{-Sz is negligible then we should re- 
quire the special relation ^1=^2 = ^2+^3.) 

We now tuin to the question of deriving transition probabilities informa- 
tion from sound velocity and absorption experiments. All our approximations 
in this paper have been on the assumption that the vibrational energy has, 
associated, the larger lag. The assumption is, however, not altogether certain 
even in the case of CO2. The correct argument for such an assignment as a 

xhis remark is to be kept in mind in any comparison of Eq. (2.091) with the experi- 
mental data. 
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working hypothesis is the agreement of Eq. (2.021) with Kneser’s experimen- 
tal data. The fortunate coincidence that his assumption leads to the same 
numerical value here is explained by the fact that there are only two terms of 
importance in Ci (the two rotational states are lumped in the symbol C ii = k). 
With additional terms in Ct the Kneser postulate yields a result at variance 
with Eq. (2.021). In order to maintain the agreement one should be led to the 
bizarre conclusion that all the internal energies, save the one vibrational term, 
are included in the external energy. More explicitly, for the model con- 
sidered in this paper Eq. (2.02) yields the rigorous value 

= (l+k/(3/2)k)2K/3m. 

Kneser’s procedure amounts to arbitrarily replacing the (3/2)k term by 
(3/2)k+CR. This modified has just the value given by Eq. (2.021) as is 
evident on observing that the vibrational energy denoted by 

Cs — dNi/dT €i/N and Ci = Cb Cs. 

For confirmation!^ it is necessary now to use the more accurate Eq. (2.092) 
and then the analogous second order formula that would result from the 
supposition that the low energy states^® (2, 3) have the large lags.'® The 
assumption that all rotation states have one type of lag and all vibrational 
states another may be wide of the truth, in which case a theory is required in 
which both rotational and rotation-vibrational states exist characterized by 
the same lag value. Such modifications in the hypothesis may be taken ac- 
count of by suitably varying the approximations in a treatment like the 
present one. Then too it may be remarked that the data points in Kneser’s 
figure do not continue into the critical intermediate region, and besides, the 
experimental accuracy is least here. It seems desirable to supplement and ex- 
tend the experimental results to higher frequencies by varying the CO 2 per- 
centage in a mixture with a non-masking gas.*! 

“ Conversely if the lag assignment be adopted the experimental data yield estimates of the 
A( and C< combinations occurring in Eqs. (2.10) and (2.092). 

^ “ Kneser’s use of the ratio of the squared velocities in CO 2 and Ar may be expected to 
minimize viscosity, conductivity, etc., corrections. 

“ Without going into details here, Kneser’s attempted “a posteriori” justificatiori for e.x- 
pecting larger lags for the vibration state is inadequate in the writer’s opinion if only for the 
reason of the lack of satisfactoriness in the present day treatments of the circumstances of 
energy transfer in collision. 

rh;« 17*'® f developed along lines similar to that presented in 

this paper. Cf. the footnote in a forthcoming publication of the writer in the Jour. Acoust Soc 
where^an error in Eq. (1.2) of II is corrected. The work in II is what I have called here a first 
order theory-mcidentally Eq. (7) of II is the theoretical basis for computing humidity effects 
etc., and Provides the validation for Reid’s empirical formula. Reid, Phys. Rev. 35, 814 (1930)! 

A lorm of Eq. (7) more convenient to use is 

where the notation is self-explanatory 
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The second order treatment of the absorption may be made to parallel 
the development of this section by taking the imaginary part of in Eq. 
( 2 . 09 ) and very likely other than lag influences may probably be neglected 
if the ratio with a rare gas is taken (in accordance with Kneser’s suggestion). 

An experimental study of the temperature effect seems likely to yield 
important evidence — the theoretical aspect is clearly outlined, namely, the 
dependence of Rij (and iV/) on T in connection with the variation in collision 
frequency and average collision energy. In a way this provides a means for 
isolating the effects of various groups of states; for instance, the inequalities 
of (cf. Eq. ( 2 . 08 )) c valid for sufficiently low temperatures but may actually 
be reversed if the gas be raised to a very high temperature. 

In order to make a close contact with Kneser’s experimental work let us 
make assumption A 

(a) A 3'^ All (^) €3. 

Furthermore we assume that (C) ^22^21+^32^31/1^1 is negligible. The con- 
ditions implied in this last assumption are indicated clearly on writing 

= N1N2RU/N2 + NiNbRu/Nz, ( 2 . 06 ) 

From 

Ni^ ( 2 . 07 ) 

, i 

one finds 

NiN^/NiNi = (e - e2)/(i - ei) 
with 6 the average internal energy at temperature To. 


( 2 . 08 ) 
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Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 

The Tropism of Crystals 


A crystal is generally described in terms of 
the positions of its constituent atoms. These 
are regarded as points, and consequently the 
energy of the crystal is expressed in terms of 
the positional coordinates of the atoms. This 
model may be amplified by giving up the as- 
sumption that the atoms are points, or spher- 
ically symmetrical centers of force, and by in- 
troducing angular coordinates to specify the 
orientation of each atom. In the language of 
the quantum theory, the state of an atom or 
molecule is specified by a variety of quantum 
numbers that may be interpreted geomet- 
rically as specifying an orientation. The ori- 
entation of an atom in empty space is, of 
course, quite arbitrary, as its energy is inde- 
pendent of orientation. In a crystal lattice 
this is no longer true. Because of the anisot- 
ropy of the atomic arrangements in a crystal, 
certain orientations of the atoms will be en- 
ergetically preferable to others. We have, 
thus, besides the anisotropy of the crystal- 
lographic planes themselves, other directional 
properties associated with the various vectors 
specifying atomic states. If, for instance, all 
the electronic spins are coupled, we have what 
might be called spintropism, or ^-tropism. 
Likewise, coupled orbits would give rise to 
/-tropism, etc. 

To illustrate the significance of the above, 
let us consider two special cases. The first is 
that of a cubic lattice in which each atom has 
a magnetic moment resulting from the elec- 
tronic spins. The spins are so coupled to each 
other that the energy is least when neighbor- 
ing spins are parallel. The crystal exhibits 
spontaneous magnetization. The spins are 
further so coupled to the lattice (or to orbits 
fixed in the lattice) that, if a/, a* represent 
the direction cosines of the spins with respect 
to the tetragonal axes of the crystal, the en- 
ergy of the crystal depends on the orientation 
of the spins according to the formula 


ij,k 

If the crystal is distorted by external forces, 
the energy'’ is increased, first, by the work done 
against the elastic forces, and secondly, by an 
amount depending on the orientation of the 
spins 

kiH A '-4 ijaiaj 

ij,k i,},k 

’where An, etc., are the components of the 
tensor describing the distortion, and finally, 
if the crystal is subjected to the action of a 
magnetic field, there is a further term in the 
energy —(PH), 

If the distortion Aij, etc., and the field II 
are given, it is possible to calculate the energy 
of the crystal for any orientation of the spins. 
If this energy has a single minimum, we as- 
sume that this minimum gives the direction 
of actual magnetization, and hence uniquely 
determines the actual energy of the crystal. 
If the energy has minima for more than one 
orientation of the spins, the direction of actual 
magnetization is not uniquely determined. 
Changes in the relative position of two or 
more minima will in general give rise to irre- 
versible changes in the orientation of the 
spins, and therefore to a dissipation of energy, 
or hysteresis. This procedure, based on the 
work of N. Akulov and R. Becker, is shown, 
in a paper appearing in this journal, to de- 
scribe the properties of ferromagnetic crys- 
tals fairly well. 

The second model we shall assume identical 
with the first, except that the spins are so 
coupled that the energy is least when the spins 
cancel each other in pairs. Although there is 
no resultant magnetization, one may still re- 
fer to an orientation of the spins, given again 
by the quantities ai, aj, a*. The orientation of 
the spins is in this case unaffected by a mag- 
netic field. In general, we may refer to that 
condition of a crystal in w^hich at least one 
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aspect of its constituent atoms is unchanged 
throughout a group of atoms as spontaneous 
alignment, just as we speak of spontaneous 
magnetization in a ferromagnetic crystal. A 
crystal showing spintropism as above would 
be very similar to a ferromagnetic crystal ex- 
cept in its reaction to a magnetic field. What, 
then , is peculiar about a ferromagnetic crystal 
in the absence of a magnetic field? We shall 
consider here only mechanical and thermal 
properties. There are others, such as electrical, 
optical, etc. Four such peculiarities are listed 
below. These peculiarities may be thought of 
as defining certain kinds of tropism in crystals 
of which spintropism is one. Ferromagnetism 
is then a special kind of spintropism. 

(1) There is a critical temperature, or 

Curie point,” above which ferromagnetism, 

or more generally spintropism, etc., disap- 
pears. In general, a substance may have more 
than one such critical temperature. 

(2) Just as there is a magneto-caloric ef- 
fect, or reversible change of temperature with 
magnetization, there should be a reversible 
change of temperature accompanying elastic 
distortion, having a maximum at the critical 
temperature. 

' (3) There should also exist an elastic hyster- 
esis, or dissipation of energy resulting from 
elastic distortion. This is caused by irreversi- 
ble changes in spin orientation. These irre- 
versible processes should occur only when the 
distortion produces the above-mentioned am- 
biguity of two or more energetically possible 
spin orientations. Magnetic hysteresis is most 
pronounced in distorted or hardened mate- 
rials, and becomes very slight in single crys- 
tals at ordinary temperatures. The same 
should be true of elastic hysteresis. If a single 
crystal is rotated in a magnetic field, hyster- 
esis is particularly pronounced in the neighbor- 
hood of certain orientations of the crystal in 
the field, Similarly, if a single crystal is rolled 
between plates exerting a compressive force, 
elastic hysteresis should also be more pro- 
nounced in the neighborhood of certain ori- 
entations of the crystal. 

(4) When distortion produces only a single 
possible orientation of the spins, the elastic 
properties are uniquely defined. They differ 
from those of normal cubic crystals because of 


the dissymmetry introduced by the spin inter- 
actions, or because of the energy expression 
above involving both the distortion and the 
spin orientation. In other words, the spin in- 
teractions produce strains in the crystal. In 
the case of ferromagnetic crystals we call these 
strains magnetostrictive strains. Since any 
tropism of the kind here under discussion will 
tend to distort a crystal, we may refer to this 
distortion as tropostriction. in distorting a 
cubic crystal, w^e do work not only against the 
cubically symmetrical elastic forces, but also 
against the tropostrictive forces which vary 
as the direction of spontaneous alignment in 
the crystal varies. In a paper that is to appear 
shortly, the effect of spontaneous alignment 
on the elastic properties of cubic crystals will 
be investigated mathematically. 

Do any crystals aside from ferromagnetic 
crystals, show tropism of the kind discussed 
in this note? Many peculiarities, such as elas- 
tic hysteresis, unexplained critical tempera- 
tures, ^ etc., have been observed, but until the 
subject is quantitatively formulated and 
checked it is not possible to determine to what 
extent such ideas as the above may be useful 
in explaining the behavior of actual materials. 
It seems likely, however, that there is some- 
thing to orient in most crystals. Few atoms 
are spherically symmetrical, and such spher- 
ical symmetry would probably be destroyed 
by the interatomic forces and fields in a crys- 
tal. It is, therefore, to be expected that at 
sufficiently low temperatures the atoms in a 
crystal will either be spontaneously aligned, 
or if the atomic interaction is such that neigh- 
boring atoms are not parallel, the crystal will 
exhibit a complicated tropism and probably 
periodic structural peculiarities. 

F. Bitter 

Research Laboratories, 

Westinghouse Electric & Mfg. Co., 

East Pittsburgh, Pennsylvania, 

October 25, 1932. 

^ Is the transition to the supra-conducting 
state perhaps the lowest of these critical 
points below which all the constituents of a 
crystal are spontaneously aligned and the 
atomic planes have lost their “thermal rough- 
ness”? ■ 



' X-Ray Reflections from a Quartz Piezoelectric Oscillator in a Bragg Spectrograph 

Recently G. W. Fox and P. H. Carr^ found drawing. The dimension t is parallel to the 

at the intensity of Laue spots, obtained by axis EE^ and perpendicular to the optic axis. 

,ssing an x-ray beam through quartz, were The dimension w (not shown in Fig. 1) is 

creased Avhen the quartz plate was oscillating parallel to the optic axis and perpendicular to 

metrically. However, in a later paper^ Fox the electric axis EE^, 

id Cork failed to obtain any changes in in- The oscillating quartz plate was placed in 
nsity of oscillating quartz lines produced by a Bragg spectrograph between two brass 

Bragg spectrograph. C. S. Barrett and C. E. plates which were connected in parallel with 

owe^ suggested that this failure to get in- the condenser of a resonating circuit. The 

eased intensity was probably due to the ex- crystal-to-film distance of the spectrograph 

once of an imperfect surface layer in which was 20 cm. The top brass plate had a window 

e extinction had already been reduced to a cut so as to allow the x-ray beam to fall on the 

inimum by the preparation of the crystal. surface of the quartz which had dimensions 

le mode of oscillation of the quartz plate 100X6 mm. The crystal was made to oscillate 

ed by Fox and Cork^ was such that there in such a manner that there existed a loop of 

isted a node of pressure at the surface of the motion at each end and a node of motion in 

ate from which the x-ray beam was re- the center; consequently there was a loop of 

icted. Hence, even if elastic deformations of pressure in the center, and nodes of pressure 

e atomic plane spacings were taking place, at the ends. The x-ray beam was reflected 

> widening of the line obtained could be ex- from the center of the oscillator. The crystal 

;cted from this experiment. oscillated at a frequency of 27,400 cycles per 

From experiments performed in this labora- second, which result agreed with the calcu- 

ry a widening and an increase in intensity lated value. The source of power was the out- 

r lines reflected from oscillating quartz were put of an audio-oscillator connected to an 

)tained. The quartz cry^stal used in the ex- amplifier and inductively coupled with the 

sriments was prepared in the following man- resonating circuit containing the quartz plate, 

ir. Let EE^ (Fig. 1) represent the electric A shield enabled only half of the film to be ex- 

y posed at a time. One side of the film was 

V / exposed with the crystal not oscillating and 

\ ^ the other half with the crystal oscillating. The 

y\^^ A. crystal was kept oscillating at such an ampli- 

/ \ tude that dX/L was 0.0003 in the direction. 

/ \ quantity was measured by means of a 

/ \ calibrated eye piece. The doublet used in the 

/ \ experiment was the Kai and Ka^ Vmts of 

— ” ""7 molybdenum obtained by the sixth order re- 

\ / X / flection from the (1 1 0) set of planes. The 

X / \ / crystal w^as rocked through an angle of 5° dur- 

X / \ / the exposures. It was necessary to expose 

\/ \/ each side of the film for 40 hours. A careful 

~ X watch was kept on the power in-put of the 

x-ray tube so that accurate intensity com- 
parisons might be made. 

ds of a quartz crystal, and let the optic axis curves shown in Fig. 2 were obtained 

Lss through 0 perpendicular to the plane of examining the photographic record with a 

e paper. The specimen was cut from the ^i^rophotoraeter. The film was passed over 

ystal as is shown in Fig. 1 with the following ^ photoelectric cell in steps of 0.02 mm each 

mensions: Z = 100 mm, t = 2 mm, w 6 mm. means of a ruling machine mechanism, A 
he dimension L is mutually perpendicular wide and 0,05 inches long 

the electric axis EE^ and to the optic axis placed above the film in such a position as 

hich is perpendicular to the plane of the the photoelectric cell. This 

cell was connected to the grid of a vacuum 
^ Fox and Carr, Phys. Rev. 37, 1622 (1931). tube which composed one arm of a Wynn Wil- 

2 Fox and Cork, Phys. Rev. 38, 1420 (1931). liams bridge. The deflections of the galvanom- 

® C. E. Howe, Phys. Rev. 39, 889 (1932). eter were proportional to the amount of iieht 



falling on the cell. 

Curve A (Fig. 2) was the curve obtained 
for the oscillating lines, while curve B was 
the curve obtained for the non-oscillating 
lines. At half maximum amplitudes the width 
of the oscillating Kai line was found to be 
0.600 mm, while the width of the non -oscillat- 
ing Ko(i line was found to be 0.540 mm. The 
values for the widths of the iCa 2 lines were 
practically the same at half amplitudes as 
those of the Kai lines. If we take the area un- 
der the loops as proportional to the intensity 


the relation: d5 = 2r(Ai)/D) tai 0, where r is 
the crystal-tO“film distance, and 0 is in our 
case 60.3°, we have for <25 the following: 
dS ^0.0525 mm. The oscillating lines were 
found to be 0.060 mm wider at half maximum 
amplitudes than the non-oscillating lines. 

It is not at present known whether this ef- 
fect obtained is due to extinction reduction 
solely or whether it is a combination of ex- 
tinction reduction and elastic deformations 
of the plane spacings. Experiments are now in 
progress in which an attempt will be made to 






R 




j 

■ 



.s^o j 

. .(>00 




i 


Kc<, LINES 


200 2/0 


Kc<^LINE3 

Fig. 2. Settings of ruling machine. One setting =0.02 mm. 


of the lines, we find that the Kai oscillating 
line is about 1.5 times as intense as the Kai 
non-oscillating line, and that the Ka^ oscillat- 
ing line is about 1.5 times as intense as the 
iTag non-oscillating line. 

It is interesting to note that if we take 
KDjD to be \ the magnitude of dLjL where 
KD IB is to represent the elastic deformations 
of the plane spacings for the (1 1 0) set which 
is at right angles to the elastic deformations of 
magnitude dLlL\ and substitute the value in 


take Bragg reflections from quartz plates 
which are deformed mechanically and in a 
homogeneous fashion. A detailed account of 
the experiments performed in this laboratory 
and further conclusions will be given at an 
early date. 

M. Y. Colby 
S iDON Harris 

Physical Laboratories, 

University of Texas, 

November 8, 1932. 


Deternimation of e/m for an Electron by a New Deflection Method 


In spite of the many measurements which 
have been made of the specific charge of the 
electron, there is still some uncertainty es- 
pecially in connection with the value obtained 


two recent measurements^'^ on free electrons 

1 C. T. Perry and E. L. Chaffee, Phys. Rev. 
36, 904 (1930). 

2 F. Kirchner, Ann. d. Physik [S] 8, 975 
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in which linear acceleration was used have 
yielded ^dow” values of e/m in fair agreement 
with the spectroscopic value (1.761+0.001) 
XlO^ units, there remains the fact that 
the apparently very precise work of WolF us- 
ing a deflection method gave a high value 
( 1.7689 ± 0 . 0018 ) X 10 ^ em units. Hence, it is 
important that a new deflection determination 
be made with an accuracy sufficient to deter- 
mine if the discrepancy is real or due to some 
unknown sources of error. Secondly, an accu- 
rate value of e/m is needed in the. very im- 
portant method that has been developed by 
Bond^ and Birge® of obtaining the most prob- 
able values of the physical constants e, h, e/m 
and a. Not only does the value of e/m influ- 
ence the values obtained for the other con- 
stants but also the major portion of the un- 
certainty of the results is due to the uncer- 
tainty in e/m. 

The new deflection method being used was 
conceived by Professor Ernest O. Lawrence 
and was most kindly offered to the author as 
a means of obtaining the results mentioned 
above. The success of this new determination 
was made possible by the important advan- 
tages of this method over previous ones. The 
method is essentially as follows. An evacuated 
brass box B contains six slits labeled A, S and 
D which are on a circle of radius r. The slits 
5 and the outer slits at A and D are integral 
parts of the box, while the inner slits at A and 
D are separate from it and are connected to 
the output of a radio-frequency oscillator. The 
box is connected to the grounded side of the 
output. During the half of each cycle in which 
the box is positive, electrons are accelerated 
across the slits at A and leave the outer slit 
with velocities ranging from zero to that cor- 
responding to the peak voltage of the oscil- 
lator. These electrons are bent in circles of 
various radii by a magnetic field having a di- 
rection into the plane of the sketch and pro- 
duced by a pair of Helmholtz coils. For any 
given magnetic field il, electrons having a 
velocity v given by the radial force equation 
mv^/r^Hev (em units) will be bent around 
through the slits S and arrive at D where they 
will experience a further acceleration or de- 
celeration depending on the time of arrival 

® Fritz Wolf, Ann. d. Physik [4] S3, 849 

■''■( 1927 ). ■ . ■' ■ ■ 

+ W. N. Bond, Phil. Mag. 10, 994 (1930) 
and 12, 632 ( 1931 ). 

« R. T. Birge, Phys. Rev. 40, 228 (1932). 


relative to the radio-frequency cycle. If a 
magnetic field is chosen with a related elec- 
tron velocity such that the time required for 
the electrons to travel from A to D is one pe- 
riod, then the electrons in traversing the slits 
at D experience a deceleration exactly equal 
to the acceleration they received at A and 
consequently are stopped and fail to reach the 
collector C. For any other magnetic field a 
simple analysis shows that half of the elec- 
trons passing through the slits 5 will reach the 
collector. Hence e/w is determined by the 
conditions existing when the current to the 
collector is zero (in reality when it is a mini- 
mum). The electron velocity necessary to 
travel from ^ to Z> in one cycle is given by 
v=^rd/T, where T is the period of the oscil- 
lator and 6 the angle subtended by the path; 
or since the frequency v = l/T the velocity is 
given by v — rdv. Eliminating the velocity by 
combining this equation with that given 
above for the radial forces gives the relation 


for obtaining e/m, namely e/m — dv/H em 
units. Here B is in radians and H is in gauss. 

A most important advantage of this method 
over other free electron methods is that no 
accelerating voltage need be measured since 
it is not necessary to know the electron volt- 
age. This feature combined with a modifica- 
tion in the method not described above (due 
to space limitations) practically eliminates all 
errors due to contact potentials except those due 
to stray electric fields in the deflecting regions 
of the box. Due to the construction the latter 
are necessarily small. Further, the observa- 
tional precision which the method gives is 
very good. For example, fifty magnetic field 
readings (the frequency being held constant) 
were of such constancy that the observational 
probable error in e/m was only one part in 
100,000. 
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The present results, although still of a pre- 
liminary nature, are of an accuracy compar- 
able with present published values. Observa- 
tions have been taken at two frequencies since 
constancy of results with change in frequency 
is of primary importance. With a change in 
frequency of about 30 percent two frequency 
runs made up of about 90 observations each 
gave results differing by only two parts in 
10,000. The weighted value of ejm obtained 
from these two groups of observations with 
the calculated probable error is e/wo = (1.7592 
+ 0.0006) XlO'^ m units. The major part of 
this probable error is due to allowance for 
possible errors in the magnetic field measure- 
ment. However, to allow for still other pos- 


sible, errors in., the experiment the p,resent re- 
sult may be stated as = (1.7592 ±0.0015) 
XIO^ em units. This result is somewhat lower 
but not in disagreement with the accepted 
spectroscopic value. It is in good agreement 
with Kirchner’s results. ^ A more detailed de- 
scription of the method and results will be 
published soon. 

The writer is indebted to Professor Ernest 
O. Lawrence not only for the method, as men- 
tioned above, but also for many helpful dis- 
cussions during the development of the 
method. 

Frank G. Dunnington ' 
University of California, 

November 12, 1932. 


The Value of e/m 


During the past two years there have ap- 
peared four direct determinations of ejm, each 
of high accuracy. These results areri (1) G. T. 
Perry and E. L, Chaffee, ^ ±0.001, 

from electrostatic acceleration of free elec- 
trons. (2) F. Kirchner,3 1.7585 ±0.0012 
and 1.7590+0.0015, from two different in- 
vestigations, by the same method as (1). The 
weighted average is 1.7587 ±0.0009, with the 
probable error based on internal consistency. 
The probable error from external consistency 
is, by chance, only ±0.00016. (3) J. S. Camp- 
bell and W, V. Houston,^ e/w=1.7579± 
0.0025, from Zeeman effect measurements. 
(4) F. G. Dunnington,®^/^- 1.7592 ±0.0015, 
from magnetic deflection of free electrons. 

The weighted average of these four results, 
based on three radically different methods, 
IS e/m = 1.75953 ±0.00043, from external con- 
sistency, or ±0.00059 from internal consist- 
ency. This is a very satisfactory agreement 
and tends to indicate that the probable error 
assumed by each investigator is a reasonable 
estimate. In each case, however, this assumed 

This list does not include a very recent 
value by G. G, Kretschmar (Chicago, Novem- 
ber, 1932 meeting of the American Physical 
Society) of 1.7555+0.0026, since his method 
requires a knowledge of other fundamental 
constants. 

“ C. T. Perry and E. L. Chaffee, Phys. Rev. 
36, 904 (1930). 

= F. Kirchner, Ann. d. Physik 12, 503 
(1932). 

* J. S. Campbell and W. V. Houston, Phys 
Rev. 38, 581 (1931). 

5 17 rk • _ . _ ^ . . 


error is essentially a personal estimate by the 
investigator, and Includes an arbitrary allow- 
ance for possible systematic errors of various 
kinds. Each of the four investigations seems, 
from superficial examination, to be of essen- 
tially the same accuracy. With this new as- 
sumption one obtains for the (unweighted) 
average, e/w. = 1.75920 ±0.00044. This hap- 
pens to be identical with Dunnington’s value. 
I think that (1.759 ±0.001) XIO^ em units 
may be taken as a conservative estimate of 
the present most probable direct evaluation 
of e/m. 

I should like to take this occasion to call 
attention to a numerical error in my recent 
paper® on certain general constants. On page 
257 the correct value of ^s/ 4 , resulting from hh 
= 6.5431+0.0042, is 4.7721+0.0023, and not 
4.7738 + 0.0041 as given. This makes the re- 
sults of solutions k and I incorrect. The correct 
results of solution k are 6.5432 ±0.0083, 
«=4.7683 ±0.0038, ^/w = l. 7611 ±0.0011, l/a 
= 137.310 + 0.048. Solution I is based on e/m 
= 1.759+0.001, as now adopted for the best 
direct value. The resulting values of e, /?-, etc., 
in solution corrected for the above error, 
may accordingly be considered the present 
most probable values. These corrected results 
■are, ' ' ■ ^ ■■■ 

—ii = (6.5420 ± 0.0083) X 10~®’^ erg* sec., 
e= (4.7668 ±0.0038) X10“^o units, 
e/m = (1.7592 ±0.0011) X 10^ em units, 

1/q; = 137.374±0.048. 

Raymond T. Birge 
University of California, 

November 12, 1932. 

Phys. Rev. 40, 228 and 319 
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Stracture of Atomic ISTuclei 
Errata 

(Phys. Rev. 41, 370 (1932)) 


I have noticed certain errata in my letter 
to the Physical Review 41, 370 (1932). They 
are as follows: 

P. 370, column 1, line 10 should read ^'con- 
sists of 2 (2/+1) protons and 2 (2/+1) neu- 
trons” instead of "consists of 2/-|-l protons 
and neutrons.” 


P. 371, column 2, line 8 should read "neu- 
trons to be....” instead of "electrons to 

be . . . .” 

James H. Bartlett, Jr, 

University of Illinois, 

November 9, 1932. 
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Molekulstruktur. Edited by P. Debye. Pp. 197+vii. Figs. 44, Tables 5. S. Hirzel, Leipzig, 
1931. Price 10 R.M, 

The real benefit from the annual Leipzig lectures is to be had by sitting around the table 
in the cafe of the Ipabad in Leipzig in between talks. The publisher makes no attempt to collect 
the discussion which is the most valuable feature of such a scientific gathering. The lectures 
themselves are usually limited to matters already published and well known to workers in the 
general field. In some cases new material presented is likely to require immediate modification. 
But the reader is left to guess what happened after the lectures. 

The present series is devoted to chemistry. The speakers are, however, all physicists. K. L. 
Wolf presents interesting experimental results on the free rotation of the carbon bond. In the 
second talk R, Mecke provides a masterly exposition of the problems of the spectroscopy of 
polyatomic molecules. He calls attention to some important regularities in the behavior of 
simple chemical compounds which are not discussed at all in the fashionable quantum theories 
of valence. He also shows how these matters can be treated with some success from a classical 
point of view. Next is a description by F. Rassetti of his experiments on Raman effect in gases 
and solids. It seems rather strange that he should here repeat his suggestion that the lines he 
found in calcite and fluorite are due to scattering with large (^7000 cm“0 frequency shifts. 
No comment is made of the very convincing explanation furnished by R. Tomaschek (Nature, 
128, 495 (1931)) that these lines are due to known fluorescence of common impurities in these 
minerals. 

G. Placzek has a useful paper on his very important method of treating the Smekal-Raman 
effect. This effect is of interest chiefly in the study of molecular structure and it is therefore 
appropriate instead of describing it by the roundabout method of general dispersion theory to 
treat it as an interaction between the electron motions and the motions of the nuclei. Placzek’s 
presentation is not complete but he furnishes references and an extensive table of tensor com- 
ponents. 

H. Spooner and R. de L. Kronig have papers on dissociation — especially predissociation. 
Their discussions are perhaps carefully stated but do not advance the subject be 3 /ond innumer- 
able papers which have discussed it in the past. They do not even refer to the experimental re- 
sults which V. Henri announces in his talk and leave the subject of polyatomic molecules 
entirely untouched. Henri finds the phenomenon of predissociation to be very widespread 
among polyatomic molecules which usually have several regions of predissociation. A most re- 
markable observation which he reports is that the predissociation limit shifts toward longer 
wave-lengths as the temperature of the absorbing gas is increased. 

G. Herzberg contributes the last talk. It is an unusually clear and concise presentation of 
the newer methods of discussing the electronic structure and valence characteristics of mole- 
cules. Herzberg as well as Mullikan and Hund has contributed much to this subject. The meth- 
ods advocated are still approximate but have important advantages over that due to Heitler 
and London. The unsatisfactoriness of the latter has been brought out on many hands, espe- 
cially during the past two years. It is one great advantage of the newer methods that they lead 
to their wrong results without any stupendous amount of calculating. 

'R, M. Langer ' ■ 

California Institute of Technology 

The Theory of Electric and Magnetic Susceptibilities. J. H. Van Vleck. Pp. 384 +xi, 
Figs. 15. Clarendon Press, Oxford. Price 17.50. 

In this book Van Vleck has given with his own characteristic thoroughness and care for 
details, an excellent survey of the quantum theory of electric and magnetic susceptibilities. In 
a certain respect the purpose of the book is the same as that of Stoner, which was written in 
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1926, namely to correlate and explain the great amount of experimental results from the stand- 
point of the quantum theory. But Van Vleck had the great advantage that he could use the 
quantum mechanics. Especially in magnetism, since the classical work of Curie, Langevin and 
Weiss, there has been a great accumulation of experimental material, but I think one may say 
that a real advance in the understanding first came with the penetration of the ideas and 
methods of the new mechanics, partly without doubt because of the clarification it brought in 
the theory of line and band spectra. In dielectrics the advance since Debye is perhaps less 
striking. The quantum mechanics has, however, here removed, by restoring the classical 
factor I, several difficulties, which the application of the old quantum theory had brought. 

Chapter I gives the classical foundations. It shows carefully how the macroscopic field 
equation of Maxwell can be obtained by averaging the microscopic equations of the electron 
theory. It is perhaps a pity, that the author has not gone into the criticism of the usual expres- 
sion (34) of the local field, from which the Lorentz-Lorenz formula follows. To the reviewer the 
validit}^ seems doubtful, especially for polar substances. This point is of interest because of the 
recent measurements of e for gases at high pressures. Chapter II gives a very complete classical 
derivation of the Langevin- Debye formula for dielectrics. The reviewer objects though to call- 
ing the ordinary simple derivation a rudimentary proof. It follows strictly from the general 
Boltzmann theorem: 

for the ratio dNi/dN^ of the numbers in two elements of the g-space. Of special interest in this 
chapter is the derivation in §13 for quite general molecular models in close analogy with the 
quantum mechanical derivation of chapter VII. Chapter III gives then a discussion of the 
experimental material. Though there is here some overlapping with the book of Debye, the 
remarks of Van Vleck on the "atomic polarization” are very interesting. 

All this was perhaps more or less known. But in chapter IV Van Vleck gives a very striking 
discussion of the classical theory of magnetism. He throws the proper light and puts the proper 
stress on the main result of the Leidener thesis of Miss van Leeuwen, namely, that in classical 
statistics we get strictly always zero susceptibility. The well-known result, that the translatory 
motion of free electrons in a metal gives no diamagnetism with classical statistics, is a special 
case of the theorem of Miss van Leeuwen. Perhaps the author could have stressed still more the 
very artificial assumptions one must make in the classical theory to obtain para- or diamagne- 
tism. The assumptions required are: (1) that each molecule has an electronic motion (or cur- 
rent) which is so shielded that the collisions have no effect on it; (2) that when the gas is 
formed, each molecule is born with the same value for the angular momentum of that electronic 
motion. Assuming this, one can derive quite generally the Langevin-Pauli formulas for the 
para- and diamagnetism. Miss van Leeuwen has given several examples; in her terminology, 
there must exist besides the energy (or function of Routh) other "interesting” additive inte- 
grals of the motion. 

In chapter V the many difficulties and paradoxes of the old quantum theory with regard 
especially to electric susceptibilities (i.e., the Glaser effect) are very clearly discussed. And so 
we are led to the quantum mechanical chapters. Chapter VI gives all that is necessary from 
the general theory ; in addition to the perturbation theory, it contains a very useful treatment 
of the angular momentum matrices and of the anomalous Zeeman effect. In Chapter VII we are 
then given the general quantum mechanical derivation of the Langevin- Debye formula, which 
is due to Van Vleck himself. It is hardly necessary to stress its importance. Besides containing 
all earlier derivations for special models it has shown clearly the essential assumptions, which 
are necessary and sufficient. By a witty application of the theorem of spectroscopic stability the 
author rehabilitates the classical factor f. Also because of this theorem all the difficulties of the 
old quantum theory (i.e., with regard to "weak” and "strong” quantization) disappear. Essen- 
tial in the derivation, and I think already for qualitative discussions of importance, is the 
distinction between the (compared to kT) high- and low-frequency non-diagonal matrix ele- 
ments of the magnetic moment. The first contribute to the temperature independent part of 
x; the second, because of the second order Zeeman and Stark effects, which are so often for- 
gotten, together with the diagonal elements give the term inversely proportional to T. That it is 
not the diagonal elements alone is perhaps simplest seen in the example of NHs. The two 
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lowest levels, considering only the vibrational states, corresponding to the symmetric and anti- 
symmetric wave functions of the N-nucleus, have no diagonal element of the electric moment 
at all. The observed temperature dependence of € is here due only to the second order Stark 
effect.' ' . ' 

The chapters VIII, IX and X give the applications. Chapter VIII discusses the dia- 
magnetic susceptibilities of atoms and monatomic ions; chapter IX the paramagnetism of free 
atoms and especially of the rare earth ions. The success of Hund’s prediction of the magneton 
numbers had already shown here that these ions even in the solid salts can be considered as 
being nearly free. Europium and samarium were the only two apparent exceptions, V an Vleck 
(with Miss A. Frank) has been able to explain these cases also by taking into account the finite 
multiplet width and the second order Zeeman effect. Also the temperature dependence of 
X then agrees beautifully with experiment. Chapter X gives the application to the paramagnetic 
gases, especially O 2 and NO. The experimental confirmation of Van Vleck’s prediction of x as a 
function of T in the case of NO is one of the most beautiful successes of his theory. 

In chapter XI a new idea enters, namely the crystal field. The author shows how this is 
able to quench the orbital magnetic moment, and he gives in this wa^^ an explanation of the 
Bose-Stoner hypothesis, which had thrown the first light on the difficult question of the 
magneton numbers of the iron group. How successful this idea is. Van Vleck and his students 
have since then shown. It explains beautifully the Curie- Weiss law and its deviations (see 
Penney and Schlapp, Phys. Rev. 41, July 15, 1932). The book closes with a short and clear 
discussion of the Heisenberg theory of ferromagnetism (chapter XII) and of some related 
optical phenomena (chapter XIII). 

I hope that this review, which, although rather long, could touch only the main points? 
has given sufficient impression of the rich contents of the book. Because it is written completely 
from the theoretical standpoint, a beginner will not find it always easy. But for one who has 
already sufficient background and who wants to acquire a thorough knowledge of the subject, 
Van Vleck's book is indispensable. I am sure that it will be the starting point for many investi- 
•gations.'"^ 

' , G. E. Uhlenbeck 
University oj Michigan 

The Adsorption of Gases by Solids. A general discussion held by the Faraday Society, 
January, 1932. Pp. 320-|-iv. Gurney and Jackson, London 1932. Figs. 109. Price, 15/-. 

In his introduction to the general meeting of the Faraday Society at Oxford, Professor 
H. S. Taylor stated that “it is eminently fitting at a time when so much attention is being paid 
to the fundamental contributions of Faraday to electrical science that the society which bears 
his name should also devote some thought and discussion to a field of knowledge in which Fara- 
day displayed the same qualities of genius and pre-vision that have given him so preeminent a 
position among the leaders of scientific thought.” With this motivating idea Professor Taylor 
initiated this important meeting of the Faraday Society at which forty papers were presented 
and later published as this volume. 

Three section meetings were held and at each of these a definite subject was chosen for dis- 
cussion. The section subjects together with the authors of the introductory papers were as 
follows; Section 1. Experimental methods. Introductory paper by Eric K. Rideal, Section II. 
Kinetics and energetics of gas adsorption. Introductory paper by Professor Herbert Freund- 
lich. Section III, Theories of the adsorption of gases. Introductory paper by Professor M. Pol- 
anyi. 

Leading investigators throughout the world presented papers and entered into the discus- 
sions which followed. Most of the modern work on the adsorption of gases was covered and 
many important points of view were given in the general discussion which followed the presen- 
tation of the papers. This general discussion fills about forty pages of the book and follows the 
last paper presented. To those interested in the adsorption of gases by solids, this volume con- 
stitutes an important summary of the work in progress, as well as giving the modern point of 
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view with regard to the theories on the subject. There are a few typographical errors which 

do not seriously harm the usefulness of the book. 

L. H.Reyerson 
University of Minnesota 

Les Principes de la Mecanique Quantique. P. A. M. Dirac. Translated by A. Proca and 
J. Ullmo. Pp. 3 i4+viii. Les Presses Universitaires de France, Paris, 193 1. Price 95 Fr. 

As is indicated by its title this book is a literal translation of Dirac’s work into French, ex- 
cept for the addition of an appendix by Proca on Poisson bracket expressions in classical analyt- 
ical dynamics. As the English original has been reviewed previously in this journal (Phys. Rev. 
37s 97 (1931)) further comment seems unnecessary except that one might have expected some 
indication in the very last pages of the book that Dirac no longer supports his original inter- 
pretation of the negative energy states of relativistic electron theory, (e.g., Proc. Roy. Soc. 
AISS, 60 (1931)). However, those who succeed in getting through to the last page will un- 
doubtedly also succeed in correcting this for themselves. 

E. L. Hill 

U niverstty of Minnesota 

Gmelin^s Handbtich der anorganischen Chemie 8 Auflage, Herausgegeben von der Deut- 
schen Chemischen Gesellschaft. System Nummer 59, Eisen, Teil A, Lieferung 4. Pp. 260, Figs. 
180. Verlag Chemie G.m.b.H. Berlin, 1932, R.M. 41; (subscription price R.M* 35.50). 

The volume preceding the present one was published in 1930 and has been reviewed in 
these columns. Volume 4 of the series on the technology of iron deals with the manufacture, 
properties, and testing of wrought, bar, cast, and pig iron, of open hearth and Bessemer steel 
and of slags. One of the outstanding features is the truly international bibliography at the end 
of each chapter. The great practical importance of iron and steel justifies the extensive tech- 
nological treatment of the subject in the Gmelin series. 

I. M.Kolthoff 
University of Minnesota 
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The Measurement of X-Ray Emission Wave-Lengths by Means of 

the Ruled Grating 

By R. B. Wither and J. M. Cork 
Departmem of Physics, University of Michigan 

(Received September 27, 1932) 

With a plane ruled grating, measurements have been made of the emission wave- 
lengths in the L series for the elements Ya (23) to Zn (30) and in the K series for 
the elements C (6) to Si (14). With the exception of the Ka lines of carbon, fluorine 
and oxygen, the method of the ruled grating yields a longer wave-length in every case 
than that found for the corresponding lines by the crystal method. The Moseley dia- 
grams representing the observed results are found to be smooth cur\^es. The possible 
variation of apparent wave-length with a variation in the grazing angle of incidence 
has been investigated. For angles such that the diffracted lines were not too diffuse, the 
computed wave-lengths were independent of the incident angle. 

Introduction 

S EVERAL investigations have now been carried out to determine the wave- 
lengths of x-ray spectral lines by means of ruled gratings. In certain of 
these investigations measurements have been made relative to some par- 
ticular emission line whose wave-length assumed as a standard has been 
measured by the Bragg method with a crystal. In other experiments^ the 
wave-lengths have been determined directly from the measurable constants 
of the apparatus. The results for the wave-lengths so far obtained by^ this 
latter method are found in every case to be greater than the corresponding 
values found by means of the usual crystal method. Disagreement exists 
only in the magnitude of the discrepancy. 

The apparent existence of this difference raises a very important question. 
If the measurements by means of crystals are correct then there is some de- 
fect in applying to the ruled grating in the case of x-rays the same theory 
that is found satisfactory in the visible and the ultraviolet spectral regions. 
If the measurements by means of the ruled grating are correct then there is 
something in error in calculations involving the Bragg law, other than the 
effect due to the ordinary refraction of x-rays in the crystal, which can be 
accounted for. If this error exists in the lattice constant then it reflects 
upon our knowledge of certain other more fundamental constants, namely 

^ E. Backlin, Upsala, 1928. 

2 J geg^i-den, Proc. Nat. Acad. Sci. 15, 528 (1929) ; Phys. Rev. 37, 1210 (1931). 
sj.MCorE 

^ C. E. Howe, Phys. Rev. 35, 717 (1930), 
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the number of particles per gram molecule iV or the charge of the electron 
e from which iV is derived. 

The answer to this question can be given only after the accumulation of 
extensive data obtained with the utmost care. This must include measure- 
ments of the indices of refraction of certain crystals for various wave-lengths 
as well as the determination of the wave-lengths themselves by the different 
methods. Toward this end the present investigation was undertaken to de- 
termine as accurately as possible the wave-lengths of the emission lines in 
the K series for elements Si(14) to C(6) and in the L series for elements 
Zn(30) to Va(23). 

II I ElllUlSI 
D R /3 c<i 0 CO 


D R I iimin 


n Eiiiii!] 

Fig. 1. Spectrograms with ruled grating. (A) K lines of silicon, fl = 30' 26"; {B, C and D) 
L lines of copper for 0 = 30' 26", 0 = 51' 20" and 6 = 1° 16' 5", respectively; (E) same as (D) 
with photographic plate close to grating. 

Apparatus 

The apparatus employed is similar to that used previously by one of us'^ 
in the determination of the wave-lengths of the L series lines of molybdenum. 
It is believed that this arrangement which makes use of outside spectral 
orders and employs a grating which when once properly adjusted is left abso- 
lutely fixed during a series of exposures is least subject to errors of manipula- 




MEASUREMENT OF X-RAY EMISSION 


745 


The following changes in the apparatus were made. The glass grating 
employed in this investigation was ruled in the laboratory of Professor M. 
Siegbahn and obtained through his kindness. The active surface was 3 mm 
wide and the lines were 2 cm long. Nominally having 600 lines per mm a cali- 
bration with known wave-lengths in the arc spectrum of mercury gave for 
the distance between lines (<i = 0.00166309 mm). The glass surface between 
the rulings and the outside of the plate was etched down on one side so that 
the direct beam going to the photographic plate was limited on one side by 
the edge of the ruled surface. The collimating system consisted of parallel 
slits 0.05 mm wide spaced 20 cm apart. A water-cooled x-ray tube of metal 
was used in place of the glass tube. A very fine knife edge was placed parallel 
and close to the rulings of the grating at the center. This reduced materially 
the stray radiation and general blackening on the photographic plate. 

The procedure in taking exposures with the photographic plate at differ- 
ent distances from the grating was followed as previously described. For any 
particular substance on the target at least five exposures were taken with 
the photographic plate in a position a close to the grating and then in the 
position at a maximum distance from the grating. Reproductions of some 
typical spectrograms are given in Fig. 1. At least six and sometimes as many 
as twelve measurable orders were obtained on each photogram. 

Results 

A summary of the results obtained for the wave-lengths in the K series 
for the elements investigated is given in Table I. Similarly in Table II are 
given the values obtained for the wave-lengths in the L series. Along with 
the results of this investigation are shown the corresponding values from ex- 
periments using the crystal method as well as those of other experimenters 


Table I. Summary of wave-lengths in the K series. 

Element 

Crystal 

Soderman® 

Thibaud® 

Witmer and Cork 

Si 

id 

6.754 


— 

6.764 


a 

7.110 

■ — ■■ ' 

■ ■■ ■ — ■■ 

7.121 

A1 

13 

7.965 

■ 



7.967 


a 

8.320 

— ^ ■ 

— 

8.334 

Mg 

13 

9.539 


'■ 

9.558 


a 

9.869 

■ ■ ■ — . 


9.898 

Na 

a 

11.885 

11.88 

■' 

11.910 

F 

a 

18.37 

18.275 


18.354 

0 

a 

23.73 

23.567 

23.80 

23.644 

C 

a 

45.50 

44.54 

44.90 

44.448 


with the ruled grating. In the L series for the elements mentioned here, meas- 
urements by the crystal method have been carried out by Siegbahn and 
Tlioraeus’^’® and by Karlsson.® The values from these investigations are 

^ M. Soderman, Phil. Mag. 10, 600 (1930). 

® J. Thibaud, J. Opt. Soc. Am. 17, 145 (1928). 

^ M. Siegbahn and R. Thoraeus, Ark. Mat. Astr. O. Fys. 18, 24 (1924). 
s R. Thoraeus, Phil. Mag. 1,312 (1926); 2, 1007 (1926). 
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Table IL Summary of wave-lengths of emission lines in the L series. 


Element . . jSi au^ n I Investigation 


Zn 30 11.163 ■ 11.96 :i2.23 13.61 13.97' Ka Crystal 

11.16 ,11.96 12.23 13.61 13.95 S' Crystal 

™ . . . 11.96 12.25 . ■ 14.02 Ho 

■ 11.202 11.974 12.252 13.670 14.038 Present 


Cu 29 

12.07 

13.027 

13.306 

14.87 

15.26 

Ka Crystal 


12.10 

13.03 

13.316 

14.83 

15.19 

S Crystal 


— 

— . ■ 

13.60 

— 

— 

Hu 


. — ■' 

— 

13.32 

__ 

15.26 

' K ■ 




13.37 

14.95 

15.33 

Ho 


: 12.091 ; 

: 13.048 . , 

13.339 

14.910 

15.266 

Present 

Ni :28 

13.14 

, . 14.25 . 

14.53- 

16.28 ■ ' 

16.66 

Ka Crystal 


13.12 

■ 14.24 

14.53 

. 16.17 

,16.55. 

S Crystal 



,' . 

■ 14.51, . 

— . ■ 

, — 

K ■ ^ ■• 



, 14.28, 

,. 14.62 

16.36 

16.73 

Ho 


— 

. 14.255; 

14.556 

16.271 

16.660 

Present 

Co 27 

14.24 

IS . 63' ■ 

15.94 

17.86 

'18.25 

Ka Crystal 


— 

.15.62 

15.94 . 

17.77 .. 

18.20 

S. Crystal 



_■ 

15.94 

. ' ™ 

. 18.28 

K ■ 


' — ,' ■ 

15 .64 

15.99 

, — " 

18.34 , 

Ho ,, 



15.690 

15.990 


18,321 

Present 

Fe 26 

15.71 

17.23. 

17.58 

19.76 

20.09 

.. Ka , Crystal 


15.61 

17.22 

17.58 

19.65 

20.12 

S '■ Crystal 


. — ^ 


17.70 

19.60 

20.10 

Th 



,™ ■ 

18.00 

— 


'' Hu 



— 

17.61 

— 


B 


— - , 

— 

17,54‘ 

— 

20.15 

• K ,' 



17.29 

17.66 

:, . — ' 

■■20.25' 

Ho 



17.281 

17.602 

— ' 

20.161 

Present 

Mn 25 

■■ ■ 

19.04 

19.40 

' ^ 



Ka Crystal 


— ^ 

19.04 

19.39 

— 

— 

S Crystal 


— ' / 

19.17 

19.55 

— : 

22.34 

Ho 


— 

19.136 

19.454 

— , ' 

22.296 

Present 

Cr ' 24 


21.19 

21.53 

23.28 

23.84 

Ka Crystal 


: „ 

21.19 

21.53 

, . 


S ' Crystal . 


. 


21.74 

, — 

24.73 , 

K 


■— 

■ — 

21.73 

— ' 

— ■ 

Ho 



21.279',' 

21.670 


24.788 

Present 

Va 23 

. — 

. ,.. . . , 

24.20 

, — 

_ „ 

Ka Crystal 




24.31 

— 

27.70 

Ho 



, ■■ : ., ., 

24.215 

■ — 

27.78 

Present 


Ka, Karlsson, reference 9; S, Siegbahn and Thoraeus, references 7 and 8; Ho, Howe, refer- 
ence 4; Hu, E. L, Hunt, Phys. Rev. 30, 227 (1927); K, G. Kellstrom, Zeits. f. Physik 58, 511 
(1929); Til, Thibaud, reference 6. 


recorded in. Table IL For the wave-lengths of certain and I lines the agree- 
ment between the two crystal determinations is rather unsatisfactory. It is, 
however, apparent that in every case with the exception of the Ka lines for 
fluorine, oxygen and carbon the value of a particular wave-length by the 
grating method is greater than the corresponding value found by the crystal 
method. The discrepancy for the lines in the L series is with few exceptions 
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The Moseley diagrams for the various spectral lines observed, in which the 
square root of the frequency {v/RY^^ is plotted against the atomic number, 
are remarkably smooth curves. No positions are observed at which the slope 
of a line changes abruptly as might have been expected from the considera- 
tion of the origin of the spectral lines. 

Hanawalt and Prins^'^ have reported an apparent variation in the wave- 
length of a particular line with a change in the incident angle 6, The existence 
of such an effect would render uncertain any measurements made by the 
grating method and this effect was therefore investigated with considerable 
care. A complete series of spectrograms (i.e., five plates in each of the a and 
positions) were obtained for the copper L lines with each of the following 
values for the grazing angle of incidence 6: — 26'33", 30'26'', 39'36'^ 5P20'' 
and T°16'lS''. Reproductions of three of these spectrograms are shown in 
Fig. 1. For any particular wave-length the smaller the value of the grazing 
angle of incidence the greater is the angular dispersion. This variation is 
not great. One very apparent effect of using a large incident angle is a broad- 
ening of any diffracted line. 


Table III. The wave-length of the Cu Kaijz line for different incident angles. 


Grazing angle 6 

X in angstrom units 

26'Zy' 

13.339 

30'26" 

13.339 

39'36" 

13.335 

S1'20" 

13.342 

1°16' 5" 

13.368 


The wave-length of the Lai , 2 spectral line of copper as computed for the 
various values of B is shown in Table III. For the first four angles the agree- 
ment is well within the experimental error. It is believed that the discordant 
value for the maximum B is due to an inaccuracy in the calculation caused by 
the increased width of the diffracted lines. 

Measurements by the crystal method of long wave-lengths are neces- 
sarily subject to inaccuracies due to the refraction of x-rays in the crystal. 
In the region of an absorption frequency characteristic of the atoms of the 
crystal there is an anomalous refractive effect which influences substantially 
results obtained from the Bragg law. Thus in crystals of gypsum, lauric 
acid or palmitic acid as used in investigating wave-lengths mentioned in this 
paper the calculation is complicated by the K absorption frequencies for 
carbon, oxygen, sulphur and calcium. Failure to consider this effect for the 
longer wave-length K series lines together with the uncertainty in the lattice 
constant of crystals of the fatty acids may account for the unsystematic dis- 
crepancy between measurements by the ruled grating and the crystal. 

Influenced by calculations of wave-lengths from measurements of the 
index of refraction of a quartz crystal, Bearden^^ has indicated a lack of faith 

J. D. Hanawalt and J. A. Prins, Physica 12, 1 (1932), 

J. A. Bearden, Phys. Rev. 39, 1 (1932) ; 40, 471 (1932). 
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in measurements made by the ruled grating. These calculations with the index 
of refraction demand a knowledge of: (a) the density of the crystal; (b) the 
absolute value of ejm for the electron; (c) a factor characteristic of the re- 
fracting crystal which is constant for a particular wave-length but which it- 
self demands a knowledge of the wave-length in its determination and (d) 
an exact evaluation of the index of refraction exhibited by the crystal for the 
particular wave-length being investigated. If the evident uncertainties in 
(b) and (c) be overlooked it would still seem that the very short distances 
to be measured between the relatively diffuse lines on the photographic plates 
in the experimental procedure of (d) must render this method impotent in 
expressing a preference between the other two methods. 
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Lane Patterns from Thick Crystals at Rest and Oscillating 

Piezoelectrically 

By J. M, Cork 
University of Michigan 

(Received October 26, 1932) 

Laue patterns have been observed for thick crystals of quartz and Rochelle 
salt oscillating piezoelectrically and for the same cr>''stals as well as for calcite, rock- 
salt and other materials at rest. Patterns have been obtained when the crystalline 
faces were the natural cleavage surfaces and when they were polished and when 
etched by suitable solvents. Regular Bragg reflections have been observed and com- 
pared for a quartz crystal with polished face and for the same crystal with the face 
etched with hydrofluoric acid. In the Laue patterns, the individual spots show a mul- 
tiple structure in every case. The inner spots are double in nature. For the crystal 
oscillating piezoelectrically or at rest with polished faces the doubling of each spot is 
radially symmetrical. For the crystal with etched faces and at rest the inner compo- 
nent of the double spot is the stronger particularly for those spots near the center. 

The Bragg reflection from a quartz crystal with etched face shows the absence of any 
layer with reduced extinction at the surface. Further elaboration of the Laue diffrac- 
tion theory seems necessary to account for the multiple structure of the spots formed 
by an ideally perfect crystal. 

T he reflection of x-rays from quartz crystals oscillating piezoelectrically 
and at rest have been observed by means of the Bragg method and the 
Laue method in many investigations. In the transmission method the 
piezoelectric oscillation leads to an intensity of the reflected x-ray beams 
much greater than that found for the crystals at rest. Moreover Barrett and 
Howe have observed that each Laue spot for the oscillating crystal appears 
to have a fine structure. To observe this fine structure the present investiga- 
tion employing a more finely collimated beam of x-rays and crystals of greater 
thickness was undertaken. 

Apparatus and Results 

Two Laue cameras were constructed. In one the distance from the crystal 
to the photographic plate was 20 cm while in the other the corresponding 
distance was only 7 cm. It was thus possible to observe the complete pattern 
or only the central spots in greater detail. In both cases the x-ray beam was 
collimated by a fine slit system formed by two pinholes each 0.05 cm in 
diameter and spaced 12 cm apart. The first pinhole was 30 cms from the 
focal spot of the x-ray tube. A standard 200 kv Coolidge tube with a target 
of tungsten was employed. It was operated continuously at only 110 kv with 
a current of 2 milliamperes. ■ 

^ Sakisaka, Jap. Jour. Phys. 4, 171 (1927). 

^ G. W. Fox and P, H. Carr, Phys. Rev. 37, 1622 (1931). 

^ G. W. Fox and J. M. Cork, Phys. Rev. 38, 1420 (1931). 

^ C. S. Barrett and C. E. Howe, Phys. Rev. 38, 2290 (1931) ; 39, 889 (1932). 
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Exposures were first taken with crystals of quartz ranging in thickness 
from 4 mm to 7 mm. In the beginning considerable difficulty was experienced 
in maintaining these thick crystals in the vibrating state continuously. A 
vacuum tube oscillator with two tubes having capacitative feed-back was 
arranged which accomplished this result satisfactorily. 

Typical patterns obtained with the longer camera are shown in Fig. 
1, 7\., B and C. For the quartz crystal with polished faces the spots were sym- 
metrically double as were also the spots for the oscillating crystal regardless 
of the nature of the faces. When the crystal with polished faces was etched by 
immersion in hydrofluoric acid so that the thickness was reduced by not over 
0.005 mm a pattern as shown in C, Fig. 1 was obtained. It is apparent that 
although the spots are now double the component parts are not of equal 
intensity. The inner part (i.e., that portion usually associated with reflection 


Fig. 1. Laue patterns obtained with quartz. A, etched faces oscillating 12 hr. exposure; 
B, polished faces non-oscillating 20 hr. exposure; C, etched faces non-oscillating 20 hr. ex- 
posure. 

from the side of the crystal nearest the photographic plate) is much blacker 
than the outer component. This dissymmetry is not so apparent in the outer 
spots of the pattern as shown in the photograms obtained with the shorter 
camera. 

To observe the effect of this etching upon the surface of the crystal the 
following test was carried out. The quartz crystal was mounted in a Sieg- 
bahn vacuum spectrograph and employed to measure the wave-length of the 
Kai line of molybdenum (X = 5.41A). The crystal was adjusted so that the 
desired radiation fell on the photographic plate in one position and then both 
crystal and plate were rotated through predetermined angles so that the 
same line was reflected to the photographic plate on the opposite side of the 
direct beam. One should obtain therefore upon the plate the segments of two 
inverted circles overlapping exactly at the center if the angle of displace- 
ment were chosen correctly. With the use of the quartz crystal with polished 
faces these lines are very diffuse so that the two segments are indistinguish- 
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able as shown in Fig. 2A. Upon lightly etching the face of the quartz crystal 
with hydrofluoric acid these two lines become very sharp and are clearly 
distinguishable in Fig. 2B. For radiation of this wave-length the penetration 
into the crystal is exceedingly small and the sharpness of the photographic 
lines might safely be interpreted as indicating the almost complete absence 
of any disarranged particles on the surface. 

It would appear therefore that the doubling of the spots was not due to 
a lack of extinction at the surfaces as has been generally assumed. To investi- 
gate this phenomenon further, Lane patterns were obtained with freshly 
cleaved slabs of several other materials. For some exposures the faces were 
etched by appropriate solvents while for others the specimen was left with 
its natural cleavage faces. Only in the case of a very bad specimen of rocksalt 
was a pattern obtained in which the Laue spots were not clearly multiple 
in structure. The spots toward the center of the pattern were double while 
those farthest removed from the central position were often triple in nature. 
Typical photograms of this sort are shown in Fig. 3 A, B and C which are for 
quartz, calcite and Rochelle salt, respectively. 


A ^ ^ B 

Fig. 2. Double exposures of molybdenum Lai line, A, polished 
face, B, etched face. 

This doubling or tripling of the Laue spots was undoubtedly’ first observed 
by M. de Broglie^ when he passed a beam of x-rays through thin slips of 
crystal (rocksalt and fluorite) at an angle of incidence of 80° or a grazing 
angle of 10 . In this way he had effectively^ a thick crystal. The result was 
explained by assuming that the crystal traversed by the x-ray beam was com- 
posed of as many granules separated by’ accidental parallel cleavage planes as 
there were components in the spots. This would of course not account for the 
regularity and radial symmetry always observed in the reflected beams. 

Freshly cleaved surfaces of calcite have been found^ to give by Bragg 
surface leflection, spectral lines of width approximating that to be expected 
for an ideally perfect crystal. From photograms such as Fig. 2B it may be 
concluded that at least certain specimens of quartz are also very regular. Yet 
these same crystals give Laue patterns in which the spots have a multiple 
structure. It would appear that further elaboration of the usual Laue theory 
introducing interference between non-parallel radiation and perhaps with 
reference to a secondary structure as proposed by Zwicky,^ is necessary. 

® M. de Broglie, Comptes Rendus 156, 1153, also 1461 (1913). 

® B. Davis and W. Stempel, Phys. Rev. 17, 608 (1921). 

^ F. Zwicky, Phys. Rev. 41, 400 (1932). 
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Neutralization and Ionization of High-Velocity Ions of Neon, Argon 
and Krypton by Collision with Similar Atoms 

jBy Harold F. Batho 

Ryerson Physical Laboratory, University of Chicago 
(Received October 19, 1932) 

^ Rudnick s work on the measurement of the free path Z,o for the ionization of a 
helium atom and the free path Li for neutralization of a helium ion in helium, has 
been extended to the gases neon, argon, and krypton for the velocity range corre- 
sponding to accelerating potentials of 10,000 to 22,000 volts. With neon, the work 

has covered the pressure range from 0.75 X 10-2 mm to 4 X 10-2 mm; with argon, from 

0.30 X 10-2 mm to 1.6 X IO -2 mm ; and with krypton, from 0.30 X IO -2 mm to 1.4 X IO -2 
mm. In all cases, the free path for ionization, reduced to 760 mm pressure, is found 
to be apjiroximately 6.5X10"^ cm. For neon, the free path for neutralization is 
0.95X10 ^ cm; for argon, 0.45 X10~^ cm; and for krypton, 0.35X10-^ cm. Both free 
paths decrease with increasing velocity. The fraction of neutral atoms in the beam 
when the equilibrium condition is reached is approximately 0.86 for neon, 0.93 for 
argon, and 0.95 for krypton. This fraction decreases with increasing velocity for neon 
and argon but appears to increase slightly for krypton. The observed dependence 
of the free paths on pressure is compared with the theoretical dependence. The re- 
sults obtained are compared with the low-velocity measurements of other workers 
and the differences discussed. The relationship of this work to Doppler effect experi- 
ments with neon and argon is considered. 

^“I^HE free paths of the positive ions of hydrogen,^ helium/’^ neon/ and 
argon^’^’^ have been measured by several investigators for velocities 
corresponding to accelerating potentials of less than 1000 volts. In the cases 
of hydrogen®’®’^*®’®’^® and helium^^ the measurements have been extended to 
the voltage range from 5000 to 25,000 volts. The high-velocity work has 
included measurements of the free paths of the neutral atoms and determina- 
tion of the fraction of neutral particles in the total beam when an equilibrium 
is established between the neutral and charged particles. Similar measure- 
ments with neon, argon, and krypton for high velocities (10,000 to 22,000 
volts) have seemed of interest for comparison with the low-voltage measure- 
ments, and of importance in view of the unexpected absence of displaced 
arc lines in Doppler effect observations of the positive rays of neon^^.ia 
argon^®'^^. , 

1 H. Kallmann and B. Rosen, Zeits. f. Physikdl, 61 (1930). 

2 A. J. Dempster, Phil. Mag. 3, 115 (1927). 

2 Penning and Veenemans, Zeits. f. Physik 62, 746 (1930). 

^ F. Wolf, Phys. Zeits. 32, 897 (1931). 

W. Wien, Sitz. d. K. P. Akad. d. Wiss., July, 1911, p. 773. 

® J . Koenigsberger and J. Kutschewski, Ann. d. Physik 37 161 (1912). 

7 A. Ruttenauer, Zeits. f. Physik 4, 267 (1921). 

8 E. Ruchardt, Ann. d. Physik 71, 377 (1923). 

9 H. Bartels, Ann. d. Physik 6, 957 (1930). 

F. Goldmann, Ann. d. Physik 10, 460 (1931). 

P. Rudnick, Phys, Rev, 38, 1342 (1931). 
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Wien® and Riichardt®® have shown that if Ji’ represents the fraction of 
neutral particles in the total beam, assuming a simple exchange of electrons 
between moving and rest particles without appreciable change of velocity 
or direction of the moving particles, the value of F at a distance x from the 
point of origin of the beam is 

F = + (F„ - (1) 

where Fo is the neutral fraction at the point of origin, the neutral fraction 
when an equilibrium is established between neutral and charged particles, 
p dx/L^ the probability of ionization of a neutral atom in a distance dx, and 
p dx/Li the probability of neutralization of an ion in the same distance, io 
may be interpreted as the mean free path for ionization of an atom and Li 
the free path for neutralization of an ion for unit pressure. Since the ratio 


W Gas = Pumps 

Reservoir 

Fig. 1. Diagram of apparatus. A, anode; C, D, and E, accelerating electrodes; F, hot cathode; 
6^, and FT, deflecting condensers. T, thermocouple. 

of the number of neutral to the number of charged particles in the equilibrium 
condition of the beam is inversely proportional to the probability of change, 

( 2 ) 

From Eqs. (1) and (2) it is seen that, provided Fq, p, and x are known, two 
measurements of F are sufficient for the determination of Lo, Li, and F^. 
In practice, to observe F, the total intensity of the beam is measured; then, 
a transverse electric field is applied at the point x to remove the positive ions, 
allowing a measurement of the intensity of the remaining neutral atoms. In 
order to obtain the true value of F, the ratio of neutral intensity to total 
intensity thus obtained must be corrected for the finite length of the field 
since the field not only removes all ions already present at the point chosen 


W. Romig, Phys. Rev. 38, 1709 (1931). 

A. I. McPherson, Phys. Rev. 41, 686 (1932). 

K. Friedersdorff, Ann. d. Physik47, 737 (1915), 
R. Riichardt, Handb. d. Physjk XXIV, p. 90, 
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but also removes all ions formed along its length before they have time to 
return to the neutral state. If the field is applied along a length y of the path 
of the beam, there will be a simple exponential decay of intensity due to neu- 
trals becoming positive given by 


where Iq is the intensity of the neutrals at the beginning of the field, and I the 
intensity of the neutrals actually observed. Therefore, the measured ratio 
must be corrected by the factor to give the true value of F at the begin- 
ning of the field. 

Experimental Arrangement 

The experimental arrangement used, shown in Fig. 1, was almost identical 
with that used by Rudnick.“ Ions of the desired gas were formed in a low- 
voltage arc, by maintaining a small potential difference between the hot 
filament F and the hollow anode A . The heating current for the filament and 
the arc potential were supplied by storage batteries. For reasons to be men- 
tioned shortly these batteries were insulated from ground. The filament F 
and electrode C were maintained at the same potential so that some of the 
ions formed were drawn through the circular opening in C where they were 
accelerated by the desired potential difference between C and D. Thus, a 
beam of high velocity particles proceeded to the thermocouple T. In Doppler 
effect experiments using this method of producing positive rays, it has been 
found that very sharp, displaced lines are obtained indicating that the 
ions are quite homogeneous in velocity. 

For some of the measurements, a beam of particles, which were initially 
all positive, was required. In this case A, F, and C were raised to a high 
positive potential with D and E grounded. For other measurements a beam 
initially neutral was obtained by grounding F, C, and E, and raising D to a 
high negative potential. With this arrangement the ions were accelerated 
between C and D. In D they changed charge by collision with gas atoms. All 
ions remaining in the beam at the end of D were stopped by the retarding 
field between D and E, allowing only neutral atoms to proceed beyond E. 
In either case, deflecting fields could be applied along either Gov H to remove 
all ions formed, allowing the measurement of the ratio (uncorrected) of the 
neutral intensity to the total intensity of the beam. 

All cross-hatched parts in Fig. 1 were turned from rolled brass; the anode 
A was made of nickel ; the plates of the condensers G and H of nickel gauze. 
The electrode D was 5.7 cm in length; G, 7.4 cm; and H, 1.1 cm. The total 
distance from C to the thermocouple was 24 cm. The thermocouple and the 
filament and anode were carried on ground joints to facilitate the alignment 
of the couple and the replacement of the filament. Wax joints were used be- 
tween the two glass ends of the tube and the center electrode D to permit the 
easy adjustment and replacement of the electrodes C, D and E. 

In all cases it was desirable to have only singly charged ions present. In 
order to ensure this the arc potential used to form the ions was always less 

“ H, F. Batho and A. J. Dempster, Astrophys. J. 75, 34 (1932). 
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than the second ionizing potential of the gas in which the measurements were 
being taken. Doubly charged ions might be formed by collision in passage 
through the gas but the absence of any displaced lines due to doubly charged 
particles in Doppler effect experiments with neon and argon, even though 
no precautions are taken regarding the arc voltage, seems to indicate that the 
number of doubly charged ions present in the beam is negligible for the 
pressures and velocities used. 

The retarding field used to stop the positive ions, in measurements with 
an initially neutral beam, accelerated electrons toward the thermocouple. 
To avoid rather large errors due to this cause, it was necessary to use a trans- 
verse magnetic field of sufficient intensity to deflect the electrons, but small 
enough not to deflect the positive ions appreciably. 

It was found that, above 1600 volts, increasing the potential difference 
across the deflecting condenser did not change appreciably the intensity as 
measured by the thermocouple; accordingly, this deflecting potential was 
used to remove all ions from the beam. 



Fig. 2. Relationship between Fi and pressure. Points shown are experi- 
mental values, curves are values plotted from Eq. (4). 


The thermocouple was a junction formed by spot-welding 3 mil platinum 
wire and 10 mil extruded bismuth wire to a platinum foil target 1 mm^ in 
area. The other ends of the wires were joined to nickel lead wires, also by 
means of platinum foil. The thermoelectric current was indicated by a low- 
resistance galvanometer of sensitivity 168 megohms. To avoid errors in the 
measurement of intensity it was found necessary to shield the thermocouple 
rather carefully. The hot filament was placed slightly off the axis of the tube 
and the anode was made hollow, thus reducing the amount of radiation reach- 
ing the thermocouple directly from the arc in which the ions were formed. The 
considerable thickness of brass between filament and thermocouple also 
served the same purpose. Fluctuations in room temperature caused irregular 
changes in the zero reading of the galvanometer, i.e., in the reading of the 
galvanometer when no particles were striking the target of the thermocouple. 
This difficulty was eliminated by enclosing the entire thermocouple end of 
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the tube in a large asbestos cylinder. After this precaution had been taken 

It was found that the zero reading shifted only very slowly 

_On account of the wax seals it was not possible to bake out the tube 

the exhausting pumps were 

in an attemo^to^T’'^ ^ f admitted 

_ an attempt to eliminate occluded vapors and gases. With the gases used 

admitted to the tube through an adjustable lavite valve, and. after entering 
the tube, was circulated over charcoal immersed io liquid air. The circulating 
pump was shut off while readings were being taken to avoid pressurTdaer 

“rbefslr Th' at^ue^tS:;; 

rp, „ , ■ appeared sufficient to maintain the purity of the gas 

The aigon and krypton were purified in the reservoir before enterL heX 
by evaporating magnesium in a side tube by means of a high freouenct: 

1 duction heater. In all cases, a liquid air trap was placed in closfi connection 
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D at a high negative potential). The first, Fi, was the ratio of the number of 
particles reaching the thermocouple, when a deflecting field was applied to 
the long condenser G only, to the number of particles reaching F with no field 
applied; the second, Fsi, was a similar ratio with the deflecting field applied 
to the short condenser H instead of G. The third measurement, Fa, differed 
from the second only in the fact that an initially positive beam was used. For 
each voltage the three ratios were measured at a series of pressures so that 
curves could be plotted showing the dependence of each ratio on pressure. 
With all three gases, the measurements covered the voltage range from 7000 
to 22,000 volts. With neon, the pressure range was from 0.75X10"'^ to 4.0 
X10~2 mm of mercury; with argon, from 0.30X10~^ to 1.6X10""^ mm; with 
krypton, from 0.30 X lO""^ to 1.4 X 10“^ mm. The lower limits for both velocity 
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Fig. 4. Relationship between free path for Fig. 5. Relationship between free path for 
ionization corrected to atmospheric pressure neutralization corrected to atmospheric pres- 
and accelerating potential for neon, argon, and sure and accelerating potential for neon, 
krypton. argon, and krypton. 

and pressure were set by diminishing intensity; the upper limit of pressure 
was also set by diminishing intensity, apparently due to scattering ; the upper 
velocity limit was determined by the voltage at which sparking began to 
occur inside the tube. 

From Eqs. (1) and (3) it is seen that the equations expressing the depen- 
dence of the various measured quantities on pressure are 
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where x is the distance from the point of origin of the beam to the beginning 
of the deflecting field and 3 ; the length of the field. The expressions for Fi and 
F 2 differ only in the values of xand y. For i^i, y = yi = 7.4 cm, x = xi = 0.75 cm; 
for Fg, y=y 2 ==l.l cm, x = X 2 = 8.25 cm; for F 3 , y = y 3 =y 2 = l.l cm, x = X 3 
= 14.55 cm. 

Since Xi is small (0.75 cm) and yi relatively large (7.4 cm), the value of Fi 
is almost completely independent of Li and F^. Therefore, a single measure- 
ment of Fi is sufficient for the determination of Lq. In Fig. 2 , the experimen- 
tal points obtained in neon for two different voltages, 16,000 and 22,000 
volts, are plotted. The curves shown are plotted from Eq. (4) with Lo = 0.470 
cm for 1 mm pressure for 16,000 volts, and Lo = 0.400 cm for 22,000 volts. 
These curves show good agreement with the experimental points for all 
pressures. They show, also, the dependence of Fi on voltage, the curve falling 
as the voltage was increased in all cases. 


000 Helium 
000 Neon 
+ + + Arqon 
^ X Krvbtor 


000 15000 volts 
+ + *1- 22000 volts 


Accelerating potential (kilovolts) Atomic Number 

Fig. 6, Relationship between F^o andacceler- Fig. 7, Relationship between 

ating potential for helium, neon, argon, and and atomic number, 

krypton. 

Having obtained the value of Xo for a particular voltage, we find it pos- 
sible to calculate the coefficient in front of the brackets in Eqs. (4) and (5) 
which arises from the decay of intensity in the short condenser. If we multiply 
the experimentally observed values F 2 and Fs by and denote the result 

by F 2 ', F 3 ', then the corrected experimental values should be connected 
with the free paths by the relations 

F/ = + (1 ^ (5) 

= FJi - m 
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From these equations, it is seen that both and Fz become equal to F^ 
for large pressures. In Fig. 3, the corrected experimental values at different 
pressures for 16,000 volts for neon have been plotted against pressure. The 
graph shows that F^' and Fz do approach the same constant value at high 
pressures as indicated by the equations. Thus, the value of F^ is obtained. 
Lx may be determined from Eq. (2) with the values of Lq and F^ already 
found. 

This process was repeated to find the values of io, Ti, and F^ for each 
voltage used. The results are given in Table L Column 3 gives the velocity 
corresponding to the accelerating potential given in column 2. Columns 4 
and 5 show the mean free paths in centimeters corrected to atmospheric pres- 
sure of the neutral atoms and positive ions respectively. Column 6 contains 
the values of The results of other observers and the kinetic theory values 
of the free paths are included for purposes of comparison. Figs. 4, 5, and 6 


Table I. 


1 

Gas 

2 

Accelerating 
potential 
in volts 

3 

Velocity 
in cm 
per sec. 

4 

Lo/760 
in cm 

s 

Ll/760 
in cm 

6 

■ 7 . 

Observer 

Neon 

22,000 

19.000 

16.000 
13,000 

1 4.58X10" 
4.16 

3.91 

3.52 

5.3X10“^ 

5.7 

6.2 

6.7 

0.88X10-4 

0.91 

0,98 

1.01 

0.86 

0.86 

0.86 

0.87 



400 

0.62 


0.34 


Kallmann and 
Rosen^ 

• 



. 0.21 



Kinetic theoiy 
value for 20 
and 760 mm 

Argon 

22,000 

19.000 

16.000 

13.000 

10.000 

3,24X10" 

3.03 

2.78 

2.51 

2.20 

5.1X10-^ 

5.6 

6.0 

6.7 

7.4 

0.44X10-4 

0.44 

0.44 

0.46 

0.48 

0.92 • 

0.93 

0.93 

0.94 

0.94 



400 

0.44 


0.15 


Kallmann and 
Rosen^ 


200 

0.31 


0.13 


Penning and 
Vennemans^ 


837 

20 to 520 

0.64 

0.38 


0.067 

0.11 


Wolff 

Wolff 




0.11 



Kinetic theory 
value for 20 “C 
and 760 mm 

Krypton 

22.000 i 

19.000 

16.000 
13,000 

2.26X10" 

2.10 

1.93 

1.74 i 

6.0X10-4 
6.6 ! 
7.3 

8.0 

0.27X10-4 

0.32 

0.35 

0.40 

0,96 

0.95 

0.95 

0.95 




I. ■ . 

0.10 


■ ' " ■' ■ ! 

Kinetic theory 
value for 20 X 
and 760 mm 
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show the dependence ofXo, Li, and respectively, on accelerating potential. 
In Fig. 7, is plotted as a function of atomic number for 13,000 and for 
22,000 volts. The values for helium are taken from Rudnick's data.^^ The 
measurements at lowest voltages have been omitted from the table and 
graphs, since all measurements below 13,000 volts were difficult on account 
of small intensity. Particularly was this true at high pressures as scattering 
also decreased the intensity. Since the determination of F^ and Xi depends 
on high-pressure measurements no reliable values could be obtained for low 
velocities. However, the readings made at lower pressures indicated no laige 
changes in Lq, ii, or F^ at these velocities. 

Discussion of Results 

The results of the preceding paragraph have been deduced from the ob- 
servation of Fi which gives Lo, the free path for ionization, and of F^, the 
equilibrium condition reached by the beam. Li has been deduced from the 
equilibrium value and not observed directly. The observations, however, 



Fig. 8. Relationships between F 2 and pressure, and Fz and pressure. Points shown are experi- 
mental values, curved are values plotted from Eqs. (4) and (5), respectively. 

including the dependence of F 2 and Fz on pressure, contain more data than 
are required to deduce Xo and Xi, and may be used to check the adequacy 
of the theory to account for the dependence on pressure observed in the case 
of F 2 and Fz. ■ 

Having determined Xo, Xi, and F^ for any particular velocity, it is pos- 
sible to plot complete curves for Fi, F 2 , and Fz from Eqs. (4) and (5) for com- 
parison with the experimentally determined points. This has been done 
already for Fi in Fig. 2. Fig. 8 is a similar comparison for F 2 and Fz. As in 
Fig. 2, the points shown are the observed values, the curves the theoretical 
values. Since Xo, Xi, and F^ were determined from the high-pressure data the 
agreement is necessarily good for these values of the pressure. It is seen that 
the agreement is good for Fi and F% for all pressures, but that for F 3 , for pres- 
sures less than 2X10”^ mm, the experimental points lie considerably above 
the curve plotted from Eq. (5). For argon and krypton the experimental 
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points for -Fi and also lie above the curves, but in no case is the deviation 
as great as for Fs. With increasing velocity the deviation decreases, being 
small for the highest velocities. ^ 

This deviation from the theoretical curves may be shown in another way. 
Given a set of values of FiyF%, and Fz for a particular pressure and velocity, 
it is possible to solve Eqs. (4) and (5) for Lo, Ti, and F^, i.e., for each velocity 
it is possible to determine the required constants for a series of pressures. 
This has been done; the results are shown in Figs. 9 and 10. In Fig. 9, P/Lq 
and in Fig. IQ^p/Li are plotted against pressure. The graphs for neon for 
accelerating potentials of 16,000 and 22,000 volts are shown in each case. 
Since io and Li are constants,— the free paths for 1 mm pressure — as expressed 
in the equations, p/L^ vs. p and p/Li vs. p should both give straight lines 
through the origin. Actually the graphs are approximately straight lines but 
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do not pass through the origin. In Fig. 9 the displacement is small in both 
cases — probably less than experimental error. In Fig. 10, however, the dis- 
placement is much greater. The fact that it is smaller for 22,000 volts than 
for 16,000 volts corresponds to the fact that the agreement between experi- 
mental and theoretical values, shown in Fig. 8, is much better for the higher 
velocities. For argon and krypton, the straight lines of Fig. 9 are also dis- 
placed from the origin, since for these gases, the experimental values of Fi 
and Fj do not fall on the theoretical curves as they do in the case of neon, but 
here again the displacement decreases with increasing velocity. 

Two arguments may be advanced to justify the calculation of the desired 
constants from the high-pressure data. First, the corrected curves for Fa and 
Fg, shown in Fig. 3, do exhibit the properties expected at high pressures. 
Also, it is possible to obtain much better agreement between experimental 
and theoretical values by using the values of To and ii determined for high 
rather than low pressures. The second is found in Ruchardt’s work® with 
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hydrogen. His data also gave displaced straight lines like those shown in 
Figs. 9 and 10 when the reciprocals of the free paths were plotted against 
pressure. Howeverj when the work was repeated, taking great precautions 
to eliminate all vapors, he obtained straight lines through the origin. He 
found that the lines obtained in the first case, were displaced considerably 
from the lines in the second case for low pressures, but that the displacement 
decreased with increasing pressure, i.e., the values for the free paths, as de- 
termined at high pressures, were the same in the two cases. In view of this 
work, it seems probable that the errors in the values given in Table I are not 
great. 

Several explanations may be suggested for the disagreement between 
experimental and theoretical curves at low pressures. The fact that the dis- 
crepancy increases with decreasing velocity, and is greater for argon and 
krypton than for neon, suggests that scattering may have influenced the 
results since a comparison of total beam intensities at diflferent velocities 
indicated that scattering increases with decreasing velocity and with in- 
creasing atomic number. This explanation is further supported by the 
fact that in some cases the corrected curves F 2 ' and F 3 ' of Fig. 3, do not reach 
a constant value, but appear to continue to decrease with increasing pressure. 
This can be explained by assuming that the neutral particles were scattered 
more than the ions. This decrease, however, is scarcely greater than experi- 
mental error in any case. An investigation of the effect of scattering shows 
that the results would depend only on the difference between the scattering 
coefficients of the atoms and ions, i.e., if they were scattered equally the 
results would be unaffected. Assuming a difference in scattering, we find that 
good agreement can be obtained between experimental and theoretical curves, 
but only when an unreasonably large difference in scattering coefficients is 
assumed— a difference so large that the intensity of the beam reaching the 
thermocouple would have been so small as to be quite undetectable. For this 
reason the scattering explanation seems to be ruled out. However, it should 
be pointed out that, while a small difference in the scattering of atoms and 
ions would not change appreciably the measured values of Fi, F 2 , and Fs, 
the values of Lq, Zi, and as calculated, might be very considerably in 
error if such a phenomenon were present. 

It has been suggested that three rather than two types of particles may 
have been present in the beam, e.g., normal atoms, metastable atoms, and 
positive ions. An investigation of this possibility, with the necessary intro- 
duction of rather arbitrary assumptions about the processes involved, gives 
only slightly better agreement than the simple theory with the experimental 
values. This better agreement may, perhaps, be explained merely by the 
fact that another parameter is introduced into the equations; at least, the 
agreement obtained does not warrant any conclusions as to the correctness 
of the assumptions made. 

In his work on hydrogen, Riichardt^ concluded that the observed dis- 
crepancies could be accounted for completely by the presence of vapors in 
the tube. In the present work, it does not seem unlikely that vapors were 
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preseiit, despite the precautions taken, since a continuous flow of gas was 
not used. Further, Bartels^^ found that the fraction of neutral particles in- 
creased when the beam passed through a slit. This may be accounted for, 
probably, by the evolution of vapors due to bombardment of the edges of 
the slit. In the present work, vapors might be expected to be present for this 
reason also, since the beam passed through several circular diaphragms. The 
pressure of such vapors would be independent of the gas pressure in the tube. 
However, the number of collisions with vapor molecules relative to the 
number of collisions with gas atoms, would be greater at low pressures; 
therefore, the discrepancies introduced would be greater at these pressures. 
The observed deviations would be accounted for if the ions in the beam were 
more readily neutralized by collisions with the vapor molecules than with 
the gas atoms, since, in all cases, the fraction of neutral atoms in the beam 
at low pressures is greater than that expected from high-pressure measure- 
ments. On the whole, the presence of vapors seems to be the most reasonable 
explanation of the observed discrepancies, although it is quite probable that 
all the suggested phenomena and other more complex ones influence the 
measurements in some degree. If the discrepancies are accounted for by the 
presence of vapors, it seems likely that the values given in Table I, deter- 
mined from the high-pressure measurements, are reasonably accurate. It 
may seem that the measurements for argon and krypton are much less 
reliable than for neon since the pressure range investigated was considerably 
lower, but in this connection, it should be noted that Fa and F3 became equal 
at much lower pressures with these gases than with neon and that the 
discrepancies observed were only slightly greater than with neon. 

It will be seen from Figs. 4 and 5 that, for all the gases investigated in the 
present work, both free paths decrease slowly with increasing velocity. The 
behavior of helium differs in two respects; first, the rate of decrease of io 
with increasing accelerating potential is much greater than for neon, argon, 
or krypton; secondly, for helium. Lx increases rather than decreases as the 
velocity becomes greater. Fig. 7 shows a minimum value of F«, as a function 
of atomic number for both 13,000 and 22,000 volts, although it appears that 
for higher velocities this minimum would disappear. With reference to the 
dependence of F^^ on atomic number, it may be noted further from Fig. 6 
that the rate of change of with velocity increases with atomic number from 
a relatively large negative value for helium to a small positive value for 
krypton. The increase of F^ with velocity for krypton, however, is small 
enough to be rather uncertain. 

It is interesting to compare the measured values of the free paths with 
the kinetic theory values. A comparison shows that for neon the kinetic 
theory free path is about one- thirtieth of the free path for ionization of a 
high-velocity atom and about one-fifth of the free path for the neutralization 
of a fast ion, i.e., a moving atom is ionized at about every thirtieth collision 
with a rest atom and a moving ion is neutralized at about every fifth collision. 


H. Bartels, reference 9, p. 969. 
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In argon, the probability of ionization is less, occurring for approximately 
one collision in sixty, but the probability of neutralization is about the 
same. With krypton, ionization takes place at every seventieth collision, 
approximately, while neutralization occurs for one collision in four. 

A comparison of the free paths of the ions in the present work, with those 
obtained from the low- velocity measurements of Kallmann and Rosen ^ and 
others^ shows that the values for high velocities are approximately three 
times those for the slow ions in all cases. Since Fig. 5 shows a decrease of Li 
with increasing velocity, for neon, argon, and krypton, the comparison might 
suggest that the free path for neutralization for these gases, has a maximum 
for some accelerating potential intermediate between 800 and 7000 volts. 
This is not a necessary conclusion, however, as the difference in the method 
of measurement makes the comparison doubtful. In the present work only a 
difference in the scattering of the atoms and ions would affect the results, 
whereas with the method used in the low-velocity measurements, any scatter- 
ing of ions ■would result in a decrease of the intensity of the ionic beam, and, 
therefore, in a decrease of the measured free path. It seems probable that 
scattering would be relatively large for the slow ions, particularly in view of 
the conclusion of Kallmann, Lasareff, and Rosen in a recent article^® that 
slow neutral atoms are scattered at every kinetic theory collision. The dif- 
ference in the values obtained may, perhaps, be completely explained by the 
effect of scattering in the low-velocity measurements. 

Doppler effect observations of positive rays of neon^^’^^ and argon 
of velocities similar to those used in the present work show a surprising ab- 
sence of displaced arc lines. This fact might be interpreted as proof that the 
particles in the beam are predominantly positive, the absence of neutral 
atoms accounting for the absence of displaced arc lines. This suggestion is 
supported by the work of Rutherford^^ and Henderson^^ in which they found 
that neutral atoms are present in an m-ray beam only at lower velocities. The 
present experiments show, however, that in neon 86 percent of the particles 
in the beam are neutral, while in argon 93 percent and in krypton 95 percent 
are neutral This seems to rule out the suggested interpretation. The alterna- 
tive interpretation appears to be that, for some reason, after a collision a 
moving particle is seldom, if ever, left in an excited neutral state. 

The writer desires to acknowledge the assistance given by Professor A. J. 
Dempster in suggesting the problem, and to thank him for much valuable 
advice and criticism w^hich have aided in avoiding many of the difficulties of 
the problem and in solving others when encountered. 


H. Kallmann, W. Lasareff and B. Rosen, Zeits. f. Physik76, 213 (1932). 

20 E. Rutherford, Phil. Mag. 47, 277 (1924). 

21 G. H. Henderson, Proc. Roy. Soc. A109, 157 (1925). 



DECEMBER 15, 1932 


PHYSICAL REVIEW- 


VOLUME 42 


Extension of the First Spark Spectrum of Caesium (Cs II) 


By J. Olthoff and R. A. Sawyer 
University of Michigan 


(Received September 1 , 1932) 

With an electrodeless discharge in caesium vapor as a light source, the spark 
spectrum of caesium has been completely rephotographed in the region X2300-X10,000 
in the first order of 21 ft, concave grating and with a Hilger El quartz spectrograph. 

The observations of Sommer in the region X3268-X7280 were confirmed and ex- 
tended and many new lines were photographed outside Sommer’s range. These data 
were used to extend the classifications of Laporte, Miller and Sawyer, based on Som- 
mer’s data supplemented by vacuum spectrograph measurements, in which practi- 
cally only terms belonging to the limit were identified. In the present work 

most of the terms of the Sp^ 5d, 6 i, 65 , Is, and 6p configurations were located 
as well as a few new terms belonging to the Sp^ "^Pii limit, and about 100 additional 
lines were classified in the Cs II spectrum. 

I. Introduction 

TN A recent publication Laporte, Miller^ and Sawyer presented an inter- 
A pretation of the first spark spectrum of caesium on the basis of the material 
of Sommer^ who photographed the caesium spark spectrum in the region 
XX3267~7280 and arranged 51 lines in a scheme involving transitions between 
a middle group of five terms and an upper and a lower group of eight and 
five terms, respectively. Sommer pointed out the similarity to the neon 
spectrum but was unable to correlate the two spectra unambiguously. 
Laporte, Miller and Sawyer photographed the caesium spectrum from a 
hollow cathode discharge in helium with a 1 meter vacuum spectrograph and 
discovered eight new lines in the region between 962A and 61 2A. Identifica- 
tion of these ultraviolet lines as transitions between the lowest term 5^® ^So, 
and terms of the configurations {6s, 7s, 5^, 6<^) having i = l, made pos- 
sible the interpretation of Sommer's scheme since five of the eight ultra- 
violet lines proved to involve terms in Sommer's scheme. 

It was found that Sommer’s middle set of terms belonged to the 5p^ 6p 
configuration and his upper and lower sets, respectively, to a blend of Sp^ 5d 
and 65, and 5^® and 7^, However, from the table of electron configurations 
and expected terms in a rare gas spectrum given in Table I, it may be seen 
that these three term groups should contain respectively 10, 16 and 16 terms, 
divided in each case for (jj) coupling, into two sets having as limits, one 
5:^® and the other 5p5 of the O two sets will be 

completely and widely separated in Cs II as indeed they are for the preceding 
spectrum of Xe I. Sommer’s terms were shown to belong entirely to lower 
series limit while the remaining three resonance lines which did not fit 
into his scheme were believed to arise from configurations built upon 

1 Laporte, Miller, Sawyer, Phys. Rev. 39, 458 (1932), 

2 Sommer, Ann, d. Physik 75, 163 (1924). 
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Table I. Electron configurations and theoretical terms of the Cs II spectrum^ 


Electron 
configuration ; 

Russell-Saunders 

(jj) 

Number of 
levels 

5p^ 

■2p', 

^Pli 

2Pj 

(2) 

sp^ , 

iSo 

0 


(1) 

5p^ 6^ 




(4) 

Sp^ls} 


21 

10 

Sp^Ss] 





sp^ 




(10) 

5p^ Ip ^ 

i5o iPi ^D-i ^Si ^P-ao ^Dan 

12 

01 



0123 

12 


SfZd\ 





sp^m 


0123 

12 

(12) 

5 fid] 


1234 

23 : 


sp^f] 




(12) 

5f5f\ 


1234, 

23 . 

Sp^6f] 


1 2345 

34 



An attempt was made in the previous work to locate more terms built 
on the limit but except for a tentative group of three terms^ which 
combined with the three terms indicated by the three resonance lines men- 
tioned above, none were found. The data of Sommer seemed insufficient in 
range for the purpose. The present study has been undertaken to extend the 
experimental data on the spark spectrum of caesium with the hope of locating 
more terms and especially those based on the limit. 

II. Experimental 

In the work of Laporte, Miller and Sawyer, the light source used was a 
hollow cathode discharge in helium. Since, however, the available excitation 
which can be given to caesium ions by metastable helium atoms is about 
163,000 cm""^ and the ionization potential of Cs 11 was determined to be 
about 189,000, this source is not suitable for the excitation of the complete 
Cs II spectrum.*'^ The electrodeless discharge was chosen for the present work 
because of its economy of material and easily controllable conditions. 

The discharge tube was a Corex bulb about 4 cm in diameter and 15 
cm long, and was originally blown with a side arm in which several seal-off 
constrictions separated small bulbs, as well as with a side arm for evacuating. 
In an atmosphere of nitrogen in a manipulation box, a small fraction of a 
gram of caesium was washed in anhydrous ether and placed in the side arm. 
The bulb was evacuated by a mercury vapor pump, the first side arm sealed 
off and the caesium distilled by stages through the small bulbs into the main 
bulb and the main bulb, after thorough heating while still on the pumps to 
drive off adsorbed gases and vapors, was sealed off while still hot. The bulb 
was suspended inside the exciting coil of eight turns of hollow copper tubing 
wound in a solenoid about 10 cm in diameter and 8 cm long an^ the whole 

® Cf, for example, Sawyer, Phys. Rev. 36, 44 (1930). 

§ 
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Table II. 



Sp^ 





iSo 



3, 


J 


0 

1 

2 

3 



Relative term 







value 

00.00 

*126,518.54 

*128,089.83 

*129,107.65 

4,0 

3 

105,949.74 



22,139.77 (2) 

23,157.78(0) 






0.32 

0.13 

5i«> 

1 

106,222.77 


20,295.73 (1) 

21,867.31 (3) 






0.04 

-0.25 


8 P 3 O 

2 

‘*'107, 392. 33 


*19,126.12 ( 8 ) 

*20,697.48 ( 6 ) 

*21,715.33 (10) 




0.09 

0.02 

- 0.01 


2 

107,563.14 


18,955.52 (4) 


21,544.16(1) 





“0.08 


0.35 

3jP*,0 

1 

*107,905.01 

*107,905 (20) 

*18,613.42 ( 6 ) 

*20,184.84 ( 6 ) 




0.01 

0.11 

- 0.02 


7o« 

0 

108,245.86 





llO 

1 

*110,945.18 

*110,946 (20) 

*15,573.14 (2) 

*17,144.51 ( 6 ) 




-0.72 

0.18 

0.10 


2»o 

2 

*112,795.08 



*15,294.63 (4) 

*16,312.38(4) 





0.12 

0.19 

3*0 

3 

*113,716.01 



*14,373.12 (4) 

*15,390.96 (3) 





0.10 

0.08 

SpK^Py^Sd, 6s 


■TdO 

I" ■ 0 

119,465.28 





2 a 0 

2 

119,665.41 





3*0 

2 

120,404.87 





4 i 0 

1 

122,866.03 

*122,872 (20) 







-5.97 




SiO 

1 

123,636.44 

*123 ,645 (20) 






-8.56 






OPnO 

2 

*149,212.25 


*22,693.82 (7) i 

*21,122.47 (4) 

*20,104.64 (5) 




- 0.11 . ■ . ! 

-o.os 

-0.04 

SpjO 

1 

*149,605.33 

*149,604(12) 

*23,086.95(4) i 

*21,515.53 (5) 




-0.16 

-0.03 


llO 

1 

*152,172.11 

*152,172 (5) 

*25,653.67 (7) 

*24,082.27 (4) 





0.11 

- 0.10 

0.01 


2*0 

2 

*152,791.49 


*26,273.12 ( 6 ) 

*24,701,59 (4) 

*23,683.75 (3) 




-0.17 

0.07 

0.09 

3*0 

2 

*153,302.27 


*26,783.83 (2) 

*25,212.38 ( 6 ) 

*24,194.54(2) 




- 0.10 

0.06 

0.08 

4*0 

3 

*153,556.54 



*25,466.74 ( 6 ) 






-0.03 


5*0 

3 

*153,678.17 



*25,588.30(4) 

*24,570.52 (6) 






0.04 

-0.04 

610 

1 

*156,399.31 

*156,392(12) 


*28,309.51 (0) 





7.31 


-0.03 



\5p^{^P^)6d,7s 


1*0 

2 

158,717.91 



30,628.61 (1) 

29,610.16(0) 






-0.53 

0.10 

2 oO 

0 

162,352.92 


35,834.32 (3p) 







0,06 



3*0 

3 

162.388.96 



34,299.37 (3) 







-0.24 


4,0 

1 

163,180.20 

*163,180(7) 

36,662.16 (0i>) 

35,090. 18 (li>) 





0.20 

-0.50 

0.09 


5*0 

2 

164,444.88 


37,926.67 (Op) 

36,355.02 (1^) 

35,337.24 (2) 





-0.33 

0.03 

-0.01 

61O 

1 

164,656.77 

*164,655(3) 


36,567.26 (2p) 





1.77 


-0.32 



1 

165,813,70 






2 orl 

165,899.95 


39,371.06 (2i>) 







0.35 



90 

2x>rl 

166,131,11 



38,041.11 {2p} 







0.17 


IO3O 

3 

166,600.74 



38,510.97 (I 3 !)) 

37,493.20 (Oi>) 






-0.06 

- 0.11 


* Terms and transitions discovered by Laporte, Miller and Sawyer. 
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Terms and transitions discovered by Laporte, Miller and Sawyer, 


SpK^P.g^6p 

5^5(2pj)6^ 

1.^ _ 

4 i 

52 

6q 

1 1 

2 i 

3i 

4 o 

1 1 

2 

0 


1 

2 ■ . ' ! 

0 

* 129 . 989.72 

* 130 , 766.00 

* 133 , 153.54 

141 , 555.59 

143 , 352.12 

143 , 394.19 

144 , 523.45 


24 , 816.59 ( 0 ) 




37 , 444.50 ( 1 ) 



- 0.33 




- 0.05 



24 , 542.83 ( 1 ) 


35 , 332.52 {2p) 


37 , 171.83 (2p) 

38 , 300.69 ( 0 ^) 


0.40 


0.30 


- 0.41 

- 0.01 

* 22 , 597.42 ( 2 ) 

* 23 , 373.78 ( 9 ) 


34 , 163.16 ( 0 ) 

35 , 959.78 ( 1 ) 



- 0,.03 

- 0.11 


- 0.10 

0.01 



22 , 426.92 ( 3 ) 



33 , 992.66 ( 7 ) 

35 , 789.21 ( 2 ) 



- 0.34 



- 0.21 

- 0.23 



* 22 , 084.85 ( 7 ) 

* 22 , 861 . 10 ( 6 ) 

* 25 , 248.63 ( 5 ) 

33 , 650.61 ( 5 ) 

35 . 447 . 19 ( 2 ^) 

35 , 489.04 (4p) 

36 , 618.32 (Ip) 

- 0.14 

- 0.11 

- 0.10 

- 0.03 

- 0.08 

0.14 

0,12 

21 , 744.06 ( 2 ) 



33 , 309.52 ( 2 ) 

35 , 106.30 ( 0 ^) 



- 0.20 



0.21 

- 0.04 



* 19 , 044.61 ( 6 ) 

* 19 , 820.81 ( 6 ) 

* 22 , 208.49 ( 7 ) 

30 , 610.40 ( 7 ) 

32 , 406 . 84 ( 1 ) 

32 , 448.92 ( 2 ) 

33 , 578.17 ( 1 ) 

- 0.11 

- 0.03 

- 0.17 

- 0.01 

0.10 1 

0.09 

0.10 

* 17 , 194.57 ( 3 ) 

* 17 , 970.87 ( 7 ) 


28 , 760.70 ( 0 ) 

30 , 557 . 09 ( 5 ) 

30 , 599,05 ( 7 ) 


0.07 

0.05 


- 0.19 

- 0.05 

0,06 



* 17 , 049.36 ( 1 ) 




29 , 677.65 ( 7 ) 



0.03 




- 0.07 



32 , 363,01 ( 1 ) 
0.19 

33 , 190 . 44 ( 2 } 

27 , 951.81 ( 0 ) 
0.10 

31 , 623.10 ( Oi ?) 
- 0.14 

30 , 026.58 ( 2 ) 

20 , 797 . 53 ( 1 ) 

- 0.20 

1 * 21 , 624.51 ( 4 ) 

15 , 365.59 ( 1 ) 
0.20 

19 , 828.56 ( 1 ) 

18 , 994.53 ( 0 ) 
0.24 

* 19 , 785.91 ( 3 ) 

* 18 , 656.65 ( 0 ) 

0.04 


0.08 

1 0.10 

0.48 

0.10 

0.10 

34 , 666.98 ( 2 ) 

33 , 678.55 ( 2 ) 

■ 0.33 ■ 

33 , 890.73 ( 5 ) , 

31 , 503.30 ( 1 ) 

23 , 101 . 13 ( 2 ) 1 

21 , 092.66 ( 5 ) 
0.10 

21 , 304.73 ( 1 ) i 

21 , 050.61 ( 2 ) 
0.10 1 
21 , 262.55 ( 5 ) 


0.07 

0.04 I 

- 0.07 

0.05 1 

- 0.08 ] 

0.03 1 



35 , 047 . 74 ( 0 ) 

32 , 659.85 ( 1 ) 

24 , 257 . 90 ( 4 ) 

22 , 461.66 ( 1 ) 

22 , 419.35 ( 3 ) 

21 , 290.55 ( 1 ) 


- 0.04 

0.31 

0.21 i 

0.08 i 

0.16 

- 0.30 

35 , 900.36 ( 1 ^) 
- 0.13 

36 , 141 . 39 ( 2^)1 
0.00 1 

35 , 124.31 ( 4 ) 
- 0.36 

35 , 365.28 (Op) 
- 0.17 


24 , 334.53 ( 0 ) 
- 0.17 i 

24 , 575 . 44 ( 6 ) 1 
0.08 1 

, 

22 , 538.01 ( 4 ) 
- 0.18 

22 , 779,08 ( 2 ) 
- 0.09 

22 , 495.94 ( 2 ) 
- 0.18 

22 , 736.88 ( 3 ) 
0.04 

23 . 206.44 ( 1 ) 

23 . 206.44 ( 1 ) 
0.11 





22 , 090.41 ( 0 ) 

23 , 886.73 ( 1 ) 




- 0.10 

0.11 




21 , 890.25 ( 3 ) 

23 , 686.83 ( 0 ) 

23 , 728.67 ( 6 ) 



- 0.07 

- 0.12 

0.11 



21 , 150.58 ( 1 ) 

22 , 947.39 ( 0 ) 

22 , 989.36 ( 0 ) 



0.14 

- 0.14 

- 0.14 



* 18 , 689.34 ( 3 ) 

20 , 486.32 ( 0 ) 

* 20 , 528.06 ( 6 ) 



0.22 

- 0.23 

0.10 



* 17 , 919.29 ( 0 ) 

19 , 715.72 ( 0 ) 

* 19 , 757.88 ( 3 ) 



- 0.14 

- 0.04 

- 0.13 
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placed in a transite box or oven provided with nichrome heating wires on its 
inner walls and with a quartz window for end-on observation of the tube. The 
exciting current was provided by a large commercial induction furnace of 
quenched gap type operating on 220-volt ax. The exciting coil was cooled 
when in operation by water circulation. To attain the requisite vapor pres- 
sure of caesium it was necessary to heat the bulb by the oven to a tempera- 
ture in the range 120''-*200''G. Once the discharge had started, the heat from 
the exciting coil in the luminous vapor and especially from the dielectric 
losses in the glass was sufficient so that no auxiliary heating was needed. In 
fact the dielectric loss in the glass heated it to so great an extent that it was 
found safe to operate the discharge only 15 seconds in each minute. The dis- 
charge was bluish-white in color, filling the entire bulb apparently uniformly, 
and of tremendous brilliancy. 

The discharge was photographed in the region X2300-X3300A with a 
Hilger El quartz spectrograph and from X2300-XlO,00OA in the first order of 
a 21 ft, 15,000 line grating. Exposure times, i.e., actual operation of the dis- 
charge, varied from 45 sec. with conti'ast plates on the quartz spectrograph in 
the region near X3000 to as long as IJ hours on some of the grating exposures 
in the less sensitive regions. Few lines were measured on the grating below 
X2700. The longest wave-length measured was X8194 and the shortest 
X2315. The short wave-length limit was doubtless due to the absorption of 
the Corex glass. All wave-lengths were measured against standards from an 
iron arc and determinations are believed to be accurate in most cases to 
± 0.01 or 0.02A. Practically all the lines given by Sommer (about 380) were 
verified and 200 additional lines were measured in his region. The coarse 
hyperfine structure reported by Sommer for most of the strong lines was not 
observed. About 300 new lines were found below Sommer's limit in the ultra- 
violet and a few in the red. 

III. Analysis OF Data 

In Table II are given the results of the classification of the spectrum of Cs 
11. In the first column are given the electronic configurations of the odd 
terms and spectroscopic notations of the levels where known. Numbers have 


Table 111. Wavelength list of Cs II lines classified. 


Int. 


X in air 

V (vac) 

Classification 

3 

vac. 

607.31 

164,655 

5^« ‘5o- (*Pii 7d, 8i; ^P> 6d, 7i)6i« 

7 

a 

612.82 

163,180 

5p^^So-i^Pi6df7s)4:i^ 

12 

a 

639.42 

156,392 

5#"So-(*Pii6i)6i» 

5 

a 

657.15 

152,172 

5/>«i5o~(2Pi.|6(2)ld 

12 

u 

668.43 

149,604 

S^«i5o~(2Pi|7^W 

20 

u 

808.77 

123,645 

5p'‘^S,-(.‘PiiSd,6s)Si'‘ 

5^'i5o-(“Pi5d,6i)4i» 

20 

u 

813.85 

122,872 

20 

u 

901.34 

110,946 

5^«iSo-(®Pij5<i)li» 

20 

2p 

ip 

op 

2p 

Op 

Op 

u 

926.75 

2539.174 

2595.886 

2610.140 

2627.952 

2635.882 

2666.358 

107,905 

39,371.06 

38,510.97 

38,300.69 

38,041.11 

37,926.67 

37,493.20 

5:?“5o-(*Pii6s)»Pi» 

PPli 6p)U-(^Pn Id, 8s; ^Pi 6d, 7s)8’> 

PPii 6p)2i-i^Pii Id, 8s;^Pi 6d, 7s)W 
(2Pi 6^)4o-(2Pi4 5<i, 6^)51“ 

(2Pii 6^22- (““Pii 7d, 8i;2P.j 6d, 7^)9“ 

(»Pii 6#>)li-(2Pii 7i, 8s;Vi 6d, 7s)Si'‘ 
pPli 6rt3s-pPa 7d, 8s; ^Pj 6d, 7s)m 


liW 

i t 
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V (vac) 


Classification 


2669.792 

2689.412 

2726.802 
2730.065 
2733.879 
2749.839 
2766.095 
27 m MS 
2784.666 
2789.797 
2793.316 
2816.943 
2820.268 

2826.802 
2829.045 
2829.423 
2846.193 
2847.655 
2848.955 
2852.415 
2883.745 
2914.652 
2926.274 
2940.953 
2949.800 
2968.383 
2970.851 
2977.258 
3001.271 
3012,041 
3060.976 

3080.874 

3084.875 
3089.053 
3161.333 
3173.355 
3263.982 
3265.924 
3267.135 
3271.626 
3329.428 
3368.575 
3376.261 
3475.973 
3531.376 
3576.570 
3732 . 
3785 . 
3805 . 
3896 . 


37 . 444.50 

37 . 171.83 

36 . 662.16 

36 . 618.32 
36 , 567.26 
36 , 355.02 

36 . 141.39 
35 , 959.78 

35 . 900.36 

35 . 834.32 
35 , 789.21 

35 . 489.04 
35 , 447.19 
35 , 365.28 
35 , 337.24 

35 . 332.52 
35 , 124.31 

35 . 106.30 
35 , 090.18 
35 , 047.74 
34 , 666.98 

34 . 299.37 

34 . 163.16 
33 , 992.66 
33 , 890.73 
33 , 678.55 

33 . 650.61 

33 . 578.17 

33 . 309.52 
33 , 190.44 
32 , 659.85 
32 , 448.92 

32 . 406.84 
32 , 363.01 
31 , 623.10 

31 . 503.30 

30 . 628.61 

30 . 610.40 

30 . 599.05 
30 , 557.09 
30 , 026.58 
29 , 677.65 
29 , 610.16 
28 , 760.70 

28 . 309.51 


6^)3 2 - (2^11 5 ^^, 65)430 
(2P^6i))32-~(2Pi|5i^)5i0 
(2Pi| 6i>) 1 1 - (2Pi 1 7 (^ , 85 ; 2P| 6 
(2P| 6p)4:,-{^P{6s)^Fi^ 

( 2 Pi| 6 ^) 22 ” ( 2 Pi| 7i, 85 ; 2 Pl 6 il, 

(2Pll 6 ^) 22 - (2Pi| 7i, 85 ; 2 Px 6^1, 1 
(2Pi^6i))4i-(2Pi|7i, 85;2P| 6 tZ, 7 
(2P^-6i>)2i-(2Pii65)2P20 
( 2 Pii 6/))4i-(2Pi.* 7d, Ss; {^P-\ 6d, 
(2Pi|6^)li-(2Pix74 Ss;^P{6d,1 
( 2 P| 6 /)) 2 i~( 2 Pii 5^, 65)620 
i^P^6p)3,-0Pi^6s)^Pt° 

(2P. 6^)2i-<(^Pix65)3PiO 
(^Pii 6 ^) 52 -(^Pa 7^, 85 ; ( 2 Pi 6 ^. 

(2Pi| 6^)33-(2 Pi| 7^, 8s; ^P^. 6(i, 7 
(^P.6#)lx™C^Pu.5^)5iO 
(2Pi| 6^)52- (2PU^ 7i, 8s; 2P| 6d!, 7s)8o 
(2P^ 6p)2x-(2Pi.5^)7oO 
(2Pu. 6p)2.-(IPix 7d, 8s; ^P.. 6i, 7s)4i0 
(2Pii 6^)52- (2Pi?. 7^?, 8s; 2P| 6(i, 7s)7i« 
(2Pi| 6p)4:i~~{^PA 7d, 8s; ^P,. 6t^, 7s)6i0 
{IPx^Cp)l2-(IPVi7d, 8s; 7s)3 

(2Pi6^)lx-(2Pi|6s)«P20 
{^Py,6p)U-~(IPilSd)6i 
OPil 6p)52-ePik ^d, Ss;^Px 6d, 7s)6i0 
( 2 P 14 . 6/>)52-("Pi.| 7</, 8 s; 2 p. 6 i, 75)52“ 

(2Pi6i>)lx-(^Pi|6s)3PxO 

(2P|6i>)4o~(2Pi|5i)liO 

(2P^6/>)li-(2Pl|5£i)7oO 
(2Pi.| 6p)4x--(2Pi.j 7</, 8s; 2P| 6^^, 7s)4i0 
(2Pi| 6p)6o-{^Pih ^d, 8s; 2P| 6^2, 7s)7iO 
(^P^6p)32-i^PH5d)li^ 
(2P.|.6i))2i-(^Pu5(2)lxO 
(2Pii 62>)4i--(2Pi^ 7J, 8s; ^P^ 6<2, 7s) 2 a' 
(2Pi| 6i))52-(2Pi| 7d, 8s; 2p.| 6i^, 75 ) 33 “ 
(2Pi.|6^)6o-(2Pi|7i, 8s;2P| 6(i, 7s)6i< 
(2Pi^ 6^)22“- (2Pi| 7J, 8s; ^P^ 6ii, 7s)l2“ 
(2P|6/>)lx-(2Pi|.5^)liO 
(2Pi6i:>)32-(^Pi|5c^)220 
(2P|6/>)2i-(2Pi|. 5^)22“ 

("PU 6^)6o-(2Pii 7<^, 8s; (2P| 6c2, 7s) 
{^Pl6p)32-0PihSd)3-I 
( 2 P 1 . 1 6 j 5 >) 33 -~( 2 Pii 7^, 8s; ^p. 6i, 7s) 1 2 ^ 
(2p.6^)lx-C^Pi|5^)220 
{^Pxh(>P)22-{^Pii(>d) 
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Int. 


\ in air 


(vac) 


.Classification 


1 

4186.249 

23,886.73 

(fPi6p)Zx-(?Pi5d,6s)i<!‘ 

6 

4213.129 

23,728.67 

(2P^6i>)32-("Pf5i,6^)2./ 

0 

4220.571 

23,686,83 


. ■ 3 . ■ 

4221.119 

23,683.75 

mj6#.)3,-ePii6d)2,'> 

9 

4227.100 

23,373.78 

{^Pii(>p)S-i-{^Pii6sfP^'‘ 

7 

4228.350 

23,312.46 

m4 6i>)4i-ePii6i)3,» 

1 

4307.942 

23,206.44 

(2P| 6i))32- ( 2 Pl| 7(f, 85 ; 2P| U, 1s)mz^ 

6 

4330.636 

23,245.86 

(2Pii6^)6o-mj 6<i)6i« 

0 

4316.992 

23,157.78 

(?Pii6p)3^-(?PiiUW 

2 

4327.580 

23,101.13 

6p)U-(?Pn Id, 8s-, ^P.^ 6d, 7i)6i» 

4 

4330.239 

23,086.95 

(2Pu6^.)li-(2Pa7i)3Pi» 

0 

4348.620 

22,989.36 

(2Pi 6^)32 ~(^P§5^i,6jf)32« 

0 

4356.575 

22,947.39 

(2P|6#)2i-(2P| 5^,65)32° 

9 

4363.375 

22,912.15 

(2Pi 4 6#)52- mi 6^)53“ 

6 

4373.018 

22,861.10 

6^)53- pPii65)’Pi» 

5 ' 

4384.428 

22,801.61 

ePii 6^)4i-(“Pu 6d)23« 

0 

4386.566 

22,790.50 

6^)52 -(2Pi{6rf)43» 

2 

4388.764 

22,779.08 

(2P| 6i?)2i ~ (2Pll 74 8^; 2P.| 6^^, 75)9« 

3 

4396.909 

22,736.88 

(2Pj 6^))32-(2Pii 7(J, 8i:2P-i 6(i, 7i)9» 

7 

4405.253 

22,693.82 

(^Plj6;?)ll-(^Pu7i)3P2» 

2 

4424.046 

22,597.42 

PPii6^)4i-(2pi0i)3P2» 

4 

4435.708 

22,538.01 

(2Pj 6p)2i-(^Pii Id, 8s-, 2Pj- 6d, 7i)8« 

0 

4436.06 

22,536.21 

mi6i>)52-pPli6d)32» 

2 

4444.004 

22,495.94 

( 2 P| 6^)32- ("Pil Id, 85 ; 2 P.| 6 i, 7.y)8« 

1 

4450.785 

22,461.66 

pPj 6^)2i - (2Pij Id, 8s-, (2Pi 6d, 7i)7i« 

3 

4457.680 

22,426.92 

pPi^6^.)4i-(2Pi4Sd)62« 

3 

3459.185 

22,419.35 

pPi 6^)32-(2 Pij 7rf, 8i;“Pi6a:, 7i)7i» 

7 

4301.525 

22,208.49 

pPii6^)6»-(2Pij5rf)li» 

2 

4506.834 

22,182.32 

pPl}6p)4i-pPli6d)li» 

2 

4515.495 

22,139.77 

pPij 6^)22 -(^Pii SW 

0 

4525.59 

22,090.41 

(=‘Pi6p)li-(“PiSrf,6s)lo» 

7 

4526.725 

22,084.85 

pPi}6^)4i-(2Pu6^)5Pi» 

6 

4538.942 

22,025.41 

{^Pii6p)Si-{^Pi^6d)2P 

3 

4566.983 

21,890.25 

(!>Pf 6 ^)li-( 2 PiSd, 6 ^) 22 “ 

3 

4571.786 

21,867.31 

(»Pa 6^6)22 -pPii 5d)5i» 

2 

4497.673 

21,744.06 

(‘>PU.6^.)4t-('“Pij6d)7o'> 

10 

4603.755 

21,715.33 

(^Pj 6^>)32-(2 Pi| 6i)8P2» 

3 

4616.13 

21,657.19 

(“Pi 6p)4o-(2Pi Si, 6^)4i» 

4 

4623.091 

21,624.51 

(“Pi 6#)li-(“Pii ^d, 8s-, (“Pi Si, 7^)4, » 

1 

4640.333 

21,544.16 

(“Pii 6^)32 -(“PiiSi)62» 

5' ' 

4646.508 

21,515.53 

(“Pii6?)22-(“Pii75)“Pi» 

4 

4670.280 

21,406.02 

(“Pii6^)S2-(“Pii6i)li» 

1 

4692.482 

21,304.73 

(“Pi6:^>)2i-(“Pii Id, 8i “Pi 6i, ^s)6^o 

1 

4695.610 

21,290.55 

(“Pi 6^)4o - (“Pii 7i, 8i : (“Pi 6i, 7i) 7i« 

5 

4701.793 

21,262.55 

(“Pi 6^)32 - (“Pi 7i, 8i ; (“Pi 6i. 7i)6i« 

1 

4726.684 

21,150.58 

(“Pi6^>)li-(“Pi6i,6i)32» 

4 

4732.975 

21,122.47 

(“Pii6p)22-(“Pii7i)“P2« 

5 

4739,665 

21,092.66 

(“Pi 6^>)2i-(“Pii 7i, 8s; “Pi 6i, 7s)S2" 

2 

4749.132 

21,050.61 

(“Pi 6^)32- (“Pii Id, 8s; “Pj 6i, 1s)SJ‘ 

3 

4786.363 

20,886.87 

(“Pi6^)4o-(“PiSi, 6s)Si» 

1 

4806.924 

20,797.53 

(“Pi 6^)li- (“Pii Id, 8s; “Pi 6i, 7s)2o» 

6 

4830.161 

20,697.48 

(*-Pu6#>)22-(“Pii6s)“P2» 

6 

4870.024 

20,528.06 

(“Pi6rt33-(“PiSi,6s)4i» 

0 

4879.95 

20,486.32 

(“Pi6^)2i-(“PiSi,6s)4i'> 

1 

4925.744 

20,295,73 

ei’u6#>)li-(“Pii-Si)Si» 

6 

4952.835 

20,184.84 

(“Pli6^)22-(“Pii6s)“Pi» 

5 

4972.593 

20,104.64 

(“Pli 6^)33 -(“Pii7s)“P2» 

1 

5041.828 

19,828.56 

(“Pi 6^-)2i - (“Pii 7i, 8s; “Pj 6i, 7s)4i» 

6 

5043.800 

19,820.81 

(“Pa6i>)S2-(“PiiSi)li« 

3 

5052.696 

19,785.91 

(“Pi 6^>)32-(“Pii 7i, 8s;“Pi 6i, 7s)4i« 

3 

5059.866 

19,757.88 

(“Pi6;^>)32-(“PiSi,6s)Si» 

0 

5070.684 

19,715,72 

(“Pi6^)2i-(“PiSi.6s)Si» 

4 ■ 

5096.604 

19,615.46 

(“Pii6^.)4i-(“Pii7s)»Pi» 

8 

5227.002 

19,126.12 

(*7’ii6^)li-(“Pii6s)“P2« 
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Table III. {Continued). 


Int. 

X in air 

p (vac.) 

Classification 

6 

5249.373 

19,044.61 


0 

5256.572 

19,018.53 

erii6p)6o-mi6d)h'> 

0 

5263.21 

18,994.53 

6p)3i- (^Pii Id, 8s-, "-Pi 6d, 7s)3s0 

4 ■ 

5274.044 

18,955.52 

(^Pii6p)U-(^Pii5d)6P 

3 

5306.609 

18,839.20 

mi 6^)52 -pPii7i)’Pi« 

3 

5349.10 

18,689.34 

m-6^)lx-m5(i,6^)4i« 

■ 10 

5358.53 

18,656.65 

6/.)4o - (“Pii 1d,8s-,^Pi6d,7sW 

6 

5370.979 

18,613.42 

{^Pxitp)\^-{^Pli6sfP^<‘ 

5 

5419.687 

18,446,14 

{‘Pn6p)52-i^Pii7sfPJ‘ 

7 

5563.019 

17,970.87 

mi6^>)5,-mj5i)2P 

0 

5579.033 

17,919.29 

m6/>)i,-msi, 65 )Si« 

',3 

5814.181 

17,194,57 

{^Pii6p)ix-i^Pii5d)2P 

5 

5831.159 

17,144.51 

(^Pii6p)2,-{^PiiSd)U'> 

, ,1 ' 

5863.701 

17,049.36 

mj6#.)S2-ePii5d)3,» 

2 ■ 

6076.738 

16,451.65 

mi6^)6o-mi4 7im» 

4 

6128.619 

16,312.38 

(^Pii6p)3,-miSd)2,o 

2 

6419.541 

15,573.14 


3 

6495.528 

15,390.96 

m.j6^>)33-m 54,6^)33“ 

1 

6506.254 

15,365.59 

m 6rt2i-mi 74, 8j;2Pi 64, 7s)l2» 

3 

6536.440 

15,294.63 

eP,j6^)22-m4 54)2P 

' 4 ■■ ■ 

6955.519 

14,373.12 

mj6f.)22-m4S4)33» 


been assigned to those levels whose L and 5 values are not fixed. The second 
column contains the J values of the odd levels, and the third the relative 
term values referred to Sp^ ^Sq. The headings of the remaining columns give 
the electron configurations, spectroscopic notations, J values, and relative 
term values of the even terms to which are assigned numbers in order of their 
magnitude in lieu of their undetermined jL and 5 values. In the body of the 
table are the wave numbers of the classified lines, followed in the parenthesis 
by their intensities. Except in the case of intensities followed by p (prism) 
these intensities are from grating measurements. Below each wave number is 
the discrepancy (calculated value minus observed value) between the ob- 
served wave numbers and the wave number calculated from the values 
assigned to the terms. The terms and transitions established in the previous 
paper are preceded by asterisks. It will be observed that the only transitions 
in that work involving terms of the limit were fixed in relation to the rest 
of the system only by the three resonance lines wl22, 872, 123,645 and 163,180 
and were thus uncertain by as much as ±5 cm""^ because of the limited ac- 
curacy of the extreme ultraviolet measures. In the present work the first 
attempt was to remove this uncertainty by finding intercombinations be- 
tween the 5p^ 6p terms thus established and the terms of the 

limit. The lack of precision in the values of the terms, however, made it 
more feasible to approach the task by searching in the region indicated by 
these approximate terms for lines having the accurately known differences 
of the established terms of the 5^® (^F^)5d, 6s configuration. This procedure 
in fact not only located the three known terms of 5;^^ (^P^) 6p with precision 
as 141,555.59, 143,394.19 and 144,523.45 cm'“b but located also one new term 
of this configuration as 143,352.12 cm^h The differences thus established 
were used in looking for new odd terms. Sixteen such terms were definitely 
established, and in addition the three terms involving the three resonance 
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lines discussed above were accurately fixed as wl22, 866.03, 123,636.44 and 
163,180.20. It will be noted that in the case of most of the new terms one or 
two expected transitions are missing. However, each terms seems established 
beyond doubt by several close coincidences and by expected positions. A few 

less definitely established terms have been omitted. 

Table III contains a list of the Cs II lines classified both in this and in the 
preceding investigation. In the first column are the intensities from the 
present grating measurements or in a few cases, where the intensity is fol- 
lowed by p, from the prism measurement; in the second and third coluinns 
are the X’s in air, and the wave numbers in vacuum ; the last column contains 


90,468 


aipzb 


Fig. 1. The 5p^ 6p terms of Xe I and Cs II referred to their centers of gravity and reduced in 
the case of Cs II by multiplying with 9,120/14,270, the ratio of the relativistic doublets 5p^, 

It is now of interest to compare the terms as found with those expected 
as shown in Table I and to consider them in relation to the terms of Xe 1.^ 
In Fig. 1 the relative term values of the ten p 6p) terms of Xe I are drawn 
referred to their center of gravity, and beside them the ten p terms of Cs II 
likewise referred to their center of gravity but reduced by multiplication with 
9,120/14,270, the ratio of the relativistic doublets in the two cases. The 
correspondence is very good. The only crossing over is in two levels which 

^ Meggers, deBruin and Humphreys, Bureau Standards J. Research 3, 731 (1929). 
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■are very dose together. The same crossing occurred in the Kr I-Rb II 
p sequence.® The close correlation of the Xe I terms with those of Cs II is a 

convincing argument for the correctness of the Cs II analysis. 

We may next consider the odd terms. Of the low group around 110,000 
cm~^, five terms come from Sommer’s work. Four more terms were added 
in this work. The group was ascribed by Laporte, Miller and Sawyer to a 
mixture of 5p^ (^A|) Inspection of Table I shows that 6s should 

contribute two terms of J== 1, 2; and Sd, eight terms of J = 0, 1, 1, 2, 2, 3, 3, 4. 
The group is then completely identified with the exception of the term with 
J = 4, which it is impossible to locate since only one even term with J==3 is 
known with which this term could combine. In the previous work j/j^ 107,392, 
107,905 were identified as 6s and The present work adds a new term 
with / — 2 between these terms but the much greater intensities of the 
transitions to 107,392 make it almost certain that this assignment is correct. 
The remaining terms should arise from Si and may be compared with the 
corresponding Xe I terms. Since two of the Sd terms in Xe I, and one (J = 3) 
in Cs II are unknown, a graphical representation as made for the ^-terms in 
Fig. 1 is not useful. The most interesting anomaly is the term with /==0. In 
Xe I as in Ne I this term is the lowest of the ^P^x d group. In Rb II, however, it 
is the highest while in Cs II it is in the middle of the group. The remaining 
5d and terms, having as limit form a group of five terms near 120,000 
cm“^. As mentioned above two of these terms were located approximately 
in the work of Laporte, Miller and Sawyer by two extreme ultraviolet lines. 
They are now definitely fixed in position through the intercombinations of the 
{^P^) 6p group, with which they combine, with (^Pi|) 6d, Is. Except for the 
/ = 0 term which must belong to 6s it is not possible to assign these terms 
definitely to 6.S or 5(f. 

The remaining ten odd terms form a group near 160,000 cm^b These 
terms are probably a mixture of terms arising from 5p^ (^P^), 6d, 7s and 
5^®(2Pil) 7d, Ss. Laporte, Miller and Sawyer estimated 5p® to be about 

189.000 cm“b On this basis the assumption of a simple Rydberg formula 
would predict 5p^(^Pii) 7d, Ss, from the known positions of Sp^i^Pi^) Sd, 6s 
and 5^®(2Pil) 6d, 7s, as a group centered about approximately 165,000 cm“’b 
Also, on the assumption that the group Sp^{^P^ Sd, 6s centered about 120,000 
cm""^ is the first member of a sequence which approaches a limit about 

150.000 cm""^ (estimated from the relativistic doublet) higher than 189,000 
cm~b the second member would center around approximately 162,000 cm-b 
The only basis upon which these terms could be assigned to one group or the 
other would be a careful determination of the relative intensities of tran- 
sitions of each term with the (^Pn) 6p group and with the (^P|) 6p group. 
Transitions between terms having the same series limit should of course be 
stronger than between terms having different limits. On the basis of the 
present eye estimates of lines, which also for the two :f>-groups lie in quite dif- 
ferent spectral regions, little can be said on this basis. 


Laporte, Miller and Sawyer, Phys. Rev. 38, 843 (1931). 
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All the terms in this group around 160,000 cm-i are new with the excep- 
tion of 163,180.20 cm“i which was fixed by a resonance line and three other 
transitions in the earlier paper. One of the new terms, 164,656.77 crn'i is 
also confirmed by a vacuum spectrograph line, \607.31, j/164,655, intensity 3, 

which was not previously reported. 

Transitions involving terms arising from Sphif configurations and also 
from higher members of the s, p, and d configurations might be expected in 
our data. Although the position of such terms can be predicted with a fair 
degree of approximation, no certain evidence of transitions involving them 
has as yet been obtained. The present extension of the Cs II spectrum, how- 
ever, completes the essential outlines of a scheme analogous in all essentials 
to the Xe I spectrum, with the terms of each electron configuration divided 
into two completely separated groups having as series limits in the Cs II 
spectrum, Ftp^ and Sp^ 
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Infrared Absorption Spectrum of Hydrogen Cyanide 

^ ' , ' . . . ■ ■ 

By Kyu Nam Choi and E. F. Barker 
University of Michigan 

(Received October 24, 1932) 

The absorption spectrum of HCN in the gas phase has been investigated by a 
grating spectrometer with high resolution in the region 3ja — 15/z. Five of the infrared 
bands were studied, and of these the very intense fundamental at 14ju has been re- 
solved into individual lines forming P, R and Q branches. The first harmonic of the 
band at 7/i has two maxima, very nearly symmetrical and equal in intensity, and no 
<2 branch. Although fine structure is indicated, it is not possible to determine the 
position of successive individual lines. Three other maxima, less intense and unsym- 
metrical are found at 4.728ju, 4.760/x, and 4.794;a forming the second harmonic of the 
same vibration. There is a sharp single maximum at 3.5 7/i with another very strong 
double band at 3.04^. 

Form of the HCN molecule. The HCN molecule is linear with fundamental 
frequencies I'a— 712 cm~h?^ 3 == 3289 cm “land j'l approximately 2100 cm The latter 
has not been observed directly since the band associated with it is of extremely low 
intensity, but the combination vi-Yv^ explains the band at 3.57/^. The moment of 
! ” inertia determined from the fine structure of the 14/x band is 18.68 X iO"*!® g cm^. 

Introduction 


'OECENT improvements in the apparatus available for measuring infrared 
absorption have made possible the detailed study of spectra of much 
greater complexity than could be observed only a few years ago. As a con- 
sequence, the infrared absorption spectra have furnished decisive information 
for determining the molecular configurations of a number of molecules, es- 
pecially when the fine structure of the bands is observable. The purpose of 
the present investigation is to examine both the fundamental and harmonic 
bands of HCN; especially to determine the fine structure of the low-fre- 
quency bands which have never been studied before with high resolution. 

In 1912, Burmeister^ investigated the absorption spectrum of gaseous 
HCN in the region from 3^ to 14/i, finding four bands. Of these, the one 
having the shortest wave-length 3.04ju is very narrow and intense, apparently 
corresponding to the fundamental of one of the characteristic vibrations of 
the molecule. The two bands of greatest wave-length near 7ju and 14/x, are 
also intense, but appear as broad double maxima. The absorption at the two 
intermediate-maxima, 4.77/i and 3.57jLt, is relatively weak and Burmeister 
was in doubt as to whether these bands should be attributed to HCN. 

In 1923, Barker^ investigated some of the absorption bands of HCN with 
special gratings ruled by himself, giving higher dispersion than was previ- 
ously employed. He found two maxima, very nearly symmetrical and of equal 


^ Burmeister, D. Ges. Verb. IS, 589 (1913). 
2 Barker, Phys. Rev. 23, 200 (1924). 
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intensity, nppcnring nt 6.94/jt and 7.32/i.. Three others, less intense and iin- 
symmetrical, were observed at 4.756m, 4.723m and 4.79m. Observation at that 
time did not extend beyond 12m. From the envelope of the 7m band he esti- 
mated the moment of inertia to be about 13.2 X 10"”^ '^g cm**. 

In 1930, Badger and Binder"* investigated photographically the absorption 
spectrum in the region XX 7000—9 2 00 using HCN gas in a 280 cm absorption 
cell. They observed two weak bands of very simple structure occurring at 
X8S63 and X7912 which are interpreted as Zvz+vi and 41^3 respectively. In 
these bands they have been able to resolve the rotational structure, and 

compute the moment of inertia as 18.79 X 10”^^ g cm^. 

Very recently, Brackett and Liddeb examined the absorption spectrum 
of HGN both in liquid and vapor phase mostly in the region from 1m to 2m. 
The instrument used in their investigation was an automatic recording 
apparatus yielding high resolution. Three bands were observed at 1.5m, 1*1m 
and 1.0 m Ihe gas absorption. They were interpreted as second and third 
harmonics of 3.04 m (^ 3 ) and the combination 2pz+vi. All these bands are 
doublets but the rotational structure was not resolved. The moment of 
inertia as computed from the envelope of the third harmonic band was 
18±2X10"40gcm2. 

Apparatus 

The grating spectrometer used in this work is of a type similar to that 
employed by Barker and Meyer® and therefore will not be described here in 
detail. Modifications of an important nature, however, lead to a high degree 
of sensitivity of the recording apparatus and hence allow investigation with 
a grating to a greater wave-length than has been previously reached. As a 
further consequence of the increased sensitivity, it has been possible to re- 
duce the slit widths considerably and thus obtain improved definition. A 
grating ruled with 1200 lines per inch was found to be most effective for the 
region between 7 m and 15 m. From 3 m to the neighborhood of 5 m, the best 
results were obtained with a grating having 4800 lines per inch. The detecting 
system consists of a vacuum thermocouple, a Moll thermal relay with a 
Kipp and Sons high-sensitivity galvanometer of the D'Arsonval type. The 
calibration is in terms of the mercury line at 1.014m. 

The absorption cells have potassium bromide (K Br) windows and can 
be used effectively throughout the entire spectral region from 3 m to 15 m. Two 
absorption cells were used whose lengths are 25 cm and 2.5 cm respectively. 

The HCN gas was generated by introducing below the surface of H 2 SO 4 
a nearly saturated solution of NaCN in water. The gas was frozen in a liquid 
air trap provided with two stopcocks, and each sample to be examined was 
distilled over to the absorption cell by warming the trap to 30®C. In order to 
eliminate the water vapor in the gas, two U tubes were used, the first con- 
taining CaCb and the second P2O5. 

^ Badger and Binder, Phys. Rev. 37, 800 (1931). 

^ Brackett and Liddel, Smithsonian Institute 85, No. 5 (1931). 

^ Barker and Meyer, Trans. Faraday Soc. 25, 12 (1929). 





of the lines being 2.98 cm“'h The small deviations from this value shown in 
the Table I are partly due to experimental error but also indicate the effect 
of superposition of bands due to absorption by excited molecules and dis- 
turbances from the CO 2 bands. If the above value of the average spacing is 
applied to the central portion of the band, it is apparent that there are just 
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Discussion OF Results 

Region of 14pi . , * 

The wide and intense absorption previously observed with two maxima, 
was resolved into a band consisting of R, Q and P branches as shown in 
Fig. 1. Repeated observations were taken over this region, using the point 
by point method, with different pressures of gas and different slits. An ex- 
tremely small cell, 2.5 cm long with KBr windows, was used, and the figure 
represents observations made with 35 cm pressure and 0.5 mm slit width. 
The <2 branch is so strong that it was impossible to observe it satisfactorily 
even with 4 or 5 cm of pressure. In order to locate its maximum, the pressure 
was considerably reduced. The detached portion of curves a and b shown in 
Fig. 1 represent observations taken with pressures of 3 mm and 1 mm re- 
spectively. The irregularities of the lines which are apparent at the right 
end of the P branch may be attributed to the CO 2 band at 14.8/i. The energy 
falls off very rapidly in this region due to absorption by the carbon dioxide 
of the atmosphere. As shown in Fig. 1 there is a small gap near 14.8jit region 
where the Q branch of GO 2 falls and observations could not be made. No 
convergence is apparent in either the R or the P branch, the average spacing 

Table I. Rotation lines in the 14 ix band. Q branch at 14.0392 fx or 712.28 cmr^. 


i? branch: A J= -hi Initial P branch: A/ ~ —1 



V 

Ap 




: Av 

13.9780 

715.40 

3.12 

. 0 

■' ' 

■ 


13.9200 

718.40 

3.00 

1 


— 

— , 

13.8544 

721.68 

3,28 

2 

14.1554 

706.44 

' ■ — 

13.8016 

724.55 

2.87 

3 

14.2256 

702.95 

3.49 

13.7489 

727.33 

2.78 

4 

14.2841 

700.00 

2.95 

13.6962 

730.11 

2.78 

5 

14.3426 

697.21 

2.79 

13.6477 

732.72 

2.61 

6 

14.4011 

694.39 

2.82 

13.5909 

735.80 

3.08 

7. 

14.4654 

691.30 

3.09 

13.5340 

738.87 

3.07 

8 

14.5298 

688.24 

3.06 

13.4798 

741.85 

2.98 

9 

14.5853 

685.62 

2.74 

13.4299 

744.60 

2.75 

10 

14.6438 

682.88 

2.74 

13.3780 

747.49 

2.89 

11 

14.7140 

679.62 

3.26 

13,3240 

750.72 

3.03 

12 

14.7725 

676.92 

2.70 

13.2711 

753.52 

3.00 

13 

14.8310 

674.26 

2.66 

13.2181 

756.52 

3.00 

14 

14.8953 

671.42 

2.84 

13.1653 

759.57 

3.05 

15 


• 



13.1183 

762.27 

2.70 

16 

15.0320 

665.24 


13.0693 

765.15 

2.88 

17 

15.1010 

662.20 

3.04 

13.0166 

768.24 

3.04 

18 

15.1720 

659.10 

3.10 

12.9640 

771.36 

3.08 

19 

15.2410 

656.12 

2.98 

12.9113 

774.51 

3.15 

20 

15.3100 

653.16 

2.96 

12.8593 

777.65 . 

3.14 

21 

15.3790 

650.23 

2.93 

12.8203 

780.50 

1.85 

22 

15.4480 

647.33 

2.91 

12.7650 

783.38 

2,88 

23 

15.5170 

644.45 

2.88 


— 


24 

15.5860 

641,40 

2.85 


tfo absorption 
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3 intervals between the innermost lines as would be expected for a linear 
molecule. The positions of maximum absorption of the R, <2 and P branches 
fall, approximately, at 737.89, 712.29 and 688.00 cm“^ respectively. The most 
probable frequency of rotation Vr is thus found to be about 24.9 cm“h 

Region of 7/x . 

This band is unquestionably the first harmonic of the 14ju band, although 
it has no Q branch since AL is even. It was examined with the 2.5 cm cell 

WAVE-NUMBEK 

1470 1410 < 1350 


wave*lengthw 


WAVE- number (y'/cn) 


2SOLO 


WAVE LENGTH X^) 

Fig. 2. Near infrared absorption bands of HCN. 

A*1v 2> B C'.viA-Vi. D ipz, 

and 35 cm pressure, and with a grating having 1200 lines per inch, using the 
second order. Observations in this region are rendered difficult by the ab- 
sorption of atmospheric water vapor which presents many sharp maxima 
where deflections taken either with or without the absorbing cell are reduced 
below the limit permissible for precise measurement. Several efforts have 
been made to resolve the individual lines of this band, but the curve shown 




KYU NAM CEOl AND E. E BARKER 


782 

in the Fig. 2A represents the best definition obtained: The irregularities of 
the rotational lines are to a great extent attributable to the water vapor 
in the atmosphere but there may also be appreciable absorption here by 
molecules already excited to the level 1. There are two maxima, very nearly 
symmetrical, with almost equal intensities, separated by a sharp minimum. 
The position of the missing line is about 1412.4 cm”h Measurements have 
been extended in either direction to the region of very low absorption, with 
some loss in precision, because on the long wave-length side, the energy of 
the beam falls off rapidly and on the short wave-length side, the intensity 
of the water vapor absorption increases. Although fine structure is indicated, 
it is not possible to determine the positions of successive individual lines. 

Region of 4;7ju 

This region was examined with a grating having 4800 lines per inch and 
with 0.3 of mm slit. The absorption was very much less intense and could 
scarcely be located with the 2.5 cm cell. The third curve Fig. 2B represents 
the absorption, using the 25 cm cell of saturated vapor at about 25°C and 
atmospheric pressure. The cell was moved alternately in and out of the beam 
as before. The principle maximum appears at 4.760ju with a second narrow 
one at 4.728/i and with a third at 4.794/i. These peaks have the appearance 
of Q branches. From this curve it would be difficult to make an estimate of 
the value of the moment of inertia in the usual way, but obviously the wave- 
number differences are not of the same magnitude as those exhibited at 14/i. 

Region of 3.6/x 

The absorption band near 3.6ju Fig. 2C is also weak, although it was ob- 
served with 2.5 cm cell and with the pressure of 65 cm. A single narrow and 
fairly intense maximum was found at 3.57jLt, with a low background on either 
side. Some indications of fine structure appear in the R branch but further 
resolution could not be obtained. 

Region of 3/i 

The single intense absorption band shown by Burmeister was resolved 
into a doublet Fig. 2D. It was examined with the 2.5 cm cell and with almost 
atmospheric pressure. The maxima appear at 2.996m and 3.045m. Several un- 
successful efforts have been made to resolve the individual lines with the 
7200 line grating and different amounts of absorbing gas. The spacing of the 
maxima is about 53.7 cm~^ which is much greater than that observed at 
14m, but nearly the same as at 7m. This fact combined with the difficulty 
in resolving the rotation lines, indicates that the absorption by excited mole- 
cules must be appreciable. 

Mechanical Interpretation of the Vibration-Rotation Band 

Assuming that the rotation of this molecule may be represented by the 
equation for the symmetrical top rotator, the total energy in any stationary 
state is 
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where Ep is the potential energy of deformation and C and A are the 
moments of inertia about the axis of figure and any axis normal to it. 

If C = 0, as in the unexcited molecule, then E will be finite only if /“O, 
andtEp will also vanish, so that the equation passes over into the expression 
for the energy of a simple rotator, 

or Er/h = BJ{J-{-\) where 3 = and J may assume all integral values. 

4-3 3-2 2-1 1-0 Q 2-3 3-4 


Fig. 3. Band pattern and scheme of energy levels 
for the transition 0— >1 in L 


For the special case of an excited molecule in which /=! the equation 
becomes 

W + i) , / I l\) 


or E'Jh^B' where vo=E^'h+h/^^C' &nd B' =^h/%Tc'^A' . J 

may assume all values except 0, since / 

Fig. 3 shows the energy diagrams for both normal and excited states, 
with permitted transitions indicated by arrows. Those lines in a band which 
are due to A/ = 0 belong to the (2 branch, those with A/= ±1 lead to P and 
R branches respectively. In other words, the absorption 0—>l corresponds to 
the first line of the R branch and the absorption 2-~»l to the first line of the 
P branch. There is no transition l~->0 since in the excited state, J cannot be 
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zero. For levels in which 1 = 0, / will of course assume all values including 0, 
while for a level in which / = 2, / cannot be either 0 or 1 . 

Fig. 3A represents a system of lines corresponding to a change in I from 0 
to 1. Vo lies between the Q branch and the first line of the P branch. 

The Scheme of Vibration Levels and Interpretation 
OF THE Observed Bands 

Fig. 4 represents the energy levels for the deformation vibration Pa fol- 
lowing Dennison's analysis. The principal quantum number is the value of 
Vi while the subscript is the value of I associated with it. When Av is odd, 



Al is restricted to ± 1 and the change in electric moment is normal to the 
axis of figure, giving rise to bands with Q branches. When Av is even, A/ = 0 
and there are no Q branches. The most intense absorption bands originate 
in the level Oo but even at room temperature some molecules are excited to 
higher states. The population of any upper state is determined by the Boltz- 
mann factor and by the statistical weight, the latter being 1 when / = 0, and 
2 when It^O. Thus in the state li there are about 0.06 times as many, in the 
state 2o about 0.0009 times as many, and in 2^ about 0.0018 times as rnany as 
in the state Oo. 

In addition to the three fundamental vibrations and their harmonics, all 
of which we should expect to be active, combination bands should appear. 
There is no restriction upon the values of Avi, Av^ and Avz in combinations! 
Although V\ has not been observed directly, its value is apparently very close 
to 2100 cm-b Vi and vo have been identified, their values being 712 cm-i and 
3289 cm respectively. The rest of the observed bands may now be classi- 
fied. The band at 4.7/r is apparently the second harmonic of Vi, Avi = 3, for 
which zero branches should appear. It cannot be vi since the latter would be 
a doublet. The three maxima may be interpreted as indicated in the dia- 



C. R. Kastler, Comptes Rendus 194, 858 (1932), 
Bhagavantam, Nature 126, 995 (1930). 
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Table II. Observed hand centers and their assigned quantum transitions. 


Band center 


Wave No. 
(cm.“i) 


Wave-length 

(m) 


Approximate 

relative 

intensity 


0-l(^.i) 

0o-ll(y2) 

li-2o 

I1--22 

0o—3i 

li- 4 o 

1i-42 

00—20 

0-1 (. 3 ) 

0-1 Oo-li 


(2100) 

(4.76) 

? 

712 

14.00 

1000 

700 

14.30 

12.0 

712 

14.00 


2100 

• 4.76 

0.12 

2087 

4.79 

0.095 

2112 

4.73 

0.105 

1412.0 

7.00 

1.33 

3289 

3.04 

4.4 

2801 

3.57 

1.30 


gram, Oq— ^ 3i being the most intense peak at 4.76/a, 1i“-^4o, the weakest one 
at 4.79/a and li— >42 the intermediate one at 4.73/a. Table II shows the ob- 
served band centers and their assigned quantum transitions. 

The fact that vi has not been observed is somewhat surprising, and must 
indicate that for this motion the electric moment has a very small amplitude. 
The resulting weak band might have been observed if the three components 
of 3 a' 2 had not been so intense. That a'i actually lies in this region is indicated 
by the Raman spectrum in which it appears as the most intense line. Kastler® 
finds the Raman displacement to be 2089 in the gas and 2098 in the liquid. 
Bhagavantam^ gives measurements for liquid HCN only. He finds vi at 2094 
for normal molecules, with a weaker line at 2062 doubtless corresponding to 
absorption by molecules in the excited state li, the intensity ratio being 
estimated as 24: 1. The frequency vz as indicated by his measurements is 3213. 

On THE Shape OF THE Molecule 

All of the bands observed, as well as those reported by Badger and by 
Brackett are consistent with the hypothesis that the molecule is linear. Only 
for the linear configuration can the simple structure of the 14ju band be under- 
stood. From the frequencies given in Table I a value of the moment of inertia 
may be obtained, since 

vij^ - v{r + 2-^r^) -- 2B\2r + 1) 

the primes referring to the normal state. Computing in this fashion for each 
pair of lines, we find an average value r ~ 18.68 X g cm^, which compares 
ver}^ well with Badger’s value, 18.79 X10“^® g cm^. The same order of magni- 
tude is indicated by the frequency interval between the maxima of the P 
and R branches in the 14 /a band, but not in the bands at 7 /a and 3 iu. For the 
former with Ap = 24.9 cm“h the classical formula gives 1=18.32X10"^^ 
gcm^. « ' 

It is not possible at present to determine the interatomic distances from 
the moment of inertia, nor to decide between the two possible configurations 
designated as hydrogen cyanide HCN or iso-cyanide HNC. However, the 
simplicity of the rotational structure suggests that probably only one type 
of molecule is present. 
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The Positive Ion Current at the Cathode in the Glow Discharge 


5^^ A. Keith Brewer AND R. R. Miller 
Fertilizer and Fixed Nitrogen Investigations^ U. S. Bureau of Chemistry 
and Soils, Washington, D, C. 

(Received August 29, 1932) 

The positive ion current passing through a perforation in the cathode of a glow 
discharge tube has been measured with various types of collectors and the factors 
influencing the ratio of positive ions to total current studied. At pressures above 0.5 
mm the positive ion current constitutes but a small fraction of the total current, 
while at lower pressures it increases inversely with the pressure, reaching approxi- 
mately half the total current below 0.01 mm. The fraction of the current carried by 
positive ions is independent of the size and shape of the perforation, of the current 
passing through the discharge, and of the position of the anode provided it is not 
within a certain critical distance from the edge of the Crookes dark space; it does, 
however, vary with the gas, increasing for decreasing molecular weight. 

The possible sources of current to the collector are discussed. The method by 
which the current due to positive ions is separated from that due to metastable mole- 
cules is described. The energy of the positive ions passing through the cathode is 
shown to correspond to an appreciable fraction of the cathode fall of potential. 

I N A series of recent experiments on chemical action in the glow discharge 
(I-X)^ it has been shown that the rate of reaction in the discharge can be 
expressed by a simple electrochemical equivalence law somewhat analogous 
to Faraday's law for electrolytes and also that the molecules formed in the 
negative glow are carried to the walls largely as positive ions; little or no 
reaction occurs in the dark spaces. An estimation of the M/N ratio for the 
positive ions formed in the discharge necessitates a knowledge of the rate 
of positive ion formation. Two separate methods used for evaluating the rate 
of ion formation yield M/N ratios similar to those found by Lind^ for a- 
particles, provided the positive ion current to the cathode is small compared 
to the electron current.^ The present research was undertaken, therefore, to 
measure the fraction of the current carried to the cathode by positive ions. 

Many attempts have been made to analyze the current at the cathode. 
Aston^ using a perforated cathode measured the current received by a col- 
lector immediately behind the performation. He concluded that as much as 
half the current might be carried by positive ions, but felt that this conclusion 
must be accepted with considerable caution, since a negative ion rather than 
a positive ion current was received by the collector when an appreciable 
positive charge was applied to it. Guntherschulze^ from measurements of 
the power appearing as heat at the cathode infers that the positive ion cur- 

1 A. Keith Brewer, et al., J. Phys. Chem, 33, 883 (1929) to 36, 2133 (1932). 

2 S. C. Lind, Chemical Effect of a-Rays, A.C.S. Monograph. 

® A. K. Brewer and P. D. Kueck, J. Phys. Chem. (1932). 

^ F. W. Aston, Proc. Roy. Soc. A96, 200 (1919). 

® Guntherschulze, Zeits. f. Physik37, 828 (1926). 
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rent may exceed the electron current by a factor of ten. Uyterhoeven and 
Harrington® have shown that metastable molecules formed in the discharge 
exert a prepondering effect over positive ions in the emission of electrons from 
the cathode. It is now felt that these metastable molecules have largely been 
responsible for the difficulties involved in measuring the current carried to 
the cathode by positive ions. 

Method 

The method adopted for this study was a modification of that used by 
Aston; it consisted of measuring the current passing through a hole pierced 
in the cathode. There are many difficulties involved in using this method of 
measurement, most of which can be overcome by a current collector of the 
proper design. These difficulties are: (1) the discharge is not distributed uni- 
formly over the cathode; (2) the cathode field may be distorted at the per- 
foration; (3) metastable molecules and atoms as well as positive ions will 



Fig. 1. Apparatus for measuring the positive ion current passing 
through a perforation in the cathode. 


pass through the opening; all are capable of giving off electrons from the 
collector ; (4) the high positive space charge at the opening causes an appre- 
ciable electron current to flow from the collecting plate to the cathode even 
in the absence of applied fields. It is believed that the apparatus as designed 
overcomes most of these difficulties and that the results give a fair estimation 
of the positive ion current. 

The Apparatus 

Many types of collectors were tried, including flat plates and a duplicate 
of that used by Aston. The currents received at the collector varied consider- 
ably, depending on the design and dimensions. The apparatus illustrated in 
Fig. 1 was finally chosen as giving the most reliable results. 

The dimensions of the tube are given in the illustrations. The anode was 
an aluminum plate backed by iron, so its position could be changed by a 
magnet. The cathode was an aluminum disk covering one end of an enclosed 
aluminum cylinder 5 cm long and 7.3 cm in diameter. The perforation was a 
hole 2 mm in diameter placed in the center of the cathode, the cathode wall 

® Uyterhoeven and Harrington, Phys. Rev. 36, 709 (1930). 
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being about 0.5 mm in thickness at this point. The collecting cage was in- 
sulated from the cathode by an ignited soapstone block. It was found^ neces- 
sary to have a 5 mm opening in the cage with the soapstone shadowing the 
cage from the perforation to minimize space charge induced currents between 
the cage and the cathode. All parts were made tightly fitting to prevent 
metastable molecules from drifting between the cathode and the cage, thus 
giving rise to abnormal currents between these points. 

The cone shaped cage was superior to the cylindrical type in practice, 
since it tended to screen the cathode perforation from fields applied to the 
collecting plate. This prevented a spurious discharge current between the 
collecting plate and the cathode when a potential was applied to the plate, 
and also it prevented the number of positive ions entering the cage from being 
influenced by the plate field. 

■■■ Results. 

.The effect of pressure 

The effect of the pressure in the discharge tube on the positive ion current 
entering the cage is shown for various gases in Fig. 2.- 

These data were obtained with no potential applied to either the cage or 
the plate. In the case of nitrogen the currents to both the cage and the plate 
are shown. The measured positive ion current in every instance is the sum 
of these two currents. The corrected positive ion current is the measured 
current corrected for the fraction of the cathode covered by the discharge at 
the various pressures. The voltage is the difference in potential between the 
anode and the cathode ; the electrodes were so placed that the positive column 
was absent. 

The currents to the cage and plate are similar for all gases, the only ap- 
preciable difference being in magnitude. The cage current, which is larger 
than the plate current for the higher pressures passes through a maximum 
and reaches a comparatively small value at low pressures; the current to the 
plate, however, increased rapidly at the point where the cage current passes 
through a maximum. 

The fraction of the total current carried by the positive ions passing 
through the perforation is given by the right-hand ordinates. The positive 
. .ion current . appears :to increase:, with ..decreasing pressures, the relation be- 
tween' pressure, and current being .very.: nearly hyperbolic for every gas except 
hydrogen. It is of interest to note that when the observed current is corrected 
for the fraction of the surface covered by the discharge, the positive ion cur- 
rent approaches 50 percent at the lowest pressures for which reliable readings 
can be taken, about 0.01 mm. At pressures above 0.5 mm the fraction of the 
total current carried by positive ions in argon, oxygen, and nitrogen is very 
small, being less than 5 percent. In helium and hydrogen, however, the 
positive ion current is materially larger. 

The, effect of pressure on the distribution over the cathode 

The positive ion current arriving at various points on the cathode surface 
as affected by the gas pressure is shown in Fig. 3a. These values given are 



Argon\ 
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for nitrogen and are typical of all gases. The currents passing through holes 
2 mm in diameter were measured with plane plate collectors at the cathode 
center and at 1, 2 and 3 cm from the center. It will be observed that at 

— ^ V' = ]/Qffs 

« Observed fhsit/ve Ion Current 

Ic * Corrected Positive Ton Current 

C Positive Ion Current to Cage 

P ~ Positive Ion Current 1o Plate 


j Hydrogen 


pressures above 0.3 mm the discharge is quite uniformly distributed over the 
surface, while at pressures below this point the discharge creeps away from 
the edge of the cathode and tends to concentrate in two bright sections, one 


Fig. 2. 


Pressure in mm 

Curves showing the positive ion current through the cathode perforation and the frac- 
tion of the total current carried to the cathode by positive ions. 









Fig. 3a. The distribution of the 3b. The dependence of the posl- 
positive ion current over the cath- tive ion current on the total current 
ode at various discharge pressures, through the system. 

to the pressure. With the possible exception of hydrogen, the positive ion 
current depends on the pressui'e in a similar manner. 


The effect of area and shape of the perforation 

A cathode with an adjustable slit passing through the center was used to 
test the effect of size of the opening on the positive ion current. The slit was 
2.2 cm in length; the areas were varied from 0.007 sq. cm to 0.07 sq. cm, and 
the pressures from 0.2 mm to 0.5 mm. Over this entire range the positive ion 
current at each pressure was proportional to the slit area. 

The shape of the perforation appears to have little effect on the positive 
ion current when the distribution of the discharge over the cathode was uni- 
form. Thus round holes gave practically the same current values as did long 
narrow slits for equivalent areas. 
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at the center and the other in the form of a ring at the outer edge of the glow- 
ing area. 

The effect of the discharge current 

The variation of the positive ion current with the current passing the 
discharge is shown in Fig. 3b. These data are for the current passing through 
the center perforation in the cathode used in Fig. 3a. The results show the 
positive ion current to be proportional to the discharge current. 

The effect of the cathode potential drop 

The correlation between the cathode fall of potential and the positive ion 
current is illustrated in Fig. 2. In the region where the voltage change with 
pressure is appreciable, the change is approximately inversely proportional 
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Fig. 4. The effect of the position of the anode on the positive 
ion current arriving at the cathode. 


The results were all very similar in nature so only representative curves 
are shown. Line 1 shows the effect of potential on the current received by the 
plate, while line 2 is the current simultaneously received by the cage. Line 3 
is the sum of these two currents. It will be seen that the sum of the currents 
received by the plate and cage is very nearly constant, irrespective of the 
plate potential. Lines 4, 5, and 6 represent the sums of curves similar to lines 
1 and 2 for the pressures indicated. 

Line 7 for hydrogen is distinct from those obtained for argon, nitrogen, 
and oxygen in that it shows a pronounced hump for low applied voltages. The 
size of the hump decreases with increasing pressure. Similar humps were 
obtained with helium at the lower pressures. 

Line 1 for the current received by the plate is similar to that obtained with 
a simple plate collector or with a collector of the type used by Aston, the 
sudden drop for small applied potentials and the negative current for large 
positive potentials are characteristic of all simple collectors. 

The results obtained with a collector of the same type as that shown 
in Fig. 1, but with a cylindrical rather than a cone shaped cage, were diflFerent 
from those given in Fig. 5 when various accelerating and retarding voltages 


POSITIVE ION CURRENT AT CATHODE 791 

The effect of the anode . 

The effect of the distance between the anode and cathode on the positive 
ion current is shown in Fig. 4. 

The edge of the dark space is represented by the dotted line at 1 cm. The 
voltage is the difference in potential between the electrodes. The data show 
that the position of the anode in the negative glow has no effect on the cath- 
ode potential fall, on the current through the system, Is, or on the positive 
Ion current, J^,, until it approaches within a very short distance from the 
edge of the dark space. This effective region which determines the charac- 
teristics of the discharge is referred to as the vital segment. 

The effect of collector potential 

The effect of various voltages applied to the plate of the collector illus- 
trated in Fig. 1 is given in Fig. 5. 


Q Crookes Dark Space 
Segment 


V'Negafive Glow 

_ P= 0,18 mm 

Dark Space =1,0 cm 
~ SUt Area = 0.03375 sq.cm 
„ Cathode Area - 43.0 J sq.cm _ 
Aluminum Cathode 


4 5 6 7 6 3 10 II tZ 13 14 IS 

Distance between electrodes in cm 
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were applied to the plate. Two cylinders were used, one with an opening into 
the cylinder, 2 mm in diameter, the same as the cathode perforation and the 
other with a 6 mm opening placed symmetrically over the cathode perfora- 
tion. The walls of the cylinders were machined to a knife edge at the opening 
in both cases and were insulated from the cathode by a thin sheet of mica. 
The cylinder with the smaller opening gave unsatisfactory results as the posi- 
tive space charge due to the ions entering the perforation induced an appre- 
ciable electron current from the cage to the cathode. This effect was material- 
ly minimized by the 6 mm cage opening. With the larger opening the plate 
current corresponded exactly to line 1 of Fig. 5. The cage current, however, 
is illustrated by the dotted line 8, and differs materially from line 2 for the 
cone shaped cage in that many of the positive ions and metastable molecules 
that were caught by the cone now go to the cathode and also the number of 



r 


r 








r 



r~ 







Curve 

Gas 

P 
























1 

A 

.15 mm Plate 
.15mm Cage 
.IS mm Total 






















Z 

3 

A 























A 

.ZZmm Total 
















4 

\ 





S 

$ 

A 

A 

,49 mm Total 
.36 mm Total 
















I 

4 





7 

Hi 

.15 mm Total 
















t 









— 

— , 

— 

— 

— 

— 




7u- 

— 


— 

— i 


— 





& 






































































































- 




















sate 


sSr 















q 


I 


— 1 

— : 

: — 


— 

— 

r- 

— 


— 


r 

c 

-o— 




— 

Z! 




— 

— 

— 


— 


■— 

__ 

— 


la-. 




bsa 


esz 


' 

— 


it: 



— 


ITS 


L„ 

— 

— 

— 

— 





zrss 










•sb: 

5 


IrSd 


z 












— n 


6^ 


55 a 

zz 

zz 

. 



! 

IZ 

— 

ZZ 

zz 



p . 

zz 

zz 

ZZ 




. 

, 







-s- 











— 




z 

z 


— 

__ 






























:5s- 













-J 























z 





-J 






















z 


Zi 






_ 

□ 















z 



-J 


z 


Zj 

i 

□ 

d 

□ 



WO 
Negative 


Positive 


Volts on Collecting Plate 

Fig. 5. The effect of plate potentials on the current to the plate and to the cage, and on the 
total positive ion current passing through the perforation. 

positive ions passing through the cathode is doubtlessly materially reduced 
by the positively charged plate placed immediately over the perforation. 
Decreasing the distance between the plate and the perforation increased the 
current from the plate to the cathode, and decreased the current to the cage. 

Discussion OF Results 

The results just presented may be better understood by a consideration 
of the possible sources of the currents received by the collector cage and plate. 
The currents received by the collector may be divided into two types; (1) 
the primary current entering from the discharge, and (2) secondary current 
arising within the collector. These types may be subdivided as follows: 

(1) Primary current 

1. Positive ions from discharge (J+) 

2. Electrons from discharge (ec) 

(Dragged in by J+ or by charge on plate) 
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(2) Secondary current 

1. Secondary electrons ejected by ions {ei+) 

2. Secondary electrons ejected by metastable molecules and atoms 

(^m) 

3. Photoelectrons {ex) 

4. Ionization by mutual impact of 2 metastables. 

The components of the currents received by the plate and cage may now 
be analyzed as follows: 


When plate is negative 
Current at the plate 
1 . 

2. eni from plate 

3. ei+ from plate 

4. ex from plate 
Current at cage 

1. erri from plate 

2. ei+ from plate 

3. ex from plate 

4. from discharge 


When plate is positive 
Current at the plate 

1. e-ni from cage 

2. from cage 

3. ^ 1 + from cage 

4. Cc from discharge 
Current at cage 

1 . /+ 

2. from cage 

3. ex from cage 

4. 6/+ from cage 


In addition to the above there are two other sources of current that might 
be registered by the collecting electrodes, namely, an electron current from 
the plate to the cathode perforation, and an electron current from the cage 
to the cathode. An example of the plate to cathode current is shown by line 8 
in Fig, 5 ; this did not occur for the cone collector. A cage to cathode current 
is difficult to avoid but can be reduced by making the cage opening materially 
larger than the cathode perforation, and also by screening the cage opening 
from the cathode with some insulating material; a potential on the plate also 
decreases this current. 

A survey of the various currents received by the plate and cage shows 
that the currents of secondary origin neutralize one another, in that what is 
lost by one electrode is gained by the other. The sum of the currents to the 
cage and plate, therefore, represents only the primary currents passing 
through the cathode perforation, provided no spurious discharges to the 
cathode occur. Thus it follows that the lines 3, 4, 5, 6, 7, of Fig. 5 represent 
the current due to the positive ions passing through the orifice minus that 
due to any electrons that might be dragged along by the inrushing positive 
ions. 

An accurate estimation of the primary electron current passing through 
the cathode perforation cannot be made from the present data; nevertheless 
the results indicate it to be small compared with the positive ion current. 
Since the primary electrons necessarily enter the cage with very low initial 
energy they should be easily stopped by a negative plate potential ; the fact 
that the total current passing through the perforation remains almost con- 
stant irrespective of the potential on the plate indicates a negligible electron 
current. It may be, however, that the small break in line 7 near zero plate 
voltage is due to the primary electron current. 
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The hump in curve 7 is characteristic of all the sum curves, although it is 
negligible for argon, nitrogen, and oxygen, and small for helium. The presence 
of the hump results from an abnormal electron current from the cage to the 
cathode that is apparently due to electrons liberated from the edge of the 
cage by metastable molecules and atoms and drawn to the cathode by the 
positive space charge set up by the inrushing ions. This type of discharge is 
readily checked by a charge on the plate and ordinarily breaks off more read- 
ily for positive than for negative potentials. 

It is impossible to obtain an accurate estimation of the energy of the 
positive ions since the data do not distinguish between electrons liberated by 
the ions and by metastable molecules. The energy of the ions must be an ap- 
preciable fraction of the cathode potential drop, however, since the point 
of crossing of lines similar to 1 and 2 in Fig. 5 moves toward the positive 
voltages for decreasing pressure, as well as the positive potential at which the 
plate current became zero increased with a decrease in pressure. In the case 
of helium the plate did not register a negative current until a stopping po- 
tential of one-quarter the cathode potential was reached. This does not mean 
that the energy of the ions is but one-quarter of the cathode potential drop 
but rather that at this retarding voltage the positive ion current to the plate 
is just balanced by the electron current from the cage to the plate. When 
there is no charge on the plate the positive ions strike the plate at the lower 
pressures in a well-defined spot about twice the size of the cathode perfora- 
tion; this is an indication of a fairly homogeneous beam of ions. It seems prob- 
able from a survey of the results as a whole that the ions striking the cathode 
possess an energy near that of the cathode fall. Such an interpretation is not 
surprising since it has been shown previously that the length of the Crookes 
dark space is approximately equal to one mean free path for an electron be- 
tween ionizing collisions. 

These results indicate that the current carried to the cathode by positive 
ions constitutes but a small fraction of the total current passing through the 
discharge for all pressures above a few millimeters of mercury. The positive 
ion current, however, is greater in gases of low molecular weight, the currents 
being roughly proportional to the relative rate of diffusion of ions in the 
various gases. Since the potential gradient at the junction of the Crookes 
dark space and the vital segment is small it is not surprising that the cathode 
potential drop has little or no effect on the values of the positive ion currents; 
diffusion is evidently the important thing in determining the movement of 
ions from the negative glow to the cathode. Even in this vital segment of the 
negative glow the natural tendency is for the ions to be driven further into 
the glow rather than towards the cathode, since the average electron produc- 
ing the ionization has an energy component equal to the cathode potential.^ 
The studies of chemical action in the discharge show clearly that a majority 
of the ions formed in the negative glow are neutralized on the walls of the 
discharge tube® rather than at the cathode. 

^ A. K. Brewer and P. D. Kueck, J. Phys, Chem. (1932). 

8 A. K. Brewer and P. D. Kueck, J, Phys. Chem. 35, 1281 (193 1). 
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On the Nature of Active Nitrogen 


By J. Okubo and H, Hamada 

Physical Laboratory i Tohoku Imperial University y Sefidai, Japan 
(Received July 15, 1932) 

Since active nitrogen is essentially atomic nitrogen, the following two assump- 
tions (without assuming the existence of the metastable atoms as Cario and Kaplan 
did) accounts for all the observed results as reasonable consequences of the Franck- 
Condon principle and the general properties of molecular spectra. The assumptions 
are: (1) In the vibrational states with = in the metastable state, and also 

in those with z?' = ^6 in the upper state, the near-nuclear turning points of the vi- 

bration have the same or nearly equal nuclear separations as those in the equilibrium 
position of nuclei in the normal molecular state; (2) With the exception of the neutral 
unexcited molecules and atoms in active nitrogen, the metastable molecules in 
the vibrational state with z;" = 7 or 8 are most concentrated. 

D uring the past few years, considerable progress has been made in our 
knowledge of the true nature of active nitrogen. From the results of the 
exhaustive experiments of Herzberg/ Kneser,^ Wrede,^ Bay and Steiner/ 
and others, it is at present generally accepted that active nitrogen is composed 
of nitrogen atoms and that its main properties are natural consequences of 
its atomic nature. It seems, however, that some further assumptions are 
required to account for the emission of the visible afterglow itself. 

Assuming the existence of the metastable molecules and metastable 
atoms, Cario and Kaplan® have made good the defectiveness of Sponer’s 
view® with regard to the nature of active nitrogen, and they have succeeded 
in explaining the emission of the visible afterglow as well as its other proper- 
ties. Though their view is very helpful in explaining the special enhancements 
and energies of the bands emitted by the transitions from the initial levels 
corresponding to the vibrational quantum numbers ^11 and ^6 in the 3^11 
state, we have shown, on the one hand, that the ^^dark modification,” does 
not exist, ^ (at least in the sense which they have mentioned) and that active 
nitrogen has an energy, content independent of its temperature (—190°*-^ 
650°C). On the other hand, we have shown that the enhanced appearance of 
the bands above described is not confined to the case of the afterglow bands 
of active nitrogen, but is also observable in the case of the first-positive bands 
excited by passing a very weak electrical discharge through nitrogen/ the 
only difference in the two cases being that in the latter case in comparison 
with the former, the relative intensities of the bands with = r>^6 are greater 

^ G. Herzberg, Zeits. f. Physik49, 512 (1928). 

2 H. 0. Kneser, Ann. d. Physik 87, 717 (1928). 

^ E. Wrede, Zeits. f. Physik 54, 53 (1929). 

* Z, Bay and W. Steiner, Zeits. f. phys, ChemieB3, 149 (1929). 

5 G. Cario and J. Kaplan, Zeits. f. Physik 58, 769 (1929). 

® H. Sponer, Zeits. f. Physik 34, 622 (1925). 

Detailed statements will be shortly published elsewhere. 
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than those with = ^11. Moreover, from the investigations of metallic 
spectra excited by active nitrogen, contrary to expectation, no resonance 
enhancements of the lines due to the metastable atoms (2.37 and 3.56 volts) 
and metastable molecules (8.2 volts) were found. It seems that the concen- 
trations of these metastable entities should not be so high as Cario and Kap- 
lan expected, even if they exist in active nitrogen.® To explain the observed 
results, viz., that the maximum of the intensity distribution of the bands in 
the group, or that of the groups in the band system, is displaced in the direc- 
tion of the longer wave-lengths by the increase of the pressure,^® the introduc- 
tion of inert gases,^^ the raising of the temperature,’'*^® and by the lapse of 
time directly after the exciting discharge of the active nitrogen has been 
cut off, some further assumptions are required. 

From the result that the selective enhancements of the bands with 
y'z=r^ll^ = and =/^2 in the upper state B^U are observable not 
only in the a-bands of active nitrogen, but also in the first-positive bands 
emitted from nitrogen, especially at the temperature of liquid air. When very 
weakly excited by the electrons of various velocities, it will be very natural 
to consider that the appearance of these bands is entirely due to the transi- 
tions between the energy levels of nitrogen molecules, and has no direct con- 
nection at all with atoms of any kind. Of course, the true nature of active 
nitrogen will be brought out clearly only after the results of further observa- 
tions regarding its various properties have been reported, but the following 
consideration is a means of explaining the excitations of the bands with 
= >^6, and /^2 above described, the displacements of the maximum 

of intensity in the band group, or in the band system, accompanying the 
changes of excitational conditions, as well as other properties of active nitro- 
gen, without assuming the existence of metastable atoms. 

It seems that the main observed results of the afterglow of active nitrogen 
will follow very well as consequences of the following two assumptions 
coupled with the Franck-Condon principle. It is assumed that, (1) in the 
vibrational states with = in the metastable state, and also in 
those with = in the upper ^11 state, the near-nuclear turning points 
of the vibration have the same or nearly equal nuclear separations as those 
in the equilibrium position of nuclei in the normal molecular state; and 
that (2) with the exception of the neutral unexcited molecules and atoms in 
active nitrogen, the metastable .4^3 molecules in the vibrational states cor- 
responding to the quantum numbers ^ or 8 are most numerous. The 
approximate potential energy of the molecular states ^^3 and STI, calculated 
by the ordinary method with the molecular constants known from the vibra- 
tional and rotational analysis,’-^ or simply by Morse's function, are plotted 
in Fig. 1. The equilibrium distance of nuclei in the normal molecular state 
can be calculated, approximately, by means of the formula = constant 
or = constant, and it is fairly certain that its value is in the vicinity of 

G. Herzberg, Zeits. f. Physik49, 512 (1928). 

Lord Rayleigh, Proc. Roy. Soc. A102, 453 (1923). 

12 S. M. Naud6, Phys. Rev. 38, 372 (1931). 
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L09A, and also that it is nearly equal to the values of the nuclear distance 
of near-nuclear turning points of the vibration in the state corresponding 
to the vibrational quantum numbers ^^8, and approximately to those in the 
state corresponding to the vibrational quantum numbers ^6. Therefore 
assumption (1) may be reasonably accepted. As the energy of the = 8 level 
in the state is in the range between 9.5 and 7.5 volts^^ the excitation of 
the levels (and so the assumption (2)) is also conceivable from the 

observed results of the metallic spectra excited by active nitrogen, taking 
into consideration the Franck-Condon principle. 

Gertainly, the excitation of these levels may be due to the triple 

collisions. Here it is only necessary that the energy of the state be not 

greater than the dissociation energy of the nitrogen molecule. It is not neces- 
sary to assume that the former is equal to the latter. Therefore, no modifica- 
tion of this consideration is necessary even though we take the latter as 9.0 
or 9.1 volts, so long as the former is not greater than the latter. It is regretted 
that we have now no reliable data to determine the energies of triplet levels 



Fig. L Approximate potential energy curves for 4^2 and 5^11 of N 2 . 

of a nitrogen molecule. If it were certain that the energy of the state 

is greater than the energy of dissociation, a slight modification with regard to 
the explanation of high concentration of the metastable molecules 

will be necessary, but no alternation of the above assumptions. 

From the general nature of triple collisions, i.e,, that the metallic lines 
of the lower excitational energy are excited much more intensely than those 
of the higher energy in comparison with other cases of excitation, and from 
the already recognized fact that the only known excited state of the nitrogen 
molecule directly combined with the A^S state is the state, it is certain 
that, in the triple collisions between two nitrogen atoms and the metastable 
molecule in the state, the transitions to the .B^II state from the 

state will be most probable in comparison with the transitions to other 
states. According to the general property above mentioned, the mole- 

R. S. Mulliken, Rev. Mod. Phys. 4, 54 (1932). 



In the case where the active nitrogen is flowing through the heated (or cooled) portion 
of the tube, the decrease (or increase) of intensity of the glow due to the local reduction (or 
increase) of density of normal atoms and molecules must be taken into consideration. 
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cules in the vibrational level corresponding to the quantum number 11 or 12 
will predominate over those corresponding to the quantum number 6 or 7. 
Consequently, it will be expected that, in the visible afterglow, the bands 
which are emitted by the transitions from the vibrational level with = 11 
or 12 in the B^IL state will appear more enhanced than those from the level 
with z;' = 6 or 7 in the same state. It will also be easily understood why the 
bands with smaller especially those with = 2 or v' thereabout, are selec- 
tively enhanced in the ce-bands of active nitrogen, (of in the spectrum of ordi- 
nary nitrogen excited by a very weak electric current at low temperature), 
as some little concentration of the molecules with smaller x?" or 
will result from the vibrating metastable molecules etc. In this man- 

ner it is possible to understand the special enhancements of the bands in the 
a-bands of active nitrogen. 

As the lifetime of the metastable state is believed to be sufficiently 
long, in the case where a suitable quantity of the inert gas Is mixed with 
nitrogen, or where the pressure of nitrogen is relatively high, the 
molecules will collide more frequently with other neutral unexcited mole- 
cules or atoms before the former are again excited to the ^^II state, and the 
vibrational levels of the former will descend to lower levels (^S^ 

• • • ) than those before the collisions. As a result the 5^11 molecules having 
vibrational quantum numbers less than or ^6 will predominate. There- 
fore, the maximum of intensity in the band system or in each group will be 
i i ' displaced towards longer wave-lengths, and the greater the number of 
' collisions, i.e., the higher the pressure of the nitrogen or the inert gas, the 
greater will be this effect. 

At a high temperature on account of the greater relative velocities of 
molecules and atoms, the probability of triple collisions will naturally be re- 
duced, and in addition there will be required two-stepped excitations for the 
visible afterglow (oi-bands) and a one-stepped excitation for the metallic 
spectra. The former will appear weaker and weaker in comparison with the 
latter.^^ This is conceivably the reason the intensity of the visible afterglow 
is markedly reduced at a high temperature, independent of its energy con- 
tent (9.51 volts). It is also to be expected that, at high temperature, the vi- 
brational energies of the states will be reduced before they undergo 

the second excitation because triple collisions between molecules and other 
atoms take place relatively less frequently. The maximum of intensity in the 
group or band system of the visible afterglow will be naturally displaced 
towards the longer wave-lengths. On the other hand, where, owing to the 
smaller relative velocities of molecules and atoms at a low temperature, 
triple collisions take place frequently, the probability that the 
molecules will be excited again to the B^IL state is considerably increased. 
There are then observed enhanced intensities and a rapid decay of the after- 
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glow bands, while there is no displacement of the maxim uni of intensity to- 
wards the longer wave-lengthsd^ 

The reason the intensity of the visible afterglow^ is coiisiderabl}^ reduced 
in the case where a weak electric discharge is being passed through the active 
nitrogen, may be that a recombination of the atoms which take part in the 
triple collisions^ is taking place. 

It is probable that in the case where a very weak current is passed through 
ordinary nitrogen, there is a concentration of electrons w^hich has sufficient 
energy to produce the molecules with vibrational quantum number '^6 
by the single collision with the nonvibrating normal X'S molecules, so that 
the molecules in that vibrational level will be more concentrated than those 
in the level with v' = -- 11, because the latter are excited from the s) 

level indirectly. For this reason the bands emitted from the former, as the 
initial level of transition, "will appear more enhanced than those from the 
latter, as the results of observations show. 

As explained above, considering that the active nitrogen is essentially 
atomic nitrogen, and, making the two assumptions above stated, it seems, 
(wdthoiit assuming the existence of the metastable atoms as Carlo and Kaplan 
did) that all the observed results will follow as reasonable consequences of 
the Fi anck-Condon principle, as w^ell as from the general properties of molec- 
ular spectra. 

Jackson and Broadway^" consider that they have obtained from their 
experiment evidence of the presence of metastable nitrogen atoms in the 
“P] state, but not of the normal atoms. As triple collisions may possibly 
take place betw^een three normal atoms, it is not unreasonable that such 
metastable atoms will be present in very small quantity. However, if there 
were only metastable molecules (8.2 volts) and metastable atoms in active 
nitrogen, it would be very hard to explain the main properties of it, for ex- 
ample, very long persistence of afterglow, the absence of resonance enhance- 
ments of the metallic lines due to these metastable molecules and metastable 
atoms, and the temperature effect, etc. 


L. C. Jackson and L. F. Broadway, Proc. Roy. Soc. A127, 678 (1930). 
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The Origin of the Mercury Bands at 2480A 

By J. Gibson Winans 
University of Wisconsin 

(Received October 19, 1932) 

The group of eight mercury bands near 2480x\ was photographed under varied 
excitation conditions with the purpose of determining their origin. The source was a 
discharge through mercury vapor produced in a quartz tube through external elec- 
trodes by a low-voltage Tesla coil. Fiv^e tubes containing distilled mercur}' and 
commercial mercury arc lamp showed this group of bands. These bands were weakened 
by heat along with known mercur^^ bands. The origin is undoubtedly some form of 
mercury molecule. The most probable forms are Hg^"^ and Hgj. Five observations 
favor over Hgo. (1) These bands have never been observed in fluorescence. 

(2) The 2476 band is more intense than the 2345 Hg-> band under strong field excita- 
tion but weaker than 2345 under low field excitation. (3) No other bands with proper- 
ties like those of the 2480 group have been observed in the mercury spectrum and 
Rayleigh has shown that these bands do not occur in absorption. (4) The bands in this 
group may be classified as sequences ± 1 ±2 ±3, and a lower limit for D of 

0.3 volts estimated. (5) In the v'--v"~0 sequence, emission is observed from state 
— 41 indicating molecules with \'ery high vibrational energy. This energy may be 
supplied by the electric field if the emitter is an ion but not if it is a neutral molecule. 

Introduction 

spectrum of a discharge through mercury vapor shows a group of 
-A eight bands near 2480A whose origin has been uncertain. These bands 
are shown in Fig. 1. The most intense band of the group with sharp limits 
at 2476 and 2482 and a fainter one between 2470 and 2476 were discovered 


Fig. 1. Mercury bands near 2480 A. 

by Stark and Wendt^ who described them as continuous. These bands were 
observed also by Nagaoka^ in the light from a special type of mercury arc. 
Bands will be referred to by their short wave edges. PienkowskF observed 
some flutings in the 2476 band and Rayleigh‘S showed that the flutings con- 

1 J. Stark and G. Wendt, Phys. Zeits. 14, 562 (1913). 

2 H. Nagaoka, Japanese Jour. Phys. 1, 1 (1922). 

3 St. Pienkowski, Bull. de. 1. Acad. Pol. 171 (1928). 

Rayleigh, Proc. Roy. Soc. A782, 349 (1928), 
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verged toward shorter wave-lengths. Rayleigh also observed that neither 
2476 nor 2470 were absorption bands and that 2470 was either continuous 
or had flutings much more closely spaced than 2476. Condon^ suggested that 
2476 might be a ^‘■'diffraction band” of Hg 2 and showed that the frequencies 
of the flutings followed the law of convergence calculated for diffraction 
bands. The intensities, however, did not decrease exponentially as predicted. 
Miss Brozowska*' obtained photographs using a spectrograph of L4/mm dis- 
persion and showed that the flutings of 2476 converged according to the 
equation 

V = A + Cm{m + 1) 

like the lines in the Q branch of a single band. From her photometer record, 
reproduced in Fig. 2, it is seen that the flutings are broad in the center and 
double near the long wave side. Miss Brozowska observed three bands in 
addition to 2476 and 2470 with short wave edges at 2458, 2450, and 2464. 
The short wave limit for the 2464 band was hidden by a mercury arc line. 
She suggested HgH as a possible emitter. 






|M 



0 

1 

1 


: 





o 




> 

\ 

N ^ 

1 1 



‘ 1 » 

N H 0 





Mij 



Fig. 2. Flutings of 2476. 

These five bands and three new ones were observed by the writer^ in the 
spectrum of an electrodeless discharge through mercury vapor. The new 
bands have short wave edges at 2495.6, 2489.2, and 2482. They are shown in 
Fig. 1. The edge of the 2482 band was covered by a mercury arc line. 

The entire group of eight bands was observed independently by Hamada® 
in the spectrum emitted from the hollow cathode of a discharge tube filled 
with mercury vapor. He found in addition two new" bands whose wave- 
lengths at the maxima he gives as 2504 and 2513. 

In the following experiments this group of bands has been studied under 
varied excitation conditions with the purpose of determining their origin. 

« E. U. Condon, Phys. Rev. 32, 858 (1928). 

® MissJ. Brozowska, Zeits. f. Physik63, S77 (1930). 

» J. G. Winans, Phys. Rev. 38, .S83 (1931). 

* H. Hamada, Phil. Mag. 22, 50 (1931). 
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Apparatus 

The apparatus for these experiments consisted simply of an evacuated 
quartz tube containing mercury, a low power Tesla coil, and small quartz 
spectrograph (Hilger E31). Wires were wrapped about each end of the quartz 
tube, one was grounded and the other was connected to the Teshi coil. The 
optimum vapor pressure for band emission was maintained by a furnace or 
by Bunsen burners. In all, five tubes were used, two of which had plane 
windows and could be viewed end on. Each tube was baked out in a vacuum, 
a drop of mercury was distilled into it and it was sealed off. The tubes were 
prepared at different times from different samples of mercury. Sufficient in- 
tensity was obtained to photograph the 2476 band in the third order of a 21 
foot grating with slit width 0.03 mm and exposure of one week. Exposures 
with the small quartz spectrograph were made with a very small image of the 
discharge tube focussed for X2480 on the slit. In this way the light from differ- 
ent parts of the discharge could be compared with a single exposure. 

All five tubes gave the bands shown in Fig. 1 and listed in Table I. The 
wave-lengths agree with those given by Hamada’^ with the exception of 2518 


Fig. 3. Effect of heat on mercury bands. 

and 2509. Hamada gives 2513 and 2504. He does not list any corresponding 
to 2525. The discharges also showed a continuous spectrum from 2536 to 
2345 with a minimum at 2410. This may be seen in Fig. 1. Some of the tubes 
gave the HgH bands at 4219, 4017, and 3728 and others did not. The HgH 
bands when present were emitted only in the neighborhood of the electrodes. 

The effect of heat without change in pressure on these bands is shown in 
Fig. 3 taken while a section of the discharge tube near the center was heated 
with a blow torch. The central part of the spectrum shows the light emitted 
by the heated part. Heat was found to weaken the bands at 2495, 2489, 2482, 
2476, 2470, 2456 of the 2480 group in addition to the Hg 2 bands with maxima 
at 4850, 3300, 2650, 2540, and 2345. The others listed in Table I were too 
weak to be studied in this way. The effect on the 4850 and 3300 bands is the 
same as that observed in fluorescence.^ This assures that the weakening is 
due to heat and not to a change in discharge conditions. 

A photometer record of the plate taken on the 21 foot grating verified the 
structure of 2476 observed by Miss Brozowska and shown in Fig. 2. ■ 

H. Niewodniczanski, Zeits. f. Physik49, 59 (1928). 

J. G. Winans, Phys. Rev. 39, 745 (1932). 
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Table I. 


Short wave limits 
A V cm" 


Intensity 


2525.4 

2518.0 

2509.4 

2495.6 

2489.5 
2482 

2476.07 

2469.5 
2464 

2458.0 

2449.5 


39,586 

39,702 

39,838 

40,059 

40,157 

40,278 

40,375 

40,482 

40,572 

40,671 

40,812 


To observe these bands under excitation fields of different strength, one 
set of photographs was made with the Tesla coil disconnected from the dis- 
charge tube and operated at different distances from the tube in air. Excita- 
tion of the discharge by strong or weak fields could be obtained by changing 
the distance between the Tesla coil and the discharge tube. Fig. 4, No. 1 
shows that for weak fields the 2345 Hg 2 band and the 2536 line are much 
stronger than the 2476 band. Fig. 4, No. 2 shows that for strong fields 2476 
was more intense than 2345. 

Fig. 4, Nos. 3 and 4 give a comparison of the spectra from an ordinary 
mercury arc with that from a high-frequency discharge. Fig. 4, No. 3 is the 
spectrum of the mercury arc. Fig. 4, No. 4 is the spectrum obtained by^ shut- 
ting oft' the arc and operating a high-frequency discharge through the arc 
chamber while it was cooling. No. 4 shows bands while No. 3 does not, al- 
though the vapor pressure for No. 3 was greater than that for No. 4. The ex- 
posure for No. 3 was about 0.01 that for No. 4, 

Discussion 

The origin of the group of bands near 2480 can be definitely taken as 
some form of mercury molecule, since it was observed in six different tubes 
containing pure mercury in the present experiments and by^ other experi- 
menters in previous experiments. This is indicated also by the fact that heat, 
which is known from the experiments of Koernicke,^^ and Kuhn and Freuden- 
berg^2 to reduce the number of mercury molecules causes a weakening of this 
group of bands along with the mercury bands at 4800, 3300 and 2345. HgH 
is very unlikely to be the emitter since knowm HgH bands were found to 

E. Koernicke, Zeits. f. Physik 33, 219 (1925). 

Kuhn and K. Freudenberg, Zeits f. Physik 76, 38 (1932). 
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differ greatly in intensity' relative to the 2476 band in different tubes and at 
different parts of the discharge. The most probable forms of meicury mole- 
cule are Ug, and ionized Hgs, (Hg 2 +). Five observations favor Hg 2 + over Hg. 
as the emitter. 

. (1) The 2476 mercury band has never been observed in fluorescence. All 
of the known Hg 2 bands' from X7000-2000 as, well as most of the rnercury arc 
lines have. been obse,rved .in fluorescence with no^trace^of 2476. This in- 
dicates that 2476 requires more energy than is available in a fluorescence tube 
in air,, i.e., :mo,re energy than that needed for Hg 2 .bands and Hg arc lines. 

This favors Hg 2 ”^ over Hg 2 as the emitter. 

oMS 2476 2536 


Fig. 4, No. 1 discharge under weak field, No. 2 discharge under strong field, No. 3 mercury 

arc, No. 4 discharge through mercury arc lamp. 

■ ■ (2), The comparison of intensities .of the 2345 .'Hg 2 band and 2476 under 
Strong and weak field excitation showed that 2476 although of longer wave- 
length required more ene.rgy for excitation . than; 2345. Tliis also indicates 
Hg 2 + instead of Hg 2 .as the'emitter of 2476. / 

' ' ..: (3) . Rayleigh observed: thati,2476:is mot. an absorption band, and no, other 
groups of bands similar to the 2480 group have been observed in the meicury 
spectrum. .If 24.76 were, due to H;g 2 and not to. Hg 2 '*- it must be emitted by a 
.transition to a final state which 'dissociates into one .mercury atom in the 
normal state and one excited to 2^Po or some state of greater energy. The 
initial molecular state for 2476 would dissociate into one 14S atom and an 

“ R. W. Wood and V. Voss, Proc. Roy. Soc. A119, 698 (1928). 
w Rayleigh, Proc. Roy. Soc. A137, 101 (1932). 
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excited atom of 9.7 or more volts energy if D' is approximately equal to D”. 
The ionization potential of mercury is 10.4 volts. An atomic state of energy 
greater than 9.7 volts would lie near the series limit and be one of a large 
number of similar states. Each of these atomic states would be associated 
with molecular states and we should observe many bands of character like 
2476 instead of only one. Since only one is observed, its origin is very unlikely 
to be Hg 2 or for 2476. 

(4) The flutings in the 2476 band are too widely spaced to be rotational 
lines of Hga or Hg 2 +.^® Each fluting must then represent an unresolved band 
and each member of the 2480 group a sequence of bands. To account for the 
sharp short wave edge, 2476 must be a sequence which turns back on itself 
forming a head of bands like those observed in sodium vapor by Loomis and 
Nile.i® This point of view explains the intensity distribution, diffuseness, and 
doubling of flutings shown in Fig. 2. Near the head of the sequence two bands 
coincide to give sharp intense flutings, near the center they are separated 
enough to cause diffuseness, and near the long wave edge they are resolved 
into one strong and one weak component. If the strongest fluting is taken as 
band 0—0, the weakest is 41—41. If 2476 is taken as the v' —v” = Q sequence, 
the other bands in the 2480 group may be classified as the sequences v v 
= + l±2±3 as shown in Table I. The narrow wave-length range of these 
sequences indicates that re' — r/' and, if Bates and Andrews relation holds, 
D' — D" are small. This strengthens the conclusion from observation (3). 

Assuming this classification, a lower limit for D may be estimated. Band 
= 3-0 falls in the narrow sequence 2458 with wave number about 
40670. By substracting from this, the wave number of a'— a" = 0-0 gives the 
energy of the third vibration level of the excited molecule as about 380 cm 
From this We'> 125 cm~h If w converges linearly with v' the average separa- 
tion of vibration levels is >60 cm“h Since emission is observed from a' =41, 
D must be >2460 cm"^ or 0.3 volts. 

(5) On the basis of the classification given above, emission by molecules 
in state a' = 41 (vibration energy greater than 0.3 volts) is observed. This 
favors Hg 2 ''' over Hg 2 as the emitter since a charged molecule may acquire 
high vibration energy from it’s motion in the electric field. A neutral molecule 
will possess vibration energy more nearly corresponding to the temperature 
of the vapor. If — is large a neutral molecule might possess high vibra- 
tional energy immediately after excitation and emit radiation from that state, 
but when r/ — r/' is small as for 2476, this possibility does not exist. 

Each of the five observations discussed indicates that the emitter of the 
2480 group of mercury bands is Hg 2 '’'. 

There are several other observations of interest which remain to be ex- 
plained. They are (1) The 2470 band sequence has no flutings. This may mean 
that the flutings do not coincide sufficiently well for resolution. (2) The clas- 


Assume r« = 4.4 and the energy difference between the first two rotational states is 
0.005 cm“^ The smallest separation between flutings is 1.5 cm~h 
^ W. Loomis and S. W. Nile, Phys. Rev, 32, 873 (1928). 

J. R. Bates and D. H. Andrews, Proc. Nat. Acad, Sci. 14 , 124 (1928). 
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sification given above accounts for only seven of tfie eleven bands listed in 
Table I. Bands 1, 2, and 3 in Table I resemble somewhat bands 7, 8, and 9 
and may be another group of sequences of Hg 2 +. (3) There is a continuous 
spectrum between 2536 and 2345 with a minimum near 2410. The regions 
between 2536 and 2410 and between 2400 and 2345 fall just beyond the limits 
for the 2®P2 and 2^Pi sharp and diffuse series of Hg. The continuous spectrum 
is probably the recombination spectra associated with these series. (4) The 
high-frequency discharge gave greater intensity of bands relative to lines 
than the mercury arc operated at greater pressure. A possible explanation is 
that collisions with high-velocity ions destroyed Hg 2 molecules in the arc 
more than in the discharge because of the greater concentration of ions in 
the arc. 

The explanations suggested here for these last four observations need 
verification by further experiments. 

The writer wishes to thank Professor R. S. Mulliken for suggesting the 
interpretation of the spectrum as a set of band sequences. 
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The Auroral Spectrum 

By Joseph Kaplan 
University of California at Los Angeles 

(Received October 24, 1932) 

The first-negative bands of nitrogen, which comprise most of the nitrogen radia- 
tion in the auroral spectrum, have been excited under conditions which suggest 
those in the aurora very closely. Active nitrogen is produced in uncondensed dis- 
charges in concentrations sufficient to give A strong visible glow. A very strong flash 
is observed at the beginning of the afterglow, and this flash indicates a high concen- 
tration of active material in the exciting discharge itself. Under the best conditions 
for the production of the afterglow the spectrum of the exciting discharge consists 
almost entirely of the first-negative bands. The most important characteristic of 
these bands, as excited under the present conditions, is the absence of lines due to 
The usual excitation of the N 2 + bands in discharges at low pressures produces 
these lines, whereas they are almost entirely absent in the auroral spectrum. The ex- 
citation of N 2 '^ bands in the present experiments is thought to be due to the large 
concentration of metastable nitrogen molecules in the state, and this experi- 

ment is presented as a proof of their presence in both the aurora and in nitrogen after- 
glows. 

I. Introduction 

R ecent discussions of the origin of the Aurora Borealis have aroused 
" considerable interest in the problems associated with this beautiful and 
startling phenomenon. Of special interest is the ultraviolet light theory which 
was proposed by E. O. Hulburt and H. B. Maris^ in 1929. According to that 
theory, the auroral displays are caused by blasts of ultraviolet light from the 
sun which ionize the atoms of the upper atmosphere. These ions are carried 
to the polar regions where they recombine and emit the auroral radiations. 
The earlier theories of Birkeland, Stormer and Vegard suggested that the 
aurora was due to charged particles from the sun which are diverted to polar 
regions by the earth’s magnetic field, and then their energy is given to the 
atmosphere and converted into auroral radiation. In their paper on auroras 
and magnetic storms Maris and Hulburt suggested that a complete theory 
of auroras “will require, among other things, complete knowledge of the 
energy levels, metastable states and transition probabilities of the atmos- 
pheric atoms and molecules, as well as of the exact processes which give rise 
to the aurora iight.” It is the purpose of this short paper to make a contribu- 
tion to that phase of the problem. 

The spectrum of the aurora consists in most part of the green aurora line, 
due to atomic oxygen, and of the first-negative bands, due to N 2 "^. Other 
bands have been reported in the auroral spectrum, which are members of the 
second-positive and the first-positive groups of N 2 , but in general these radia- 
tions are very weak in comparison with the green line and the negative 
bands. 


^ Maris and Hulburt, Phys. Rev. 33, 412 (1929). 
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The green aurora line has been studied with great success in recent years, 
and much has been written about it. In the present paper we will describe 
experiments in which the negative nitrogen bands have been studied. Be- 
cause of the enormous interest shown in the green line, not much work has 
been done on the study of the conditions of excitation of the negative bands. 
We have succeeded in exciting them under conditions which suggest the 
actual auroral conditions so closely that it will be tempting to conclude that 
we have reproduced the auroral conditions. 

TL Experimental Method 

The experimental method used in this work was a rather unusual one. 
Active nitrogen was produced by passing an electrical discharge through 
nitrogen at pressures ranging from 5 to 10 mm, not from the condensed dis- 
charge source usually employed in active nitrogen experiments, but from an 
ordinary uncondensed discharge from two 1-kw, 25,000-volt Thordarssen 
transformers. In all other experiments of which the writer is aware active 
nitrogen has been produced by passing a condensed discharge through nitro- 
gen at a pressure of about 0.5 mm or by using an electrodeless discharge at 
pressures around 0.01 mm. An uncondensed discharge through a tube con- 
taining nitrogen will in general not produce active nitrogen in quantities 
sufficient to show a visible glow. In the present experiment this was not the 
case. It was possible to produce a strong visible glow in nitrogen even with 
an uncondensed discharge. 

In the present experiments the tube was filled with nitrogen, and a small 
amount of oxygen was added. Then the tube was run steadily for several 
days during which the oxygen was gradually cleaned up. At first, the after- 
glow was the green continuous glow which is so readily produced by an un- 
condensed discharge in oxygen-nitrogen mixtures. As the oxygen was cleaned 
up this glow disappeared, and the afterglow due to active nitrogen appeared 
with increasing intensity. It is interesting to note the continuous transition 
between the two types of glow. The long running of the tube undoubtedly 
conditioned the surface of the tube in such a way as to allow it to adsorb 
nitrogen atoms. These adsorbed atoms react with other nitrogen atoms which 
collide with the wall, and the production of the visible afterglow is made pos- 
sible. More will be said about this in a forthcoming paper on active nitrogen. 
The novelty of the present experiment is in the extremely long treatment of 
the tube, which finally resulted in walls which were more favorable for the 
production of the visible glow than those in previously reported experiments. 
It is difficult to account for the production of the afterglow in an uncon- 
densed discharge in any other way. The strong afterglow in uncondensed dis- 
charges has probably been missed by others because of insufficient treat- 
ment of the discharge tubes. A condensed discharge will produce a strong 
afterglow in tubes in which an uncondensed discharge produces a very weak 
glow, hence experimenters have resorted in general to condensed discharges 
for the production of active nitrogen. So much, however, for the prepara- 
tion of the tube. We will now discuss the actual aurora experiments. 
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The spectra in which we are interested were photographed in the bulb 
part of a discharge tube consisting of a 500 cc Pyrex bulb and a short length 
of 1 mm capillary tubing, and the usual large internal aluminum electrodes. 
The afterglow in the bulb showed a peculiar behavior which the present 
writer has never observed before. For a very short time after the exciting dis- 
charge was interrupted, the glow consisted of an extremely intense flash, 
much more intense than the afterglow which followed the flash. The writer 
has seen this “flash glow” hundreds of times, and there is absolutely no ques- 
tion of its existence. The flash was followed by the usual type of steadily 
decaying afterglow. 

It was observed that when the afterglow in the bulb showed the short- 
lived flash (and this occurred only at the end of a very long treatment of the 
tube), the spectrum of the exciting discharge consisted of the first-positive 
bands of nitrogen, the negative bands of and the second-positive bands 
of N 2 . The more intense the afterglow became, the more thoroughly were the 
second-positive bands quenched. By not running the tube steadily, but by 
making and breaking the current about once a second, it was possible to al- 
most completely quench the second-positive group and to weaken the first- 
positive bands relative to the negative bands. Under the best conditions, the 
spectrum of the discharge in the bulb part of the tube consisted almost en- 
tirely of the negative bands. The plate was exposed to the light from the 
bulb during the entire “make,” and for that reason the spectrum contained 
more of the second-positive group than if the exposures had been limited to 
the later part of the make. This could readily be seen by noticing that the 
second-positive bands flashed up and then died down during the first part of 
the make. Evidently the condition, which is responsible for the presence of 
the negative bands, is being produced during the first part of the discharge, 
and hence is not as steady as it is during the rest of the discharge time. 

The spectra which are reproduced will show that some very striking 
changes have taken place in the nature of the electric discharge as the in- 
tensity of the afterglow increases. The spectrum of a discharge in N 2 in 
which no afterglow is produced consists of the first-positive and the second- 
positive bands. There is practically no sign of the negative bands. As a rule, 
the negative bands are produced with high intensity in discharges at pres- 
sures of 10"rto 10“"^ mm, and then they are accompanied by lines due to N"*". 
The presence of a strong afterglow changes the spectrum entirely. The 
spectrum of N 2 "^ is now produced at a relatively high pressure and it is not 
associated with the strong line spectrum of N+ which is present at low pres- 
sures. The first negative bands of the auroral spectrum are also excited with- 
out the strong excitation of the N+ line spectrum. A comparison of the re- 
sults of the present experiments with actual auroral spectra will show the 
remarkable resemblance between the two. The absence of the line spectrum 
of N+ in the present experiment and in the auroral spectra is probably the 
most important point of resemblance between the two. These results are 
shown in. Fig,. 1. 

When the current in the tube is diminished to about one-third of the value 
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at which the negative bands are produced, the afterglow is of course a very 
weak one, the negative bands are weak, and the first-positive bands appear 
with definite maxima in bands arising on and The 6323 band, cor- 
responding to has been reported in auroral displays, and considerable 

discussion has taken place recently regarding Vegard’s- observations of infra- 
red bands in the aurora which are identified as transitions ^ 7 — u4e. The -Be 
maximum is quite strong in the negative glow of a discharge tube, and is 
often prominent in very red nitrogen discharges. The strong excitation of the 
.Bio level in the same tube in which the N 2 '^ bands appear is a very significant 
result for an understanding of the auroral spectrum. 

III. Discussion 

The most significant characteristic of a nitrogen afterglow, for our present 
discussion, is the presence in it of molecules in the metastable 3l(;^) state. 
The reader will be referred to papers on active nitrogen for evidence regard- 

second positive first positive 


Fig. 1. Spectrum 1, normal excitation of No; spectrum 2, excitation in an active nitrogen 
producing discharge; spectrum 3, enhancement of bands which originate on and Bio. 

ing the existence of metastable nitrogen molecules in the afterglow. In auroral 
displays metastable molecules will accumulate as a result of the excitation 
processes which are responsible for the aurora. The only mechanism for the 
destruction of metastable molecules in the upper atmosphere is collision with 
some other particle, whereas in laboratory discharges there is undoubtedly 
considerable destruction of metastable molecules at the avails. In a tube in 
which the afterglow is very strong there is a rapid production of metastable 
molecules, and hence a comparison between the upper atmosphere and such 
a tube is a reasonable one. 

The excitation of the negative bands in these experiments can be ex- 
plained in a very simple manner. It is only necessary to postulate that the 
light, emitted in a discharge in which there is a relatively high concentration 
of metastable molecules, is due to the direct excitation of these molecules by 


2 Vegard, Nature 129, 468 (1932). Jevons, Nature 129, 754 ( 1932 ), 
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electron impact in the discharge rather than to the excitation of normal nitro- 
gen molecules. Thus, a process which in ordinary tubes is a secondary process, 
and hence very rare, now becomes quite frequent. The present experiment 
can be presented as a new proof of the existence of metastable molecules in 
active nitrogen. The metastable nitrogen molecules in the aurora are prob- 
ably produced in the same way as in an active nitrogen tube; i.e., during the 
recombination of atomic nitrogen. 

The unusual excitation of the levels 5io and in the same tube as the 
negative bands, but with weaker currents, gives us a very complete reproduc- 
tion of the nitrogen part of the auroral spectrum. The existence of streamers 
and curtains in auroral displays, and their rapid motion, are indications of the 
unsteady nature of the phenomenon, and they may well be due to variations 
in an electrical current which is responsible for the excitation of the auroral 
display. That idea would fit in well with the present results. 

This hasty account of the present experiments will be extended in the 
near future. The role of metastable nitrogen molecules will be discussed both 
for the aurora and for the light of the night sky. As a result of the present 
work we are tempted to conclude that the auroral display is really an electri- 
cal discharge in a nitrogen-oxygen mixture in which metastable molecules 
abound. There is, however, a better time for such a conclusion, namely, after 
more experiments have been performed. 
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Theory of Vibrational Isotope Effects in Polyatomic Molecules 


By E. 0. Salant and Jenny E. Rosenthal 
New York University 


(Received October 28, 1932) 


Following Dennison’s general, noncentral force treatment of the normal modes 
of vibration of symmetrical triatomic and tetratomic molecules, we derive expres- 
sions for the effects of isotopy on the normal frequencies. The isotope effect of any 
particular normal frequency depends on and may serve to evaluate the force con- 
stants of the molecule, but sums of certain isotope effects are independent of the con- 
stants. For triatomic molecules, the isotope effect of the vibration perpendicular to 
the symmetry axis depends on the value of the apex angle of the molecule. The sum 
of the isotope effects of the parallel vibrations is calculable from the masses alone. 
Definite criteria of collinearity of the molecule from isotope effects are given. For tetra- 
tomic molecules, the sum of isotope effects of vibrations parallel to the altitude of the 
molecular pyramid is calculable from the masses alone, the sum of isotope effects 
perpendicular to the altitude from the masses and from the ratio of the altitude to the 
length of side of the triangular base. Whereas the molecule has four distant nor- 
mal frequencies of vibration, it is shown that replacement of one of the X atoms of 
mass m by an atom of mass Aw removes the degeneracy of the motion, the re- 
sulting molecule having six normal frequencies of vibration. Special relations be- 
tween the various isotope effects serve as criteria for co-planar molecules. 


Introduction 


T here have been few investigations, experimental or theoretical, of 
isotope effects in band spectra of polyatomic molecules, the most out- 
standing being the studies of the vibrational effects in the electronic bands 
of chlorine dioxide, made by Goodeve and Stein^ and by Urey and Johnston.^ 
Besides the interest of the isotope effects themselves, Urey and Johnston 
showed them to be of value as an aid in the assignment of certain spectral 
frequencies to particular modes of vibration of the CIO2 molecule. 

This they accomplished by comparing the measured isotope effects with 
those calculated from their expressions for the effects of isotopy of the F 
atoms on the normal vibrations of symmetrical triatomic molecules YX2; 
the expressions were derived from equations of Bjerrum® for the normal vi- 
brations of symmetrical triatomic molecules, Bjerrum^s equations having 
been based upon the special assumption of valence forces. 

It is our purpose here to begin with the more general noncentral force 
equations of Dennison^ for the vibrations of polyatomic molecules and to 
derive therefrom expressions for the isotope effects of the normal frequencies. 
We shall obtain equations for the effects of isotopy of the F atoms, and also 
of the X atoms, in symmetrical triatomic molecules FX2 and symmetrical 
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tetratomic molecules FX3; we have already referred briefly to some of the 
results of this study.^ In Dennison's treatment, it may be recalled, knowledge 
of the quantitative values of the force constants is quite unnecessary to 
determine the directions of the displacements with respect to the molecular 
axis of symmetry, the character of the vibrations following from the basic 
postulate that the potential energy follows the geometrical symmetry of the 
molecule. 

Besides the assumptions of Dennison's theory, we assume also that, as for 
diatomic molecules, the forces involved are invariant for an isotopic change 
of mass. We shall denote the mass of the Y atom by Jkf and the mass of an X 
atom by m and shall call effects due to isotopes of F atoms /^central isotope 
effects” and effects due to isotopes of X atoms ^^end isotope effects.” We treat 
the ratios Am/m and AM /M as small, consequently our results do not apply 
to isotopes of H atoms. 

The general method outlined by Dennison for describing the potential 
energies T and V will be followed, the normal frequencies being given by 
the roots Xi of the determinental equation 


and 


xr - F| = 0 

= Xt 


(I) 


The roots and frequencies of molecules and will be 

denoted by \i and coj, the roots and frequencies of molecules having one or 
more atoms or will be denoted by X^* and coi*. The isotope 

shift Aoji of the normal frequency of vibration coi will then be given by 


Aoii / 2 * 


( 11 ) 


Since, as has been shown by Dennison,® the expressions for the transition 
probabilities of the normal vibrations involve the masses, an isotopic change 
of mass will affect the Einstein coefficients as well as the frequencies. We 
regard such effects as small, however, and certainly inextricable from the 
tangle of polyatomic band lines. 

The relative intensities of bands due to the same vibration in molecules 
differing only in their isotopes will, of course, be determined principally by 
the relative abundance of the isotopes. Relative abundance of molecules 
FC^ox^ and will be the same as the relative abundance of the 

isotopes of the F atoms. Relative abundances in the cases of isotopes of X 
atoms are, if the relative abundance of X^"”^ to 


FX2<^>:FX^^^^X^”^+^^^:FX2^”^'^^ = i:b/a:¥/a^ 


YXs^^^ : == 1 : b/a: P/a^ib^a ^ . 


.7 

k 


I. Tri ATOMIC Molecules 

We consider a molecule composed of three particles denoted 1, 2, 3, form- 
ing at equilibrium the corners of an isosceles triangle of apex angle 2a and 

s E. O. Salant and J. E. Rosenthal, Phys. Rev. 39, 161 (1932). 

6 D. M. Dennison, Phil. Mag. 1, 195 (1926). 





2m + M 2{m + Aw) + M 2m + Am + M 

Then the transformation from Eq. (2) to the fixed coordinates and the 
expressions for the conservation of linear momentum lead to the following 
relations for the displacements 5Xj, 5Yj- in the fixed system: 

’ It is assumed that when cos a =0 ; Cp^O ; hence (aisTi d-ird involves a. 
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base 2o, with particle 1 at the apex. Let gi be the change in relative displace- 
ment of the base particles 2 and 3, and ga the changes in relative displace- 
ments of the particles 1 and 2 and of the particles 2 and 3, respectively. The 
potential energy is then written : 


F = + qi^) + K^qi^ -f K^q^iq^ + qs) + Riq^qs] 


where Ki, Ki, Kz, Ki are constants (which may involve the angle). 

We choose moving coordinates x, y with origin at the center of gravity of 
the molecule, and x-axis parallel to the direction 2— >3, and define new vari- 
ables gi, w, z) in this system (gi unchanged) : 


gi = 8xz — 3x2 

u = 6xi — 1(3x2 -f- 3 .X 3 ) = (gs — g 2)/2 sin a 
V = 5yi — i(3y2 + 3 ^ 3 ) = (qz + gs — gi sin a!)/2 cos a 


3xj and Sy,- obviously referring to the displacements of the j-th particle. In 
these variables, the potential energy becomes 


F = |(4gi« + Bu^ -f C»2 -f 2Dvqi), 
where A = (iCi/ 2 ) sin -f- Kz + Kz sin^ a -f- (2^4/4) sin^ a 
B = (2Zi - Z4) sinS a 
C = ( 22 ^ 1 - 1 - 2^4) cos2 a 
D = {Ki Kz/ sin a Ki/2) sin a cos a 


To obtain the expression for the kinetic energy of the vibrating molecule, 
we first transform to a fixed coordinate system X, Y in the same plane and 
with the same origin as the moving system, 

X = X A- 9y', XY = — 8x + y 

where 0 denotes a small angle in the X, F plane. 

For the molecule YX<-”^X^’^+^”'\ let the F atom be particle 1, 
particle 2, particle 3. Let 
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SXi 
aFi 
aZa 
aZa 

Writing down the expression for the kinetic energy and substituting for 
6 its value obtained from the condition dT/dd = D (conservation of angular 
momentum), we may then write the kinetic energy letting « = A?k/( 2 wjH-A 7 m) 

2p(m^ + i)®) + + 2peuqi 

V ( .\n 

1 h cot a d cot a — ezi ) . (5) 

1 +pcot*aV 2 / J 



/2m + Am\ Amp 


2m + Aw\ Amp 

— aB 


M / 


M 


P 

p(u + a6 cot a) ; 

2 p 


pv -jr Old’ 


qip a&p 

— p\u + cot Qj) + — — ; bYs = — pz; -j — 


(4) 


Neglecting all terms in none of whose coefficients are large, we then 
have 


/2w + A#A r / .\ 

= ( ) 2p( - + + 

V 4 /L Vl + pcot^a / 




+ 


2 put 


1 + P cot^ a 


{qi — 2pv cot 


a)]. 


( 6 ) 


From Eq. (I) , (3) and ( 6 ) , the vibrations Xi*, X 2 *, parallel to the symmetry 
axis of the molecule, and the vibration X 3 * perpendicular to the symmetry 
axis, are given by 


^m + ^ 


C\ (2m + AwX 
2A +-)( : 


2pA 2 


X 3 * 


1 / D^\ 

P(l/p + cot^ a) 


(a) 


2m + Am 


(b) 


(7) 


By setting Aw = 0 , Eqs. (7) reduce to the known expressions for the normal 
frequencies of the molecule 
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For a collinear molecule, D = 0 and cot a = 0, Eqs. (7) reducing to 


(2m + Am) p(2m + Am) ■ - (70 

X 3 * -= B/{2m + Am)p (b) . 

(a) Central isotope effects, molecules and 

The vibrations of molecules will be described by relations 

obtained by substituting M+AM for M in Eqs. (8), With these equations 
and with Eqs. (I), (II), and (8), we have the following relations for central 
isotope effects : 

Ac*)i (87r%p6iJ2^ C)Ailf 


87 r^(coF ““ 002 ^) 

~ CAilf/87rW(il/ + AM) 
— mAM 


C03 M{M + AM)(1 /m + cot2 a) 

Thus, whereas the isotope effect Aoji/oji or Aa)2/aj2 of either parallel 
vibration depends on the force constants of the molecule and may have dif- 
ferent values in the different electronic states, their sum has a constant value, 
calculable from the masses alone, for all electronic states. Obviously this 
relation, Eq. (11), provides a means of assigning bands to particular modes 
of vibration. 

The isotope effect of the perpendicular vibration, Aws/ws, may be used 
to evaluate the molecular angle 2o;; before this can be done, however, it 
must be known that the frequency being so used is actually the perpendicular 
frequency, information which will have to come from other data, such as 
intensities. 

For a collinear molecule (2a = 180°, D = 0), we have 


A<uj 2 Aw 3 — mAM (13) 

<^2 C03 {M “h Ailf)(2m' “F M) 

a relation that may be used to determine whether or not a given molecule is 
collinear. 

Since change in electronic state may be accompanied by change in the 
molecular angle, it is of interest to consider how this will affect the isotope 
effects. Consider AAf>0. When the molecule is collinear, the inactive fre- 
quency coi shows no isotope effect, the isotope effect Aco/co of each active fre- 
quency is the same and negative. As the molecule bends away from a straight 
line, the perpendicular isotope effect takes on smaller absolute values, ap- 
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proaching zero as the equilibrium positions of the two X atoms approach 
each other. The absolute value |Awi/o;i| increases, but without knowledge 
of the force constants, it cannot be predicted whether Awi/coi will be positive 
or negative; the change in Acoi/wi will be in the opposite direction to the 
change in ACO 2 /W 2 , of course, in virtue of ( 11 ) and (13). 


Table I. Triatomic molecules. Calculated values of some central isotope effects. 


2a 

CIO 2 


Mgl2 

SO 2 

HsS: 


nt 

= 16 

127 

16 

1 


M 

=35 

24 

32 

32 ■ 


isM 

= 2 

1 

1 

1 


10^(A6h/coi -f-Aoja/ ctJ2) ■ 

-1.293 

-1.82 

-0.76 

-0.089 

180° 

10^(Actl3/cO3) 

-1.293 

-1.82 

-0.76 

-0.089 

150° 


-1.245 

-1.81 

-0.73 

-0.083 

120° 


-1.01 

-1.77 

-0.65 

-0.068 

90° 

it 

-0.849 

-1.68 

-0.51 

-0.046 

60° 

a 

-0.502 

-1.43 

-0.30 

-0.023 


In Table I are some values of AW 3 /CO 3 as a function of the molecular angle, 
calculated for vseveral different molecules, and also values of Acui/wi+Aco 2 /co 2 
for the same molecules. For 2a = 180°, Eq. (13) holds. 

A relatively heavy end {X) atom renders the perpendicular isotope effect 
comparatively insensitive to changes in the molecular angle, as may be seen 
by comparing the values of this effect for MgE and any of the other molecules 
in the table. Consequently, the isotope effect will not be so reliable in follow- 
ing changes in the angle of molecules with a large m jM. 

(b) End isotope effects 

The isotope effects for molecules and 

easily obtained from Eqs. (I), (II), (7) and ( 8 ). 

Aoji/o)! and ACO 2 /CO 2 depends on the force constants, 
parallel effects is independent of the interatomic forces : 

Acoi ^ Aa}2 — (m "T l)Aw 
C02 2 ( 2 m + Am) 

The perpendicular isotope effect depends upon the 
Aws — QOt“ a) Am 

C 03 2{1/ fjL 4 * cot^ a) {2m + Am) 

For a collinear molecule 

Acoi Aco2 Acos ~ juAm 

W2 W3 2{2m + Am) 

In Table II are calculated values of the perpendicular isotope effect for a 
few molecules and several angles. 

It is seen that, contrary to the behavior of the central isotope effect, the 
end isotope effect of the perpendicular vibration increases as the angle di- 


Each parallel effect 
but the sum of the 


I! 


(14) 


molecular angle: 


(IS) 


( 16 ) 
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Table II. Calculated values of perpendicular end isotope effects. 


minishes, attaining its maximum value, for a = 0 of 

(Aa) 3 A 3 )max. = ““ Am/2(2m + Am). 

The observation of the perpendicular isotope eflfect will be favored hy a 
molecule with a small angle and heavy central atom. 

By replacing m by Am in Eqs. (8), the normal vibrations of mole- 
cules are obtained. The isotope effects Awi/o^i between these 

molecules and molecules are, to the first approximation, twice the 

value of the corresponding effects between molecules and 

11. Tetratomic Molecules 

We consider a molecule composed of four atoms occupying, at equilibrium 
the corners of a regular pyramid of altitude c and length of side of triangular 
base a. We consider the Y atom, of mass Jkf, at the apex, and denote its posi- 
tions by subscript 4; we consider atoms Z*, X, X, with masses w+Aw, 
w, w, at the base, denoting their positions by subscripts 1, 2, 3, respectively* 

Let pi, p 2 f pz, gx, 22 , ga be the changes in relative displacements of the 
respective particles, assumed small quantities of the first order, and write 
Then, assuming that the potential energy has the geo- 
metrical configuration of the system, we have 

V = ■|{Xi(gi2 + + qz^) + K^iqiq^ + 2x23 + q%q^ + Kz{f/a‘^){pi^ + 

+ + Ki(fVa^)(pip 2 + pipz + p 2 pz) + K 5 (f/a){piqi + p^q^ (17) 

+ P^qz) + Ktif/ a)[pi{q 2 qz) + piiqi + qz) + pz{qi + q%)]] 
where the X's are undetermined constants. 

We now choose a system of axes, x,y, z with origin at the molecular center 
of mass and moving with the molecule, with x axis parallel to the 2-“3 axis 
and y plane parallel to the 1, 2, 3 plane. 

Then let 

+ ^^2 + Sxs) = == U] bXz — dX2 = 2l ' 

5^4 ~ |(^yi + 5^2 + Sys) == y;5yx v“ v; Sys — 5y2 = 0 ■ (18) 

dz 4 — 4* Bz 2 + dzz) = z; 5s;i — |(5^2 + ^Zz) = 0; fes — ^^2 == 0 

and at equilibrium, we have 

^^4° - U^z^ + X2^ + xi^) - 0; ^ §(^ 2 ' + xz^) = 0; xz^ ~ ^ 2 ' = a ' 

y4^ ■“ I(y3^ + y 2 *^ + yx“) == 0; yx^ — + ya^) = a{3)^^y2; 


2a, degrees 

180 

120 

■ ■ ■ 90 .' ■■ 

60 

0 

.CS<^2)S<33) 

MgCi2<3^>, Mgcmcm 

-0.121 

-0.354 

-1.01 

- 0.154 

- 0.436 

- 1.08 

- 0 . 210 ' ■ : 

- 0.565 

- 1.17 

-0.340 

-0.802 

-1.27 

- 0.769 
. - 1.40 
- 1.40 
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where, of course, the superscript zero refers to the equilibrium positions. Then 
writing: 

A = i(Ks - K,/2) 


C 


D 




3 Ka Ki Ki 5Ki 

3Ki + —K, + — + — + —+ , 

2 3 6 3 3 


-) 


Ki 


2 9 


^4 

18 


Jr6_^\ 


6 


Ki Ki Ki 

12 ~ 4 4 


( 20 ) 


F = ic/a)3-^l\Ka + ^4 + {3/2)Ki + ZKi) 

the potential energy in these variables become 

F = i{Aix^ + y^) + Bz^ + (3/2)Qi2 + Du^ + 2Cv^ 

+ + (3^^y2)y^i — y?;) 

+ Fz{i3^>V2)qi + v) + - D)vqi]} . 

To obtain the kinetic energy, we first refer to fixed axes X, Y,Z, with same 
origin as the X, y, 2 system, and connected by: 

X = a: + i/'y + te; Y = — fx + y + 4>z; Z = — Ox — <j>y + z (21) 

where \l/, d, <j>, are cosines of {X, y), {X, z), and (F, z), respectively, and the 
rotation in space is understood to be small. 

Neglecting small quantities of the second order, we have 

5Z,- = Sxj + i'y/A-Szj\ 

5F,- = - lA*/ + 

3Z,- = — 03!;“ — <^y,“ + 52,-. 

With these relations and Eqs. (18) and (19) and applying the condition for 
conservation of linear momentum, the kinetic energy becomes 


T 


= ^ |3p(x2 -f y2 -f z^) + 1(1 + €)(u^ + 1)2) + 1(1 

. . . 

— 4pe{ux + vy) + (p -- e)— —(fi + + O'H^ 

2 . 2 . 




( 22 ) 


+ 2dcp(3x — 2 € w ) + 2(j)Cp 




pe(3i/2)x + 


^cp(^y 

(^>] 


2ev + 31 /=*€— 2 
c 


0 

2p(3^^^)ac€^pd^ 


s It is assumed that for c=0, B^O. 
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M M AM 


3m + M ■ ' * ■ 3m + Am + M 3fn + Am > 

b = 6fjL{cya^) + 1, jS = 6p(6'VV) + 1 
From the conservation of angular momentum 

{dT/d(b 0, dT/de == 0, ar/a^A = o) 

and dropping terms in we have 


+ t) {7[‘ ■ •(' - ■?)]*’ + 1[‘ + '(‘ 


+ 3 pi ^ + 1(1 — + 1(1 + €)d 


— 2p — [ux 2yv + 6p — (3^^-)3)s) 

a \ a 


Eqs. (I), (20), and (24) then yield the following equations for the vibra- 
tions of the molecule : 

/ Am\^ ( Am\ / B \ 


2BC - BD - 


/ Aw\^ / Am\ i 


AotV jj3^[l - e(l - l/i3)] 


+ 3Z} - 2e£ X* 


/3 


+ —{AD - £2)[1 - e(l - l/i?)] = 0 

P 


/ Aw\^ / A^;^\ / 


Am\ { pA[l + e(l - 1/fi)] 


+ 3D + 2e£ j- X* 


+ -(AD - £^)[1 + €(1 - l/iS)] = 0. 

P 


We denote the roots of (25) by Xi*, Xg*, of (26) by Xa*, X 4 * of (27) by Xg*, 
Xg*. Each of the roots is distinct, so that the molecule has 

six normal frequencies of vibration. By setting Am = 0, these equations reduce 
to those of the molecule Ft^^W 3 ^”*^, Eq. (25) becoming 

- m{B/3ix + 6 C - 3D)X + (IBC - BD F^)/fi = 0 (28) 

and Eqs. (26) and (27) giving 

[m^A - m{hA/3iJ. + 3D)\ + {h/ti){AD - E^) = 0 . (29) 

Dennison has shown that the vibrations represented by (28) are parallel 
to the altitude c of the molecular pyramid, that the vibrations represented 




by (29) are perpendicular to the altitude and that whereas the perpendicular 
vibrations are four in number, only two are distinct, or, calling the roots of 
(29) X2, X5, X4, Xe, then 


the molecule having four distinct normal frequencies of vibration. 

Thus the substitution of an atom of mass ini+Am) for one of the base atoms 
of mass m removes the degeneracy of the parallel mode of vibration, and a 
gas composed of molecules of and will show ten 

fundamental infrared bands (disregarding, of course, the possibility of one 
or more being inactive in absorption). 

Just as in the triatomic case, any particular isotope shift Aa)i/a?i can be 
calculated only if the force constants are known, but the sum of the relative 
isotope effects of the parallel frequencies can be calculated from the masses 
alone, and the sum of the isotope effects of the perpendicular frequencies from 
the masses and the ratio of the altitude to the length of side of the base. As 
it must now be obvious, from the triatomic case, how each individual 
Acoi/coi may be written down, merely by applying Eq. (II), we shall not 
state these, but shall state only the more interesting and useful expressions 
for the sums of isotope effects. 

(a) Central isotope effects, molecules and 

These relationships apply to molecules such as and 

The normal vibrations of molecules are obtained simply 

by substituting if+Aikf for M in Eqs. (28) and (29). Then for the parallel 
vibrations we have 


Acoi Aws (ju ~~ 1)AM 
" 2 (If + AM) 


and for the perpendicular vibrations: 

Ac02 ^ A6)4 

OO2 <*>4 


in - l)Alf 


2biM + AM) 

For a co-planar molecule, that is, for one where c = 0, 6 = 1 and hence 


2(M + AM) 

(b) End isotope effects, molecules and 

These relationships apply to molecules such as and 

From Eqs. (II), (25) and (28) we get, for the parallel vibrations 

A(iii Aoii fix + llAwi (u + l)A?w 
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From (II), (26), (27) and (29) the isotope effects of the perpendicular vi* 
brations are related by: 


where, it must be recalled, 0)2 = ws, c*) 4 ~co 6 , but 

Aw 2 9^ Ac *?5 and Aw4 7 ^ Awg 
For co-planar molecules, 6 = 1 and hence 

Acoi Acoz Aco2 Aco 4 A0J5 Awe 


To the first order, the isotope effects of approxi- 
mately twice the corresponding effects of and isotope effects 

Qf approximately three times the corresponding effects of the 

latter. 

It is hoped that the above relations for isotope effects may be of use in 
the analysis of bands of tetratomic molecules. 

It may be superfluous to emphasize that the expressions here refer to the 
frequencies of small vibration and not exactly to the (0, 1) bands, but it is 
expected that the difference in those values may be neglected and our results 
applied to the (0, 1) bands themselves. 

We take this opportunity of thanking Professor D. M. Dennison of the 
University of Michigan for his interest and advice in this work. This work 
was begun while one of us (J.E.R.) was a National Research Fellow. 
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The radiation diffusion process is considered from the standpoint of the free 
paths of the diffusing resonance quanta as influenced by the Doppler and other line 
broadening effects. Abnormally long free paths are found to be of such importance as 
to enable resonance radiation to escape from a body of gas faster than has usually 
been supposed. It is assumed that a large concentration of diffusing resonance quanta 
will, on the basis of Doppler broadening only, give rise to a characteristic excitation 
of atoms, as dependent on their speeds, which can be represented by a distribution 
function which will lie between two limiting distribution functions, namely (1) Max- 
well’s distribution function and (2) a distribution function expressing a lower relative 
excitation of the high speed atoms than that of Maxwell, based on the excitation of all 
atoms as if by absorption of the core of the line. On the basis of (1) and (2), limiting 
expressions are derived for: (a) the fraction of emitted quanta traversing at least a 
given distance before absorption, (b) the diffusion coefficient, (c) the average square 
free path, (d) the average free path. A fundamental difference between radiation 
diffusion and molecular diffusion appears in that whereas (a) decreases exponentially 
with the distance in the latter case it is found to decrease only linearly (roughly) with 
the distance in the former case. For this reason very long free paths are found to be of 
relatively great importance in radiation diffusion. It is found that, for a gas container 
of infinite size, (b), (c), and (d) are all infinite. For a gas container of finite size, esti- 
mates of the order of magnitude of the apparent or effective values of (b), (q), and (d) 
are made on the basis of special assumptions. It is found that (b) = (i)|>Vr where 
p^ is the average square free path and r is the rhean life of the excited atom. The same 
formula is found to hold for the coefficient of molecular diffusion if is used to denote 
the average square molecular free path and r is used to represent the mean time be- 
tween collisions. It is pointed out that coupling and other line broadening effects will 
still further increase the importance of extremely long free paths and hence also the 
rapidity of escape of resonance radiation from a gas. The results of the Hg resonance 
radiation imprisonment experiments of Zemansky and of Webb and Messenger are 
discussed and are shown to be in accord with the conclusions arrived at above that 
resonance radiation escapes from a gas faster than according to classical theories of 
radiation diffusion, the effect being the greater the larger the gas volume or density. 

The rapidity of escape of X2537 at the lower gas densities (iV=10^^ cm~® or less) in 
these experiments can be largely accounted for by the Doppler effect on the basis of 
a diffusion coefficient proportional to the effective average square free path as calcu- 
lated by the methods of the present paper; at the higher gas densities {N — 30X10^^ 
cm“^) the escape is more rapid than can be accounted for by these methods and this 
is attributed to coupling or other pressure broadening. 

I. Introduction 

T he theory of resonance radiation imprisonment and diffusion was 
first worked out by K. T. Compton^ on the basis of analog}^ with mole- 

i K. T. Compton, Phys. Rev. 20, 283 (1922); Phil. Mag. 45, 752 (1923). See also R. W. 
Wood, Phil, Mag. 23, 689 (1912). 


823 



824 CARL KENT! 

cular diffusion. Milne^ late^ Einstein theory of radiation, arrived at 

a very general theory of the passage of resonance radiation through a gas.® 
He developed an equation describing this process which at appreciable gas 
densities, such as are usually met with in practice, reduces to the standard 
diffusion equation of Compton (except for a slight dift'erence in the numerical 
factor appearing in the expression for the diffusion coefficient). At very low 
gas densities, however, where the radiation has a considerable chance of es- 
caping completely from the gas without absorption (mean free path of the 
radiation greater than the dimensions of the gas container), and where, there- 
fore, diffusion in the usual sense of the term can no longer be thought of, 
Milne's equation is still applicable, by virtue of an additional term appearing 
in it, and expresses the fact that the radiation cannot escape from the body 
of gas faster than according to the exponential constant l/r where r is the 
mean life of the excited (resonance) state of the atom. 

The expression for the diffusion coefficient appearing in these theories is^ 
l/(3a:V) where a is the absorption coefficient of the gas for the resonance radia- 
tion. Since because of the Doppler effect or other causes of line broadening a 
resonance quantum may be absorbed at one frequency by an atom and 
given out at another,® the question arises as to what value of a should be 
used in this expression. Compton (in effect) and Milne have assumed an 
average value of a taken over the breadth of the line (the breadth of the line 
in emission being taken to be the same as that in absorption) and treated the 
diffusing resonance quanta as if they had at all times a frequency correspond- 
ing to this average value of a. Zemansky® pointed out that, where the line 
breadth is greater than given by the Doppler effect, as is found to be the 
case at appreciable gas densities, the diffusion process is probably more 
complicated; he was, however, led to believe from his experiments in mercury 
vapor that the resonance radiation diffused as a whole through the gas with 
a ^^mean or equivalent” absorption coefficient the numerical value of which 
was to be found by experiment. According to his measurements, the atomic 
absorption coefficient calculated from this mean or equivalent absorption 
coefficient decreased greatly with increasing vapor density (see below). 
Essentially similar results were obtained by Webb and Messenger® who as- 
cribed the lessening of the apparent atomic absorption coefficient at higher 
vapor densities to line broadening caused by absorption or other effects. 

Later the writer,^ and Langmuir and Found® have carried out experi- 
ments which indicate that in Neat a pressure of the order of 1 mm the mean 
free paths of the scattered resonance radiations are much greater than those 

2 E. A. Milne, Jour. Lond. Math. Soc. 1, 40(1926). 

® A number of applications of Milne's theory have been made by M. W. Zemansky, Phys. 
Rev. 36, 919 (1930) and a number of preceding papers. 

^ In M ilne's theory the numerical factor is i instead of |. 

s M.W.Zemansky, Phys. Rev. 29, 513 (1927); seep. 521. 

® H. W. Webb and Helen A. Messenger, Phys. Rev. 33,319 (1929). See particularly p. 325. 

^ Carl Kenty, Phys. Rev. 40, 633L (1932). A more complete account of these experiments 
will be given in a later paper. 

® L Langmuir and Clifton G. Found, unpublished work. 
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usually thought of for resonance lines® at such gas pressures. The cause of 
these abnormally long mean free paths has been tentatively attributed to 
Holtsmark coupling broadening^® of the resonance lines or to broadening 
caused by the formation of loosely bound moleculesd^ That there is probably 
some cause of broadening of these lines more important than the Doppler 
effect, in the case of Ne at pressures of the order of 1 mm, appears from 
heating experiments to be described in a later paper. But even at low gas 
densities where the Doppler effect is known to be the main cause of broaden- 
ing closer scrutiny of the diffusion process* has revealed that very abnormally 
long free paths will be developed by this process and that under certain 
circumstances these will be of great importance in aiding the escape of reso- 
nance radiation from a gas. 

11. An Attempt to Calculate More Accurately the 
Diffusion Coefficient 

Let it be assumed that the only cause of line broadening in the case to be 
considered is the Doppler effect. Then in Fig. 1 suppose that a quantum of 



Fig. 1. 5: direction of motion of emitting atom. Q: direction of emitted radiation quantum. 

Fig. 2. Q: direction of radiation quantum; 5: direction of absorbing atoms. 

resonance radiation is emitted at A by an atom of speed S in a direction 
making an angle between 6 and with the direction of S. The component 
of S in the direction of the quantum is S cos 6. We desire to calculate first the 
absorption coefficient n of the gas for such a quantum (or for such quanta). 
In order to be capable of absorbing such a quantum, an atom must have a 
component of velocity in the direction of the quantum which Ties between 
U and U+AU where U = S cos 6 and AU may be regarded as a “limit of 
tolerance.” Now the fraction of all atoms which have components of velocity 
in a given direction between T7 and U+AU is by kinetic theory equal to 
im/2TkTy^^[exp—U^/w^]AU where m is the mass of an atom, i is Boltz- 
mann's gas constant, T is the absolute temperature Q.nd w={2kT/my^^ is 
the most probable speed. Clearly a will be proportional to this fraction so 

» It has been pointed out to the writer that in the case of the longer wave-length resonance 
line of Ne p5o-~®Pi), a relatively long mean free path would be expected in view of the fact 
that this line is an intercombination line, such lines being usually found relatively weak in 
absorption in elements of low atomic number. 

10 J. Frenckel, Zeits. f. Physik 59, 198 (1930). See also the original and later papers by J. 
Holtsmark and'L. 'Mensing. 

11 W. Weizel, Phys. Rev. 38, 642 (1931). 

* For a recent theory of resonance radiation diffusion which takes into account the Doppler 
effect see E. W. Samson, Phys. Rev. 40, 940 (1932) and the following note by M . W. Zemansky. 

12 Carl Kenty, Phys. Rev. 41, 390 A (1932). 
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that a^A{m/2wkTy^^[e'Kp’-U^/w^\LlJ whem A is a constant of propor- 
tionality. By substituting f7==0 in this expression it is evident that the ab- 
sorption coefficient for the core of the line, ao, will be obtained. Thus «o 

By division of the two expressions, and replacing U by 5 cos B it is found 
that 

a = ao exp — [52 cos^ d/w^] . ( 1 ) 

The fraction of all such emitted quanta which travel at least a distance 
f, say, before absorption, will be given by 

exp (— ra) = exp (— / 

On the consideration that all angles of emission are equally likely, the fraction 
of all quanta emitted by atoms of speed 5, say, in directions making angles be- 
tween 0 and^ with the directions of motion of the emitting atoms is simply 
the fractional solid angle denoted by | sin BdB. Since, as far as the absorption 
coefficient is concerned, B is not distinguished from 7r~0, it will be convenient 
to treat 9 as varying only from 0 to 7r/2 and hence to take twice the above 
fractional solid angle, namely sin BdBy as the fraction of all quanta emitted at 
angles between 6 and B+dB. The fraction of all quanta emitted by atoms of 
speed S, which traverse at least a distance r before absorption is then given by 

^ 12 ^Sfw 

/ (S, 0 = I exp (— = — I exp (— 

J 0 S J 0 

wherex = S{cos6)/w. 

Let it first be considered that all atoms are equally likely to be excited 
and to emit a resonance quantum regardless of their speed — the condition 
under which a thin emitting layer of gas would emit a line the intensity dis- 
tribution of which would be the commonly assumed Gauss error curve. 
Then the fraction of all emitted quanta which are emitted by atoms having 
speeds between S and S-{-Sd is given by Maxwell's distribution law, namely 

( 2 ) 

and as we have just seen the fraction of these which go at least a distance r 
before absorption is given by /(5, r). The total fraction of all emitted quanta 
which go at least a distance r before absorption is then given by 

4 ■■ r ■ w G ^ 

S^^ i- SVw^dS^- exp (- rao^^)dx. (3) 

By writing 5 /k> = y and rao =i?, this may be written 

Jo J ^ (4) 

Here/i(i?) is the fraction of all einitted quanta which traverse at least a dis- 
tance R times the mean free path, 1/ao, of the core of the line. The values of 
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/i(jR) for several numerical values of i2, as calculated from Eq. (4) by graphi- 
cal mtegration, are given, in Table I. 


Table I. fiiR): fraction of all emitted guantat traversing at least a distance R/ao assuming all 
atoms equally likely to emit. f2{R) .* the same assuming ^weighted distribution function S 


R 

h{R) 

MR) 

RMR) 

RMR) 

. 102 

2.73X10-2 

9.2 XIO-* 

0.273 

0.092 

10^ 

2,10X10“^ 

6.5 XlO-6 

0.21 

0.065 

'W . 

1.7 X10~6 

4.7 XlO-6 

0.17 

0.047 

106 . 

1.6 X10-“6 

3,96X10-7 

0.16 

0.039 


I The question may be raised as to whether or not the above assumption 
is correct that the diffusion process results in a concentration of excited atoms 
in which one atom is as likely to be excited as another regardless of speed. 
In order to obtain at least a partial answer to this question consider the 
hypothetical case in which all atoms are excited through the absorption of 
radiation which has been emitted by atoms of speed Sq in the direction of their 
motion. Let the direction of this radiation be denoted by Q in Fig. 2. Then an 
atom of speed 5, in order to be able to absorb such radiation, must be moving 
in a direction, making an angle between 6 and d+dd with <2 such that, within 
a certain ^^limit of tolerance,” S cos 0 = 5o. Let it be supposed that this limit 
of tolerance is ior convenience. Then d{S cos d) = ew——S sin Odd, or 
dd^ew/Ssind, neglecting the minus sign. Now the probability that an atom 
will be moving in a direction making an angle between 6 and 6+dd with (? is 
I sin ddd. By substituting the value of dd, above, it is evident that the relative 
probability that an atom of speed 5, 5>5o,“will be able to absorb the given 
radiation will be €K//2 iS. Since the fraction of all atoms having speeds between 
5 and 5+^Z-S is given by Maxwell's distribution law, Eq. (2) the chance that 
a quantum of the given radiation will be absorbed by an atom of speed be- 
tween 5' and S+dS is proportional to the product of this fraction and the 
above probability, namely 


—e-^"^-’"dS =^ f 2 {S)dS, /2(5) - 0for5 <^0 

(^)l/2^2 

where K is a constant of proportionality. Since the quantum is certain to be 
absorbed by one atom or another (assuming a sufficiently large volume of gas) 



By choosing So<^w, the fraction of atoms whose speeds are so low as to pre- 
clude their being able to absorb the radiation can be made negligibly small. 
For convenience, suppose 5o = 0, corresponding to excitation by the core of 
the resonance line. Then Eq. (4a) gives the result that Ke—{Tyi^ so that 



MS)dS = {2/w^)Se~'^^l^"dS. (5) 

■ , ■ '■ 
This may be called the ^Veighted distribution” function, for the purpose 

of this paper, in order to distinguish it from the normal distribution function 1 1 






^ n y 

MR) = 2 I I exp 
J Q Jo 


(— 3 ^^) exp (— Re'^^^)dxdy 


as follows by the method of deriving Eq. (4). Values of MR), calculated by 
graphical integration, for a number of values of R, are given in Table I. 

Let us now consider the two functions /i (6') ^^5 and/2(5')J5 as limiting dis- 
tribution functions. In view of the appearance of S in the denominator of the 
expression ew/lS, above, for the relative probability of excitation of an atom 
of speed 5, and the fact that the bulk of the diffusing resonance radiation will 
not have an abnormally large displacement from the core of the line, it is 
evident that/i(5)^5 expresses a relative excitation of the high speed atoms 
which is too great to be characteristic of the average excitation by the dif- 
fusion process (only if the exciting radiation density were uniform with re- 
spect to frequency would fxiS)dS be attained). On the other hand, since 
f 2 {S)dS was derived on the assumption of excitation by the core of the line 
(Sq = 0) this function expresses a relative excitation of the very low speed 
atoms which is too high (since the actual diffusing radiation has a line breadth 
which is greater than zero). The true distribution function characteristic of 
the diffusion process must therefore lie somewhere between these two limit- 
ing functiGns; its actual form would be very difficult to calculate. Further, 
as will be seen below, it will probably vary from one point to another in a 
body of gas, depending on geometry and other factors. 

The diffusion coefficient of resonance radiation may now be calculated 
on the basis of Eqs. (3) and (5) as limiting cases.^Mn Fig. 3 let (N+zdN/dz) 
represent the concentration of excited atoms at any point distant z from the 
XY plane. Then the number of excited atoms in the element of volume dv, 
at a distance r from the origin is (iV-l-r cos 9dN/dz)dv where 6 is the angle 
between f and the Z axis. If the average life of the excited atoms is r, then 
(NM cos BdN/dz)dv/r quanta, will be emitted per second from this volume 
elenient and of these a fraction (da cos d)/4:TTr^ will be emitted in directions 
passing through the surface element da in the V F plane at the origin. Of all 
such quanta, a fraction /i(r) will, by Eq. (3) (to take, first, the case of the 
normal distribution function), traverse a distance at least as great as r and 
will hence pass through By expressing the volume element in terms of 
polar coordinates, <iz? = r%in ddrdddck and the total number of quanta passing 
downward through da per second is 

It is to be noted that gaseous collisions during the lifetime of the excited state, as at the 
higher pressures, will tend to bring about the normal distribution function /i (3)^:5. 

The method used is somewhat analogous to a well-known method for finding molecular 
diffusion coefficients. See for example, L. B. Loeb, Kinetic Theory of Gases, pp. 224, 225. The 
method indeed seems to be more naturally applicable to radiation diffusion than to molecular 
diffusion. ■ ■ 
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fi(S)dS of Maxwell.^^ It follows from the above that / 2 (5) represents the 
fraction of all excited atoms which have speeds between 5 and under 

the assumptions considered. With this weighted distribution function the 
fraction of all emitted quanta which traverse at least a distance i? times the 
mean free path, 1 /ao, of the core of the line is found to be given by 
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Iff (dcr/iirr) +• r cos 6 ^ sin Bd6d(l>f i{r)dr 

where 4> must be integrated from 0 to lir, 9 from 0 to 7r/2 and r from 0 to 
00 . Similarly, the total number of quanta passing per sec. upward through 
Jo- is 

/// (Ja/47rr) — r cos 9 9 sin Bddd(j>fi{f)dr, 

The resultant flux of quanta passing through da is the difference between 
the above two expressions, namely 


o- dN 

Ittt dz 




cos^ B sin BdBdcl>dr 



and this flux is by definition equal to DdadN /dz where D is the diffusion 
coefficient. By carrying out the integrations for 6 and 0 and writing r = R/a^ 
as above it follows that 


D = (l/3aoV) r RJi{R)dR, 

Jo 


( 7 ) 


Here it may be noted that on the view that all diffusing resonance quanta 
have the same absorption coefficient ao we may write = exp { — R), 
simply, /i(i?) denoting the fraction of all emitted quanta which traverse at 
least a distance r = i?/ao before absorption and this fraction, on the present 
assumption, being denoted by exp — mo = exp (— i?), in which case Eq. (7), 
would give D = l/(3aoV) which is the standard expression for the diffusion 
coefficient already referred to. 

In the actual case considered, however, has values some examples 

of which are given in Table I and it is found that graphical integration of 
Eq. (7) will yield a value of D which is indefinitely large compared with the 
standard expression. 
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On the basis of the weighted distribution function^ the diffusion coefficient 

may be similarly found to be given by 


i)= (l/3aoV) f Rf2iR)dR. 
Jo 


Some examples of the values of Rf^iR) are given in Table L It will be ob- 
served that these values are falling off with increasing R more rapidly than 
is the case with Rfx(R); nevertheless it appears that D as given by Eq. (8) 
will also be indefinitely large compared with the standard expression. Now 
f 2 {R), being based on f 2 iS)dS\ represents a lower limit for the fraction of 
emitted quanta traversing at least a distance R/ao before being absorbed ; 
since the actual fraction must be greater than this, we may safely regard the 
diffusion coefficient as indefinitely large compared with 1 / (3aoV) . 

Essentially, the same result may also be obtained in the following man- 
ner. A quantum for which the absorption coefficient is of will have a mean free 
path, 1/a, Representing individual free paths by we may denote by p the 
average free path taking into account all values of a. The effective average 
speed of the quantum through the gas^ will then be p/r. By analogy with 
molecular diffusion,^ where the diffusion coefficient is given by D = where 
is the average molecular speed and L is the mean free path, one might 
write for the diffusion coefficient of radiation D^ Kp/r) -p. If the analogy 
with molecular diffusion were complete and the speed p/r did not depend on 
p (in the molecular diffusion case v does not depend on i, at least to a first 
approximation) it would be justifiable to multiply the average speed p/r 
t he a verage free path p and so obtain for the diffusion coefficient |(p)V‘^ 
= 1(1/ But in the case of radiation diffusion a high value of p m^always 
accompanied by z, high value of v^P/t (in contradistinction to the molecular 
diffusion case) and it is clear that the average square free path, must be taken, 
that is^^ 


D^IPVt ( 9 ) 

where, in view of the method of obtaining the result, no significance is to be 
placed on the factor (|) (see below). 

The average square free path on the present assumptions may be found 
as follows. The average free path of the quantum represented by Q-in Fig. 1, 
which is supposed to be emitted from an atom of speed S in a direction mak- 
ing an angle between <9 and d+dO with the director of S is l/o: = (l/a'o) exp 
cos ^9/w^ and the average square free path of such a quantum is^® (2 /ao^) 
exp 2S^ cos ^e/w^. Averaging over all values of B and all values of 5, using the 
one or the other of the two distribution functions /i (5) dS or f 2 {S)dS, one ob- 
tains for the average square free path, respectively 

Although expression (9) may appear like the usual form of the diffusion coefficient, it is 
really \ery different because the average of is an enormously larger quantity than the 
reciprocal of the square of the average a. The latter quantity has been evaluated on the basis 
of either/ dS)dS or f 2 {S)dS found to be only slightly greater than 

^6 This follows on integration of x^J{x)dx from^^O tox= oo v^h.Qxef{x)dx = ai&yLp-ax)dx 
is the fraction of all free paths lying between x and x~\-dx. 
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4 ( 2)1 


2 ( 2 ) 


1/2 /• /» ( 2 ) 1/2 i/ 


dxiy 


1/2 


If 

«/ 0 */ 0 


e^^^e^^dxdy 


where 3; = S/'Z£? as before and 5C= (2)^^^(*S' cos 0)/w. Graphical integration of 
Eqs. (10) and (11) indicates that both expressions for the average square 
free path are infinite and hence by Eq. (9) that the diffusion coefficient must 
be infinite, in agreement with the result already obtained. Indeed the ex- 
pressions for D obtained by the two methods are mathematically identical 
if the numerical factor in Eq. (9) is taken as I instead of as may be shown 
as follow's. Assume /(i?) is the true function representing the fraction of all 
free paths which are greater than R times the ^‘core mean free path” l/o;o. 
Then the fraction of all free paths which are of length between i?/ao and 
{R+dR) /at} will be df{R) and the average square free path may be written 
as ' 

atf J 

But from the standpoint of the area under a curve this is numerically equiva- 
lent to 

- f “ r RmdR 

«o U ao‘‘ «/ 

so that, referring to Eqs. (7) or (8), we havei^ 

D = (l/6))^r. (12) 

The fact that the coefficient of radiation diffusion is infinite has been seen 
to depend on the importance of extremely long free paths. The result will 
evidently not apply to most cases met with in practice where such free paths 
would be greater than the dimensions of the gas container. Hence for practi- 
cal purposes, it appears that there is no quantity which can properly be 
defined as the diffusion coefficient of resonance radiation; as the dimensions 
of the gas container are made larger, (or the density of the gas larger) the 
apparent diffusion coefficient will increase beyond the value |/ao^r without 
limit. 

It is a curious fact that in a familiar method of finding the coefficient of molecular diffu- 
sion (see reference 14) there appears an expression of the form where L is the mean- 
molecular free path, which is equivalent to (l/ao)®/o“i?/(i?)d-R, above, and that the ordinary 
coefficient of molecular diffusion, {i/3)vmLyWheTeVm is the mean thermal speed, may be written 
as il/6)^m/L or as (1/6)^// where t — L/vm is the mean time between collisions. (Compare 
Eq.(12) above.) This follows at once of course from D = (l/3)zfml. since in the case of molecular 
free paths (see reference 16). From the present point of view it would appear to be the 

average square free path, which is of fundamental importance for the coefficient of molecular 
diffusion as well as for the coefficient of radiation diffusion, and that formula (12) may be of 
rather general significance. 


i-r:'*: 
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' ' In dealing with actual cases, for example in attempting to calculate the 
rate of decay- of the resonance radiation emerging from a resonance, cell with 
plane parallel sides- after the exciting rad.iation is cut off (see. § IV), the 
method that has been adopted is to assume that the diffusing radiation 
can be treated as if it had an apparent or effective diffusion coefficient .li,miting 
expressions for which are given by 

Di = (|)Myi)/r (13) 

D 2 = (4)#2^(yi)/V (14) 

where pi^(yi) and p 2 %yi) are supposed to be the limiting expressions for the 
effective average square free path as found by the integrating y in Eqs. (10) 
and (11), respectively, from 0 to yi (instead of from 0 to 00 ) and ji is de« 
fined by 

(1/ao) exp J (15) 

where I is the thickness of the cell. By choosing yi in this way we disregard 
those excited atoms whose speeds are such that the mean free paths of the 
quanta emitted by them in their directions of motion would be greater than 
This procedure is an approximate method of taking into account the fact 
that free paths greater than the dimensions of the cell are meaningless. The 
method is roughly justified only in cases where under these cir- 

cumstances the fraction of free paths which would be much greater than/ 
will be so small that they can approximately be neglected—only when there 
are no walls to limit them will such free paths make their really important 
contribution to the average square free path. 

With the above assumptions we may write 

4 ( 2)^/2 ^ i2)lJ2y 

piKyi) = 7-— — “ I I ye-^ dxdy ( 16 ) 


As pointed out by Dr. Zemansky Eqs. (13) and (14), on substitution from 
Eqs. (16) and (17), are mathematically identical with Eqs. (7) and (8), res- 
pectively, if the complete expressions for J\(R) and f2{R) from Eqs. (4) and 
(6) are substituted in Eqs (7) and (8) and the integrations first performed for 
Rf R varying from 0 to co and the upper limit of integration for y being yi in 
all cases. The integration of R from 0 to co here is approximately justified 
on account of the limitation placed on ji. 

Considering the very approximate nature of the assumptions involved 
we could scarcely expect the present method to yield more than an order of 
magnitude, for example, for the rate of decay of the radiation emerging from 
a resonance cell. Further, as discussed above, the method will only be ap- 

This follows since the absorption coefficient of quanta emitted by atoms of speed ►S'l 
in their direction of motion will be aaexp—'Si^/w^ (see above) and the mean free path of such 
quanta will be (l/a'o)exp Si^w^ = (l/ao)exp yiK 
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plicable to cases where i.e., to cases where the great majority of 

quanta undergo a large number of absorptions and reemissions before escape. 

Using the one or the other of the two distribution functions /i (5) (iS or 
/‘ziS’jdS, we obtain, in a manner similar to the manner of obtaining Eqs. (10) 
and (11) the following expressions, respectively, for the average free path 


/ M,; f f ye~’''‘e=‘^dxdy = - i — C <j>i{y)dy ( 18 ) 

{Tyf-aQjQ Jq {Try^aoJo 

= — I I e~~y^e^^dxdy = — I 4>z{y)dy (19) 

for the case of a resonance cell of infinite size, where y = S/w and x==S(cos 
d)/w. The functions 0i(y) and <j> 2 {y) are plotted in Fig. 4. Graphical integra- 

0.71 ^ 

0.6 

J\ 




0 5 10 15 

ij : spiizd of otom In op most probobk spe^d w 

Fig. 4. Plot of functions <^iU) and 4 > 2 (y) as occurring in Eqs. (18) and (19), respectively. 


tion of Eq. (18) from 3 ; = 0 to y==15 has yielded the result that Pi>16.8/q:o, 
16.8 being the value of [4/(7r)^^2]0i(y)tZy integrated from 3 / = 0 to y==15. 
In the same way 2cj)z{y)dy integrated from 0 to 15 gave ^2>3.6/ofo. Integra- 
tion from y = 0 to y = Qo would evidently yield values of pi and p 2 indefinitely 
larger than the above. In the case of a cell of finite size an estimate of the 
order of magnitude of the effective average free path can be obtained through 
the integration of Eq. (18) or (19) from y = 0 to y==yi where yi is to be de- 
termined by Eq. (15). 

Let us consider the case where resonance quanta are liberated at the 
center of a large spherical mass of gas of radius r. Suppose that the effective 
average free path inside this sphere is X and that X will increase only very 
slowly with r (as indeed it is found to do according to the method of defining 
the effective average free path discussed above, I in Eq. (15) being replaced 
by r). The number of free paths which a quantum will execute before escaping 
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from the surface of the sphere will on^ the' average be of the order of if where^^ 


n ^ (f/X)^. 


Let us consider the chance that a free path will be, produced which is greater 
than r (in which case the quantum will escape directly from the gas) and the 
dependence of this chance on r. Table T shows that the fraction of all free 
paths greater than r=^R/ao is decreasing roughly in proportion as R (i.e*, r) 
increases. But the chance of such a free path being produced will be propor- 
tional to the average number of free paths made by the quantum before es- 
caping and will therefore increase according to rl Hence the chance that the 
quantum may escape by making a free path at least of the order of r would 
appear to increase approximately in proportion to r. But this will not strictly 
be the case because, as discussed above, the value of X which can be used in 
Eq. (14) will increase slowly with r. Nevertheless it seems justifiable to infer 
that the larger r becomes, the greater will be the line breadth of the emerging 
radiation. The problem of calculating the actual line breadth, or structure, in 
any given such case would appear to be one of great difficulty. The case is 
different from that of absorption broadening as usually considered because 
the absorbed radiation cannot be neglected— all the radiation must emerge 
from the sphere, it being assumed here, as elsewhere, above, that there are 
no losses of quanta in the gas phase as a result of dissipative collisions or 
otherwise. 

Since, as has been seen above, the apparent values of the diffusion co- 
efficient, average square free path, etc., will all increase with the volume of 
the gas, it is reasonable to suppose that the distribution function itself will 
vary from one point to another and depend on the geometry of the boundaries 
of the gas and the point of entry (or production) of the resonance quanta. 
For example, in the spherical case above it would be reasonable to infer a 
relative excitation of the high speed atoms which would be higher near the 
surface than at the center; for near the surface the outward fliux of radiation 
will be preponderantly of frequencies which can only be absorbed by the 
high speed atoms. 


III. The Effect of Pressure Broadening 

It is well known that at appreciable gas densities the breadth of the 
resonance line, in the case of the alkali metals, Pig, etc., is much greater than 
that characteristic of the Doppler effect.^o According to WaibePs^^ measure- 
ments the half breadth in absorption of the ls- 6 p(VSif 2 - 6 ^P^/ 2 ) line of Cs, 
for example, at a vapor pressure of 17.5 mm (403^^0) is about 2.2X10^^ 
sec.-b This is calculated to be about ISO times the Doppler breadth for Cs 
at this temperature. Since the broadening was found by Waibel to increase 


See the treatment of the analogous problem of electron diffusion by W. Harries and G. 
Hertz, Zeits. f. Physik 46, 177 (1927). 

W. Schiitz, Zeits. f. Physik 35, 260 (1925); 45, 30 (1927); R. Minkowski, Zeits. f. Physik 
36, 839 (1926) ; F. Waibel, Zeits. f. Physik 53, 459 (1929). See also B. Trumpy, Zeits. f. Physik 
34, 715 (1925) and others. Most studies have been made on the breadth in absorption. 
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towards lower series members, it is to be inferred that the breadth of the 
resonance line would be much greater than this. Hopfield^^ found the He 
resonance line (X584A) in emission at about 1 mm pressure to be greatly 
broadened asymmetrically toward the short wave side. WeizeP^ states that 
the broadening on Hopfield’s plates is about 500 cm“^. This is calculated to 
be about 1000 times the Doppler broadening. Weizel has discussed this 
broadening in He on the basis of forces of the molecular type between the 
excited He atom and the normal He atom. 

Foreign atoms (as in the case of an added gas) do not have nearly the same 
broadening effect as atoms of the same kind. These effects are commonly 
referred to as Lorentz collision broadening and Holtsmark coupling broaden- 
ing,^® respectively. As an example of the relative magnitude of the two 
effects, the result of WaibeP* may be cited that the broadening in Cs vapor is 
about 200 times as great as the broadening due to the same pressure (of the 
order of 10 mm) of foreign gases. 

In cases where such broadening exists, the reasoning used in §II can, of 
course, have no significance since there only Doppler broadening was as- 
sumed.®* Such broadening as is here considered may be inferred to greatly 
accentuate the effects described above, namely the abnormally rapid escape 
of resonance radiation from a body of gas and an apparent diffusion co- 
efficient increasing indefinitely, with the size of the vessel and with the gas 

density, beyond the value usually assumed. 

§IV. The Resonance Radiation Imprisonment 
Experiments of Zemansky 

Zemansky,® repeating an experiment of Miss Hayner,®* excited the mer- 
cury vapor in a quartz cell by irradiating it with light from a quartz mercury 
vapor lamp and studied the rate of falling off of the resonance radiation 
emerging from the far side of the cell after the exciting radiation was cut off. 
Extending Milne’s theory of radiation diffusion® to take into account the 
diffusion of excited atoms and the effect of dissipative collisions, Zemansky 
arrived at the following expression for the exponential constant of decay , 
Z/r, of this radiation 

= — + — -If -+{2yi^Tbs^cN. (21) 

T 3(2)®'®FAV 

Where r is the mean life of the excited state, I is the thickness of the cell, 
is the ^^mean or equivalent” atomic absorption coefficient for the radiation, 

J. J. Hopfield, Astrophys* J. 72, 133 (1930), 

22 Weizel, Phys. Rev. 38, 642 (1931). 

23 L. Mensing, Zeits. f. Physik34,611 (1925); J. Holtsmark, Zeits. f. Physik34, 722 (1925); 
54, 761 (1929); J. Frenckel, Zeits. f. Physik 59, 198 (1930); Lucy Schutz-Mensing, Zeits. f. 
Physik 61, 655 (1930). 

2^ R. Minkowski, see reference 20, found that the coupling broadening in Na vapor began 
to be of relative importance at about 0.02 mm and to increase progressively thereafter with 
increasing pressure. 

25 L. J. Hayner, Phys. Rev. 26 , 364 (1925). 
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supposed by .Zemansky to be characteristic of the .radiation diffusion process, 
N is the number of Hg atoms per cm®, c is the root mean scpare speed, 5 is 
the distance between centers at impact and b is, the probability that a col- 
lision between a normal Hg atom and an excited Hg atom wall be of the 
second kind .(quenching efficiency; such coliisions.will in, this case presumably 
result in the' production of 2®Po atoms)* In this e.xpression : the' first term, 
represents the rate of decay of the radiation due to the radiation diffusion 
process, the second the rate of decay due to the diffusion of excited atoms to 
the walls and the third the rate of decay due to quenching collisions. The 
experimental values of the exponential constant of decay as obtained by 
Zemansky for a number of different vapor pressures and for two different 
cells are represented graphically in Fig. 5. By numerical substitution it was 



Fig. 5. Exponential constant of decay (1/T) of X2537 found by Zemansky (see reference 
5). .4, 1.95 cm cell; B, 1,3 cm cell; iV, number of Hg atoms per cm^. 

concluded that the second term on the right-hand side of Eq. (21) was 
negligibly small compared with the others and therefore that the exponential 
constant should be capable of representation by an equation of the form 
l/T=-A/m+BN. Since the experimental curves could not be represented 
by such an equation, it was inferred that jS was not a constant, but decreased 
as iV increased. This inference, which is in agreement with conclusions 
drawn by Webb and Messenger,® from essentially similar experiments, is in 
accord with the views arrived at in §§II and III, and will be discussed further 
below. The line 1 of Fig. 5 was chosen to represent the last term on the right- 
hand side of Eq. (21). The slope of this line was 3 X 10"*^® from which, by sub- 
stituting the values of c = 2,2 X 10^ cm/sec,, and 5 == 6X 10”"® cni,'^® the quench- 
ing efficiency by was calculated to be about 10"~®. In the more recent notation 
we may call bs^ ^ o-i^, the effective cross section for quenching, from which it 
follows that is about 0.0025 times the normal cross section (3. 6X10“®)". 
This is in sufficient accord with the known small quenching cross sections of 
other monatomic gases for Hg resonance radiation (see below). 

26 The kinetic theory radius of the normal mercury atom being about 1.8X10"® cm, it is 
evident that the radius of the excited atom was taken as 4.2 X 10"® cm. 
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Zemansky^’^ later interpreted his results in a completely different manner. 
(The two theories will hereinafter be referred to as the first and second 
theories.) He assumed that the emerging radiation was produced entirely 
as a result of the raising of 2 ^Po atoms to the 2 ^Pi state by collisions of the 
first kind with normal atoms. He assumed further that the resulting resonance 
radiation escaped from the gas without a new metastable atom being formed 
and also that the time of imprisonment of this radiation, was small compared 
with (or at least shorter than) the mean life of the 2 ^Po atoms, so that the 
rate of decay of the emerging radiation should be the same as the rate of 
decay of the 2^Po atoms. On the basis of these assumptions, it was found that 
the concentration of 2 ^Po atoms decayed exponentially with the time, with 
an exponential constant given by the expression 

l/r= P/(TPiV + 9,04 X 10 V/x¥ (22) 

where c' is a numerical constant, depending on the geometry of the cell and 
the thermal speed of the atoms, having the value 3.4X10^ for the large cell 
(1.95 cm thick) and 6.8X10^ for the small cell (1.3 cm thick), ad is the dis- 
tance between the center of the 2 ®Po atom and center of the normal atom at 
impact, N is the concentration of normal atoms, and y is the probability 
that, on collision with a normal atom, a 2 ^Po atom will be raised to the 2 ®Pi 
state. The first term on the right-hand side of this equation represents the 
exponential constant of decay due to diffusion to the walls ; it is the important 
term at the lower pressures. The second term represents the exponential 
constant of decay due to collisions of the first kind; it is the important term 
at the higher pressures. 

Zemansky found that the experimental curves of Fig. 5 were well repre- 
sented by Eq. (22) provided cTd were taken as 2.3X lO^"® cm and 7 as 0.0096. 
Subtracting from the above value of ad the radius of the normal Hg atom, 
1 . 8 X 10 “^ cm, a radius of 0.5X10~® cm for the metastable atom was ob- 
tained, or 0.3 times the normal radius (diffusion cross section about 0.4— i.e., 
( 2 . 3 / 3 . 6 )^— times the normal cross section). We may write yad^ = (l + e/kT) 
(exp ~ €/ifer)o'o^,^® where € = 0,218 volt is the energy difference between the 
2‘^Po and 2^Pi states of Hg, ^ is Boltzmann's constant, T is the absolute 
temperature and ao^ is the effective cross section for collisions of the first kind 
between normal and metastable Hg atoms raising the latter to the 2 ^Pi state. 
(Here (1 +€/^P) (exp — e/kT) is the fraction of all collisions within a distance 
cTo in which the kinetic energy of relative motion is ^ e. This fraction is of the 
order of 0.01 at the upper temperatures in Zemansky 's experiments.) It 
follows from Zemansky’s results that ctq^'^S X 1 0~^® cm^ which is again of the 
order of 0.4 the normal cross section (3.6 X 10"®)^ 

In regard to these consequences of the second theory it is unusual to find 
a diffusion cross section (cr/) for the metastable atom which is so much 

27 M. W. Zemansky, Phys. Rev, 34, 213 (1929). 

2» See for example E, W. Samson, Phys. Rev. 40, 940 (1932). 
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smaller than the normal cross section. Webb and MeSvSenger®® and 'Samson^^ 
have found for 2®Po Hg atom diffusing in cross sections slightly' greater 
than the normal cross section. However in the case of Hg atoms diffusing 
in Hg the possible frequent exchange of . the energy of these atoms 

with normal atoms ' at ' collisions {exchange of identity) might, as has been 
pointed out to the writer, account for an apparent abnormally small <j/. In 
view of this possibility undue emphasis should probably not be placed on the 
smallness of <r/ resulting from the second theory. 

Of more significance, it is believed, is the value of ctq^ of 0.4 times the 
normal cross section to which the second theory leads. Such a large value of 
(To^ does not accord with the results of Qrthmann and Pringslieim.^*^ These 
authors studied the resonance of X2537 and the fluorescence of certain T1 
lines as a function of Hg vapor pressure when a quartz Hg vapor resonance 
cell containing T1 at a fixed vapor pressure of 0.02 mm (610'^C) was illumi- 
nated with light from a water-cooled quartz mercury arc. As the vapor pres- 
sure of the Hg was raised from a few millimeters to 760 mm the resonance of 
X2537 decreased to almost zero; but the fluorescence of the Ti lines, caused by 
collisions of the second kind of Tl atoms with metastable Hg atoms, lost 
practically none of their brilliancy. Since at 760 mm there were roughly 
30,000 times as many Hg atoms as Tl atoms present, it follows that a 2^Po 
Hg atom made roughly this many collisions with normal Hg atoms before 
colliding with a Tl atom. At the temperature in question, somewhat greater 
than roughly J of these collisions, or about 7000, involved relative 

kinetic energy and hence it seems that a 2®Po Hg atom must have been 
able to withstand at least many hundreds and possibly thousands®^ of kinetic 
theory collisions with normal Hg atoms energetically capable of raising it to 
the 2^Pi state. Thus the experiments of Orthmann and Pringsheim indicate 

to be at most hundreds of times less than the normal cross section, a result, 
which is in accord with other evidence now to be discussed. 

In all cases known to the writer where there is an appreciable energy 
exchange (e.g,, as great as the 0.218 volts here considered) between the kinetic 
energy of relative motion of the colliding atoms or molecules and the potential 
energy of one of them the effective cross sections for these collisions are very 
small compared with th6 normal cross sections. As examples there may be 
mentioned the well-known very small quenching cross sections 
of monatomic gases for Hg resonance radiation. According to the results of 

28 H. W. Webb and Hekn A. Messenger, Phys. Rev. 40, 466L (1932). 

38 W. Orthmann and P. Pringsheim, Zeits. f. Physik 35, 626 (1926). 

31 We cannot use the number 7000 here because, when a atom is raised to the 2^Pi 
state, this 23pi atom, or another produced by the absorption of X2537 emitted from it, may be 
returned to the 23po state by a quenching collision. This process probably did not take place 
very many times, however, for otherwise X2537 would not have been completely quenched. 
This follows since the average free path of the diffusing X2537 in the resonance cell was prob- 
ably not less (on account of large coupling or other pressure broadening) than the original 
average depth of penetration of the exciting light (water-cooled source) and since the cross 
section for quenching is probably very small. 
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Zemansky^^ the quenching cross sections in the case of He and A are < 0.001 
times the normal cross section.®^ Finally may be cited the observed long lives 
of metastable Ne atoms in Ne at pressures of a few millimeters. From these 
lives Penning®^ has calculated that the metastable state is able to withstand 
some 10^ kinetic theory collisions with normal Ne atoms at room temperature 
without being raised to the state, e being only about 0.05 volt in this 
case nearly half of these collisions are energetically capable of causing the 
transferin question.®® 

It appears therefore that the value of of 0.4 times the normal cross sec- 
tion which follows from the second theory is higher than any known similar 
cross sections in cases involving other gases by a factor of at least 100 (and 
possibly by a factor of 1000 or more),®® 

Insofar as the conclusions resulting from the second theory (especially 
the conclusion regarding <ro^) are unusual they are deserving of special atten- 
tion. It is believed, however, that they require further confirmation, not only 
in view of the discussion already given, but because the experimental re- 
sults can be sufficiently accounted for, as will be shown below, on the basis 
of the first theory and §§I I and III of the present paper. 

Undoubtedly all the processes treated in both theories take place ; and a 
more comprehensive treatment, along the lines of the treatment of Samson, 2 ® 
would include them all. But it seems highly probable that the collisions of the 
first kind postulated in the second theory take place only so slowly that this 
process can, to a first approximation, be disregarded. On this view, the pro- 
duction of X2S37 as a result of these collisions was probably so faint as not 
to have been observed in the experiments, and most of the energy of the 
2®Po atoms was probably lost at the walls. 

M. W, Zemansky, Phys. Rev. 36, 919 (1930). 

33 xhe apparent small quenching effects of He and A observed by Stuart, (Zeits. f. Physik 
32, 262 (1925)), which have been discussed by many writers, are probably largely explicable 
in terms of pressure line broadening (see the recent work of v. Hd^mos, Zeits, f. Physik 74, 
631 (1932)) and the effects of traces of impurities. 

3^ F. M. Penning, Zeits. f. Physik 46, 335 (1928) see also some remarks in this connection 

by Kenty, Phys. Rev. 40, 633L (1932). 

It is to be noted that when the kinetic energy of relative motion is exactly equal to e 
the cross section for collisions of the first kind is zero because of the infinitely small chance 
that angular momentum can be conserved in such collisions (see for example Ruark and Urey, 
Atoms Molecules and Quanta, p. 475). When the kinetic energy of relative motion is but very 
little in excess of e the cross section for such collisions will presumably be small for the same 
reason. The condition for the conservation of angular momentum should be easier of fulfill- 
ment in the case where one of the colliding partners is a molecule for this can take on angular 
momentum in varying amounts, (see reference 36), 

36 M. L. Pool, Phys. Rev. 38, 955 (193 1) has suggested that collisions of the first kind in the 
case of 23Po Hg atoms in N 2 may be associated with resonance transfers of energy between N 2 
molecules in the first vibration state and 2^P^ Hg atoms. Such an explanation might account 
for the fact that while Cario and Franck (Zeits. f. Physik 37, 619 (1926)) found that X2537 
of Hg was not quenched by Na at 750°C, Oldenburg (Zeits. f. Physik 49, 609 (1928)) found 
that this radiation was quenched by A at this temperature. Compare also the results of Orth- 
mann and Pringsheim above for Hg at high pressures. 
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V: Application OF THE First Theory WITH TO 

Aid of §§II and III 

^ Whether or not' collisions of the first kind as postulated in the second 
theory were of appreciable 'importance in, the experiments it will be evident 
that the rate of escape of resonance radiation through the Hg vapor must 
have been at least as rapid as that following from the first theory. As has 
been discussed above this rate of escape is considerably greater than can be 
accounted for on the basis of classical theories of resonance radiation dif- 
fusion; let us see if it can be accounted for by means of the developments of 
the present paper. 

Having chosen the line 1 of Fig. 5 to represent the last term on the right- 
hand side of Eq. (21) , Zemansky found that in order to account for the decay 
curves A and B of Fig. 5, the quantity jS, defined by him as the mean or 
equivalent atomic absorption coefficient, would have to decrease as A in- 
creased. The values of jS for 1.4X10^^ Hg atoms per cm® are found to be 
0.131 and 0.124 for the small (1.3 cm) and large (1.95 cm) cells, re- 
spectively, being the atomic absorption coefficient for the core of the line, 
for the appropriate temperature, as calculated from the mean life of the 2®Pi 
Hg atom according to the method used by Zemansky.®^ Similarly for N 
= 29X10^® cm"® the values found for j8 are 0.0169 ap and 0.0116 for the 
small and large cells, respectively. 

It will be more in line with the reasoning of §II to study the quantity 
(1 7/3) ,2 appear ing in Eq. (21) rather than j(3. In the derivation of Eq, (21) the 
quantity l/(4TA®i8®) occurs as the diffusion coefficient of the resonance radi- 
ation, which may be equated to A or A in Eqs. (^3) and (14), respectively. 
If this is done, it is found that 3/(2 A^jS^) ^i^(3'i) or p^^iyi ) , respectively , and we 
may regard the quantity 3/ (2 A^/?^) as the experimentally determined 
effective average square free path, as calculated from the experimental re- 
sults. 

Table II shows the comparison, for two values of A, and for the two cells 
used, of the quantity with the values of pi^(yi) and pi(yi) as calculated 
by Eqs, (16) and (17), respectively, (with the help of Eq. (15)). All values for 

Table II. pi^iyi), p^iy-d* limitmg values for the effective average squarefree path as calculated 
by Eqs. (16) and {17) , respectively. 3 /(2PPff^): effective average square free path as calculated 

from Zemansky' s experimental results. All these quantities are expressed in terms of the square 
of the mean free path of the core of the line. 


n: 


1.3 cm cell 



1.95 cm cell 


Pi%yi)/P(i^ 


pEVpff 

PiKyi)/P^^ 

PHyi)/Po^ 

pE^/po 

1,4 

66 

28 

88 

94 

38 

99 

29 

910 

300 

5300 

1330 

490 

11200 


2’’ M. W. Zemansky, Phys, Rev. 36, 219 (1930). See particularly pp. 228, 229. In making 
the calculations used in the present paper the value of r of 1.08 and 10~^ sec. as found by P. M. 
Garrett, Phys. Rev. 40, 779 (1932) has been used in place of the value 1.0X10"’^ sec. used by 
Zemansky. The values found for a©' are 1,21X10~^5 and 1.11X10”^^ for r = 70®C and 130°C, 
respectively, (iV= 1.4X10^® and 29 X10^®, respectively). 
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average square free paths are expressed in terms of where pQ = i/Nm^ 
is the mean free path of the core of the line, being the atomic absorption 
coefficient for the core of the line as calculated in each case for the tempera- 
ture in question). From Table II it is seen that the observed effective average 
square free path increases with the thickness of the cell. The theoretical cal- 
culations are in agreement with this in that they also predict an increase in 
the effect average square free path with the size of the cell. Theoretically 
and experimentally also the effective average square free path (expressed 
as a multiple of is seen to increase with the gas density. Regarding the 
actual magnitude of the observed effective average square free path, the near 
agreement of the order of magnitude of this quantity and the corresponding 
calculated limiting values in the case of the lower gas density (especially as 
regards p^{y-d) indicates that this quantity could probably be accounted for, 
with a more rigorous theory, largely on the basis of Doppler broadening only. 
At the higher gas density (i\r = 29X10^^ cm*"^) however, this does not appear 
to be within the range of possibility in view of the great discrepancies be- 
tween the observed and calculated values of the average square free path. 
This is taken to indicate that at the higher gas densities in Zemansky’s ex- 
periments coupling or other broadening was already of great importance in 
increasing the rate of escape of the radiation. 

The reasoning so far has been based on the assumption that the line 1 
of Fig. 5, of slope 3 XIO”^', is the true line representing the effect of quenching 
collisions (i.e., the last term on the right-hand side of Eq. (21)). However, the 
experimental results admit of the assumption of any line of slope between 0 
and about 4.5 X10“^^ to represent the term in question, the variation of 
with iV being supposed to be such as to enable the experimental curves to be 
accounted for in any case. It appears, however, that a slope as great as 
4.1X10“^^ cannot be assumed because it is found that a line of this slope 
would require that (1 /N^Y be the same for both cells whereas theory requires, 
as has been seen above, that this quantity be greater for the larger cell. 
About all that can be said is that the line, 1, chosen by Zemansky seems to 
represent a reasonable upper limit for the slope and hence, by Eq. (21) for 
the quenching efficiency, h (or the quenching cross section, see §IV). The 
effect of choosing a line of smaller slope than this line would be to increase the 
observed values of the average square free path and hence to increase the 
discrepancy between the observed and calculated values of this quantity; 
but the effect of coupling or other broadening can always be supposed (at 
least until further data are available) to make up for this discrepancy. 

The experiments of Webb and Messenger® on the imprisonment of X2537 
of Hg are essentially similar to those of Zemansky. They cover, for the most 
part, a lower range of vapor densities; but, insofar as the density ranges over- 
lap, the results are in sufficient quantitative agreement; and in general they 
are in agreement in that both sets of results show that resonance radiation 

At N 29X 10^® atoms per cm the pressure is of the order of 1 mm and Minkowski found 
the coupling broadening in Na vapor to begin to be of relative importance at 0.02 mm. See 
reference 24. 
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escapes from a gas progressively faster than can be accounted for on clas- 
sical theories of radiation diffusion the higher the gas density. The conclusions 
arrived at in the present paper are thus also in qualitative agreement with 
these results of Webb and Messenger. It would appear in view of the near 
agreement of the orders of magnitude of the observed and calculated average 
square free paths at the lower densities in Zemansky’s experiments (see the 
first row of Table II), that the exponential constants of decay in Webb and 
Messenger’s experiments, except possibly at the highest densities, could 
be accounted for on the basis of the Doppler effect alone. Webb and Mes- 
senger concluded that their experiments had to do mainly with radiation 
diffusion (rather than with metastable atoms, at least for all but the higher 
densities), and that existing theories of radiation diffusion would have to be 
revised to account for their results; the results of the present paper are in 
accord with these conclusions. 

Since the main body of this paper was written, a paper by Samson"® has 
appeared in which the effect of Doppler (or other) broadening on the radia- 
tion diffusion problem is considered from a different aspect. In the following 
note. Dr. Zemansky discusses the relationship (particularly as regards the 
results obtained) of Samson’s theory to the present one. 

My best thanks are due to Dr. M. W. Zemansky who has read the manu- 
script and made a number of important suggestions. 
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Note on the Equivalent Absorption Coefficient for Diffused 
Resonance Radiation 

M. W. Zemansky 
College of the City of New York 

(Received August 25, 1932) 

It is shown that the ideas expressed in the preceding theoretical paper by Kenty 
when applied to the diffusion of resonance radiation in a layer of gas of finite thick- 
ness provide a method of calculating an equivalent absorption coefficient of the gas 
for all the frequencies due to the Doppler effect that are present in the diffusing 
radiation. This average absorption coefficient is calculated and compared with a 
similar quantity calculated on the basis of a different point of view by Samson. Both 
average absorption coefficients are discussed in connection with the author’s experi- 
ments (1927) on the rapidity of escape of resonance radiation emitted from a slab of 
mercury vapor after the cut-off of the excitation. 

I N THE preceding theoretical paper, Kenty gives a treatment of the emis- 
sion and absorption of quanta by moving atoms, in which it is pointed out 
that, owing to the Doppler effect, the group of frequencies comprising a Dop- 
pler line can pass from one part of a gas to another much more readily than 
an infinitesimal frequency band at the center of the line when no Doppler 
effect is present. According to Kenty, his equations are strictly applicable 
only to a gas of infinite volume, in which case both the diffusion coefficient 
and the mean free path of the radiation are found to be infinite. An approxi- 
mate method is given, however, of treating the case of a finite layer of gas. 
It is not the purpose of this note to scrutinize Kenty’s ideas carefully, but 
instead to examine the consequences of his method of handling the finite 
case. It will be seen that this method is essentially a device for obtaining an 
equivalent absorption coefficient of a gas for the group of frequencies gen- 
erated by the Doppler effect. 

According to Kenty, the diffusion coefficient of Doppler radiation in a 
gas is given by his Eq. (7). 

. D = (l/3rV) rRMR)dR (1) 

where h is the absorption coefficient of the gas for the center of the line, t the 
lifetime of the excited state to which the atoms are raised by the radiation, 
and /i(i?) is a distribution function corresponding to a situation in which the 
atoms are originally excited by a continuous spectrum (in practise by a line 
much broader than the Doppler line). Of the two distribution functions, 
fi{R) and/ 2 (J?), given by Kenty, /i(i?) has been chosen because it is believed 
that it approximates more closely the actual conditions of an experiment. 
fi{R) is given by his Eq. (4), namely 
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/i(i?) = (4/xi'3) T r ye-rg-Re-^dxdy. (2) 

J 0 J 0 

Substituting Eq. (2) in Eq. (1) and integrating R from 0 to ■» , we obtain 

Z2 - [2(2)i/V37ri'W] ye-^^dy \ e^dx. (3) 

Jo Jo 

The integration over y is an integration over the velocities of the emitting 
atoms. If all velocities are taken into account D becomes infinite. Kenty's 
approximate method of handling a practical situation is to integrate y from 0 
to an upper limit yu where yi is given by the formula 

he-y" = lA (4) 

I being the thickness of the layer of gas. Eq. (3) then becomes 

/ 

J * y I ""y 

. ye"y\iy j e/dx 
0 Jo 

/ *yi 

2yey'Fi2^i""y^dy (5) 

0 


where 


Fit) = e-‘^ f e^^dx. (6) 

'.Jo’’ ■ ■ . . 

The integral in Eq. (5) can be expressed in terms of the F function defined 
by Eq. (6) as follows: Integrating by parts, 

f‘''2ye>''F(2^f^y)dy=le>'^F(2^l"‘y)f'o^-f''e‘'yF(2^/H>) 

Jo Jo 

and, in virtue of the relation {d/dt)F{t) = 1 — 2tF{t), 

C\ye'>^F{2^>‘^y)dy = ey^^Fil^i^yi) - 2^'^ - 2{2)^i"-Fi2^l^y)]dy 

j 0 Jo 

= - 2^ihy"F{yi) + 2 f 

J 0 

whence, finally 

f ’'2yey"F(2i'^y)dy = e<'>'[2'/¥'(>’i) - F(2^i^yi)]. (7) 

Jo 

From Eqs. (4) , (5) and (7) the diffusion coefficient is found to be 

D = [(2)i/V37r‘'Vi^o] [2^''E(ln ~ F(2 In . (8) 

On the basis of the Einstein theory of radiation, without appeal to the 
analogy with molecular diffusion, and neglecting Doppler effect, Milne 
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showed that radiation of infinitesimal spectral width diffused through a gas 
with a diffusion coefficient equal to 


wdiere a stands for the absorption coefficient of the gas for the radiation in 
question. In the case of the diffusion of a band of frequencies comprising a 
line we may define an equivalent absorption coefficient as a quantity, ft which, 
when substituted for a in Eq. (9), will give the correct diffusion coefficient 
to be used when the diffusing radiation is not of infinitesimal spectral width. 

Kenty's expression for the diffusion coefficient, Eq. (8), enables us to com- 
pute ft when the Doppler effect is present. For, by definition of ft, 

l/4ftV = [2i/¥(ln - F{2 In 

and 


L4\2/ J L2i/2F(ln -F(21n 

From the splendid table of values of the F function given by Miller and 
Gordon,^ kl was evaluated for various values of kol and the result is shown in 
Table I and curve A of Fig. 1, It is seen from the curve that Kenty's method 
breaks down for small values of ftoft which is to be expected in view of the 
approximations made. 

Table I. Ke^ity's equivalent absorption coefficient. 


The problem of calculating an equivalent absorption coefficient for Dop- 
pler radiation to be used in conjunction with Milne's radiation diffusion equa- 
tion was attacked in a different way by Samson^ without considering the 
motions of individual atoms or the free paths of individual groups of quanta. 
Samson defined an equivalent absorption coefficient ft as the absorption coeffi- 
cient that a gas would have for that infinitesimal frequency band which 
would show the same percentage transmission that is shown by a Doppler 
line.':' ■ . ■ ■ ■ ■ 

The transmission of an infinitesimal frequency band by a gas whose ab- 
sorption coefficient is ft is e~^\ whereas the transmission of a line of the form 

^ W. L. Miller and A. R. Gordon, Phys. Chem. 35, 2878 (1931). 

2 E. W. Samson, Phys. Rev. 40, 940 (1932). 
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for small \alues oikd, kl behaves as it should, becoming zero when is zero. 
For large values of i^oFhowever, judging from the very slow rate at which 
the curve is rising, it appears that H is too small. One might hazard the guess 
that Samson's method is valid at low opacities (small values of kj) and 
Kenty’s method at high opacities. 

In Kenty’s experimental paper, the author’s experiments on the escape 
of resonance radiation^ from mercury vapor after the cut-off of the excitation, 
are interpreted as being due entirely to radiation diffusion rather than to 
metastable atoms. A complete discussion of the relative merits of these two 
interpretations is beyond the scope of this note. It should be pointed out, 

■ M. W. Zemansky, Phys. Rev. 29, 513 (1927). 
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by a gas whose absorption coefficient has the form , is 
I exp (— exp 

t-*' OQ 

/ oo 

exp (— 

-ac 

whence Samson’s U is given by the relation 

I exp (— exp (— kQle~~^“)dw 
J —05 ■ ■ 


exp (— M) 


05 

j exp (— 


: , Fig. 1.,- " , 

Samson’s equivalent absorption coefficient is given for a number of values 
of hi in Table II, and is shown as curve B in Fig. 1. The curve shows that 

T ABLis. 11, Samson'' s equivalent absorption coefficient. 
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however, that, since the two theories are not mutually exclusive, it is quite 
possible that the correct explanation involves both radiation diffusion and 
metastable atoms, in a manner similar to Samson’s treatment of the after- 
glow of mercury resonance radiation from a mixture of mercury vapor and 
nitrogen. 

With the assumption that radiation diffusion takes place in these experi- 
ments it is instructive to calculate the equivalent absorption coefficient by 
both Kenty’s and Samson’s method, and with the aid of Milne’s equation for 
the exponential constant of decay of the escaping radiation, calculate the ex- 
ponential constant to be expected. This is done as follows : 

With the equation^ 



1/2 

koAvu 


g2 

-N, 

Sttt 


( 12 ) 


it is possible to compute hi at a given vapor pressure (which determines N ) , a 
given temperature (which determines Ai'/)), and with the most reliable value 
of t®( 1.08X10~'^ sec.). Knowing hi, kl is obtained either by Kenty’s or by 
Samson’s method. Then making use of Milnes equation for the decay con- 
stant neglecting impacts, 


/3 = (l/r)/[l + m/UY] 


( 13 ) 


where Xi is approximately 7r/2, /S is calculated and compared with the experi- 
mental values of /3 at low vapor pressures before impacts begin to play an 
important role. 

With Kenty’s method of calculating the results are shown in Table 
III, where it is seen that there is agreement in order of magnitude. With 


Table III. 


rK 

/ — 1.95 cm 

/ — 1.30 cm 

Exp. i3 

from Eq. (13) 

Exp. (3 

/3 from Eq. (13) 

333 

26600 

29500 



343 

14200 

15000 

28100 

24500 

353 

8810 

7940 

19300 

12000 

363 

7070 

4380 

12100 

6750 


Samson’s equivalent absorption coefficient, the results show a disagreement 
by a factor of at least 10. This is in line with the statement made previously, 
namely, that Samson’s equivalent absorption coefficient is too small at large 
values of hi- 



^ M. W. Zemansky, Phys, Rev. 36, 219 (1930). 
5 P. H. Garrett, Phys. Rev. 40, 779 (1932). 
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The Effect of Tension on the Electrical Resistance of Single 
Bismuth Crystals 

% Mildred Allen 

Research Laboratory of Physics, Harvard University 
(Received October 19, 1932) 

The compensated potentiometer method of measuring minute variations in small 
resistances which was developed by P. W, Bridgman has been used in the study of 
the effect of tension, applied parallel to the direction of current flow, on the resistance 
of single bismuth crystals. The tension coefficient of resistance at 30°C has been found 
to depend on the orientations both of the principal (111) and secondary (1 IT) cleavage 
planes with respect to the tension. For the limiting case of the principal cleavage plane 
perpendicular to the tension, the coefficient is independent of the orientation of the 
secondary cleavage planes; in that of the principal cleavage plane parallel to the 
tension, the coefficient varies very little and is very probably independent of the 
secondary orientation. In the case where the normal to the principal cleavage plane 
makes an angle of about 60° with the tension, the variation of the coefficient with the 
orientation of the secondary cleavage plane seems to be a maximum. This variation 
involves a change in sign as well as in magnitude, so that for certain orientations the 
coefficient becomes positive instead of remaining negative. The coefficient shows 
trigonal symmetry, as it must do if it is to be consistent with the known corporeal tri- 
gonal symmetry of the bismuth crystal. The paper presents only these empirical 
results. ,, ■ ■ ■ ■ 

T he effect on the resistance of single crystals of various elements 
produced by hydrostatic pressure^ has previously been studied, but not 
the effect of tension.^ It is to be expected that the effect of tension will be 
more complicated than that of hydrostatic pressure, since in the case of the 
latter the symmetry of the crystal is unchanged. As a result the pressure 
coefficient of resistance is a function only of a single parameter, the orienta- 
tion of the main cleavage plane with respect to the direction of the electric 
current, and, as Professor Bridgman has shown, may be expressed in terms 
of but two constants, one associated with the current flowing perpendicular 
to the normal to the principal cleavage plane and the other with a current 
parallel to it. In the case of tension, on the other hand, the applied force must 
cause a change in the symmetry of the crystal, a change which depends 
not only on the orientation of the principal cleavage plane with respect to 
the tension, but also on the orientation of the secondary cleavage planes. 
The problem is thus a more complicated one, since the effect may ver^-^ 
possibly depend on more than the change of symmetry. Experimentally, 
however, it has been found that the coefficient may be represented within ex- 
perimental error as a function of only two parameters which may be taken to 

1 P. W. Bridgman, Proc. Amer. Acad. 60, 305 (1925); 63, 351 (1929). 

2 Trapeznikowa (K. Akad. Amsterdam 34, 840 (1931)) finds no effect of tension or of uni- 
directional pressure on the resistance of bismuth crystals. However, the sensitiveness of his 
apparatus was such that he could not detect changes of less than 1 percent wffiereas the changes 
to be reported in this paper are at most 0.2 percent of the initial resistance. 
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be the primary and secondary orientations of the crystal with respect to the 
tension. At the present time, it is only possible to arrange these experimental 
results of the effect of tension on the resistance of single bismuth crystals in 
a consistent set of curves without, however, giving any theoretical basis for 
the curves. 

Experimental Arrangement 

To measure the small changes in resistance involved, the compensated 
potentiometer method developed by Professor Bridgman,"^ was used. Fig. 1 
gives the electrical connections of this method. The potential difference 
F*^ 4 b across the potential leads to the crystal AB is balanced against the po- 
tential fall VcD of the supplementary compensating circuit Q, and, when the 
effect of the tension on the resistance is large enough, this in turn is balanced 


against the fall Vef, so that the unknown resistance Rab is calculable in terms 
of the known resistances Ri, Rz, h and h. The fractional change in re- 
sistance is then 

AR/R = ARab/Rab — Al/{li + R^ (1) 

where the slide wire lengths are reduced to ohms. As Professor Bridgman has 
pointed out, the advantage of this method is that the result is independent 
of the current flowing through the crystal provided that that remains con- 
stant during a single reading. This is cared for by using a large and heavy 6- 
volt storage battery as the source of the current which was usually kept at 
about 0.45 amp. The largest value of the fraction AR/R actually measured 
was 22X10"^. Inasmuch as the bismuth resistances themselves were less 
than 0.01 ohm, the precision of the method is very high. When the effect was 
too small to be measured by this null method, the average change in reading 
of the galvanometer due to the application of the tension was determined by 
reading the galvanometer alternately with and without the tension, plotting 
the observed readings against the time scale and finding the average distance 
between the two curves. Ideally, both curves should be straight horizontal 
lines, but the zero drift of the galvanometer, small changes in the voltage 

3 P. W. Bridgman, Proc. Amer. Acad. 56, 61 (1921). 
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of the compensating circuit, and slight variations in temperature which pro- 
duce in addition to small changes in resistance small thermal e.m.f.’s give 
rise to small drifts, as in Fig. 2, which is representative of the type of curve 
obtained in this way. The deflections in most cases were much greater than 
the drifts observed. These changes in galvanometer readings with tension 
are proportional to the changes in potential difference and thus to the re- 
sistance changes of the crystal, the constants of proportionality^ depending in 
an easily ascertainable manner on the known e.m.f.’s and resistances of the 
circuit. This deflection method was used in each determination of the tension 
coefficient to check the linearity of the change of resistance with tension and 
was checked in the case of the greatest tension against the null method for 
absolute value. 



Ti me. 

Fig. 2. a without tension; b with tension, 


Since temperature fluctuations produce undesirable changes in the re- 
sistance to be measured, the crystal was mounted in a constant temperature 
bath of kerosene. This was thoroughly stirred and was kept at the constant 
temperature of approximately 30^C by means of a metal thermostat which, 
although it drifted slightly, prevented any large sudden change in tempera- 
ture. In Fig. 3 is sketched the general arrangement of the crystal mounting 
and constant temperature bath. The heating coil is not shown in the figure, 
but is wound on a square frame larger than the brass box mmmm so that the 
heat source is not concentrated in one spot. The crystal itself is mounted 
on a brass support inside a heavy copper cylinder pp 5/32 inch thick, and this 

^ The voltage sensitivity of the galvanometer, which was made as great as possible by 
placing the scale about five meters from the galvanometer, varied with each value of the total 
crystal resistance. The reason for this is obvious. For, applying Kirchhoff’slawsto the network, 
we have, where AE is the increase in VaBj AicD the change in current in CD produced by the 

lack of balance, and 7(7 the current through the galvanometer; - 

AicD — lG 

a relation arising from the condition on current at the junction C, and 

IgRg = ( F 4 £[) 0 -f AE — ( Vcd) 0 — Aicnr (b) 

arising from the condition on potential falls in the closed circuit ABCD, But ( Vab)^ and {Vcjd)q 
are the values of the potential falls for the balanced case and so are equal; hence 

laRG—AE—lGr. (c) 

The voltage sensitivity is consequently 

AE/7(?=Eo+r. (d) 

This method will then function with the maximum of ease, if r has approximately the value 
of the critical damping resistance of the galvanometer. 
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Fig. 3. AB crystal; a, b potential leads; c, d current leads; M copper cylinder; 7 nmmm brass 
box; 5 stirrer; t metal thermostat (shown without amplifying levers); P pulley. 


hydrostatic pressure coefficient of resistance.^ These crystals were soft- 
soldered into brass holders at either end, one of which holders was fastened 
firmly to the large brass support which held the Bakelite pulley P over which 
the string carrying the tension passed. Fine copper wires of 0.01 inch diameter 
were soft-soldered to the crystal a few millimeters from each end for potential 
leads and a thermocouple was soldered close to one end. The other end of 
this thermocouple was inserted in the kerosene and so enabled one to know 
when the crystal temperature had come to that of the kerosene ; with the air 
lay^er between the brass box and the crystal, coming to equilibrium was a 
slow process and at least an hour was required before equilibrium was ob- 
tained. The string carrying the tension passed over another pulley near the 
galvanometer telescope; weights were hung on a steel spring attached to this 
end. The steel spring prevented the sudden application of the whole tension 


whole mounting is placed in air inside the brass box. The addition of the 
brass box seemed advisable, since in its absence it seemed impossible to stir 
the kerosene sufficiently inside the copper cylinder to insure constancy of 
temperature. With the addition of the brass box, erratic fluctuations in 
temperature were no longer observed. 

The crystals used which were from 1| to 3 inches long and had a diameter 
of approximately | inch, had all been made by Professor Bridgman from 
bismuth furnished by Kahlbaum, and were most generously put by him 
at the writer's disposal. He had previously used these same crystals in his 
determination of the specific resistance of bismuth crystals and of their 
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0 3 6 9 12 15 16 21 

Tension - Kq-/trn^ 

Fig. 4. Circles, plus signs and crosses signify different days’ readings. 


taking place, the change of temperature arising from the sudden application 
of the maximum tension comes out by computation to be about — 0.006°C. 
Since the temperature coefficient of resistance of bismuth crystals is 0.00445, 
this change of temperature produces a relative change in the resistance of 
— 0.27X10-^ which corresponds to a change in the computed value of the 
coefficient fS of about — 0.18X10-« in each case, the correction to be sub- 
tracted in passing from the adiabatic to the isothermal case. Furthermore, no 
correction was made for the change in resistance arising from the change in 
dimensions caused by the application of the tension. This varies with the 
orientation of the crystal, but the correction of the tension coefficient /3 was 
always less than — 0.4XI0~®. Both these corrections were usually negligible 
with respect to the values of the coefficient actually found and were always 
of the same order of magnitude as the experimental errors to be expected. 

Fig. 4 shows the value of AR/R for a given crystal taken on different days 
with different tensions and with different distances between the potential 

s Georgieff and Schmid, Zeits. f, Physik 36, 759 (1926). 


to the crystal, I E view of the low elastic limit(22. 1 kg/cm^ shearing stress across 
the principal cleavage plane)^ of single bismuth crystals, 1200 grams was the 
greatest force applied with crystals of the given cross section, or about 15-20 
kg/cm^ ■ 

Results 

Forty-five single bismuth crystals of different orientations were studied, 
the adiabatic tension coefficient of resistance at 30°C being determined in 
each case. This coefficient is defined as the ratio of the change in resistance 
produced by a tension of 1 kg/cm^ to the total resistance. It is adiabatic in 
that the time intervals between consecutive applications of the tension were 
about one minute, so that each reading was taken within half a minute of the 
establishment of the new state. This short interval would not allow for the 
establishment of thermal equilibrium. On the basis of an adiabatic process 
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leads. The liiiearity of the relation between and the tension applied is 

clearly in evidence as well as the fact that the experiments under different 
conditions gave entirely consistent results. It was further checked that the 
value of the coefficient was independent of the direction and magnitude of 
the current through the crystal. The specific resistance was determined 
roughly in every case and with a few exceptions came within 1 percent of 
Professor Bridgman’s value for the given orientation ; the dimensions of the 
crystals, particularly the distance between the potential leads, were not found 
wdth sufficient accuracy to warrant any better check. 

The tension coefficient of resistance of a given single bismuth crystal was 
thus shown to be independent of the experimental variables, and so to be a 
constant characteristic of the given crystal ; but in different crystals it varied 
with the orientation of the cleavage planes of the crystal with respect to 
the direction of the electric current. In these experiments the crystals were 
all cylindrical in shape with a diameter much smaller than the linear length; 
the direction of the electric current coincided with that of the axis of this 
cylinder and with the direction of the tension. The orientation of the crystal 
with respect to the axis of the cylinder can be defined in terms of two angles, 
6 and The angled determines the orientation of the principal cleavage plane 
(111) which is perpendicular to the trigonal axis of the crystal and is defined 
as the angle between the normal to the principal cleavage plane and the longi- 
tudinal cylindrical axis of the crystal. The angle ^ determines the orientation 
of a secondary cleavage plane with respect to the principal cleavage plane 
and the cylindrical axis. If the crystal is split along a principal cleavage plane, 
the section obtained is elliptical in shape. The major axis of this ellipse is the 
intersection of the plane through the normal to the principal cleavage plane 
and the cylindrical axis of the crystal with the principal cleavage plane. On 
the surface of this ellipse are found fine lines making angles of 60^ with each 
other ; these are the intersections of secondary cleavage planes with the 
principal cleavage plane. If the crystal be cleaved along one of these lines, 
the normal to the new cleavage plane will be found to make either an angle 
of 71° with that of the principal cleavage plane, or an angle considerably 
greater than 90°.® Those planes making angles of 71° are the ones to be 
considered. The angle is then to be defined as the angle between the pro- 
jection on the principal cleavage plane of the normal to this secondary 
cleavage plane and the major axis of the elliptical section of the principal 
cleavage plane. Since bismuth has trigonal symmetry , these secondary planes 
will recur every 120°; and if the change in resistance depends on the orienta- 
tion of these secondary planes, it should show a periodicity of 120°. It is to 
be noted that the angle 4 ^ as measured at one end of the crystal is, because of 
the known symmetry of the bismuth crystal, the negative of that measured 
at the other end, and hence it is impossible to differentiate between 4 > and 
— or between 4 > and 120— “0, since the tension is double-headed and always 

6 The writer is indebted to Professor Charles Palache of the Department of Mineralogy and 
Petrography of Harvard University for pointing out to her the characteristics of bismuth crys- 
tals here described. 
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involves two forces which are opposite in direction but equal in magnitude 
and act on the two ends of the crystal. Thus if the values of the tension co- 
efficient are found between 0° and 60°, those between 60° and 120° are im- 
mediately known. With these definitions of the angle determining the orienta- 
tion of the crystal with respect to the direction of the electric current, crystals 
having approximately the same orientations gave consistent values for 


0 10 20 30 4 0 50 60 70 80 90 

0 : : : 

Fig. 6, Plus signs indicate points interpolated from Fig. 5 ; circles indicate additional points 

given directly by experiment. 

e.g., one crystal defined by ^ = 63° and gave /S as -1L82X10"^ while 

another with ^ = 69° and <^ = 9° gave — 11.83X10“^. The angle 4> was not 
determined to better than 5^ and d was uncertain to half that amount; hence 
this agreement is satisfactory. 

The dependence of the tension coefficient ^ on d and 0 may be plotted in 
two ways: (1) giving ^ as a function of <f> with 6 constant, Fig. 5; and (2) 
giving /3 as a function of 6 with <l> constant, Fig. 6. In Fig. 5, thirty-eight of 
the forty-five experimental points were plotted in five groups, each group 



: 


Fig. 7, Three-dimensional model of the variation of with 6 and 0. B increases from left 
to right from 0° to 90°, intermediate lines being drawn every 15°. f/> increases from front to back 
from 0° to 60°, intermediate lines being drawn every 10°. It is to be noted that the intersection 
of the surface with the plane 0 = 90° gives a very nearly horizontal line and so leads to the con- 
clusion that (S (represented by the vertical heights of the model) is independent of for 0 = 90°. 

consistent with the curves shown there. Since in plotting the results sepa- 
rately with respect to 6 and </>, only approximate orientations could be used 
for each point, it was deemed desirable to plot the coefficient directly as a 
function of the two variables in the form of a solid model, Fig, 7. This 
showed nothing very different from the information given by Figs. 5 and 6, 
although it seemed to point more clearly to the probability that the co- 
efficient is completely independent of the secondary orientation for <9 = 90''. 

In studying Fig. 5, which gives the dependence on (j> of the tension co- 
efficient of resistance for crystals with 6 constant, it is immediately seen that 
the coefficient (S has trigonal symmetry since, with <?5 and 120 indis- 
tinguishable, the curves must be symmetrical about 60'' and return to the O'" 
values at 120°. Furthermore, jS depends very markedly on the secondary 


ELECTRICAL RESISTANCE OF CRYSTALS 855 


containing the points for which 0 was approximately that of the group. The 
50° group, for instance, was composed of four observations, for 0 = 50°, 54°, 
50° and 50°. There was an even greater divergence in values for the other 
groups, which gives one good reason why the points do not lie directly on a 
smooth curve; the 65° group, for instance, includes orientations of 60° to 
69°, although the greater number of observations are nearer the mean value. 
Seven observations lay too far from any one of the group values to be in- 
cluded in Fig. 5, but six of these, indicated by circles, fell readily into Fig. 6. 
Except for these points, Fig. 6 was plotted by interpolation from Fig. 5. One 
point for <9 = 41° and = 47° could not be fitted into either figure, but when its 
value of +0.35X10”“ is considered in the light of Fig. 6 it is seen to be fairly 
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orkmtation For instance in the' case of it varies from 12.6X10~"'^ 

at = to, +3,5XiO~^-at 0 = 60°. This variation is interesting, 'both as, re- 
gards magnitude and sign. Bismuth is abnormal in that the tension coefficient 
for the, polycrystalline 'form is negative, but as shown in Fig. 5 for certain 
orientations of single crystals it becomes positive. It is further to be noted 
that when 0, is close:to 0° onto 90°, ^ 'Varies less with the orientation , of the 
secondary cleavage plane. At small angles of 6, this is to be expected, for in 
the limiting case of ^ = 0, the elliptical cross section becomes circular so that 
0 is entirely indeterminate. Or considering it from a physical point of view, 
in this case the tension is applied perpendicular to the principal cleavage 
plane and so does not deform the elementary triangles or hexagons formed 
on the surface by the intersections of the secondary with the principal cleav- 
age planes; thus the same change of symmetry will occur irrespective of the 
orientation of the secondary planes. Thus symmetry demands that for 
^ = 0° jS be independent of 0. For 6 = 90° it is more difficult to understand why 
the effect should not depend on the angle 0, since symmetry does not here 
demand any such independence of 0. In this case the elliptical cross section 
has become indefinitely elongated and consequently has the well-defined 
direction of the axis of the cylinder. It would appear that the tension would 
change the symmetry of the elementary triangles or hexagons differently 
depending on their position relative to the axis of the cylinder. Experi- 
mentally, however, there is found little or no variation of the coefficient 
with 0 when the principal cleavage plane is parallel to the axis of the crystal. 
The evidence, although not conclusive, is in the direction that the coefficient 
is independent of 0 at 0 = 90°, This appears more clearly in Figs. 6 and 7. 
The points are not sufficiently numerous at either 0 = 0° or 90° to determine 
the limiting values with a high degree of accuracy. However, there seems to 
be little doubt that at 6 = 0, ^ is somewhat less negative than it is at 0 = 90°. 
There is some evidence from these curves that the tangent to these curves 
becomes horizontal at 0 = 60°; in most cases this means a minimum or maxi- 
mum, but for 0 = 30° it would seem to indicate a point of inflection only. 
The rapid variation of j8 with 0 near 90° explains the comparatively wide 
scattering of the points in Fig. 5 for 0 = 87°. 

The fact that the tension coefficient varies so much with the orientation 
of the crystal may explain the discordance of the various values of found 
for polycr 3 ’;stalline bismuth by different observers. Table I gives the various 


Table I. 


Williams^ 


.35X10- 

per kg/cni^- ■ 

Zavattiero^ 

~4, 

.25 

■ ■ a ■ ■ ■ ,' , 


-3, 

.30 

u 

Bridgman^ 

-4, 

.66 

u 


~2 

.92 

fi , 

Rolnick^'’ 

~2 

.81 

u 


^ W. Ellis Williams, Phil. Mag. 13 , 635 (1907). 

® E. Zavattiero, Rend. Accad. Lincei 29, (1), 48 (1920). 

P. W. Bridgman, Proc. Amer, Acad, 57, 41 (1922). 
^^Mdarry Rolnick, Phys. Rev, 35j 506 (1930). 
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values found. The discrepancies are far greater than can be accounted for by 
experimental error. It is reasonable to assume that the procedure of each of 
these observers in producing the specimen of bismuth was such as to em- 
phasize different crystalline orientations in the polycrystalline pieces; such 
an assumption would be sufficient to explain the differences observed. 

The hydrostatic pressure coefficient for bismuth single crystals’^ is for 
0 = 0° -1-2.45 X10-® and for = 90°-f 7.5 X 10"®; these are of the same order 
of magnitude as the tension coefficients found here. The sign of the pressure 
coefficient is positive and hence abnormal for pressure, in the same way that 
a negative coefficient is abnormal for a tension effect. 

Conclusion 

In this study of the tension coefficient of resistance in single bismuth 
crystals at 30°C, where the tension has been applied parallel to the axis of the 
cylinder in which the crystal is cast and along which the current flows, the 
coefficient has been found to depend both on the orientation of the principal 
cleavage plane and of the secondary cleavage planes with respect to the axis 
of this cylinder. For e = 0° and ^ = 90°, this coefficient is apparently very little 
dependent on the orientation of the secondary cleavage planes, whereas for 
6 close to 60° its dependence on the orientation of the secondary cleavage 
planes becomes a maximum. This variation involves a change in sign as well 
as in magnitude, so that for certain orientations the coefficient becomes posi- 
tive instead of remaining negative. The coefficient shows trigonal symmetry , 
as it must if it is to be consistent with the corporeal trigonal symmetry of the 
bismuth crystal. 

This paper has been successful, therefore, in finding empirical relations 
between the tension coefficient of resistance and the orientations of the 
principal and secondary cleavage planes. To make the solution of the prob- 
lem complete, a physical theory should be formulated to predict the relations 
found. However, progress would be made if a formal geometrical theory could 
be established which would permit the results to be expressed in terms of 
the parameters 9 and ^ and of three or more unknown but determinable con- 
stants. Further experimental work is planned in this field with other crystals 
of the same type of symmetry, of different types of symmetry, and possibly 
at radically different temperatures. 

It is a pleasure to thank the Director of the laboratory and the authorities 
of Harvard University for the privilege of working in the Research Labora- 
tory of Physics, and Professor P. W. Bridgman for the suggestion of the prob- 
lem itself and also of practical details involved in carrying the work to com- 

pletion. 
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The Effect of Homogeneous Mechanical Stress on the Electrical 

Resistance of Crystals 

By P. W, Bridgman 
Harvard University 

(Received October 24 , 1932 ) 

It is shown from general considerations of symmetry that the effect of homo- 
geneous mechanical stress on the electrical resistance of a conducting crystal can 
be expressed in terms of a set of constants, the number of which is equal to the num- 
ber of elastic moduli, and which connect the resistance with stress by equations very 
much like the equations connecting strain with stress, except for the difference of a 
factor 2 in some of the terms. The results are explicitly applied to the case of bismuth, 
and formulas developed for the change of resistance of a rod cut from the ciy^stal in 
any direction when subjected to a longitudinal tension. The formulas are checked 
against the recent experimental results of Miss Allen for bismuth, and agreement 
found within the limits of error. It is shown that tension measurements alone do not 
permit an evaluation of all the constants, but if the tension measurements are sup- 
plemented by measurements of the effect of hydrostatic pressure in two independent 
directions, the six constants are then completely determined. Numerical values of the 
six constants are given for bismuth. Finally the geometrical meaning of the coeffi- 
cients is briefly discussed and attention called to an effect produced by stress in 
crystals which is the analogue of the Hall effect produced by a magnetic field in iso- 
tropic materials. 

I N SPITE of the great amount of work published on the necessary formal 
geometrical symmetry of all sorts of physical phenomena in crystals, as, 
for example, most extensively set forth in W, Voigt's Lehrbuch der Kristall- 
physik^ the question of the effect of general mechanical stress on the electrical 
resistance of crystals has not yet been examined. Doubtless the reason for 
this is that up till now the only such effects which have been studied experi- 
mentally are the effects of hydrostatic pressure, and here the symmetry 
relations are so simple as to be almost intuitively evident. The first experi- 
mental attack on the general question has now been made, however, by Miss 
Allen, ^ who has measured the effect of mechanical tension on the resistance 
of single crystal rods of bismuth of different orientations. The time is there- 
fore ripe for an examination of the formal symmetry relations, and in par- 
ticular the number of physical constants necessary to completely characterize 
the current flow in a conducting crystal subjected to the most general sort 
of homogeneous mechanical stress. It is obviously not necessary to compli- 
cate the problem by considering non-homogeneous stress, for the solution in 
any such case may be obtained by an integration of the effects in infinitesimal 
homogeneous elements. 

It is natural to attempt to construct a general geometrical theory along 
the lines suggested in Voigt’s book, but a slavish following of pattern is not 
quite possible because this problem is more complicated than any treated 

^ Mildred Allen, Phys. Rev. 42, 848 (1932). 
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by Voigt. Here we are concerned with the cooperation of four factors; within 
the crystal the three factors, current vector, potential gradient vector (in 
general not in the same direction as the current vector) , and stress tensor 
must be connected with the fourth factor, the physical constitution of the 
crystal, which is to be represented by an array of coefficients, in such a way 
as to be consistent with the symmetry of vectors, tensor, and crystal. 

By splitting the problem into two parts, the methods of Voigt may be 
applied. Consider first the relation between current vector, q, and potential 
gradient, E. The most general linear relation (we assume of course Ohm’s 
law), expresses £ as a linear vector function of q. This involves nine co- 
efficients. Experimentally, however, these nine coefficients are always found 
to reduce to six, the so-called rotary terms being absent. Since there is no 
reason to suppose that mechanical stress will so essentially modify the con- 
stitution of the crystal as to call into existence rotary terms, six coefficients 
will be assumed to suffice for this analysis. Further experimental justification 
of this assumption will be afforded by the agreement with experiment in the 
case of bismuth. We shall have then; 


E, = 

Ey = 

E, = 


riiqx - 1 - fnqv + 
ruqx -1- r 229 '» + 

ruqx -b r239tf + >'33?z 


(A) 


A relation of this form holds in general, whether or not there is a stress 
acting. Now specialize the coefficients above, defining them as those valid in 
the absence of stress. If a stress is allowed to act, the effect will be to some- 
what change the coefficients, so that when the stress is acting we shall have; 


£z = (rn -b 6ru)?'z! + (.fn + 5rn)qv -b (^u + Srii)qx 
Ey = (ri 2 + Sri 2 )g'a: + etc. 

Ex = (fi 3 + Sns)?^ + etc. 


(B) 


The problem is now to determine the most general form allowable for the 
6r's as a function of the stress (restricting ourselves to the linear terms), 
which shall be consistent with all the symmetry requirements. It is proved in 
Voigt that the coefficients above have the geometrical nature of the com- 
ponents of a tensor (understanding by tensor the sort of thing of which an 
ordinary mechanical stress is the simplest example). It follows that the Sr’s 
must also be tensor components. The problem reduces, therefore, to finding 
the most general tensor a linear function of the applied stress which shall be 
consistent with the symmetry of the crystal. The strain produced by the 
stress at once springs to mind. But the actual strain is not quite a tensor, 
and so does not answer the requirements. It is proved in Voigt, however, 
that a slightly modified strain is in character a tensor, that is, the aggregate 
of six quantities obtained by leaving unchanged the three strain components 
with equal indices, and by dividing by 2 the three shearing components of 
strain with unlike indices. 
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The solution, therefore, is now in our hands. Build .up from the stress a 
set of quantities involving coefficients entering 'in the same, way as the co- 
efficients which determine the ordinary elastic strains as a function of. stress, 
except that the constants in the terms analogous to the shearing strains must 
be divided by 2. This completes the formal solution, since, given the stress, 
we can now compute the 5f's, and then the equations determine £ com- 
pletely as a function of q, so that the particular connections between £ and 
q which may be expressed in terms of resistance may also be computed under 
any desired conditions. In particular, we have found that the number of con- 
stants necessary to completely define resistance is equal to the number of 
ordinary elastic constants, 21 at a maximum. 

As an illustration of this general analysis I now apply it to the case of 
bismuth, eventually coming out with the numerical values of the coefficients. 
The starting point is the relation betw^een strain and stress. The necessary 
information is on page 585 of Voigt’s book, 1928 printing, noticing, however, 
that our scheme calls for the use of the elastic moduli as distinguished from 
the elastic constants, which Voigt tabulates, and that this change of itself 
introduces a factor 2 in certain places. Following the instructiGiis above we 
now obtain : 

5^11 = Pl2Fy "h Pl3^z d" P14IV 0 O ' 

5fi2 = pnN X + paFy + pizZg — puYz 0 0 

5^33 = pu^ X d* PlsYy d" P33-?Z 0 0 0 

5^23 = IpuVx d* IpuFy 0 d" 2p44Fs 0 0 

^^31 == 0 0 0 0 |p44^x + PuNy 

5fl2 = ^ d 0 Pl4^X d- (pll — Pl^yXy 

in which 6 stress-resistance coefficients appear, which, of course, have no 
numerical relation to the elastic coefficients, but only a formal relation. In 
this scheme the Z axis is the axis of trigonal symmetry, and the X axis is 
the axis of two-fold rotational symmetry in the basal plane. 

Furthermore it is known that with this choice of axes the resistance co- 
efficients of equations (A) reduce to 2 only, rn and >33. The connection be- 
tween £ and g therefore becomes : 

£ 0 ; = (rii d* + + druqz | 

Ey - ^r^qx '¥ (rn + ^r^^qz (D) ' 

Ez = + ^r2sqy -f (rss + J 

This solution is now to be applied to the case of a slender cylindrical rod 
cut from the crystal in any direction, making angles a, /S, and by with the 
Ab F, £ axes. The cross section of the rod may be of any shape. The current 
5 has access to the rod only through electrodes at the two ends, so that within 
the rod the current flow is entirely along the rod, with no transverse com- 
ponents. This gives q^^q cos a etc., and hence : 
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Ex = + ^fn) cos a + bfi^ cos P + cos y] 

Ey= q[dr 12 cos a etc, ] ■ (E) 

cos.Qi .etc,.. ]. J 

In general, E has components transverse to the rod, but it is only the 
component along the rod which determines the measured resistance. The 
resistance is obviously = (£^ cos a; +Ej, cos^+EyCOs y)/q, or: 

R = (^'11 + 5 rii) cos^ q: + (m + 5^22) cos^ /3 + (#'33 + bfsz) cos^ 7 

+ 25r23 cos P cos 7 + 25^31 cos 7 cos a + 25fi2 cos a cos jS. (F) 

Next consider the effect of a mechanical tension T applied along the rod. 
The stress system thereby produced within the rod must satisfy the follow- 
ing conditions: 

Zx cos a + Xy cos 0 + Xz cos 7 == T cos a 

Xy COS a; -f Yy cos /3 + Y\ cos 7 = T cos ^ • (G) 

Xg cos a + Fx cos ^ + Zg cos y — T cos 7 

and 

Ahr cos a' + Zj/ cos cos 7' == 0 1 

XyCOsa[: + etc. =0 i (H) 

Xg cos a' -f etc . =0 J 

where a\ and 7' are any direction angles satisfying the condition 

cos o;' cos a +• cos cos ^ + cos 7' cos 7 = 0. (I) 

The conditions (G) come from the requirement that the force across any 
plane perpendicular to the length of the rod must be T, perpendicular to this 
plane, and the conditions (H) from the requirement that there is no external 
force acting across any lateral surface of the rod. By reflecting that the stress 
quadric in this case reduces to a couple of planes, the solution may be found 
almost by inspection, and is: 


AT® = T cos^ CK, Fy = r cos^ = T cos- 7, 

F2 = T cos p cos 7, Zx = T cos 7 cos a, Xy = T cos a cosp. 

The 5 r’s now assume the values: 

5rii = T[pii cos^ a + pi2 cos^^ + pi3 cosH + Pu cos cos 7] 

5^22 = T[p12 COS^ a + pii COS^^ 4“ Pi3 COS^ 7 — P14 COS j(3 cos 7] 

5^33 = T[p13 COS^ a + Pl3 COS^ P + P 33 cos^ 7] 

5^23 = 2'’[|-pi4(cOs2 o: — CQS^P) + •|P44 cos COS 7] 
dfzi == T[^P44 cos a cos 7 + pu cos a cos jS] 

= r[pi4 cos a cos 7 + (pn — P12) cos a cos p] . 


(J) 


(K) 


The material is now at hand for substituting in the expression (F) for 
i?. Comparison with experiment will be simplified by introducing two new 
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angles. Project the length of the rod on the basal plane and denote the angles 
between this projection and the X and Y axes by and d \ where cos a 
= cos a/(cos'‘^a + cos and cos i(3" = cos /S/fcos %+cos Subsdtiition 

gives, after some simple reductions, for the tension coefficient of resistance: 

. l:AR ■' 


pii sin^ 7+ (p44+2pi3) cos^ 7 sin^ T+Paa cos^ y — 2pi4 cos 7 sin' 7 cos 30 ^ 

^ ^ ^ ~ ^ 

f ii sin^ 7 + f33 cos^ 7 

Notice that the constant P12 has cancelled, and pa and pis enter only 
through the combination p44+2pi3. Tension measurements are, therefore, 
not sufficient to exhaustively determine the coefficients, but at most only 
four relations between the six coefficients can be fixed by such measurements. 
Explicitly, by appropriately varying the orientation, the constants pn, P33, 
and pi4 may be determined, and the combination p44+2pi3. Furthermore, 
Kt is seen to have three-fold symmetry about the Z axis, as insured by the 
term in cos 30". This, of course, is necessary, and constitutes one check on the 
correctness of the analysis. Another important feature is that Kt has com- 
plete rotational symmetry (that is, the term in 0" vanishes) both when the rod 
is parallel to the trigonal axis and when it is in the basal plane. That this 
must be the case when the length is along the trigonal axis is evident from 
most elementary symmetry considerations, but it is not so easily obvious 
that the coefficient should be independent of orientation in the basal plane. 
This latter fact was found experimentally by Miss Allen, and was looked on 
as one of the important results of the paper, although at the time it did not 
appear whether this was general, or only a fortuitous result for bismuth. The 
relation now appears necessary for any crystal of the same symmetry as 
bismuth. 

The two remaining relations necessary to completely determine the six 
constants must be determined by the imposition of other kinds of stress. 
The simplest is a hydrostatic pressure, and the calculations can be made at 
once for this case. The stress system is — Yy = Zz — —P, Yz = Zx^Xy = 0 , 
If the rod is cut parallel to the Z axis: 


1 AR 


2pi3 + Ps; 


and when the rod is perpendicular to the Z axis, parallel to the basal plane : 


t AR\ 
P ~R^)x 


pn + P12 + Pi3 


Examination shows at once that these two additional relations permit ex- 
plicit solution for the remaining coefficients, so that the six coefficients may 
be completely determined in terras of tension measurements on four orienta- 
tions and hydrostatic pressure measurements on two orientations. 
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The detailed data of Miss Allen permit further check of the above ex- 
pression for Kt^ Such a check may be made in various ways. For example, 
at constant 7 the variation of Kt with /S" may be studied. The formula de- 
mands that the variable part of iTr be proportional to cos 3/3''. Miss Allen's 
Fig. 5 exhibits the coefficients in this way, and inspection will show that 
within the limits of experimental error each of the curves of Fig. 5 has the 
shape of a cosine curve. (Her ^ and B are the /3" and 7 of this paper respec- 
tively.) It may be taken, therefore, that the geometrical theory checks 
sufficiently well against experiment. 

The numerical coefficients may now be computed. The tension coefficients 
are given in Miss Allen’s paper. The pressure coefficients I have found^ to be 
1.05X10”® for 7 = 90°, and 2,03X10”® for 7 = 0 °. The specific resistance I 
have also found to be rn = 114.0X10”® and ^33 = 144.2 X 10”®. All these values 
are at 30°C. The numerical coefficients are now found: 

Pii = - 7.7 X 10”^ P33 = - 6.6 X 10“®, = + 5.6 X 10”^^ 

P13 = + 1.8 X 10”^ P14 = + 31.3 X 10“®, P 44 = - 12.3 X 10”^ 

The stress unit is 1 kg/cm^. In this computation the corrections for change 
of dimensions and of angle with stress are neglected. These corrections are 
just about on the margin of experimental error. 

Finally, it is interesting to go back and examine the geometrical signifi- 
cance of the various coefficients by determining what sort of simple measure- 
ment would give the isolated coefficient. P 33 and pn have already been dealt 
with, and are directly determined in terms of the tension coefficient of rods 
parallel and perpendicular to the trigonal axis. The coefficients pn and pu 
determine transverse components of e.m.f, when current flows lengthwise in 
a rod subjected to tension acting lengthwise. For example, if a rod is cut 
parallel to the F (or X) axis, and a current passed lengthwise of the rod, then 
when a tension is applied along the rod, a transverse component of e.m.f. will 
appear along the X (or F) axis which determines pig. The other cross co- 
efficient Pi 3 has similar significance with a proper change of letters. The term 
Pi 4 points to a formal analogy in crystals to the Hall effect in isotropic metals, 
the magnetic field being replaced by a compressional force. If a rod of rect- 
angular section is cut with its length along the Z axis and with the X" and F 
axes along the sides of the rectangular section, and if a current is passed 
lengthwise of the rod, then a transverse e.m.f. along the F axis will appear 
if a compression along the X axis is applied between the opposite faces of the 
section. Finally, if a bar of rectangular section is cut along the X axis and a 
shearing stress Yz is applied to the sides of the bar distorting the cross sec- 
tion, and if a transverse current is led between opposite faces along the Z 
axis, an e.m.f. between the other two faces is produced by the shearing stress, 
the magnitude of the effect being determined solely by p 44 . 


® P. W. Bridgman, Proc. Amer. Acad. 63, 351 (1929). 



By Robert Rex Hancox 

Department of Physics j Olivet College^ Olivet^ Michigan 
(Received October 26, 1932) 

The scattering of molecular beams of mercury from crystals of lithium fluoride, 
lithium chloride, sodium fluoride, and potassium iodide has been studied as a function 
of crystal and beam temperatures. A similar study has been made of the scattering 
of a molecular beam of cadmium from sodium chloride cr^^stals. In all cases a quasi- 
specular beam of the type reported by Zahl and Ellett (Phys, Rev. 38, 977 (1931)) 
for other al kali halide crystals was observed, with the same characteristic temperature 
changes. Former failures to detect a directed beam in the case of mercury scattered 
from potassium iodide were shown to have been due to moisture on the crystal surface. 

The relative number of atoms in the directed beam has been found to decrease with 
time at low crystal temperatures. 

Introduction 

B eams of heavy atoms and molecules whose de Broglie wave-lengths, at 
ordinary thermal velocities, are small compared to crystal spacings do 
nevertheless when incident upon certain crystals give rise to an apparently 
coherent scattering.^ A beam of cadmium atoms incident upon a rock- 
salt crystal is not simply absorbed and more or less quickly reevaporated, 
for this would result in a random distribution of atoms leaving the crystal 
surface. Only in the case of mercury and certain alkali halide crystals has this 
scattering been studied in detail. The use of the ionization gauge to determine 
the spacial distribution of mercury atoms scattered from alkali halide crystals 
revealed a dependence of the relative probabilities of random and directed 
scattering and of the direction of maximum intensity in the directed beam 
upon crystal and beam temperatures. This had not been observed in earlier 
studies carried out by the condensation method. 

The only obstacle to the application of the ionization gauge with other 
heavy atoms, such as cadmium, is their lower vapor pressure which makes 
condensation in the gauge more likely. However as it is never necessary to 
build up a pressure in the ionization gauge greater than say 10"'^ mm of 
mercury this obstacle is not a very serious one. The gauge has been used to 
study the scattering of cadmium from sodium chloride crystals. The phe- 
nomena observed in the scattering of mercury from these crystals are ob- 
served writh cadmium also. The anomalous behavior of potassium iodide re- 

* A thesis submitted in partial fulfillment of the requirements for the degree of doctor of 
philosophy in the department of physics in the graduate college of the State University of 
Iowa, August,, 1932. ' 

^ A. Ellett and H. Olson, Phys. Rev. 31, 645 (1928). 

® A. Ellett, H. Olson and H. Zahl, Phys. Rev. 34, 493 (1929). 

® H. A. Zahl, Phys. Rev. 36, 893 (1930). 

^ H. A. Zahl and A. Ellett, Phys. Rev. 38* 977 (1931), 
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ported by Zahl and Ellett has been found to be due to the effect of moisture 
upon the crystal surface. Crystals of lithium fluoride, sodium fluoride, and 
lithium chloride, not previously available have been used with an incident 
beam of mercury atoms. Lithium fluoride is found to indicate especially 
clearly the existence of both directed and random scattering. 

Apparatus 

The apparatus, shown in Figs. 1 and 2, is essentially the same as that used 
by Zahl and Ellett,^ the only major modification being that the gauge and 
crystal are mounted on the same rigid metal support. This change was made 

Tb troilD And |DUTn|)s 


Icjnizaticn g<3Lk 


Fig. 1. Diagram of apparatus. 


Channel 
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11.0 '« •• lenqt 


j q+om-yun opstnin^ 
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Fig. 2. Essential details of beam system. 

to avert the possibility of the gauge and crystal changing their positions after 
being lined up. The dimensions of the slit defining the incident beam, and 
the gauge opening were also changed somewhat in order to obtain greater 
resolving power. 
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In the use of the apparatus it is necessary that the area on the face of the 
crystal which is illuminated by the incident beam shall remain stationary as 
the crystal is rotated, and that the gauge opening shall point directly at this 
illuminated spot for all positions of the gauge. In order for these conditions 
to obtain, the axes of rotation of the gauge holder and the crystal holder must 
be co-linear, and the illuminated area on the crystal face must lie on this 
common axis of rotation. The proper relative positions of the gauge and 
crystal were found by placing a closely fitting needle, equal in length to the 
radius of the circle about which the gauge rotates, into the cylindrical gauge 
opening and adjusting the relative positions of the gauge and crystal until the 
point of the needle remained stationary on the crystal face for all positions 
of the gauge and crystal. Once fixed, this adjustment was permanent since 
both gauge and crystal were mounted on the same support. The proper 
positions of the boiler opening and the slit relative to the crystal were found 
by placing a source of light 1 mm in diameter directly below the slit, the sup- 
port on which the gauge and crystal were mounted was moved until a beam 
of light from this source reflected from the crystal face passed into the gauge 
for all positions of the crystal and the proper relative position of the gauge. 
Marks were then made on the walls of the glass tube by means of which the 
boiler opening was mounted at exactly the position of the light source. 

In order that the readings of the ionization gauge may represent the actual 
distribution of atoms scattered by the crystal it is necessary that atoms from 
all portions of the illuminated area on the crystal face should be able to pass 
through the gauge opening without collision with the walls. With the inci- 
dent beam making an angle of 18® with the crystal face the dimensions of the 
beam system shown in Fig. 2 allow a width of 1.52 mm on the crystal face to 
be struck by the incident beam. The gauge will admit atoms from a width 
on the crystal face of 2.04 mm. It is believed that this allows for more error 
in alignment than was present at any time. 

The gauge was of the same type used by Zahl and Ellett,^ and was of 
approximately the same dimensions except for the capillary tube forming 
the opening into the gauge which was 11 mm long and 0.68 mm in diameter. 
With a galvanometer of sensitivity 4.5X10""^ A/mm (ampere per millimeter) 
and a filament to grid current of 16 m.A. (milliamperes) in the gauge it is 
estimated that a galvanometer deflection of 1 mm corresponds to a pressure 
change in the gauge of 2.1 X 10"® mm of mercury. 

For the experiments with an incident beam of cadmium and with mercury 
at very low boiler pressures, a galvanometer of sensitivity 4.2X10"^^ A/mm 
was used. This, coupled with a filament to grid current of 36 m,A, increased 
the sensitivity of the gauge by a factor of 21 . 

The calculation of the gauge sensitivity is based upon the fact that at the 
equilibrium condition as many atoms leave the gauge per second as enter it. 
The gauge opening offers no impedance to the incident beam provided the 
divergence of the beam is negligible. However, to atoms leaving the gauge 
.the impedance is that characteristic of a tube of the dimensions of the gauge 
opening. This means that a pressure will be built up in the gauge by the 



This is the pressure produced in the gauge by the incident beam of mercury 
atoms. Since this pressure produced a galvanometer deflection of 10 cm with 
a filament to grid current of 1 m.A. it is easily calculated that with a current 
of 16 m.A. the sensitivity is 2.1 X 10~^ mm pressure change per mm galvanom- 
eter deflection. 

If care was taken to maintain the liquid air about the slit at the same 
level, the drift of the low sensitivity galvanometer could be kept less than 2 

8 Saul Dushman, High Vacuum, pp. 234. 

® M. Knudsen, Ann. d. Physik 28, 75 and 28, 999 (1909). 
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incident beam. If we know the number of atoms entering the gauge per second 
we can calculate the pressure which they produce and by observing the gal- 
vanometer deflection can calculate the sensitivity of the gauge. 

By using the galvanometer of sensitivity of 4.4X10"® A/mm it is found 
that a pressure of 0.708 mm in the boiler and a filament to grid current of 
1 m.A. give a galvanometer deflection of 10 cm when placed in the main beam. 
With kinetic theory formula^ for the mass of a gas striking the walls of a 
container per unit area per second, and for the number of molecules striking 
unit area per second, :■ 

n =- S.SSXW^X 


and the dimensions of the beam system given in Fig. 2 we find that the num- 
ber of atoms entering the gauge per second is ll.SXlO^h Since this is also the 
number of atoms leaving the gauge per second we can now make use of Knud- 
sen’s® formula for the pressure difference necessary to produce the flow of a 
quantity of gas, Q measured in cm^ at 1 bar through a cylindrical tube of 
length i and radius r, per second. 

1 Pi- P2 

<2 == ' 

Pi Wi - W2 

where pi is the density of the gas at 1 bar pressure and the temperature of the 
apparatus, and Wi and W2 the partial impedance of the tube are given by, 

Wi = (27r)i/y5 

= 3Z/4(27r)i^V. 

A thermocouple placed in contact with the glass walls of the gauge read 
220°C. Since the temperature of the gauge varies somewhat over different 
parts of the gauge and the point at which the thermocouple junction was 
placed was in a cooler part of the gauge. 250^C will be used as the mean tem- 
perature of the gauge. 

Using the ordinary gas laws we find that the density of mercury vapor at 
1 bar pressure and 250°C is 4.26X10"^® g/cra». Substituting these in Knud- 
sen's equation we find for the pressure difference. 

Pi — P 2 = 4.53 X 10"2dynes/cm2 

= 3.4 X 10"® mm of mercury. 
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mm per half hO'Ur. However, when taking readings of the scattered beaoij no 
attempt was made to keep this level constant*. A period of about ten. minutes 
was reciuired ’ to sweep the gauge across the . crystal face and during this 
interval the liquid air level lowered, sufficiently to allow a drift of 2 to 4 .mm. 
This is probably due to the liberation of gas from the walls of the apparatus 
and since it appeared quite uniform could be corrected for. 

With the crystal heater at 350X the residual pressure in the gauge gave 
a galvanometer deflection of 20 to 30 cm corresponding to a pressure, in 
mercury vapor, of approximately 5.75X10“® mm. The actual pressure in the 
gauge was probably greater than this since the gases present would give a 
lower ionization current than mercury vapor. On the other hand, the pressure 
in the gauge was probably greater than the pressure in the experimental 
chamber, due to the continuous liberation of gas from the walls of the gauge. 
With the crystal heater at 50®G the residual pressure was approximately 
half the above figure. The residual deflection was balanced out by an op- 
posing potential across the galvanometer. 

The system was ordinarily kept evacuated and dry nitrogen admitted for 
a few minutes while the crystal was being placed In the apparatus. Under 
these conditions it was only necessary to run the pumps for the period re- 
quired to outgas the gauge before readings could be taken. The gauge was 
superheated at a filament current sufficient to give a grid current of 50 m.A. 
for a period of 4 to 6 hours before readings were taken. 

When the high-sensitivity galvanometer was used and the grid current 
run at 36 m.A., longer outgassing periods were required and an unsteadiness 
in the residual deflection of the order of a millimeter was usually present. 
This unsteadiness was approximately one percent of the maximum reading in 
the scattered beam. 

All the crystals used in this work, with the exception of those noted in 
the table, were grown in this laboratory by R. M. Zabel and the writer. The 
method used was similar to that used by Strong.^ 

■ Experimental Results 

Data obtained by Zahl and ElletU on the scattering of mercury from 
several alkali halide crystals indicated the following points: (1) The existence 
of a directed beam ; (2) the deviation of the direction of maximum intensity 
in this beam from the direction of specular reflection; (3) the decrease of this 
deviation with higher beam and lower crystal temperatures and with lighter 
atoms; (4) better definition of the directed beam (narrowing of the beam) 
at low crystal temperatures, accompanied by an increase in the relative 
amount of random scattering. 

The results of the present investigation agree with all except the third of 
these points. The shift in the position of the directed beam with a decrease 
in crystal temperature or an increase in beam temperature is found to be 
toward lower grazing angles. At sufficiently large angles of incidence the 
directed beam lies below the specular position and the shift in its position 

^ John Strong, Phys. Rev* 35, 1663 (1930). 
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which accompanies a decrease in crystal temperature is away from the 
specular. Data were not taken by Zahl and Ellett at sufficiently large angles 
of incidence to bring out this fact. 

The observations made by Zahl and ElletD led them to conclude that 
the increase in random scattering which accompanied a decrease in crystal 
temperature was not due to the formation of a gas layer on the crystal sur- 
face. The data obtained in this work indicate that the formation of a gas 
layer on the crystal surface is an important factor when the temperature of 
the crystal is below that at which occluded gas atoms are driven off the 
crystal. 


L Reflection of mercury from lithium fluoride 

Fig. 3 shows typical sets of curves obtained for mercury beams scattered 
from a lithium fluoride crystal. Fig. 3a shows the distribution in the scat- 
tered beam with a beam temperature of 375'^C and an angle of incidence of 
18°. Curves rii and Bi are obtained experimentally, Ai being taken with a 
crystal temperature of 47G°C, and Bi with the crystal at 50°C. These curves, 
as Zahl and Ellett pointed out, appear to be the result of superimposing two 
curves of very simple type, one a circle and the other a symmetrical curve 
represented approximately by an equation of the form r ==C cos lf0. It ap- 
pears reasonable to suppose that these curves represent distinct processes 
one resulting in random scattering, the other giving rise to a directed or co- 
herently scattered beam. 

The analysis in this manner of the experimental curves rii and Bi is given 
in the figure, rii being broken up into the circle ri s and the symmetrical curve 
A 2 , Bi into B 2 and Bz, A similar notation is used throughout. The directed 
beams, ^2 and B 2 , lie between the specular position and the normal. Com- 
parison of the directed beams shows that the beam from the cold crystal has 
been shifted away from the normal by 6.3°. The beam from the crystal at 
S0°C has also been narrowed, and the relative number of atoms scattered at 
random has been increased as evinced by the larger circle necessary to repre- 
sent these atoms. 

Fig, 3b shows curves taken with a beam temperature of 525°C, Fig. 3c 
shows the distribution for different beam temperatures, the crystal being at 
470°C in both cases. Curve A is taken with the incident beam at 37S°C and 
B with the beam at S25°C. An increase in beam temperature causes the qiiasi- 
specular beam to shift in the same direction as a decrease in crystal tempera- 
ture. 

Fig. 4a shows the distribution with an angle of incidence of 57°. The beam 
in this case has crossed over the specular position and lies closer to the crystal 
face than a regularly reflected beam. This change in the position of the beam 
relative to the specular position for varying angles of incidence was con- 
sistently observed as an inspection of the table will show. The cosine correc- 
tion is somewhat uncertain in this case since the larger angle of incidence 
does not allow the gauge to be rotated over as large an angle. However, the 
beam is below the specular position whether a cosine correction is made or 
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not. Also the shift of the quasi-specular beam for a decrease in crystal tem- 
perature is definitely away from the specular position. Fig. 9 of the paper by 
Zah I and Eliett^ shows evidence of a similar shift. 

The above curves were taken with the crystal oriented so that alternate 
positive and negative ions were parallel and perpendicular to the plane of the 
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(a) (b) 

Fig. 4. Distribution of mercury atoms from lithium fluoride as a function of the crystal temper- 
ature and the temperature of the incident beam. Table I. 


incident beam. Fig. 4b shows a set of curves taken with the crystal rotated 
45° about an axis perpendicular to the plane of the incident beam. No change 
in the scattered beam is observed. 

II. Reflection of mercury from sodium fluoride 

Fig. 5 (a, b, c) shows the distribution obtained for mercury reflected from 
sodium fluoride. 5a was taken with a beam temperature of 280°C and crystal 
temperatures of 5S0°C and 50°C. 5b was taken with a beam temperature of 
475°C and the same crystal temperature as 5a. 5c shows two curves taken at 
same crystal temperatures but different beam temperatures, Z i being taken 
at a beam temperature of 280°C and Bi at a temperature of 475°C. The curves 
are somewhat broader than for lithium fluoride but show the same behavior 
for changes in relative temperature of beam and crystal, and for changes in 
angle of incidence. The unusually large amount of cosine scattering in 5 b 
is believed to be due to the fact that the crystal had been cold for approxi- 
mately an hour. 

III. Reflection of mercury from lithium chloride 

Fig. 6 (a, b) shows curves obtained from lithium chloride. 6a was taken at 
a beam temperature of 260°C and crystal temperatures of 500°C and 50°C. 
6b shows curves taken at a crystal temperature of 500°C, but different beam 
temperatures, Ai being taken at a beam temperature of 260°C and Bi at a 
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temperature of SOO^C. They show the same behavior as the cases discussed, 
above. Crystals of lithium chloride are very deliquesceiit and, it. was necessary 
to adopt som,e means of getting the crystal in. the apparatus without exposure 


: \ (c) ^ 

Fig. 5. Distribution of mercury atoms from sodium fluoride crystals as a function of the crystal 
temperature and the temperature of the incident beam. Table I. 


to air. This was done by mounting a tin box with glass windows above the 
experimental chamber and filling both the box and the entire vacuum system 
with dry nitrogen at a pressure soniewhat above atmospheric, all work on 
the crystal being done inside this tin box. The connection between the box 
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and the experimental chamber was made by a short length of tubing made of 
rubber dam. Long sleeved rubber gloves were attached to the openings in 
the box through which one worked, so that the crystal could be handled with- 
out exposing it to moisture from the hands. The box was thoroughly dried 
by leaving a dish of phosphorus pentoxide in it for about twelve hours before 
it was used. The crystal of lithium chloride from which a surface was to be 
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(a) (b) 

Fig. 6. Distribution of mercury atoms from lithium chloride crystals as a function of the crystal 
temperature and the temperature of the incident beam. Table I. 

split was heated in a vacuum to a temperature of 400°C for four or five hours 
and then a small glass bomb containing the crystal was sealed off. The glass 
bomb was broken in the atmosphere of dry nitrogen inside the tin box, the 
crystal split, mounted on the crystal holder, placed in position and the pumps 
started immediately. About one minute elapsed from the time the crystal was 
split until the pumps were started. After taking these precautions in mount- 
ing, lithium chloride crystals were found to reflect as well as other non- 
deliquescent crystals used. 

IV. Reflection of mercury from potassium iodide 

Other experiments carried out in this laboratory had indicated that in 
certain cases, exposure to air had an action on the crystal surface which was 
not reversed by heating in a vacuum. In view of the success attained with 
lithium chloride it was decided to try the same method of mounting with 
potassium iodide. It was found that under these conditions a crystal of 
potassium iodide did give a directed beam. Fig. 7a shows the type of curves 
obtained. They were taken at a beam temperature of 170°C and crystal 
temperatures of 400°C and S0°C. In order to determine the effect of air on 
the reflecting power of the crystal, air was admitted to the system for a period 
of twenty minutes. This air flowed through a liquid air trap before reaching 
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the experimental chamber and although the trap was at room temperature 
within a few minutes after the air was admitted it is doubtful whether much 
water vapor had diffused into the experimental chamber by the end of the 
twenty minutes. After outgassing the system and heating the crystal at 
400°C for several hours it was found to reflect as well as before. The curves 
obtained were practically identical with these shown in 7a. The system was 
then opened again and moist air from the room was driven past the crystal 
for several minutes by running oil pumps. The pumps were then shut off 
and the system left open for a period of eighty minutes. Fig. 7b shows the 

180’ 160° 140“ 120“ 160° 140° 120“ 


0 “ 

(a) (b) 

Fig. 7. Distribution of mercury atoms from potassium iodide 
as a function of the crystal temperature. Table I. 

distribution obtained after this exposure. After prolonged heating at a tem- 
perature of 450°C the crystal still failed to show any indication of a directed 
beam. The crystal surface had apparently been completely and permanently 
ruined as far as its reflecting power was concerned. 

V. Reflection of cadmium from NaCl 

Since cadmium has a much lower vapor pressure than mercury it appeared 
that in order to prevent condensation in the gauge, two things were neces- 
sary, (1) the sensitivity of the gauge should be increased as much as possible 
so as to use low vapor pressures, and (2) the gauge should be kept at as high 
a temperature as possible. Several runs with different galvanometer sensitivi- 
ties and with different ionization gauges were made before it was found pos- 
sible to prevent condensation in the gauge. Condensation was always indi- 
cated by an unsteady drift of the galvanometer off the scale, and if the con- 
densation became very great, by a marked decrease in the filament to grid 
current.'"^ 

By using the gauge at a filament to grid current of 36 m.A. in conjunction 
with the more sensitive galvanometer, which increased the sensitivity of the 
gauge by a factor of approximately 21 and allowed the use of much lower 
vapor pressures, this difficulty was overcome. 
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Fig. 8 shows a set of curves obtained for cadmium reflected from sodium 
chloride. They were taken at a beam temperature of 480°C and crystal 
temperatures of 350'^C and 50®C. The deviation from the specular position 
is not as large as usually observed for mercury incident at the same angle. 
However, individual crystals of sodium chloride show such a deviation in the 
angle of the reflected beam that one cannot be certain of this point. 


Fig. 8. bistrifoution of cadmium atoms 
from sodium chloride as a function of 
the crystal temperature. Table I. 


Fig. 9. Distribution of mercury atoms 
from sodium chloride as a function of 
the vapor pressure at the gun opening. 


VI. Effect of varying pressure in atom-gun on the reflected beam 

Fig. 9 shows two curves for mercury reflected from sodium chloride at 
different boiler pressures. Curve A was taken at a pressure of 0.35 mm cor- 
responding to a mean free path of approximately 0.6 mm. Curve B was taken 
at a pressure of 3 mm corresponding to a mean free path of approximately 
0.075 mm. The two curves show no appreciable difference. Other curves (not 
shown) and the data obtained by Zahl and Ellett^ show very little difference 
up to a boiler pressure of 10 mm. This indicates that the deviations from a 
Maxwell distribution which occur in this range of pressure are not significant 
as far as these experiments are concerned. 

VII. Variation in random scattering from a cold crystal with time 

Fig. 10a shows the scattering of a beam of mercury atoms from a sodium 
fluoride crystal at SC’C as a function of time. The crystal was heated at a 
temperature of 550°C for several hours while outgassing the system. Curve A 
was taken immediately after the crystal had been cooled to SO'^C. Curve B 
after remaining at this temperature for 20 minutes and curve C after 60 
minutes. The curves show an increase in the random scattering with time, the 
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positions''- of the quasi-specular beam apparently remaining unchanged. 
Fig. 10b shows the distribution as the crystal was reheated. The crystal was 
heated to 275*^0 and curve 5" taken. The temperature was then increased to 
400*^0 and curve C taken. 

These curves show the peak shifted toward the normal from its position 
with the crystal at'50°C blit very little change in the amount of random 
scattering. Curve D taken at 600°C shows the peak still farther shifted 
toward the normal and the amount of cosine scattering very greatly reduced. 


\&f w 160 " 



crystal as a function of time and temperature of cr>'staL 

It should be noted that when a crystal of sodium fluoride was exposed to air 
when placed in the apparatus it was always necessary to heat it at a tempera- 
ture of at least 5S0°C for approximately an hour before a directed beam 
could be obtained. 

The tables show the results obtained for the various cases discussed above. 
The relative number of atoms in the directed beam and in the random scat- 
tering were computed by the method described by Zahl and Ellett.*^ 

; Conclusion 

A directed beam has been obtained for all the cases investigated. The 
former unsuccessful attempts to detect a directed beam from crystals of 
potassium iodide are shown to have been due to contamination of the crystal 
surface by overexposure to air, particularly to moist air, wdien it was placed 
in the apparatus. (The writer found no evidence of a directed beam in several 
attempts before the method of mounting in an atmosphere of dry nitrogen 
was developed.) 

When a crystal surface was exposed to air, even for periods as short as 
two or three minutes, it was necessary to heat the crystal to drive off the 
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adsorbed gas before a directed beam could be obtained. The temperature 
necessary to accomplish this varied with different crystals, 350°C being 
sufficient in the case of sodium chloride, for lithium fluoride a temperature 
of 450°C was necessary and for sodium fluoride a temperature of 5S0°C was 
required. ■ 

It seems reasonable, as suggested by Zahl and Ellett,^ that the better 
definition of the reflected beam at low crystal temperature is due to the 
decrease in thermal agitation of the crystal and the consequent increased 
resolving power. The increase in random scattering at low crystal tempera- 
tures is evidently largely due to the formation of a gas layer on the crystal 
surface. , ■ 

Fig. 11 shows the distribution in the plane of incidence of helium, neon, 
argon, cadmium, and mercury® scattered from sodium chloride. That the 
asymmetry in the helium curve is due to the presence of a surface grating 
spectrum incompletely resolved is scarcely to be doubted. It is tempting to 
infer that the other curves are to be accounted for in the same manner. The 
maxima of the plus or minus first, the plus or minus second, and the plus 
third and fourth order spectra of the several beams incident upon sodium 
chloride would He at the positions indicated by the arrows. If we take this 
point of view we will then attempt to account for the temperature shift in the 
direction of maximum scattering by supposing that it is due to a change in 
the force field at the surface of the crystal of such a character as to make 
spectra of positive orders relatively more intense at higher crystal tempera- 
tures. Thus the observed phenomena may be interpreted qualitatively at least 
in terms of surface grating diffraction. However, it is difficult to see, if this 
interpretation is correct, why rotation of the crystal in its own plane produces 
so little change in the scattering of mercury. With helium quite radical 
changes occur while no data are available on neon and argon. 

In conclusion the writer wishes to express his appreciation to Professor 
A. Ellett under whose direction the work was done. 


» The curves of helium, neon and argon were very kindly loaned to the writer by R. M. 
Zabel. ■ . .. ■ ■ 
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The Theory of the Ferroroagnetic Anisotropy of Single Crystals 

Richard M. B020RTH 
Bell Telephone Laboratories 

(Received October 27, 1932) 

It is well known that in single crystals of iron and nickel the direction of mag- 
netization is not generally parallel to the direction of the magnetic field, although 
these crystals belong to the cubic system. When the magnetization in a crystal has 
a certain value as measured in the direction of the field, there will be also, in general, 
a component of magnetization measured in the direction at right angles. This paper 
describes the calculation according to the domain theory, of the normal component 
of magnetization, using certain assumptions which are almost identical with those 
used by Heisenberg in his calculation of the magnetostriction of iron crystals. Theo-* 
retical curves are showm for a variety of crystallographic directions. Each of these 
curves shows all of the possible positions and magnitudes of the vector representing 
the magnetization in iron crystals as the magnetic field parallel to any gi\"en direction 
in the crystal increases in strength from zero to a high value. The theoretical curves 
are compared with the experimental curves of Honda and Kaya, and show good 
agreement with them. 

Introduction 

"O ECENTLY Heisenberg^ has calculated the magneto-striction of a single 
•A-V crystal of iron as dependent upon magnetization, for the three principal 
directions in the crystal. Restated in my own words, the assumptions used by 
Heisenberg are as follows: 

1. The crystal is composed of a large number of domains, considered for 
convenience to be equal in size. 

2. When the crystal as a whole is in the unmagnetized state, each domain 
is magnetized to saturation in the direction of a cubic axis, < 100 >, the 
directions of the magnetizations of the domains being equally distributed 
among the six possible directions. 

3. When magnetization of the crystal as a whole has a value chosen be- 
tween zero and a certain limit, the directions of magnetizations in the 
domains are distributed by chance among the six possible < 100 > directions, 
and that distribution will occur which is the most probable one, subject to 
the condition that the vector sum of the magnetizations of the domains shall 
be equal to the previously specified magnetization of the crystal. The precise 
meaning of the term probability of a distribution is stated in Eq. (2) below. 

4. After magnetization of the crystal has increased so that the directions 
of magnetizations of the domains have become parallel to that cubic axis 
(or axes) most nearly aligned with the direction of the magnetic field, as- 

i W. Heisenberg, Zeits. f. Physik 69, 287-297 (1931). Similar assumptions were previously 
stated by W. L. Webster, Proc. Phys. Soc. London 42 , 431-440 (1930), but no quantitative 
treatment was given nor were calculations made. For a discussion of the domain theory, see 
E. C. Stover, Mainetism, E. P. Dutton and Co., 65-66 (1929), and R. M. Bozorth and I F 
Dillinger, Phys. Rev. 41 , 345 (1932). 
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suiiiptioii (3) no longer applies and they leave the cubic axes and approach 
the field direction continuously until saturation is attained. 

5. Associated with each domain is a measurable ^^magnetostriction,” i.e., 
a deformation of the domain which increases its length in the direction of its 
magnetization. The magnetostriction of the crystal is the sum of the separate 
magnetostrictions of the domains, added according to the method of Akulov. ^ 

The magnetostriction curves so calculated for progressive magnetization 
along the crystallographic directions <100>, <110> and <111> have 
been compared by Heisenberg with the data of Webster^ and show good 
agreement with them. 

Heisenberg limited himself to the calculation oi the magneto striction. On 
the other hand, by using similar but somewhat different assumptions, and 
extending his general mathematical procedure, it is possible to predict the 
dtrection of magnetization in a single crystal subjected to a magnetic field 
having any chosen direction and magnetized to any fraction of saturation. 

It is known experimentally that when the crystal is more than about half 
saturated the direction of magnetization is different from the direction of the 
field unless the field lies in one of the three principal crystallographic direc- 
tions (cube edge, face diagonal, and body diagonal) considered by Heisenberg. 
As the field increases in strength, remaining always constant in direction, the 
magnetization changes in direction as well as in magnitude. 

We now have a satisfactory theory which predicts correctly in all cases 
the direction of deviation of magnetization from field, and predicts also within 
the experimental error the magnitude of the deviation observed by Honda 
and Kaya, whose experimental data are as yet the most complete. 

Specifically, the quantities which are calculated for the first time in this 
paper are the magnitude and direction of the magnetization in a single crystal 
corresponding to selected values of the component of magnetization in the 
field direction. These may be calculated for any direction of the field with re- 
spect to the crystal axes. 

The assumptions made are assumptions (1) to (4) above, with a slight 
change in assumption (3) : the distribution of the directions of magnetization 
in the domains is now subject to the condition that the vector sum of these 
magnetizations shall have a component in the direction of the magnetic field 
equal to the observed value of the magnetization along that direction. 

The simplest way to express the results of the calculations seems to be to 
plot ///, the component of magnetization parallel to the field, along one axis; 
and In, the component normal to the field, along an axis at right angles. 
The line joining the origin to any point on the curve so plotted is then a vec- 
tor representing the total magnetization of the crystal, and the curve is the 
locus of the end of the vector as the strength of the field directed along the 
hr axis increases from a very small to a very large value. Typical curves are 
shown in Figs. 4 to 6, where the several directions of the field are shown by 
the arrows. 

2 N. S. Akulov, Zeits. f. Physik 59, 254-264 (1930). 

3 W. L. Webster, Proc. Roy. Soc. London 109A, 570-584 (1925). 
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It should be understood that the theory gives no information regarding 
the strength of the magnetic field which is associated with a given magnetiza- 
tion of the crystal, but does define completely all of the magnetic states of the 
crystal which' must occur as the field, acting in any direction, increases in- 
definitely from zero. 

I* Calculations 

Following Heisenberg's procedure, let N denote the number of domains 
per unit volume of the crystal. We employ a right-handed set of rectangular 
coordinate axes which coincide with the crystallographic axes. We consider 
^^distributions” of the elementary domains, each distribution being defined 
by the numbers, Nu Nz, iVs, of elementary regions per unit volume having 
their magnetic moments in the directions of the positive x, y and z axes, re- 
spectively, and by the numbers iVg, of regions having their magnetic 

moments in the directions of the negative x, y and z axes, respectively. Thus 
a distribution is represented by a set of positive numbers (Ah, N 2 , * • •, A^e) 
with A'i+-A^ 2 + * * * +Nz^N. The components of the magnetization along 
the X, y and z axes are then given by 

r./i. ^ (JVt ~~ jvd/N, 

, . V /00 =-(iV^a - Ah)AT, ■ , (1) 

, ■ ' = (iV5 - Ah)/Ah 

respectively, where is the saturation value of magnetization. With Heisen- 
berg we write the probability of the distribution (A/'i, N 2 , • * * , JVe) 




A^! / 1 

^KA^b!) • • • (A^ W * 


( 2 ) 


Imposing the condition that the component of magnetization in the 
direction defined by direction cosines (X, ji, p) has a given value /i/, let us seek 
the most probable distribution consistent with this condition .We have 


- ATs) + fxiNz - Ah) + KAh - Ah) = NIh/I^. (3) 


We also have 






Ni + N 2 +) • ;;Wa -„i7. ■ ■ - ( ; (4) 

Introducing Lagrangian multipliers, a' and /S, we construct the function 
F = log P -f + Nz + * * ‘ Nq — A^] 

+ i3[X(.¥i - Ni) + fi{Nz - ¥ 4 ) + p(Ni, - ¥a) - NIh/I^ . (5) 

For the most probable distribution we must have 

dF/dNi = 0,i = l,2,---,6. (6) 

Making use of the approximation 

log w! = (w 4- 1) log « — » + I log (2 t), 
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we obtain from (6) the set of approximate equations 


log iVi = a' + log (iV/6) + /3X, 
log iVa = a' + log (Ay6) - 

log JV3 = a' + log (Ay6) + 

log A ^4 = a' + log (Ar/6) ~^uL, 
log A^6 = a' + log (iV/6) + 
log iVe = a' + log (A//6) - i?!-. 

Write a' + log (iV/b) = a. Then we have 

A^i = Nz = Ni = | 

i\72 = iV4 = ^6 = / 

On substituting from (7) in (3) and (4), we obtain the following equations 
for the determination of a and 

'Ksh{\p) + + vsk(v^) In 

chixp) + ch{ixp) + ch(p^) /«, 

2e“[c/?(X5) + cK/ijS) + <;7!(r5)] = A^- 

Eq. (8) gives jS in terms of X, ix, v, In', then (9) gives a in terms of X, Mi 
In, N- Eqs. (7) then give the most probable distribution (Atj, A72, ■ ■ • jWe) 
from which the figures have been plotted. 

In Figs. 1 and 2 there are shown the most probable distributions as func- 
tions of for two directions (X, It is to be understood that the pre- 

ceding theory cannot apply if the value of In fix, is greater than that for which 
one of the Nt's vanishes. In extending the results into the range of these 
higher values of In we make use of assumption (4) of the introduction. 

For purposes of comparison with certain experiments it is necessary to 
discuss cases in which the magnetization I lies always in a given plane. Ac- 
cordingly, let us impose the conditions that: (1) the component of magnetiza- 
tion in a given direction (X', m'. *'0 be zero, (2) the component in another 
direction (X, n, v) have a given value /«; and let us seek the most probable 
distribution consistent with these conditions. 

We have Eqs. (3) and (4) and the additional equation 

Proceeding as before, we find the values 

2Vi = Nz = Nz = 

Ni = = We = 

where the Lagrangian multipliers a, y, are determined by the equations 

ysh{\^ + X't) + ix'shQx^ + n'y) -h v'sk{v^ v'y) = 0, (12) 
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Eq. (12) determines 7 in terms of 0 and the direction cosines; 
determines / 3 , and so also 7, in terms of the direction cosines and In, 
gives a in terms of the direction cosines, In, and N. Finally the Eqs, 
the required most probable distribution. 


;■ Ih/U : . , , , , 

Fig. 1. Curves showing the distribution of directions of magnetizations of the domains 
among the six <001 > directions. For these curves the direction of the held is defined by the 
direction cosines X = 0.643, =0.766, and is therefore inclined at 40"" to a <001 > direction 

in a {001} plane. 

The curves in Figs. 2 and 3 show the most probable distributions as 
functions of Ih/Ioo for one set of values of X, jx and p; in the case of Fig. 2 
the^magnetization is not restricted to a plane, in Fig. 3 it is confined to the 
(111) plane (X'=/^'= — = 1/3^^^). 

The results may also be expressed in a different way. From the most prob- 
able distributions may be determined In, the component of magnetization 
perpendicular to the direction defined by X, ix and p; and therefore knowing 











. ^ 

■ ; 



— KI^ 







Fig. 3. Distribution curves when the direction of the field is the same as for Fig. 2. The 
magnetization for this case, however, is confined to the (UT) plane by the additional con- 
dition — 
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Iff which lies ia the latter direction, I may be determined in magnitude and 
direction. In the polar diagram of Fig. 4, referring to the (001) plane, each 
curve marked “calc.” is the locus of the end of the vector representing I, 


H Doo] 



in magnitude from zero to (the limit of the figure). The direction of the field is that indicated 
by the arrow, and is the same as the direction of the curve at the origin. 

as it passes from the center of the circle to its circumference, while I increases 
in magnitude from 0 to J„. When Ih becomes so large that one of the Ni's 


H 

[no] 



vanishes (generally when 7=4) it is assumed that I turns in a plane into the 
direction defined by X, /X and z').^ 


The calculated curves shown in Figs. 5 and 6 are similarly determined but 

‘ In the special cases where the direction defined by X, p and v makes the same angle with 
two (or three) of the axes, this last stage begins when l = (or and it is as- 

sumed that each of the two (or three) vectors then directed along the axes turns in a plane into 
the direction of the field. 
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are complicated by the fact that I may not equal when the redistribution 
process is complete. In Fig. 6 I does not always lie in the plane of the figure, 
(111). In the latter figure the curve marked “calc. (1)” is obtained without 
confining I to the plane, while for curves “calc. (2) ” I is so confined. In 
Figs. 4 and 5, J is automatically confined to the plane by symmetry. 



Fig. 6. Polar diagram of magnetization in a { HI } plane. Curves marked (2) are derived 
with the magnetization confined to the plane of the figure, corresponding to the experimental 
data. The observed curves are uncorrected for the demagnetizing effect of the normal com- 
ponent of magnetization. 

Comparison WITH Experiment 

The most complete data with which to compare the theoretical results 
are those of Honda and Kaya,® who measured the magnetization parallel and 
perpendicular to the applied field in an oblate ellipsoid having axes 0.4 mm, 
20 mm and 20 mm. From the applied field, they subtract the demagnetizing 
field acting anti-parallel to the applied field. Considering the resultant field, 
acting in the same direction as the applied field, to be the effective field, the 
data are plotted in Figs. 4 to 6 as curves marked ^^OBS.” 

These effective fields, however, are not the true magnetic fields acting on 
the crystal, because no account has yet been taken of the demagnetizing field 
due to the perpendicular component of the induced magnetization. Proper 
consideration of this additional field changes considerably the direction of the 
field which is effective, as shown in Fig. 7. Here the solid arrows are vectors 
measured from the common point; represents the applied field; Ihir the 
field parallel to corrected for the demagnetizing field due to the parallel 

5 K, Honda and S, Kaya, Sci. Rep. Tolioku Imp. Univ. (1) IS, 721 (1926). 
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component of magnetization Iw shown on . a different scale by the dotted 
line represents the field due to In and equal to In multiplied by. the de- 
magnetizing factor 0.189,' and H represents the (true) field equal to the 
vector sum of iJi/rand fJn.-This correction .has been made to all of the data 
referring to the (001) plane, and the corresponding curves marked 
are shown in Fig. 4. These curves lie much nearer to the calculated curves' 
than the "obs.’’ curves do, and it is obvious that this correction accounts 
for most of the original difference between the calculated and experimental 
results. . . ' . . 

Hn 


1 • 

. ■ ■ ' I ., . 

Fig. 7. Vector diagram showing the direction of the (true) field, Jf, as determined from the 
applied field, H\ and the demagnetizing fields due to the components of magnetization parallel 
(Ji/O and perpendicular (/„) to the applied field. 

The corrected curves were derived from the data in the following way. 
For a given direction of the applied field II\ and a certain value of the magne- 
tization 1^/ parallel to the applied field as taken from the tables of Honda 
and Kay a, the direction of the field H was determined as indicated in Fig. 7 
and the component of I parallel to Ih was calculated. This was done for 
all of the data relating to one direction of the applied field and curves plotted 
relating both (the angle between J and a particular <100 > axis) and dn 
(the angle between iJ and the same <100 > axis) with ///. Similar curves 
were plotted for each of the four directions of the applied field in the^ (001) 
plane for which data exist. Selecting a definite value of Ih, these curves "were 
used to obtain values of 6h and by interpolation, one pair of values of the 
latter being obtained for each of the four directions of the applied field for 
which measurements were made. With the four points so obtained, a curve 
was plotted relating and with constant. Other curves w'ere similarly 
plotted with lu as parameter, and values of were read from these as a func- 
tion of Iff for definite values of and the results plotted as in Fig. 4. This 
process naturally was subject to inaccuracies due to interpolation, and the 
final curves are not to be considered as representing the data exactly. Extra- 
polations of the curves were avoided, and sometimes no values of could be 
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assigned for certain values of 0// and the curves in this case'being dotted 
or omitted entirely.' 

Because these calculations were rather laborious, they were made only 
for the (O'Ol) plane, but since they show that the curves so corrected lie very 
much closer to the calculated curves it follows that a similar effect would be 
noted in the other planes. The correction is always in the right direction. 

There is still another limitation in comparing the calculations with ex- 
periment. The perpendicular component of magnetization was determined 
by rotation of the single crystal specimen, so that rotational hysteresis is 
present. These two factors, hysteresis and the inaccuracy in the determination 
of the direction of the field on account of the large demagnetizing factor, are 
sufficient to account for the discrepancies between the corrected and calcu- 
lated curves. The limitations of the data can easily be noticed when the cor- 
rected curve is plotted for 5ij = 45'^. Although this curve is not reproduced 
here it swings to within 20^ of the cubic axis when I is about 0.8 of saturation. 
This deviation of I from the direction of H is known to be in error since the 
curve is a straight line, i.e., there is no perpendicular component when 
the applied field is in this dhection. 

The results for the (111) plane are particularly interesting, for if H lies 
in this plane J will generally not do so. When H is inclined 10 to the [211] 
direction, curve marked “calc. (1)” in Fig. 6 indicates that the theory 
predicts an effect in the direction opposite to that observed. In the extremely 
oblate ellipsoid used in the experiments, however, the magnetization is con- 
strained to lie almost completely in the plane. When this condition is added 
to the others in the mathematical expression of the theory as described in the 
preceding section (Eqs. (10) et seq.), the direction of the perpendicular com- 
ponent is the same as that observed, as shown in curve “calc. (2).” ^ 

The agreement between theory and experiment seems to be within the 
experimental error. 

Discussion 

In making the calculations and plotting the results in the figures, nothing 
has been said explicitly about the magnitude of the magnetic field il which 
in the actual experiment induces the magnetization. The energy associated 
with each of the six directions of easy magnetization is supposed to be the 
same irrespective of the magnitude or direction of the field. The field is in- 
fluential only in producing a magnetization having a component of given 
magnitude parallel to the field, the component at right angles being deter- 
mined by probability considerations. There is little question but that this 
supposition is justified when the magnetization is small, perhaps even when 
it is as large as one-half of its saturation value, for then the corresponding 
field-strength is known to be small compared to the internal or molecular 
fields and cannot change the distribution function appreciably. On the other 
hand, when I becomes equal to the probability considerations no longer 
apply and the vector representing is assumed to turn slowly into the direc- 
tion of the field, remaining always in the same plane.® 

= R. Cans, following a proposal of Heisenberg’s, has re^ntly Indicted how to calculate 
the position of this vector as dependent upon the field strength. Phys. Zeits. 33, 15 (193-). 



892 


RICHARD M. BOZORTH 


The transition between these two situations is undoubtedly not perfectly 
sharp, and it may be expected that a more complete calculation, taking ac- 
count of the magnitude of the field, would show the curves to be rounded at 
the point of contact with a <100> axis instead of sharp as shown in the 
figures. 

Akulov^ has made an extended theoretical study of the ferromagnetic 
properties of crystals, and has based many of his conclusions on the assump- 
tion that the magnetization in a domain may have any direction with respect 
to the crystal axes— that the domain is magnetically isotropic — as long as 
the magnetization is less than half of the saturation value. This assumption 
was made because experiments have shown the magnetization perpendicular 
to the field to be small or zero when the total magnetization of the crystal is 
less than half of saturation. Our theory accounts for this experimental fact 
but is based on the contrary assumption that the domains are saturated in a 
<100> direction even for the smallest values of the crystal magnetization. 
Thus it is unnecessary to accept Akulov’s rather artificial picture of isotropic 
domains suddenly becoming anisotropic when the magnetization of the 
crystal exceeds a critical value. The curves of Figs. 4 to 6 show how slight is 
the difference between the directions of H and I when / < 1^/2. The differ- 
ence between the calculated and observed curves in this region may well be 
due to the inaccuracy of the data, for it is in this region of small field strengths 
that the demagnetizing action of the perpendicular component, discussed at 
length above, is a maximum. Rotational hysteresis also would tend to make 
the observed perpendicular component too small. 

PowelF has proposed a theory of the magnetic anisotropy of crystals 
which expresses the direction of the magnetization as a function of the 
magnitude and direction of the field. When the field is applied in a {ill} 
plane of iron or nickel, however, and the magnetization is constrained also 
to lie in that plane, his theory requires that I should be parallel to H. The 
data show that the degree of anisotropy is smaller than in the other planes, 
but still it appears quite definite, especially for iron. On the other hand, my 
theory indicates that in this plane and under this condition there should be a 
deviation of I from H in the observed direction and approximately of the 
observed amount. This casts considerable doubt on the validity of Powell’s 
theory. Mahajani’s* theory is also open to the same objection. It may be 
mentioned that in comparing his theory with experiment' Powell considered 
the field FT .to coincide in direction with the applied field, whereas in general 
their directions are different as remarked above, 

The theory may obviously be applied to nickel, in which the directions of 
easy magnetization are < 111 > instead of < 100 > as in iron. 

I take pleasure in expressing my indebtedness to L. A. MagCoH for the 
mathematical work of the second section. 


F. G. Powell, Proc. Roy. Soc. London 130A, 167-181 (1930). 

« G. S. Mahajani, Phil. Trans. Roy. Sog. bondon 228, 63-114 (1929). 
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The law of Ramsay and Young, P is shown to hold for diethyl 

both as a gas and as a highly compressed liquid. A single expression for p, p — (R/ V)e°^ ^ 
is shown to reproduce the experimental data for both conditions, with the same 
values of the constants a and Similar relations exist for carbon dioxide. Hilde- 
brand’s expression for ^ for ether is shown to require alteration in order to fit the ac- 
curate values for ^ here obtained. His value of about 79 cc for Fo, the molal volume at 
the absolute zero of temperature and zero external pressure is verified with a more 
precise calculation of 79,46 cc. It is suggested that the close fit of 4> to a simple formula 
at high pressures and the deviations at low^er pressures may be due to the existence 
of a more pronouncedly microcrystalline structure (Andrade Stewart) in the liquid 
at the higher pressures. The combination of expression for and is shown to produce 
an equation of state which is accurate for the dilute gas and the highly compressed 
liquid, but which fails for intermediate pressures. 

A NUMBER of important advances have been made recently in the dis- 
cussion of the equation-of-state problem. On the theoretical side it has 
been showM how the quantum mechanics can be applied to the calculation 
of constants for gases of simple molecular structure, thus for the first time 
enabling a purely theoretical calculation to be made for a real gas, yielding 
values for the pressure in substantial agreement with experiment. Of more 
immediate practical importance is the equation of Beattie and Bridgeman 
which represents with great precision the PFE relationships for real gases 
over wide ranges of temperature and pressure, and has been successful m 
reproducing pressure and temperature changes of Joule-Thomson coefficients- 

and of the ammonia equilibrium.^ , , r , 

Neither of the treatments referred to touches on the problem of the con- 
tinuity of states, nor the possibility of a single equation representing accu- 
rately both gaseous and liquid phases. A contribution in this direction has 
been made by Hildebrand,' who gives an equation for the “internal pressure 
(dE/dV)T oi diethyl ether in both gaseous and liquid states. Whether it is 
logical to expect a single equation to fit both phases has become questionable, 
however, in view of recent theories based on x-ray diffraction® and the inter- 

X (a) J. C. Kirkwood and F. G. Keyes. Phys. Rev. 37, 832^(1931); (bH-X. Slater, ibid 
38, 237 (1931); (c) H. Margenau, ibid 38, 1785 (1931); (d) J. G. Kirkwood, Phys. Zeits. 33, 

^ 2 j ^ Beattie and 0. C. Bridgeman, Proc. Am. Acad. .Arts and Sci. 63, 229 (1928). 

:tt XVS'r IliS 3., ,43 am: 3«, .oo. am: j. 

Am. Ghem. Soc. 52, 4239 (1930). 

5j. H. H 

< ^ /i 
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pretation of viscosity in . liquids.-^ If liquids are actually microcrystalline in 
structure, as these theories postulate, then they are less,, similar to gases than 
has been .supposed, and the "continuity of states” expressed in the equations 
of van der Waals and Dieterici may require a new interpretation. 

, In view, of the complexity of the .subject not only of the structure of liq- 
uids but even of collision processes in only moderately compress.ed. gases, , we 
feel that it is stftl profitable to discuss empirical relationships coiinectiiig P, 
V and T, particularly where these touch liquids. At worst such relationships, 
if substantiated, will serve as numerical checks upon theoretical equations 
which may later be worked out. 

The equation of Ramsay and Young, w^here % and # are vol- 

ume functions, has been verified for dilute gases by a number of workers. The 
van der Waals equation is simply a more explicit form of it, as is also the 
Keyes equation, P = Pr/y*“'S — i 2 /(F+&)^ where 8 — aV^, The Beattie- 
Bridgeman equation is a further development of the Keyes equation correct- 
ing for deviations from the Ramsay- Young law on the assumption that these 
are due to association. 


uo" “taS So“ 

Specific Volume cc/gm 


Carbon Dioxide 


Specific Vblume cc^rgm 

Fig. 1. Measurements at 20°C represented by squares; 40° by crosses; 

60“ by circles; 80° by triangles. 

Fig. 2. Measurements at 0°G represented by squares; 10 ° by crosses; 

20“ by circles; 30° by triangles. 

We have found empirically that for diethyl ether and carbon dio.xide the 
function of Ramsay and Young is well represented by (R/F)e“^''* for 
specific volumes which are not too small. What interests us particularly is 
the fact that the same expression with the same numerical constants seems to 
fit the data for the compressed liquids with great accuracy. The test of this 
is to assume = and calculate # from experimental data. 

If data for different values of T give calculated ^’s which fall on the same 
curve when plotted against volume, it is clear that not only {dP/dT)v but 
also its volume coefficient d^P /dVdT is correctly represented. Such curves 
for ether and CO 2 are reproduced in Fig. 1 and Fig. 2. The data are those of 

E. N. DaC. Andrade, Nature 125, 580 (1930); S. E. Sheppard and R. C. Houck. J. 
Rheology 1, 349-71 (1930). ’ 
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Bridgeman and Amagat, and are shown in Tables I and II together with the 
calculated values. The constants a and h were obtained from the accurate 
values for ^ given by Beattie® for gaseous ether and by Bridgeman® for gaseous 
CO2. Log log (’L F/i?) was plotted against log V, and the slope and intercept 
determined for the straight line obtained. The slope is b and the intercept a. 


Table I. V- 

# curve for ether, P • 

- (i?T/F)W^^"~4>, where 

a==3.153, b=0.844 and R^l.1078 

Volimie 

Pressure 

'I'T 


Temperature 

(cc/g) 

(atm.) 

(atm.) 

(atm.) 

(“O 

0.9748 

12,000 

8287 

-3713 

20 

0.9812 

12,000 

8707 

-3293 

40 

0.9949 

12,000 

9330 

-2670 

80 

1 .0018 

11,000 

8612 

-2388 

60 

1.0021 

10,000 

7525 

-2475 

20 

1.0092 

10,000 

7853 

-2147 

40 

1.0232 

10,000 

8422 

-1578 

80 

1.0314 

9000 

7710 

-1290 

60 

1.0416 

8000 

7006 

-994 

40 

1,0491 

8000 

7263 

-737 

60 

1.0564 

8000 

7515 

-485 

80 

1.0705 

6000 

5951 

-49 

20 

1.0801 

6000 

6164 

+ 164 

40 

1.0887 

6000 

6390 

+390 

60 

1.0960 

6000 

6607 

+607 

80 

1.1311 

4000 

5257 

1257 

40 

1.1417 

4000 

5416 

1416 

60 

1.1517 

4000 

5547 

1547 

80 

1.2018 

2000 

4029 

2029 

20 

1.2032 

2500 

4529 

2029 

60 

1.2157 

2000 

4136 

2136 

40 

1.2316 

1500 

3709 

2209 

20 

1.2316 

2000 

4214 

2214 

60 

1.2479 

2000 

4286 

2286 

80 

1.2680 

1000 

3381 

2381 

20 

1.2680 

1500 

4842 

2342 

60 

Table II, V- 

4> curve for CO 2 ^ P ~ 

(i? T/ — 4>, where a 

=18749, b =0.9210 and R= 1.8652. 

Volume 

Pressure 

n 

$ 

Temperature 

(cc/g) 

(atm.) 

(atm.) 

(atm.) 

(°C) 

0.8377 

1000 

2990 

+ 1990 

0 

0.8430 

950 

3001 

+2051 

0 

0.8483 

900 

3026 

2126 

0 

0.8525 

1000 

3127 

2127 

10 

0.8645 

750 

3039 

2289 

0 

0.8682 

1000 

3268 

2268 

20 

0.8771 

800 

3173 

2373 

10 

0.8817 

900 

3295 

2395 

20 

0.8843 

1000 

3398 

2398 

30 

0.8850 

600 

3075 

2475 

0 

0.8915 

950 

3427 

2477 

30 

0.8961 

800 

3324 

2524 

20 

0.9036 

750 

3339 

2589 

20 

0.9048 

600 

3227 

2627 

10 

0.9154 

800 

3480 

2680 

30 

0.9208 

400 

3145 

2745 

0 

0.9238 

500 

3267 

2767 

10 
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Table II. {Continued) 


verifying his equation against Bridgeman’s data. He obtaine: 
by analogy with the Born-Lande theory of compressibility of 

“ # is in atmospheres and V in cc per mol. Changing V to cc per grai 

with our figures, Hildebrand’s equation becomes 

$=S794/P-9692/7i<'. 


. Volume 

(cc/g) 

Pressure 

(atm.) 

(atm.) 

; 

(atm.) 

Temperature 

("C) 

'"0,9316 

700 

3516 

^ ■ 2816 

.30 

0.9382 

550 

3415 

2865 

20 

0.9401 

650 

3536 

2886 

30 

.0.9435 

300 

3193 

2893 

:o 

0.9454 

400 

3314 

2914 

10 

0.9507 

600 

3561 

2961 

30 

0.9S98 

350 

3346 

2996 

10 

0.9613 

450 

3468 

3018 

20 

0.9626 

550 

3590 

3040 

30 

0.9680 

225 

3246 

3021 

0 

0.9739 

200 

3198 

■ 2993 

■0 . 

0.9739 

300 

3376 

3076 

10 

0.9744 

500 

3620 

■ 3120 

30 , 

0.9752 

400 

3501 

3101 

20 

0.9824 

275 

3399 

3124 ■ 

10 

0.9844 

175 

3283 

3108 

• 0 

0.9893 

450 

3657 

3207 

30 

0.9902 

350 

3539 

3189 

20 

0.9916 

250 

3422 

■ 3172 

10 

0.9950 

150 

3275 

3125 

' 0 

1.0020 

225 

3426 

■ 3201 

10 

1.0050 

400 

3631 

3231 

30 

l.OOSO 

125 

3252 

3127 

' 0 

1.0090 

300 

3476 

3176 

. 20 ■ 

1.0140 

200 

3312 

3112 

10 

1.0220 

100 

3131 

3031 

0 

1.0250 

350 

3450 

3100 

30 

1.0320 

75 

3050 

2975 

0 ' 

1.0320 

250 

3274 

3024 

20 

1.0420 

ISO 

3080 

2930 

K) 

1.0500 

300 

3222 

2922 

30 

1.0600 

200 

3050 

2850 

' ■ 20 

1.0620 

50 

2824 

2774 

0 

1.0770 

175 

2925 

2750 

20 

1.0780 

100 

2820 

2720 

10 

1.0800 

250 

3005 

2755 

30 

1.1000 

75 

2676 

2606 

10 

1.1000 

150 

2771 

2621 

20 

1.1130 

200 

2783 

2583 

30 

1.1270 

125 

2606 

2481 

20 

1.1590 

SO 

2343 

2293 

10 . ' ' 

1 . 1680 

150 

2456 

2306 

30 

1.2140 

75 

2159 

2084 

29' 

1.2140 

125 

2233 

2108 

30 

1.2900 

100 

1927 

1827 

30 

1.4770 

75 

1250 

1175 

30 
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and considers its agreement with experiment to speak for the existence of 
rather simple relations in the structure of liquids, Hildebrand’s method of 
calculating €> from Bridgeman’s data does not give results of high accuracy, 
and the points do not fit his curve very perfectly. Using our calculated #’s 
for liquid ether, and the accurate values of Beattie® for $ for gaseous ether, 
we have modified the constants in Hildebrand’s equation, and obtained the 
following:^^ ,, 

# = 3834/Fi-®^2 _ 6295/F^-®^ 

Taking this equation for and our we obtain for an equation of state for 

P = {RT/V)e'‘'^’’ -K/V’^ + C/V^ 

where P is in atmospheres, F is in cc/g. P = 1.1078, a = 3.1S3, & = 0.844, 
;fe = 3834, K = 1.892, c = 6295, and d = 7.94. Values for P calculated from this 
equation are compared with experimental ones in Table III. 


T.4.BLE III. Ether. A comparison of pressures observed by others and those calculaM from 
Ho?i of state. Pressure in atmospheres; temperature %n C; T — 

P (calc.) 


our eqna- 


F(cc/g) 


P (obs.) 




Observer 


0.9812 
1.0092 
1.0416 
1.0801 
1. 1311 

0.9949 

1.0232 

1.0564 

1.0960 

20 

25 

35 

100 

15 

20 

25 

35 

15 

20 

25 

35 

100 

200 

250 

300 


12,044 

12,000 

40 

Bridgman 

9942 

10,000 

50 


8012 

8000 

40 


6266 

6000 

40 


4587 

4000 

40 


12,016 

12,000 

80 

« 

9997 

10,000 

80 


8073 

8000 

80 


6425 

6000 

80 


16.89 

16.88 

ISO 

Beattie 

14.40 

14.48 

150 


11.08 

11.19 

150 


4.37 

4.32 

150 

Ramsay & Young 

25.32 

25.04 

200 

Beattie 

20.25 

17.13 

12.93 

20.47 

17.23 

13.05 

200 

200 

200 

« 

u 

38.06 

37.71 

325 

li 

29.34 

29.39 

325 


23.96 

24.05 

325 


17.56 

17.66 

325 


4.90 

2.52 

1.98 

1.71 

4.88 

2.50 

2.01 

1.80 

195 

195 

195 

195 

Ramsay & Young 

u 

u 

il 


U Born and Mayer have recently (M. Born and J. E. Mayer, Zeits. f. Physik 75, 1 (^32) , 
T. E. Mayer and L. Helmholtz, ibid. 75, 19 (932); J. E. Mayer and M. C. Maltbie, ibid. 75, 
748 (1932)) shown that an exponential law is better able to express the repulsive potential in 
a crystal l4tice than is a simple inverse power. We find that their form, for repulsive 

potential, or for the repulsive part of ^ does not fit our data as well as the form, 

C/F“, which we have used. 
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It will be observed that the representation of # as the algebraic sum of an 
attractive and a repulsive term each varying as an inverse power of the vol- 
ume holds with good accuracy in the dilute gas and the highly compressed 
liquid, but fails for the liquid at lower pressures, and for the compressed gas. 
It is not clear that the agreement for the highly compressed liquid would per- 
sist at still higher pressures, but there seems to be no reason to doubt this. 
It may be mentioned that the critical constants calculated from this equation 
by writing (aP/dy')r = 0 and (a=P/aF)r = 0 do not agree with the e.xperi- 
mental ones, that is, the critical region lies in the middle range for which the 
equation does not hold. 

The range of pressures covered by the data for CO 2 is not extended enough 
for this method to furnish any interesting information concerning the form of 
As an indication of the limits of accuracy of our values of however, we 
have used our and Bridgeman’s # to obtain the results shown in Table IV. 

Table IV.i» COiA com^rison of pressures observed by Amagat and those cakulatsd from our eoua- 

tton of state. Pressure in atmospheres; temperatures in °C; r=t+27J.13. 


V cc/g 


0 

10 

20 

30 

40 

50 

40 

obs. 

11.16 

12.15 

12.67 

13.17 

13.69 

14.19 


calc. 

11.70 

12.20 

12.69 

13.19 

' 13.69 

14.18 

30 

A 

0.54 

0.05 

0.02 

0.02 

0.00 

— 0.01 

obs. 

15.08 

15.76 

16.47 

17.15 

17.86 : 

18.54 


calc. 

15.15 

15.82 

16.50 

17.17 

, 17.85 

' 18.52 

25 

A 

0.07 

0.06 

0.03 

0.02 

- 0.01 

— 0.02 

obs. 

17.66 

18.48 

19.35 

20.19 

21.06 

' 21.90 


calc. 

17.76 

18.58 

19.40 

20.22 

21.05 

21.87 ' 


A 

0.10 

0.10 

0.05 

0.03 

- 0.01 

- 0.03 


It is not required of an empirical equation that it conform to preconceived 
ideas of functional form, nor that it lend itself to simple interpretation. If an<. 
interpretation is to be given, however, we are inclined to correlate the good 
agreement of Hildebrand’s form of i> at higher pressures, as well as the poorer 
agreement at lower pressures, with the cybotactic, or microcrystalline the- 
ories of the liquid state already referred to. It seems likely that the orderly 
arrangement of molecules in the liquid would become more marked at higher 
pressures, and one might predict that in the pressure region where our equa- 
tion fits Bridgeman’s data the x-ray diffraction rings of ether would be found 
to be sharper than has yet been observed, and that the fluidity of the liquid 
would be found to be greatly diminished. Another possibility is that the 
simpler relations at high pressures correspond to a pressure-inhibition of 
molecular rotation in the liquid somewhat along the lines suggested for tem- 

perature effects in Meyer’s'® interpretation of the transitions observed by 

Wolfke and Mazur.^^ 

■In the matter of functional form, it has been customary to express the at- 
tractiw and repulsive terms in crystals by inverse integral powers of the vol- 
lime. On the other hand, until the quantum mechanical theory is further 

L. Meyer, Zeits. f. Physik 75, 421 (1932). 

M. Wolfke and J. Mazur, Zeits. f. Physik 74, 110 (1932). 
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developed than at present it will not be certain whether the powers for liquids 
and compressed gases have to be integral. We have therefore taken the pow- 
ers empirically as slopes of logarithmic plots. The failure of the equation for 
liquid ether at lower pressures can be corrected by adding other terms to 
but this only serves up to a specific volume of I.IS cc/g. Beyond this point 

fails to represent the effect of temperature, either because T is no longer 
of the right form, or, more probably, because Ramsay and Young's law no 
longer holds. The # — F plots for both ether and CO 2 make it seem likely that 
in the intermediate region the dependence of P upon T becomes more com- 
plicated, as is demonstrated for gases under high pressures by the success of 
the Beattie-Bridgeman equation. 

As to the form of in searching the literature available to us we have 
failed to find the form {R/V)e^^^^ used by any previous author, though other 
forms involving exponentials are not rare. So far as we can tell none of the 
other forms that have been proposed has the property of representing the 
liquid phase of ether or of CO 2 . In our form, since the liquids give volumes 
near 1 cc/g, and b is not far from unity, the fit for the liquid is not very sensi- 
tive to changes in though such changes are important in the gas phase. 
There is thus possibly something fortuitous in the fit for the liquid so far as 
concerns the constant b. This is hardly the case with the constant a, however, 
and it would be very desirable to learn whether this form of equation applies 
also to other substances. Unfortunately, the number of substances for which 
data over considerable temperature and pressure ranges are available for both 
liquid and gas is small. Even in the case of CO 2 , as has been mentioned, the 
range of measured pressures is not so great as is desirable. 

Hildebrand has assumed that at the absolute zero of temperature and 
under no external pressure the volume Fo of any substance is that at which 
$ = 0. His value of Fo for ether, about 79 cc/mol., is verified by our calcula- 
tion, which gives 1.0727 cc/g, or 79.46 cc/mol. 
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PROCEEDINGS 
of the 

:■ AMERICAN PHYSICAL SOCIETY . 

Minutes OF THE Chicago Meeting,' November 25-26/1932 

The 180th regular meeting of the American Physical Society was held in 
Chicago, Illinois at the Ryerson Physical Laboratory and Eckhart Hall of the 
University of Chicago on Friday and Saturday, November 25 and 26, 1932. 
The presiding officers were W. F* G. Swann, President of the Society, Paul 
D. Foote, A^ice-President, Arthur H. Compton, A, J. Dempster and H. A. 
Erikson. 

Judson Court, one of the University dormitories, was the Society head- 
quarters and the Society dinner was held there on Friday evening. About 
ninety guests were present. President Swann presided and the after dinner 
speakers were Arthur H. Compton, who related some of his experiences in his 
cosmic-ray expedition, Editor John T. Tate, who reviewed the returns on the 
publication questionnaire and pointed out the probable savings to be secured 
by the new program under the American Institute of Physics, and Karl K. 
Darrow who recalled numerous interesting features of past meetings of the 
Society. / 

The new College Physics Museum in Belfield Hall was kept open both 
days for inspection by the members of the Society. 

Meeting of the Council, At its meeting on Friday, November 2Sth, the 
Council approved the transfer of four members to the grade of fellowship. 
Thirty-nine candidates were elected to membership. Transferred from member- 
ship to fellowship: Richard M. Badger, Kenneth T. Bainbridge, Weldon G. 
Brown and G. B. Kistiakowsky. Elected to membership: Hollis S. Baird, Vic- 
tor W. Cohen, William T. Cooke, Edward M. Cratty, W. P. Cunningham, 
Robert W. Ditchburn, John Dropkin, P. O. Ewald, Guy Forman, G, Norris 
Glasoe, G. G. Harvey, Clarence D. Hause, Laurence B. Heilprin, Banesh 
Hoffman, Joseph Joffe, Joseph S. Knapper, Homer C. Knauss, Walter HV 
Mais, H. E. Malstrom, J. Carlisle Mouzon, Elton M. Palmer, Anna W. 
Pearsall, John M. Pearson, Fred G. Person, H. S. Polin, Seymour Rosin, 
Angus S. Roy, Harold L. Saxton, George K. Schoepfle, Sidney L. Siegel, 
Selby M. Skinner, Frank M: Sparks, Alexander W. Stern, Herbert M. 
Strong, B. J/Thompson, Clinton E. Trimble, Louis R. Weber, George W. 
Wheelwright, and Henry L. Yeagley. 

The regular scientific session consisted of fifty-five papers, six of which, 
numbers 10, 11, 20, 40, 41 and 44, were read by title. A complete list of 
authors and abstracts will be found in the following pages. 

W. L. Severinghaus, Secretary 
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ABSTRACTS 

L The magnetic stisceptihilities of some common gases. G. G. ' Havens* University of 
Wisconsin.—ln view of the large differences among the results of various observers for the 
niagnetic susceptibilities of common gases, it seemed desirable to apply to some of these gases 
the method described in a previous article. (Phys. Rev. 41, 339 (1932)). Being a comparison 
method, the values obtained are relative to a provisional value of X 02 “3335 X10 ® for the 
molecular susceptibility of oxygen at 20®C. If the value for oxygen should later prove to be 
different, the values for these gases will be changed proportionally. The results obtained are: 
Xh =-4.014X10”^, XHe=“1.925Xl0-^XN,-“11.94X10-s,Xco, ==”20.81X10 ^ The re- 
sults for Ha, Pic and Na are in good agreement with those obtained by Wills and Hector. (Phys. 
Rev, 23, 209 (1924).) The value of the temperature presented the largest uncertainty in the 
measurement of susceptibilities at liquid air temperatures; however it was found that the molec- 
ular susceptibilities of H 2 and He at liquid air temperatures vary less than 4 percent from those 
obtained at room temperatures. This result disagrees with that of Bitter (Phy. Rev. 36, 1648 
(1930)) which indicates a decrease of more than 40 percent in the molecular susceptibility ot 
H 2 in going from room to liquid air temperatures. Preliminary observations indicate that the 

susceptibilities of ortho- and para-hydrogen are the same within 1 percent. 

2. The paramagnetic susceptibility of Cu++. O. M. Jordahl, University of Wisconsin,-- 
Calculations have been made for the susceptibility of the Cu++ ion subject to a crystal potentia 
held of predominantly cubic symmetry with a small rhombic field superposed. The Hamiltonian 

Bv proper choice of the parameters, the resulting expressions for the principal susceptibilities 
are capable of agreement with the known experimental data. To a good approximation t e 
expression for the mean (i.e. powder) susceptibility is independent of both the magnitude 
and the asymmetry of the rhombic field, and gives a linear dependence on temperature for the 
auantitv (XJtTIN^). This agrees with the Leiden data of de Haas and Gorteron CuSO,- SHsU 
from 14°K to 290°K. In order to fit the data of Bartlett on the principal susceptibilities of 
Cu(NH.).(SO.).-6H.O and CuK.(SOi).-6H.O (Phys. Rev. 41, 818 (1932)) it is nece^ary to 
choo^ the parameters so that the cubic field produces a splitting of approximately 20,000 cm 
fnS iStog of th. lower cubic level by the th.mbio BeM 1. .bout 3M cm-f v.lu« 

agree approximately with those found for Go, Ni and Cr by R. Schlapp and W. G. Penney. 
(Phys. Rev., in press.) 

3 A compact high potential electrostatic generator. Henky A. Barton, American InsH- 
lute of Physics, D. W. Mueller, Princeton University and L. C. Van Aita, Massachusetts 
InsuL of Technology. -An inexpensive and compact continuous high-potential 
desired for nuclear research. A Van de Graaff, belt-type, electrostatic generator has been budt 
To overcome the corona limitation due to high potentials and small dimensions, the entire 
annaratus is mounted in a cylindrical steel drum and the insulating air raised to a pressure of 
sewral atmospheres. A cylindrical electrode is supported in the center of the druin by two 
textolite cylindrical tubes of the same diameter. In one of these runs a silk charging belt similar 
to that in the original Van de Graaff generator. The other supporting tube can be evacuated 
Id it will be used in applying high potentials to the acceleration o charged particles. A a 
pressure of seven atmospheres, a potential of about one million volts was generated High 
pressures also permit greater charge to be carried on the belt. In a separate test, also at seven 
atmospheres pressure, the belt transported charge at the rate of 0.1 m.a. It will be possible to 
SraTe at twice the pressure so far used. The belt can be driven twice as fast as now and a 
parallel belt added. It is hoped to generate a kilowatt at about two million volts. 

4 The production of high-velocity protons by repeated accelerations. A. J. Dempster, 
University of Chicago.-The principle of a simple method for repeated acceleration of canal 
rarias been tested The positive rays from a high potential hydrogen discharge tube pass 
in[o hydrogen at higher pressure where some of the atoms become neutral and the equilibrium 



S. Radiation excited by canai 
Hydrogen canal rays accelerated in 


ray mpact F. L. Verwiebe, University of Chicago.— 
a field up to 50 kv were allowed to impinge on a metal 
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latio betweea positive and neutral particles is approached. The neutral rays then cross a high 
retarding field into a positively charged metallic chamber 32 mm long connected to the anode 
during their passage through this chamber, at a pressure of 0.2 mm Hg, a number of the 
neutral atoms revert to the positively charged state. On leaving the positively charged metallic 
c ambei, these positively charged atoms are accelerated and attain twice their original energy 
J indefinitely with a loss of intensity at each passage through an 

acce.erating chamber. An experiment was carried out with one acclerator in which the energy 
of the rays was deduced from the deflection, by a short transverse electric field, of the spot oro- 

92T00 volt r ^ With the accelerator grounded a maximum eLrgy of 

-2,500 volts was observed, and with the accelerator joined to the anode of the discharge tube 
a new spot appeared w’lth half the deflection, corresponding to an energjr of 45,000 volts. 


5. Polarization of collecting electrodes in high vacua. A. E. Shaw, Vniverdh of Ckicaeo— 
In an experiment to determine «/w by electron deflection in superimposed electrostatic and 
magnetic fields, it was found possible to determine accurately the value of the surface charges 

for Th^e” f “ T u must be corrected 

for. These surface layers have been found to vary with the material of the plates, the gas pres- 

XctroSat^fieirW-th h independent of the intensity of the 

S X lSamnlt ;i f .pressures of 5X10-' mm Hg and an electron current of 

3 X 10 ampere the surface potential was 0.263 volt. With a current of lO"’ ampere the pres 

wri~ « 005“™: *“ 

^ pressures ol 5X10 mm Hg and an electron current of 3 X10-« 


6. lomzation of He by electron impact. W. W. Wetzel, University of Minnesota —Tim 
kn°mrt° Tr"ri-^t^°K^ (neglecting exchange effects) is applied to the ionization of He by electron 
for^nhi J f w angle and energy of the scattered electrons have been calculated 

mLr lir “ The curves are in qualitative irS- 

Tate P ^^^n Atta in He for the distribution in energy and with those of 

S ^“ter^S'treS® ^■^"^tion. The most probable mLe of iolaSnl 

scattering in the forward direction with a loss of about one volt energy, the nrob-ibilitv 
dropping rapidly to zero just at the ionization potential. The theoretical cu^es srorWever 


D W MuSfvr ^npor 'and sulphur dioxide. H. D. Smyth and 

H.O+ utre found 127^0°^ o'® and extended. Two I. P.’s for 

appeared as follo;s: H^-at'lS^, 

and by Mulliken for theore^ri^»ns CoJid^^^'*'^ Stuckelbe,^ on expnriniental grounds 

KoV“d"-^'5:'i5r“'P“ 
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target, and tlie beam of particles and radiation emitted from the target was investigated. Pin- 
hole images of the focal spot were obtained on Schumann plates and plates coated with molyb- 
denum tri-oxide. The tri-oxide indicates the presence of atomic hydrogen. By means of a de- 
flecting magnetic field it was found that the beam coming from the target consisted mainly of 
neutral particles or of radiation, and also of a fainter beam of protons which had a velocity 
practically equal to that of the protons in the incident canal rays. The presence of uncharged 
hydrogen atoms in the neutral beam was shown by the image of characteristic light blue color 
formed on a molybdenum tri-oxide plate. A grating was used to determine whether the unde- 
flected beam also contained electromagnetic radiation. A diffraction pattern was obtained and 
the value of the wave-length was found to agree within the limits of the accuracy of the meas- 
urements with that of the first Lyman line, 1216A'. No wave-lengths shorter than this of ob- 
servableintensity were found, 

9, Madiation from positive ions in argon, neon, helium, A. I. McPherson, University of 
Chicago iintrodmed by A, J. Dempster),— Light excitation was produced by a stream of high 
speed—20,000 volt— positive ions of argon, neon, helium in passage through rarefied argon, 
neon, helium respectively. The spectra observed in the direction of motion show groups of 
doublets, whose separation varies with the velocity of the positive ions, a sharply marked 
Doppler displacement. In argon and neon, the first spark lines are strongly excited in both the 
gas at rest and in the moving particles, the intensity of the displaced line in each doublet being 
only slightly less than that of the undisplaced line. The arc lines appear relatively weak, an 
in the very few cases where an arc line has an accompanying Doppler line, it is very faint in- 
deed. In helium many of the lines of both arc and spark spectra show the effect clearly but the 
intensity of the displaced line is usually much less than that of the rest line, and the relative 
intensity varies greatly from line to line. 

10. The actinium branching ratio. Forrest Western and Arthur Ruark, University of 
Pittsburgh , — ‘The actinium branching ratio is XacNac/£; XacNac is the activity of the actinium 
in equilibrium with a sample of uranium of activity 2 jS, Assuming one or two actino-uranium 
isotopes, the ratio B ==XacNac/XiNi is more useful. (Subscripts 1, 2, 3, 4 refer to isotopes 238, 
234, 239, 235.) B is determined from the saturation currents and ipa, from a sample of ura*^ 
Ilium and its associated protoactinium, and the alpha particle ion numbers ^Pa, K ’ * *>4. 
Ziegert*s determinations of ion numbers and the above actinouranium hypothesis, necessitate 
revision of branching ratios given by Widdowson-Russell and Hahn-Meitner. Assuming two 


238.137+0.013 (U mixture) 
232. 120 ±0.014 
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Any. reasonable assumption as, to half-lives of possible actinouraniuni isotopes, yields an 
atomic weight for.. U unreconcilable with that obtained chemically. The .calculated atomic 
weights of Ra, Th , and' U' should be used in preference to currently accepted ■\?'alues. 


12. .Argon in the ionization method of measuring cosmic rays and 7 -rays. Jo,hn J. Hop- 
field, Science Division^ A Century of Progress^ Chicago, {Introduced, by IISG, Gale.)— 
Ionization current-voltage curves of argon at-31 atm. and 71 atm. and at four y-ray i.ntensities 
of ratios 1, 10, 100 and 1000 were not convertible into one another by constant factors. The 
superiority of argon over air for ionization chambers, and the slower recombination of its ions 
is shown in the following: 

Pressure in atm. 10 20 30 40 50 60 70 80 90 100 

/, ions/cc sec. per atm, (argon) 3.75X102 3.45 3.09 2.80 2.57 2.36 2.19 2.03 1.89 1.77 

/, ions/cc/sec. per atm, (air) l.SOXW 1.44 1.18 1.02 0.90 0.80 0.71 0.65 0.59 0.55 

/argon./Jair. 2.08 2 .40 2 . 61 2 . 73 2 . 84 2 . 95 3 .05 3 . 12 3 . 18 3 . 23 

It is seen from these data that the argon ionization-pressure curve is more nearly linear than 
that of air; furthermore the argon curve is rising rapidly even at the end pressure. Preliminary 
results indicate that the ratio of intensity of cosmic rays to y-rays is a function of the argon 
pressure. At 36 atm. it was 0.117, and at 74 atm., 0.139. This change could be accounted for by 
insufficient voltage for saturation. A smaller ratio of cosmic rays to y-rays was measured in 
argon (0.117) than in air (0.149), at the same pressure. This seems to be the first direct com- 
parison of the action of cosmic rays on monatomic and diatomic gases. This smaller ratio ac- 
cords with the suggestion that the primary attack of cosmic rays is on atomic nuclei, since argon 
has half as many as air. Other explanations are tenable. These experiments were carried out 
through the courtesy of the University of Chicago. 

13. Sea level intensity of cosmic rays in certain localities from 46'" south to 68^" north 
latitude. Arthur H. Compton, University of Chicago. — Measurements have been made, with 
the help of many cooperating physicists, of the cosmic rays at typical stations in Hawaii, New 
Zealand, Australia, east and west equatorial Pacific ocean, Panama, Peru, Mexico, United 
States, Canada and Switzerland. When reduced to normal barometric pressure, or sea level, 
these data show nearly uniform intensity for latitudes north of 34° in United States and south 
of 34° in Australasia. Between these latitudes the intensity drops sharply to a value about 87 
percent as great as that in the temperate zones. As compared with northern North America, 
northern Europe has sensibly the same intensity of cosmic rays, while the data indicate that in 
temperate Australasia the intensity is 2 or 3 percent greater. These data are probably in error 
by about 1 percent. A comparison of the data taken in Peru and Mexico shows a much closer 
correlation of the intensity of the cosmic rays with the dip of the magnetic needle than with the 
geographic latitude. The differences in intensity thus seem to be due to the earth’s magnetic 
field, which would seem to imply that the cosmic rays are electrical in character. 


14. Diffraction of low-speed electrons by a tungsten single crystal. Wayne T. Sproull, 
Universtty of Wisconsin.— The (1-1-2) and (1-0-0) planes of a tungsten crystal were bom- 
barded at normal incidence with primary electrons and the intensity of the full-velocity second- 
ary beams measured as a function of azimuth, co-latitude ((9), and primary voltage. A new 
magnetic deflection method of analyzing the secondaries permitted obser\^ations at co-latitudes 
down^to zero. The crystal was outgassed 1550 hours at temperatures up to 1600°C at pressures 
of 10 J mm of Hg or less. Beams fitting the usual theory were found for the (1-1-2) plane in 
the azimuth parallel to the diagonals of the lattice cubes, but in the azimuth (A) perpendicular 
at the cube diagonals strong sharp beams were found at every primary voltage tried, their 
positions accurately obeying the volume law V5+2d/VB sin (30°-6>) after making the 

usual allowance for the work function W^. Beams found in the (1-0-0) plane obeyed the usual 
theory, except that during growth and decay they also obeyed the volume law and not the sur- 
face law. Consistent values were obtained for Wo, the average being 4.82 volts. The effect of 
variation of angle of incidence was briefly studied. A possible explanation of the peculiar be- 
havior of the beams in the A azimuth of the (1-1-2) plane is outlined. 
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15. Intensity distribution in electron diffraction patterns of ZnO. H. J. Yearian and K. 
Lark-Horovitz, Purdue University , — A well-defined electron beam from a hot filament has 
been used in the range between 3,3 and 25 kv for the production of diffraction patterns of ZnO 
powder. Purest ZnO has been prepared directly on the slit using a zinc arc, or has been de- 
posited chemically. The geometry of the diffraction pattern is identical with the corresponding 
x-ray pattern, giving C\v, 0 = 3.22 A°, c/a = 1.61; there appear however also forbidden lines 
(fractional orders). The intensity distribution shows marked deviations from the intensity 
distribution of the x-ray patterns. It has been shown that these deviations are not due to pre- 
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ferred orientation, differences in structure due to methods of preparation, or coincidences with 
another form of ZnO. The theoretical explanation of the P curves thus obtained is discussed on 
the basis of additional surface reflection, dynamic reflection, and finally under the assumption 
that nuclear parameter is slightly greater than the electronic parameter. A partial explanation 
of the intensity distribution on this basis is possible. 

16 . Deflection of a beam of HCl molecules by a non-homogeneous electric field. Edwin 
McMillan, Princeton University . — It was found possible to use a film of ammonia frozen on to a 
polished metal surface by liquid air as a quantitative detector for a beam of HCI; this was done 
by putting a number of exposures on the target during each run to serve as intensity marks, 
and photographing and photometering the resulting deposits of NPI4CI. The intensity distribu- 
tion in a beam broadened by passage through a nonhomogeneous electric field was measured 
by this means, and found to agree with the theory. An attempt was made to resolve the de- 
flected beam into components by the use of a mechanical velocity filter. This failed because of 
lack of intensity of the beam after filtration. 

17. A determination of e/m by means of photoelectrons excited by x-rays. G. G. Kret- 
schmar, University of Chicago . — A value of ejm has been obtained by a magnetic deflection 
method making use of x-ray photoelectrons and the magnetic spectrograph. Electrons were 
ejected from thin evaporated or sputtered films of gold, silver, copper and platinum by the x- 
radiation from a molybdenum target metal tube placed close to the film and working at an 
input of 1.5 kilowatts. The velocity of ejection of the photoelectrons was computed from the 
difference between the energies associated with Mo K radiation and the various absorption 
limits of the sputtered films. Relativity corrections were made since these velocities correspond 
to 8000 to 15,000 equivalent volts. The at and a 2 components of the molybdenum Ka line were 
clearly resolved since the magnetic field was kept very constant by the use of a potentiometer 
and continuous hand control. The weighted mean value of e/wo obtained from five plates is 
1,7555 ±0.0026X10^ e.m.u. per gram. It is to be noted however, that the absolute accuracy of 
this result is dependent upon the values of x-ray wave-lengths from crystal measurements. 

18. Theory of the energy distribution of photoelectrons. Lee A. DuB ridge, Washington 
University, St, Louis, Mo . — The success of Fowler's theory in predicting the form of photo- 
electric spectral distribution curves at various temperatures leads one to expect that similar 
methods would yield expressions for the energy distribution and voltage-current curves. Con- 
sidering first only the energies normal to the surface (plane parallel ejiectrodes) and using the 
Fermi statistics, an expression has been derived for the voltage-current curve which is identical 
with Fowler’s equation for the total emission, except that the surface potential jump Wa is 
replaced by (lYaH- Ve) where V is the retarding potential. The theoretical curve is in good agree- 
ment with preliminary experimental results, and yields a method of determining the maximum 
emission energy at 0°K. At all higher temperatures the voltage-current curves should approach 
the axis symptotically. This has an important bearing on the photoelectric determination of h. 
When the total energies of the emitted electrons are considered a more complex expression re- 
sults, which can, however, be put in a form for comparison with experiment. The predicted 
curve is widely different from those usually observed experimentally, and experiments are under 
way to determine the cause of the discrepancy. 
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19. Biiergy distribution of .secondary- electrons from molybdenum. 'L. J. Haworth, 
Unwerdty of Wisconsin. — A careful study has been made of the distribution in .energy of second- 
ary electrons emitted by a .thoroughly outgassed Mo target when, bombarded with a narrow, 
homogeneous beam of primary electrons. As obse.rv.ed by Farnsworth; SoIIer, .and others, two 
groups of secondary electrons 'predominate; the usual large group of “full velocity^’ secondaries 
of energy equal to that of the primaries, .and an equally large group .of very slow secondaries 
of energy from zero to 15 volts. In addition to the genera! distribution several small groups 
of secondaries may be distinguished. These may be divided into two classes: (1) groups similar 
to those reported by Rudberg (F.R.S. 127, 111 (1930)) consisting of electrons of energies cer- 
tain fixed amounts less than that of the primary electrons; (2) groups of electrons of fixed energy 
relative to the absolute scale, independent of the energy of the primary electrons, A study was 
also made of the number of “full velocity” secondaries as a function of primaiy energy. An at- 
tempt has been made to explain the results obtained on the basis of theory developed by Kronig, 
Penney, and others, relative to allowed energy levels for electrons in a metallic lattice. 

20. Scattering of slow electrons by caesium ions. C. Boeckner and F. L. Mohler. 
Bureau of Standards^ Washington, D.C. — Measurements were made of the gradient and the 
temperature and concentration of the electrons in the positive column of a caesium vapor dis- 
charge. From such measurements the electron mobility and the effective cross section of the 
caesium atoms for electron scattering can be deduced. (T, J. Killian, Phys. Rev, 35, 1238 
(1930).) It is found that the scattering cross section increases linearly with electron concentra- 
tion, the increase being very rapid for low pressures. The variation at all caesium pressures can 
be explained by the assumption that scattering is due to the sum of the effects of the ions and 
neutral caesium atoms. The cross section of ions for the interception of slow electrons (0.3 
volts) obtained by means of this assumption is very large, 80X 10”^^ cm^. The cross section of 
the neutral atoms is 3.8Xl0"*^b a value in fair agreement with that obtained from more direct 
measurements. The large cross section of the ions can be explained by the ordinary electro- 
static attraction between particles of opposite charge. A 0.3 volt electron, for example, whose 
original direction of motion passes 40A from an ion is deflected through 60° by the action of the 
electrostatic forces. 

21. The scattering of litbiuia ions from a nickel surface. Andrew Longacre, Princeton 

University.— The velocity and intensity of lithium ions scattered from a metal surface have been 
measured by allowing the ions scattered to pass through openings into a Faraday collector. 
The source (heated spodumene) and collimating apertures could be rotated around the target 
so that the latter could be bombarded from any arbitrary angle. The Faraday collector was 
supported rigidly in order to obtain satisfactory insulation and the angle of scattering varied by 
rotating the source and target together. With a homogeneous initial beam the ions are scattered 
in the general direction corresponding to the specular reflection of light. There is no evidence of 
a general scattering obeying a cosine law. In the immediate neighborhood of maximum in- 
tensity the scattering obeys a form of cosine law. By means of retarding potentials the energies 
of the scattered ions was measured and the scattered beam was found to have a more homo- 
geneous distribution the greater the angle of scattering. The most probable energy, E, of the 
scattered ions varies with the angle of scattering, 0, and may be expressed by the following rela- 
tion, where a; is a constant depending only upon the angle of incidence and & is a con- 

stant depending upon the incident energy as well as upon the angle of incidence. 

^ 22. The behavior of crystalline test bodies in streaming solutions. T. W. Moore, Purdue 
University, {Introduced by A:. The change in shape of test bodies of rock salt 

in NaCl solutions of various cpncentrations and flowing with different velocities has been 
studied. In dilute solutions the influence of the solubility of the salt is prevalent. In more con- 
centrated solutions the test body assumes the shape determined by the hydrodynamic forces 
exerted on the material by the streaming liquid. In saturated solutions the test body assumes a 
shape which is practically determined by the hydrodynamic forces only: hydrodynamic profile. 
The lesults are applied to the observations on the erosion of natural rock and technically used 
material. 
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23. The electrical properties of surface layers. K. Lark-Horovitz and J. E. Ferguson, 
Purdue University:.— -With a polonium electrode as a sounding device, the potential at the inter- 
face air-liquid has been investigated for pure water, electrolyte solutions and monomolecular 
layers of stearic and oleic acid spread on the surface of electrolytic solutions. It has been found 
that the surface of electrolyte solutions in pure water is not consisting of a pure water layer, but 
that ions are diffusing into the surface layers (behavior in HCl, NaOH, NaCl solutions). The 
monomolecular layers of stearic and oleic acid act like solid electrolytes, behaving for a change 
from acid to alkali similar to a hydrogen electrode on the acid side and similar to a sodium elec- 
trode on the alkaline side. The surface of pure water which has not been cleaned as for surface 
tension experiments appears to be covered with a film of organic substance acting like the fatty 
acid mentioned above. The phenomena observed with these layers present a striking analogy 
to the phenomena observed jwith glass, quartz, and paraffin films. 

24. Tbe cybotactic condition of ethyl ether in the region of the critical point. Ross D. 
Spangler, 5/ale University of Iowa, — ^X-ray diffraction curves of ethyl ether are taken at 
various temperatures, pressures, and specific volumes with special emphasis in the region of the 
critical point. With constant pressure and increasing temperature and specific volume, the 
diffraction curve changes from that typical of a liquid, with a pronounced peak, signifying cybo- 
tactic molecular grouping, to that typical of a polyatomic gas with no peak signifying randomly 
arranged molecules. The peak disappears approximately at the critical volume but not at the 
critical temperature. At intermediate temperatures and specific volumes, the curve is a com- 
posite of a gas and a liquid curve indicating that some of the molecules are in groups and others 
are randomly arranged. Within the present range of pressures, the type of curve obtained does 
not change with temperature if the specific volume is held constant. For example, no difference 
is found between curves taken at ten degrees above and below the critical temperature of 
194.6°C. Beyond a certain specific volume, approximately the critical one, no indications of 
groups are found and the type of curve obtained is independent of temperature pressure, and 
specific volume within the ranges used, 

25. On the process of liquefaction. G. W. Stewart, University of lowa.—The paper at 
this meeting by Spangler calls attention to a necessary revision in current ideas concerning 
liquefaction. It has long been thought that liquefaction is dependent upon some type of aggre- 
gation of molecules. It is now seen that while well-defined aggregates are essential to liquefac- 
tion, yet they exist also under other conditions, for example at a higher temperature and less 
specific volume than the critical values. The process of liquefaction does not require an increase 
in the number of molecules per cm^ in the cybotactic groups. It may occur with the number of 
aggregated molecules either constant or decreasing and pressure and temperature decreasing. 
The extent of the groups depends most importantly upon the specific volume. Liquefaction de- 
pends by definition on the possible existence of a second fluid phase in equilibrium and not 
as directly upon aggregation as formerly supposed. 

26. Diffuse scattering of x-rays from a complicated crystal. G. E. M. Jauncey and Paul 

Ehrenfest II, Washington University, St, Louis. — -Jauncey has recently obtained a formula for 
the diffuse scattering of x-rays from a crystal consisting of different kinds of atoms and possess- 
ing a lattice of any kind. In order to test this formula we have measured the diffuse scattering 
of x-rays from calcite at various angles. We find that the S curve for calcite falls between the S 
curve for sodium fluoride and that for sylvine and close to the 5 curve for rocksalt. This is as it 
should be according to the theory. Another interesting point is that the intensity of the diffuse 
scattering from a cry^stal does not depend upon the perfection of the cry^stal as is the case for 
Bragg reflection — calcite being a nearly perfect crystal and rocksalt a very imperfect (or mosaic) 
crystal, ■ ' ' 

27. Diffuse scattering of x-rays from an NaF crystal at low temperatures. P. S. W^illiams 
and G. E. M. Jauncey, Washington University, St. Louis. — Using the photographic method 
described by Jauncey and Harvey, we have obtained for each of several scattering angles the 
ratio of the intensity of x-rays diffusely scattered from a crystal of sodium fluoride at the tem- 
perature of dry ice in butyl alcohol (about — 70®C in the apparatus used) to that of the rays 
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scattered from the same crystal at room temperature (“|-22°C).; The value of (sin was 

found for each angle of scattering. The ratios are as follows,, the .first of each pair of numbers 
being, the value of (sin 0.14, 0.932 ; 0.27, 0.917; 0.41, 0 . 919 ; 0 . 54 , 0 . 931 ; 0 ., 67 , , 0.947 ; 

0.80, 0.973 ; 0.93, 0.980. The experiment is being continued- with the crystal co,olecl to t,he tem- 
perature of liquid air.' 

- 28. The relative intensities of the Lai and lines in the fluoresce,iit x«ray spectrum of 
uranium. Reginald J. Stephenson, University of Chicago, {Introduced by S, K, Allison,)—. 
Radiation' from a. metal x-ray tube wdth a molybdenum target fell on a secondary radiator of 
uranium and excited its fluorescent spectrum. The. Mo K lines lie between the Ln and Lm ab- 
sorption limits of uranium, hence the lines from the Lm limit will be excited strongly while 
thosedrom Li and Ln are excited comparatively weakly by the general radiation of the primary, 
x-rays, A source of constant high voltage was used and the tube run at constant voltage and 
current. A single crystal ionization spectrometer seJW’^ed to analyze the radiation emitted by the 
uranium. In order to compare the fluorescent intensities with those observed in primary x-rays, 
it was necessary to measure the absorption coefflcients of uranium for its X-series lines. The 
following results were obtained: 


Line 

Wave-length 

Atomic absorption 

Lyi 

0.6163A 

2.8X10-20 

L^z 

0.7088 

4.3 ■ 

L^2 

0.7531 

2.2 “ 

Lai 

0.9087 

2.8^" 


After making all necessary corrections it was found that the relati^^e intensity of the lines Lai 
and LfSi from the Lm level was the same in the fluorescent spectrum as in the primary spectrum 
observed by Allison (Phys. Rev. 32, 1 (1928)). 


29. The dynamic reflection of x-rays from ZnS. I. G. Geib and K. LARKi-IioROViTZ, Pur- 
due UnimrsUy , — It has been suggested by Ewald (Zeits. f. Krist. 65, 251 (1927)) that for ab- 
sorbing atoms the intensity distribution of an x-ray pattern depends on the direction of the 
x-ray beam relative to the crystal. ZnS ciy^stals cut normally to the trigonal axis give plane 
parallel plates, one of which exhibits the 111, the other the —111 plane as has been shown 
directly by Lark-Horovitz in adsorption experiments with radioactive vapors (Proc. Vienna 
Acad. 1925). Using two such plates a Seeman slit spectrograph has been constructed with the 
-fill (Zn) and — 111 (S) faces adjusted accurately in one plane to reflect gold, tungsten and 
tungsten-tantalum L radiation. These radiations contain lines on both sides of the Zn absorp- 
tion limit and should therefore exhibit the effect predicted by theory. The photographic plate 
shows the L spectrum reflected simultaneously but with different intensity distributions from 
the Zn and S surfaces, due to absorption in the Zn atoms. The ratios (averages) of reflecting 
powers are: 


Wave-length 

Rs (first order) 
Ratio 

1298.8 

1285.0 

1279.2 

1273.8 

■ 1259.9 

. . 1242.0 x. 

RZn 

RZn (third order) 
Ratio 

1.00 

1.00 

1.42 

■ 1.38 

, : :1 ."22 ' 

1.12 

Es 

1.00 

1.00 

2.13 

1.68 


1 .36 „ 

(in good agreement 

with the results of Coster (Zeits. f. Physik 63, 

345 (1930)).' ' 



30. A direct comparison of photographic and ionization methods of measuring x-ray in- 
tensities, Elmer Dershem, University of Chicago . — This investigation was undertaken to de- 
termine the relative precision which might practically be obtained by the photographic and 
ionization methods. The Mo Kai line was isolated by crystal reflection and the ratio by which 
the intensity was reduced by passage through aluminum filters was measured by both methods. 
The photographic density determinations were made with the use of the photoelectric photome- 
ter previously described (R.S.I. 3, 43 (1932)) and the ionization intensity measurements were 
made with an argon filled ionization chamber and Lindemanii electrometer. The results show an 
average probable error for a single observation of 0.52 percent in the case of ionization measure- 


909 


AMERICAN PHYSICAL SOCIETY 

ments and of 2,1 percent when the photographic method is used. However, the ionization 
method is more subject to errors which may not be reduced by repeated measurements. The 
resu ts show that the errors introduced by assuming the exact validity of the reciprocity law of 
blackening of a photographic plate by x-rays is not greater than one percent for intensity ratios 
up to twenty to one, if one assumes the ionization measurements to be correct. 

31. Absorption coefficients in optically excited mercury vapor. M. L. Pool and S. J. Sim- 
mons, Ohio State University,— Mticary vapor at room temperature with various pressures of 
admixed purified nitrogen was optically excited by the resonance radiation from three quartz 
mercury arcs. From a fourth arc, magnetically deflected and water cooled, the radiation 
4047, 2967 and 2752, all terminating on the 2^Po state, was passed through the resonance tube 
of excited mercury vapor, and the absorption for each wave-length for various lengths of ab- 
sorbing vapor was measured photometrically. It was found that the intensity of 2752 decreased 
nearly exponentially giving a linear absorption coefficient that varied slightly with the nitrogen 
pressure. However, for the lines 4047 and 2967 it was found that the simple exponential ab- 
sorption law^ was not obeyed but that the fractional decrease in intensity per unit length of path 
decreased rapidly as the total length of the absorbing vapor increased. This peculiar decrease 
in intensity was further dependent upon the pressure of the admixed nitrogen. No other lines 
showed measurable absorption. The behavior of the 4047 and 2967 absorption for any given 
pressure may be adequately described by the sum of two exponentials with two quite different 
linear absorption coefficients. 

32. The Zeeman effect of the spectra of Sb H and Sb III. J. B. Green and R. A. Loring, 
Ohio State University. The spectra of Sbll and Sblll have been investigated at field strengths 
of about 40000 gausses. Zeeman patterns of the lines of Sbll show general agreement with 
Lang s (in print) classifications in the spectra, and quite general disagreement with D’Lavale’s 
classifications (Proc, Roy. Soc. June, 1931). The spectrum of Sblll shows that the two principle 
valence electrons have practically y—j coupling, so that, except for a few cases, the assignment 
of i!- values to the levels is not possible. Lang’s classification of the configuration is in good 
agreement with Goudsmit’s theory. The Zeeman patterns of Sblll are also in good agreement 
with Lang’s classification (Phys. Rev. 45, 435 (1930)) of this spectrum. Several of the lines of 
this spectrum, as well as of Sbll show broadening and extra components due to the hyperfine 
structure. The levels of the s^ps configuration of Sb 11 and the s^ » s, s^p and sp^ of Sb III show 
this effect most strongly, as is to be expected from the theory. 

33. The two vector problem in Pb V and Bi VT, A. T. Goble and J. E, Mack, University 
of Wisconsin,— Th-t configurations 5d^°, 5d^6s, and Sd^poi Pb V and Bi VI have been identified 
(except /=0) from Arvidsson’s wave-length list (Ann. d. Physik 12, 787 (1932)). The 
coupling exhibited is the most nearly pure jy of any known in optical spectra. The d^p levels lie 
in four separate groups, and the visually estimated intensities agree roughly with the expecta- 
tions. The d^s interv^als, like similar intervals in the spectra of other very heavy elements, show 
some departure from the exact theoretical formulas (Houston, Laporte, Inglis) which can hardly 
be attributed to neighboring configurations. The exact formulas of Johnson (Phys. Rev. 38, 
1628 (1931)) have been applied to d^p after transformation of the energy matrix to theyy system 
of representation to give the two coupling coefficients and five electrostatic parameters. These 
parameters, reapplied in the formulas, give roots in fair agreement with the observed terms, but 
in view of the inexactness of the check the approximate success in expressing the ten avail- 
able intervals in terms of the seven parameters may be considered a significant check upon the 
theory. The line d% 2 s)%^dSnpiiI)i oi Bi VI shows partially resolved hyperfine structure. 

34. Dispersion of the Kerr effect in the near infrared. L. R. Ingersoll and W. R. 

Winch, University of Measurements of the Kerr electro-optic effect have been 

made on carbon bisulphide, nitrobenzene, halowax, and a number of other liquids over a spec- 
tral region extending from the sodium lines to about 2ju, or some four times the wave-length 
range investigated by other observers. The method is a spectro-bolometric one, involving effec- 
tively the measurement of the minor axis of the ellipse into which the plane polarized light is 
converted by the electrostatic stress in the Kerr cell. The high potential of 2000 to 40,000 
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volts, or more,' is furnished by a kenotron and condenser equipment. The Havelock formula 
the dispersion of the Kerr double refraction fits the meastired' dispersion 
fairly well for a short region beyond, the visible spectrum— to X— CI,9jLt in some, cases— but' the 
discrepancy increases for longer wave-lengths. 

' 35. The theory of refraction shooting. Mokhis Muskat, Gulf Research Laboratory, Fitis- 
burgh, Pa.— Considerations of geometrical optics Indicate that the .limiting refracted .rays 
travelling along the inte.rface between two homogeneous elastic media should carry inappred- 
^ able amounts of energy. Nevertheless, the "first arrival” waves in refraction shooting processes 
which^give linear, time distance curves, can only be interpreted geometrically on assuming that 
they are due to such limiting rays travelling along the interface with the speed of the high ve- 
locity medium. A wave theory analysis of the problem resolves the difficulty. By an extension 
of Jeffrey’s treatment for the case of fluid media to that of general elastic media it was found 
thzt four kinds of "refracted” waves of the above type will be produced upon the incidence at a 
plane interface of either a longitudinal or transverse spherical wave pulse. Two of the waves will 
be recorded as longitudinal waves and the other two as transverse. One of each pair effectively 
travels along the interface with the longitudinal velocity of the refracting medium and the 
other two travel with the transverse velocity. Their amplitudes vary inversely as the square of 
the distance from the source and correspond to vertical displacements of the same order as 
those due to the directly reflected ivaves. 

Light intensities at different depths in water as determined by means of a quartz 
spectrograph, Henry A. Erikson, University of Minnesota. — A quartz prism disiiersing sys- 
tem in a specially designed housing was used for evaluating the intensities of different wave- 
lengths in the visible spectrum at different depths in water on Gun flint Lake on the northern 
border of Minnesota. The spectrum was photographed at different points down to 70 ft. and 
from these the intensities of the different wave-lengths were evaluated from characteristic 
curves obtained from standard exposures using wire screens. It was found that the variation of 
the intensity with depth was exponential in the case of some wave-lengths but not in the case 
of all. From the results obtained absorption constants were obtained for the different wave- 
lengths. 

37. A twenty-one foot grazing incidence vacuum spectrograph. P. Gerald Kruger and 
F. S. Cooper, University of Illinois. — K grazing incidence vacuum spectrograph, for a twenty 
one foot focal length grating, ruled 30,000 lines per inch, has been set up and adjusted. The angle 
of incidence is 79 degrees. This gives the following dispersions at various wave-lengths between 
0 and 500A. 

X Dispersion 

lOOA 0.332Apermm 

150 0.360 


Copper electrodes were used in a "hot spark” for the light source during adjustment. The 
power was supplied at 100,000 volts d.c., by a four kenotron bridge set. The lines obtained 
were very sharp so that it was possible to measure their wave-lengths more accurately than has 
been done previously in this region. 

: 38. ' A high-pressure spectrometer. Franklin. E. Poindexter and Louis E, James, SL 
Louis University.— A spectrometer has been constructed for the study of the change in the re- 
fractive index of liquids with pressure. The pressure on the liquid prism is measured directly by 
means of a plunger and lever. The index of refraction of water for each of the Hg lines 43 59 A, 
5461 A, and 5 790 A has been obtained at a series of pressures from 1 to 1440 atmospheres. We 
find that the Lorentz-Lorentz relation, («* — l)/fo^+ 2) • 1/p = it, where index of refrac- 
tion, p=! density, and iC —constant does not hold; i.e., the K's at the lowqst and highest pres- 
■■.suresare: ' ' " 
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4359A 

S461A 

S790A 


K 

1 atmosphere 
0.2106 
0.2074 
0.2067 


K 

1440 atmospheres 
0.2092 
0.2070 
0.2062 


pressure on the formation of ihe latent photographic image, par- 
tic^larly rts^effect on reversal in the region of solarization. Kaki. A. uJJ, S.J., sl Unis 
UmversUy.yntroduced by F. E. Pemtoar.)-Photographic materials were exposed, so that a 
central region was under pressure and a rim area without pressure. The pressure area showed a 
_ duction m density over the nm area depending, in amount, on the exposure and the pressure, 
his reduction m density fell off with increasing exposure, gained with increasing pressure, 
owever, this reduction of the density is not a linear factor of either exposure or pressure. In 
e region of solanzation, a marked acceleration of reversal is noted in the pressure region. This 
pressure effect seems to call attention again to the photomechanical disintegration theory of 
the latent image formation. 

rr measurement of the gravitational effect of the moon. Kenneth Hartley, 

HaHley ^amty Balance Corporation, Houston, Te^.-The sensitivity of the gravity balance de- 
scribed in the March number of Physics is such that a correction must be made for the effect 
of the attraction of the moon. This lunar effect has been measured by hourly readings over one 
complete cycle and agrees, within the observational error, with the effect calculated for the 
vertical component of the pull of the moon without any compensation for the centrifugal effect 
of the earth s motion around the center of gravity of the system. The effect has a period of 
24.8 hours and not 12.4 hours as the tides, there is no trace of the twelve-hour period. Values 
of gravity plotted against time follow accurately a sine curve which shows a small time lag as 
cornpared with the theoretical curve. This does not seem to be accidental but has not been 
explained. 

41. Thermal expansion of antimony. Peter Hidnert and H. S. Krider, Bureau of Stand- 
ards, Washtngton, D. C.— Measurements were made on the linear thermal expansion of three 
samples of cast antimony between room temperature and 560°C and the data were correlated 
with available results obtained by previous investigators to 300°C. The minimum and maxi- 
mum values for the coefficients of expansion of the three samples are given in the following 
table. 


Temperature range 
20 to 60X 
20 to 100 
20 to 200 
20 to 300 
20 to 400 
20 to 500 
20 to 550 


Average coefficients 
of expansion per 
degree centigrade 
8.5 to 10.8X10~« 


A manuscript giving additional details and indicating the cause of the differences obtained in 
the expansion of different samples of antimony, is being prepared for publication in the Bureau 
of Standards Journal of Research. 

42. Refractory materials for melting pure metals. H. B. Wahlin, O. D. Fritsche and 
J. F. Oesterle, University of Wisconsin. — k study of various refractories has shown that 
porcelain as well as magnesia crucibles volatilize and reduce sufficiently, when heated in a 
vacuum, to contaminate pure metals contained in them. Crucibles of pure, fused thorium oxide 
are the most satisfactory and will withstand heating in a vacuum for long periods of time. Spe- 
cial shapes of crucibles may be readily prepared by using moulds made of a fusible alloy which 
is melted off before firing. The crucibles should be fired to a temperature of 1800®C, care being 
taken to prevent the formation of thorium carbide which, due to interaction with the moisture 
of the air, will cause the crucibles to break up. 
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43., The Jottle-Thomsoii effect in helittm, J. R. Roebuck and Harold Osterberg, Uni- 
versity of Wisconsin, — Isenthalpic curves have been measured from —190® to 4*300®C. They 
are straight, lines over the 200 atm. range except at the lowest temperature. Their slope, ju is. 
negative ,over the whole range. At -i90®C ix is increasing sharply with .falling temperature 
moving toward the known-positive value at liquid hydrogen temperatures. From. -50, to 
150® decreases slowly and linearly. It goes through a minimum at about 200® and increases 
slowly thereafter. The free .expansion coefficient, t| calculated from these data, is negati^^e and 
decreasing with rising temperatu.re, between —50 and 200°C. This trend of 17 makes very im- 
probable any prediction that helium will become a perfect gas at any temperature. With falling 
temperature n apparently becomes positive. These facts are difficult to reconcile with the older 
conception of the van der Waals forces but they may be explained qualitatively, at least, by 
restricting the atti'active and repulsive forces to a very small fraction of the mean free path. 
The data are being used to calculate the Kelvin temperature of the ice point from the helium 
thermometer work. 

44. Oscillations produced by beads of corona discharges. J. Tykocinski Tykociner» 
Unwersity of Illinois. — The investigation of oscillations due to single bead discharges (Phys. 
Rev. 39, 189 (1932) Abs. 52) has been extended to cases when a number iV of beads act simul- 
taneously. If the discharge consists of beads equal in size and brightness and distributed at 
regular distances along the negatively charged wire, the frequency is N times smaller than that 
obtained for a single bead, provided that the pressure, P, and the total corona current, /, re- 
main constant. For the frequency/ the relation was found /= CIMiN where If is the number 
indicating the harmonic and c is a constant. For beads differing in size and distributed irregii- 
larily along the wire, oscillations of a complex character are obtained which contain as many 
fundamental frequencies as there are beads on the wire. The linear relation between / and I 
ceases when the current through a single bead reaches a definite value Ip. With further increase 
of current the rate of frequency increase diminishes and, from a critical value on, the fre- 
quency decreases until, at a current 2J<;, oscillations stop altogether. These relations were in- 
vestigated for pressures within 5-60 mm Hg, The appearance of the bead gradually changes 
with the current, but at the characteristic point when oscillations stop sudden changes in the 
appearance can be observed, 

45. Some experiments on electrets. 0. J. Johnson and P. H. Carr, Iowa State College,. 
Ames, Iowa. — Electrets have been made after the manner of Eguchi from a mixture of Car- 
nauba wax and rosin in electric fields as small as a few hundred volts per centimeter. A series of 
experiments was made in which the electric field was applied to the wax mixture at different 
temperatures and allowed to remain until the wax cooled to room temperature. Another series 
was made in which the electric field was applied when the wax was molten but was removed 
from each successive sample when it had cooled to a temperature lower than that at which the 
field was removed from the preceding sample. The strength of the electret resulting from each 
sample was measured. Results indicate that the molecules of the wax mixture become fixed in 
their polarized positions, so that random reorientation is negligible, at a temperature definitely 
lower than the temperature at which solidification takes place. Electrets have also been made 
from molten sulphur, but their properties have not been studied. 

46. Tbe measurement of the piezoelectric deformations of quartz and tourmaline plates 
by means of a modified optical lever. George A. Fink, Iowa State College. {Introduced by G. W. 
Fox.) — 'The observation of the piezoelectric deformation oT quartz or tourmaline plates used 
for radio frequency oscillators requires a more sensitive measuring scheme than that afforded 
by direct optical interference or the ordinary type of optical lever. With a potential difference 
of 500 volts between the crystal electrodes, a deformation of only 10 A is to be expected To 
amplify such small movements, a lever has been built having an amplification ratio of 1866, 
such that, by interferential observ^ation of a mirror on the long end, a movement of the short 
end of only 0.15A can be detected. Values of the piezoelectric constants for quartz and tourma- 
line as determined from the inverse effect are in fair agreement with those found by previous 
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observers from the direct effect. The structure of the quartz crystals was found to be very non- 
uniforra; various crystals and different parts of the same crystal plate giving results differing 

by more than the experimental error. 


47. Modes of vibration of piezoelectric crystals. N. H. Willi.4Ms, Unhersity of Michigan. 

fa) A crystal is made to oscillate by subjecting it to the action of an air wave produced at a 
considerable distance from the crystal by a jet of air escaping from a small tube. The piezo- 
electric charge developed on the surface of the crystal as a result of the oscillation is mapped 
out by means of a tuned amplifier, and the vibration is analyzed into a fundamental and many 
overtones. The crystals are long in one dimension and the vibrations are along the length. 
Under these conditions the overtones are approximate harmonics, (b) Exciting the crystal 
electrically by means of two tubes and especially designed electrodes, any harmonic up to the 
tenth can be produced. The crystal usually has only one mode of vibration for each pair of 
electrodes. 

48. A nonthermiomc amplifier tube. Herbert J. Reich, University of Illinois. ~~Gx\d 
control of a glow discharge is obtained in this tube by so designing and placing the grid that 
It IS out of the direct path of the discharge between anode and cathode. Variation of the grid 
potential modifies electric field in such a manner as to control the number of electrons which 
move through a distance sufficient to produce ionization. By maintaining the static grid po- 
tential at such a value that the number of positive ions which strike the grid is equal to or 
slighth?- in excess of the number of electrons, the grid current may be limited to less than ten 
nncroamperes. I he discharge is at all times under control of the grid and may be completely 
extinguished by it. The gas pressure is found to be very important in obtaining satisfactory 
operation. The relation of structural parameters to tube constants is being studied, but little 
attempt has yet been made to improve the amplification characteristics. A conservative aver- 
age for tubes made during the preliminary investigation gives values of 3 for amplification 
factor and 100 micromhos for mutual conductance. With proper design and choice of gas pres- 
sure, little or no ballast resistance is required. 

49. The use of vacuum tube electrometers for measuring the potentials of high-resistance 
cells. Robert E. Burroughs and J, E. Ferguson, Purdue University. — By using the relation 
between the grid potential and the plate current of a thermionic vacuum tube one is able to 
construct an electrometer of high sensitivity. Such electrometers have been used in the meas- 
urements of electromotive forces of cells whose internal resistances are very high. In these 
measurements the vacuum tube is operated with its grid at floating potential so the current 
drawn from the cell will be very small. The cell potential is then measured by applying a com- 
pensating potential in series with the cell in the grid circuit of the electrometer. Using a null 
method, when this compensating potential is adjusted so as to give zero indication on the elec- 
trometer it is a measure of the electromotive force of the ceil. This method gives satisfactory 
results for cells whose resistances are below 10^^ ohms. For resistances higher than this a diffi- 
culty is encountered. The current to the grid of the vacuum tube is so small that the time re- 
quired to change the grid potential, sufficiently to secure a balance with precision, is of such 
length that lack of circuit stability renders the method useless. 

50. Improved burner for singing flames. Overtones in vibrating strings. John J. Hop- 
field, Basic Science Division^ A Century of Progress, Chicago. {Introduced by H. G. Gale .) — 
By using a suitable double burner with the flames at different heights instead of a single flame, 
the flames vibrate to the resonance tones of a pipe even when the larger flame was several inches 
long. It was found that the smaller flame starts the singing and the larger one responds. 
(Demonstration.) 

By using a modified 120 cycle tuning fork operated on 60 cycle current, one can produce 
not only the 120 cycle fundamental in a Melde string but also the note of frequency 60 and 
many integral multiples of these tones. These are made evident in the point symmetrical form 
of the standing waves in the string, and also they can be separately sounded in a tube fitted 
with a sliding plunger and held near a disc attached to the side of the string. (Demonstration.) 
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: .51.' Atomic. wave fimctloiis., F. W., Brown, UnimrsUy of IlUmis. {Introduced hy T U. 
BmtleUf Jr,) The writer has found a Hartree field for normal F. The use of this field i.ii conjunc- 
tion with the one already obtained by Hartree for F““ enables one to test the wave equation, of 
the .'^‘hole/’ given by Heisenberg and Dirac (Heisenberg, Ann, d. Physik 10, 888 (1931); Dirac, 
Ann. de LT.nst. H. Poincare, Vol. 1 Pt..4, 357). The equation, was .found to give the w.rong sign 
for the. electron affinity .of F, the reason being that in its derivation no account is taken of 
the difference between the electron functions of F and those of F”. .As a check on the accuracy 
of the work, a self-consistent field for Ne+ is being obtained. It is also intended to represent 
these wave functions of the Hartree field by the analytic functions devised by Slater (Phys. 
Rev. 42, 33 (1932)). 

52. On Compton^s latitude effect of cosmic radiation. G. Lemaitre and M. S. Val- 
LARTA, University of Louvain and Massachusetts Institute of Technology, By considering ■ the 
influence of the earth’s magnetic field on the motion of charged particles (electrons, protons, 
etc.) coming to the earth from all directions in space it is shown that the experimental variation 
of cosmic-ray intensity with magnetic latitude, as found by Compton and his collaborators, is 
fully accounted for. The cosmic radiation must contain charged particles of energ^^ between 
0.5 X 10^® and 3 Xl0^° electron-volts for electrons or protons; 0.7 to 5.5 X 10^® eIectroii-%?olts for 
alpha-particles. The experimental curve may be represented by a suitable mixture of rays of 
these energies, but it is not at all excluded that a part of the radiation may consist of photons 
or neutrons. For predominantly negative particles there must be in the region of rapidly varying 
intensity a predominant eastward direction, and conversely for positive rays. Because of the 
fact that in regions near the magnetic equator there is a predominance of rays coming nearly 
horizontally, the absorption by the atmosphere may be increased. Finally the fact that Comp- 
ton’s result definitely shows that the cosmic rays contain charged particles gives some support 
to the theory of super-radioactive origin of these rays advanced by one of the present authors. 

53. Methods of acquirement of cosmic-ray energies. W. F, G. Swann, Bartol Research 
Foundation of the Franklin Institute, Consider the growth of a sunspot of diameter ten times 
that of the earth. The line integral of the electric field around a circuit encircling the magnetic 
field of this Spot is [ttH (6. 5X10^)]^/ (TXW) where H is the magnetic field of the spot, and T 
the time in which it is created. This line integral amounts to 10^® volts if the field of the spot is 
2000 gauss and is created in about three days. The details of the electronic motion on the field 
are complicated; but, it appears that acquirement of high energy by such means should be 
possible, particularly in the case of larger spots which may exist in stars other than our sun. 
It is probable that the mean free path is sufficiently long in the regions concerned to ensure that 
the rate of acquirement of energy would be less than the rate of loss by collision. In connection 
with the foregoing view, attention is called to the increase of auroral activity during sun spot 
activity. Another suggestion arises from possible electrostatic fields of the stars. A charge on 
the sun such as would give a field of no more than one volt per centimeter at the surface would 
correspond to a potential of 5 XlO^® volts. In the case of a galaxy of stars, the potential at the 
surface of the galaxy would be of the order Na^ X/Rj where N is the number of stars in the 
galaxy, a. the radius of a star, R the radius of the galaxy, and X the surface field of a star. The 
value of X necessary to result in any assigned value of the potential at the surface of the galaxy 
decreases with increase of X since X increases more rapidly than X. 

54. The neutron, the element neuton, and a nuclear exclusion principle. William D. Har- 
kins, University of Chicago, The neutron, discovered in the radiations from beryllium, by M. 
and Mme. Joliot and particularly by Chadwick, represents an element of atomic number zero, 
which may be called neuton. The composition of the beryllium nucleus was indicated by the 
writer in 1915 to be two alpha-partides united by a condensed nuclear hydrogen atom, or neu- 
tron. The general existence of neutrons and their properties were predicted in 1920 by Harkins 
(April 12) and by Rutherford (June 3). It was also shown by the writer that a second or isotopic 
number (J) is as necessary as the atomic number (.^) to specify an atomic species. The formula 
of any nucleus is {pie)z{po)iy in which (^e) represents a neutron {n) (Physical Review 19, 139 
and 142 (1922)), and {pzc) is the nucleus of hydrogen 2, which is the half-alpha-particle. This 
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formula may be written either as {np)zni or iaf2)zni or its equivalent which 

indicates that the neutrons in the half-alpha-particles are almost always paired, and the extra 

neutrons {%) are usually paired. Now is the total number of neutrons in the nucleus, 

and Z the number of extra protons, that is those not in neutrons. The following relations hold: 
(1) Not more than one proton can combine with a neutron. (2) About 125 of every 126 atoms 
in the earths crust contain an even number of neutrons, so the neutrons seem to be paired. 
(3) The general stability of atomic nuclei is determined by Z and by either N/P or iV/Z, in 
which P=:iV4-Z. (4) The hydrogen 2 or half- alpha-particles are paired in about 95 percent of 
all atoms, and thus exist as alpha-particles. (5) Less than one atom in ten thousand contains an 
odd half-alpha-particle with no extra neutrons. (6) If both an odd half-alpha-particle and extra 
neutrons are present, the total number of extra neutrons is always odd, and no atoms exist 
(except unstable radioactive species whose half lives are smaller than 8 days) in which this 
number Is even. Thus the total number of neutrons in such an atom must be even, so the neu- 
trons are paired. However, a few of these may not have paired spins. 

55. A demountahle metal x-ray tube. K. Lark-Horovitz and E. M. Miller, Purdue 
University. With Pyrex and sillimanite tubes of a special form as insulators and chromium 
plated brass for anode and cathode parts, an x-ray tube has been constructed, free from any 
wax joints or seals, which will stand 70 m.a. at 75 kv continuous operation. With these tubes, by 
using a line focus, it was possible to resolve in a photograph taken in 120th of a second the 
Ka doublet of copper reflected from a calcite crystal with a Seeman wedge (distance plate- 
ciystal 55 cm). The exposures have been timed by using a falling slit between spectrograph and 
plate (d.c.). Imprints have been made on a falling plate which show that the spectra have been 
registered in less than 1/200 of a second (a.c.). The Ka doublet of copper has been photographed 
at a distance of three meters between spectrograph and plate in 60 seconds. Diffraction pat- 
terns from powders can be obtained in a few seconds. 
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In He, J. R. Roebuck, H. Osterberg — 912(A) 

Kinetic theory of gases 

Law of force between two He atoms, W, G. Pea« 
ney— 585(L) 
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Liquids' 

Crystalline test bodies in streaming solutions, 
T. W. Moore— -906(A) 

Electrical properties of surface layers, K. Lark- 
Horovitz, J. E, Ferguson-— 907(A) 

Ethyl ether in the region of the critical point, 
R. D. Spangler— 907(A) 
f rocess of liquefaction, G. W. Stewart — 907(A) 

Lurmnescence 

Of solid nitrogen, J. Kaplan~86 
Magnetic properties 

Barkhausen effects in rotating fields, F. J. Beck, 
Jr., L. W. McKeehan — -714 
Diamagnetism of water at different temperatures 
A. P. Wills, G. F. Boeker— 687 
Of distorted cubic ferromagnetic lattices, F Bit- 
ter— 697 

Effect of strain in Ni, C, W. Heaps— 108 
Electric field in paramagnetic crystals, C J Gor- 
ter— 437(L) 

h enomagnetic anisotropy of single crystals; the- 
ory, R. M. Bozorth— 882 
Gyromagnetic ratios for Ni and Co, S. J. Barnett 
-d47(L) 

And Hall e.m.f., E. M. Pugh, T. W. Lippert — 709 
Heisenberg theory of ferromagnetism, D. R. Inglis 
~-442(L) 

Magnetic moment of Lil, L. P. Granath— 44 
Paramagnetic susceptibility of 00++-, 0. M. Jor- 
dahl— 901(A) 

Pernieability of Fe at high frequencies, J. B. 
Hoag, H. Jones— 571 

Propagation of Barkhausen discontinuities, K. J. 
Sixtus, L. Tonks — 419 

Susceptibilities of common gases, G. G. Havens— 
901(A) 

Susceptibilities of salts of Ni, Cr and Co, R. 
Schlapp, W. G. Penney— 666 
Magneto-optical effects 

■ Rotation by condenser discharge, F. G. Slack, 
W. M. Breazeale— 305 

Magnetostriction 

Effect of strain in Ni, C. W. Heaps— 108 

Mass-spectrograph (see also methods and instru- 
ments) 

Ionization by electron impact in water vapor and 
sulphur dioxide, H. D. Smyth, D. W. Mueller 
“9G2(A). 

Mean life 

Of Ne atom, E. Matuyama— 373 
Of 2AS\ state of Hg, L. R. Maxwell— 148 

Measurements (see Methods and instruments) 


Mechanics, quantum — atomic structure and spectra 
Analytic wave functions, J. C. Slater— 33 
Atomic eigenfunctions and energies, C. W. Ufford, 
G. H. Shortley — 167 

Atomic wave functions, F. W. Brown— 914(A) 
Quantum defect for highly excited S states of 
para- and orthohelium, L. P. Smith— 176 

Mechanics, quantum — general 
Continuous electron affinity spectrum of H, C. K. 
Jen — 588(A) 

Differential analyzer solution for wave functions, 
S. Caldwell— 589(A) 

Dirac electron moving in a magnetic field, O. 
Laporte — 340 

Dispersion and absorption of He, J. P. Vinti — -632 
Effect of exchange on elastic cross sections, P. M. 

Morse, W. P. Allis— 588(A) 

Ionization of lie by electron impact, W. W. Wet- 
zel— 902(A) 

Possibility of deriving work from statistical fluc- 
tuations, V. Guillemin, Jr. — S89(A) 

Radiation from slow electrons, L. Nedelsky— 641 
Scattering of slow" electrons, E. Feenberg— 17 
Susceptibilities of salts of paramagnetic ions, R. 

Schlapp, W. G. Penney — 666 
Vapor pressure constant, T. E. Sterne— 556 

Mechanics, quantum — ^molecular structure and 
spectra 

Calculation on the water molecule, A. S. CooHdge 
—189 

Continuous absorption of O 2 ; theor^q E. C. G. 
Stueckelberg — -518 

Molecules formed from two 2p atoms, J. R. 
Stehn— 582(L) 

Vibrations of polyatomic molecules; NH3, N. 
Rosen, P. M. Morse— 210 

Metastable atoms and molecules 
Lifetime ^P 2 Ne atom, E. Matuyama — 373 

Methods and instruments 
Amplifier for Geiger-Muller counters, W. F. Libby 
— 440(L) 

Burner for singing flames, J. J. Hopfield— 913(A) 
Compact high-potential electrostatic generator, 
H. A. Barton, D. W. Mueller, L. C. Van Atta — 
901(A) 

Comparison of photographic and ionization meth- 
ods of measuring x-ray intensities, E. Dershem 
908(A) 

Determination of dielectric constant of a vapor, 
E. W. Greene, J. W. Williams — 119 
Differential analyzer solution for the wave func- 
tion of the AT-shell, S. Caldwell — 589(A) 

Filter for Raman effect, A. H. Pfund— 581(L) 
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' Methods .aad mstfumeats (conti.iiiied) 

H!gh-p,ressu,re spectrometer, F. '.E. .Poindexter, 

■ L. E.' Jaraes~-910(A) 

High-velocity protons by repeated accelerations, 
A , J .. De.m pster-— '90 1 ( A) 

High-voltage direct-current generator, R. .E. 
Vollrath—298 . ■ 

Magneto-optic rotation, F. G. Slack, W. M. Brea- 
zeale — 305 

Measurement of the gravitational effect of the 
moon, K. Hartley—91 1(A) 

Modified optical lever, G, A. Fink — ^912(A) 
Xoii-thermionic amplifier, H, J. Reich~-913(A) 
Photoelectric quantum counters, G. L. Locher— 
r ,'525. 

Polarization of electrodes in vacua, A. E. Shaw-— 
902(A) 

Refractory materials for melting pure metals, 
H. B. Wahlin, O. D. Fritsche, J. F. Oesterle — ■ 
911(A) 

Self-recording cosmic-ray electrometer, J, M, Be- 
nade — 290 

Vacuum spectrograph, P. G. Kruger, F. S. Cooper 
—910(A) 

Vacuum tube electrometers, R. E. Burroughs, 
J. E. Ferguson — 913(A) 

Vibration of piezoelectric crystals, N. H. Williams 
—913(A) 

Mobility of ions (see Ions, mobility) 

Molecular structure and constants (see also Spectra, 
molecular and Raman spectra) 

Energy level diagram of the Sni+++ ion in solids, 
F. H. vSpedding, R. S. Bear — 76 
Of HCN, K. N. Choi, E. F. Barker— 777 
Molecules farmed from two 2^ atoms, perturba- 
tion theory, J. R. Stehn — 582(L) 

Of NHs, J. W. Williams, A. HoIIaender— 379 

Of ozone, S. L, Gerhard— 622 

Vibrations of polyatomic molecules; NHg, N. 

Rosen, P. M. Morse— -210 
Of water molecule, A. S. Coolidge— 189 

Wuciear spin (see also Hyperhne structure) 

Of LF, L. P. Granath — ^44 '. 

' Nucieus ' ' 

Disintegration of Li by protons, E. O. Lawrence, 

' M..S.'Livingston, ,M. G. White— 150 
Masses of atomic nuclei, E. E. Witmer— 316(L) 
Nuclear exclusion principle, W. D, Harkins— 914 

:: , (A) ■ 

Structure of, J. H. Bartlett, Jr.— 145(L) 

KeutronS' ■ 

And nuclear structure, W. D. Harkins— 914(A) 


Optical constants and properties 
Change of n with pressure, F. H. ih)infiexter, L. E. 
James— 910(A) 

Dispersion and absor|:>tion of .He, J. P. \hnti— ■632 

Packing fraction . 

Of m, K. T. Bainbridge -I . . 

Permeability (see Magnetic properties) 
.Photoelectric effect and properties, 
e/m of photoelectrons, G. G. Kretschmar— 905(A) 
Energy distribution of photoelectroiis, L. A. Dii- 
Bridge— 905(A) 

Quaiitimi counters for .visible and ultraviolet .light , 

' G. L. ,Loche.r— 525. 

Photography 

Influence of pressure on latent photographic im- 
age, K. „A. Maring-™911(A) ' 

Photometry 

Quantum. counters for visible a.nd, ultraviolet light, 

' ■ , G. L. Locher — 525 

Piezoelectric effect 

■'Temperature variation of constant of quartz, 

K.'S. Van Dyke --SSyfA) 

.Work functions of Mo, L. A. DuBridge, W. W. 
Roehr-" 52 ' 

X-ray re.0e.ction from oscillating cr\-stals, M. Y. 

. Colby, S. Harris— 733(L); J. 'm. Cork ■ 749 

Polarization, electrical (see 'Dielectric' constants) 

■ Positive ray analysis (see also Mass-spectrograph) 
Ions from heated metals, L. L'. Barnes— 487 

Probability of ionization (see Efficiency of ionization) 
Quantum defect 

For highly excited S states of pa.,ra- and ortho'- 
helium, L. P. Sniith— 176 

Radioactivity 

Ac branchi.ng ratio, F. \\Ystern, A. Ruark— 903 
(A) 

Atomic weights, Forrest Western/A. Ruark - 

. 903(A) , '■ 

Origin of the Ac series, A. v. C'lrosse— 565 

Raman spectra 

In CO and NO, S. Bhagavantam -437(L) 

Filter for Raman effect, A. H. Pfiind ' -581(L) 

F'ine structure of a Raman band, J. W. Williams, 
A, HoIIaender “379 

Of normal alcohols and organic compounds, R. W. 
Wood, G. Collins — 386 

V’ariation of structure of scattered lines with the 
frequency, E. Gross, J. Khvostikov— 579(L) 
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Relativity 

Experimental establishment of , the relativity , of 
time, R. J. Kennedy, E. M. Thorndike — ^400 

Resistance, electrical (see Electrical conductivity 
and resistance) 

Resonance radiation 

, Absorption coefficient for diffused radiation, 
]\'l. W, Zeniansky — 843 

Diffusion and escape from a gas, C. Kenty — 823 

Scattering of electrons (see also Electron diffraction). 
Angular distribution in Hg vapor, A, L. Hughes— 
147(L).. . . 

Equations for scattering, E. Feenberg— 17 

Scattering of light (see also Raman spectra) 

From NHs solutions, J. W. Williams, A. Hob 
laender — 379 

Secondary electrons (see Eilectrons, secondary) 
Solutions 

Crystalline test bodies in streaming solutions, 
T. \¥. Moore — 906(A) 

Sound (see Acoustics) 

Spectra, absorption (see also Absorption of light) 
Coefficients in optically excited mercury, M. L. 

Pool, S. J. Simmons — 909(A) 

Conglomerate of SmCis-hH.O, F. H. Spedding, 
R. S. Bear — 76 

Continuous absorption of O2, theory, E, C. G. 
Stueckelberg — 518 

Continuous spectrum of alkyl iodides, Y. Hufcu- 
moto— 313(L) 

Of HCN, infrared, K. N. Choi, E. F. Barker— 777 
Of IBr, W. G. Brown — 355 
Infrared of ozone, S. L. Gerhard — 622 
Intensities at different depths in water, H. A. 
E>ikson — 910(A) 

Of single crystals of SmCls • 6H2O, F. H. Spedding, 

R. S. Bear — 58 

Spectra, atomic 

Detection of HVHne, D. H. Rank— 446(L) 
EZmission probability for a colliding atom, R. W. 
Ditchburn — 314(L) 

Extension of spectrum of Cs II, J. Olthoff, R. A. 
Sawyer — 766 

Of high speed positive ions in A, Ne and He, A, L 
McPherson — 903(A) 

Of Sb II, R. J. Lang, E. H, Vestme— 233 
Term system of Ir I, W. Albertson— 433 (L) 

Two vector problem in Pb V and Bi VI, A. T. 
Goble, J, E. Mack— 909(A) 


Spectra, general 

Auroral spectrum, J. Kaplan— 807 
B isotopes from band spectra, F. A. Jenkins, A 
McKellar — 464 

Lines from Hg vapor in beam of electrons, L. R, 


Maxwell — 148 

Radiation excited b}^ canal ray impact, F. L. 
Verwiebe— 902 ( A) 

Spectra, molecular (see also molecular structure and 
constants) 

Anomalous rotational temperature of HgH F. 
K. Rieke — 587(A) 

Far infrared of HCl and NH^, J. Strong, S. C. 
Woo— 267 

First negative bands of the CO+, R. F. Schmid— 
182 

Hg bands at 2480 A, J. G. Winans— 800 
Infrared of HCl, J. D. Hardy, E. F. Barker, D. 
M. Dennison — 279 

Interpretation of the CO2 emission bands, R. S. 
MuHiken — 364 

Of KH, G. M. Alniy, C. D. Hause— 242 
Of MgO, CaO and SrO, P. C. Mahanti— 609 
Rotational analysis of ultraviolet bands of SiO, 
P. G. Saper — 498 

Vibrational isotope effects in polyatomic mole- 
cules, E, 0. Salant, J. E. Rosenthal— 812 
Spectroscopy, technique 

Grazing incidence vacuum spectrograph, P. G. 
Kruger, F. S. Cooper— 910(A) 

Surface phenomena 

Electrical properties of surface layers, K. Lark- 
Horovitz, J. E. Ferguson — 907(A) 

Susceptibility, magnetic (see Magnetic properties) 
Thermal expansion 

Of Sb, P. Hidnert, H. S. Krider— 91 1 (A) 

Thermionic emission of electrons, emitting surfaces 
Work function of Mo, L. A. DuBridge, W, W, 
Roehr — -52 

Thermionic emission of positive ions 
Of metals from metals, L. L. Barnes — 487 
Temperature variation of emission from Mo, 
L. L. Barnes— 492 

Thermodynamics 

Possibility of deriving work from statistical fluc- 
tuations, V.Guillemin, Jr.— 589(A) 

Vapor pressure constant, T. E. Sterne — 556 

Vacuum tubes 

Non-thermionic amplifier, H, J. Reich — 913(A) 
Vacuum tube electrometer, R, E. Burroughs, J. E* 
Ferguson— 913(A) 
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¥apor pressure 

Vapor pressure constant from quantum mechan. 
ICS, T. E. Sterne— 556 

¥Marcoefi!ciei!t ■' 

Force between two He atoms, W. G. Penney— 

585(L) 

Viscosity' 

Temperature 
—587(A) 

Wave Mechanics (see Mechanics, quantum, etc 

X-rays, diffraction scattering, reflection and re 
fraction 

Diffraction in ethyl ether, F. H. W, Noll— 336 
Diffu^ scattering from a complicated crystal 
G. E. M. Jauncey. P. Ehrenfest If— 907(A) 
Dynamic reflection from ZnS, I. G. Geib K 
Lark- Horovitz— 908(A) 

Laue patterns from crystals oscillating piezo- 
electrically, M. Y. Colby, S. Harris— 733(L), 
J.M. Cork— 749 

L discontinuities of Au, Fred M. Uber C G 

Patten— 229 

Scattering of from an NaF crystal at low temper- 
^urj P, S. Williams, G. E. M. Jauncey- 


Scattering by gases and crystals, G. E. M I m 
cey— 453 

Scattering of hard x-rays hj> solids, S. Chylinski 


X-rays, emission" ' *' , " ’ , 

Relative intensities of the La, and lines in the 
fluorescent spectrum of U, R. J. Stephenson- ■ 

variation in quartz, K. S. Van Dyke ' , 5^^ 

Relative intensities of the La,, 0 ,, ft, and ■y, in 

Ta, W, Ir and Pt, V. Aiicirew— 59! 

x-rays, spectra and spectroscopy, wave-length 

measurenients 

Comparison of photographic and ionization meth- 
x-ray intensities, E. Dershem 

Wave-lengths by means ofthe ruled grating R B 
Witmer, J. M. Cork— 743 

X-rays, tubes, apparatus 

Demountable metal tube, K. Lark-Horovitz E 
M. Miller— 91 S(A) - • 

Zeeman effect 

Perturbed terms in the 'CO .angstrom 'bands, ,W' 
W. Watson- *509 

^ 909(aV^"'^ ^ R- Green, R. A. Loring-^ 


